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We investigate hyperbolic relaxation systems

ut = f (u, v)x ,

vt = g(u, v)x + q(u, v), (x , t) ∈ R× [0,∞),

with u, f ∈ Rn, v , g, q ∈ Rr , and

a smooth equilibrium manifold {u, v∗(u)} ⊂ Rn × Rr , i.e., q(u, v∗(u)) = 0

σ(qv(u, v∗(u))) ⊂ {λ : Reλ < 0}.

We note that for f ∗(u) = f (u, v∗(u)), we obtain the equilibrium system

ut = f ∗(u)x .

What to expect towards stability close to equilibria: Chapman-Enskog-type expansion.
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Hyperbolic relaxation systems



We follow Liu 1987 and assume a slightly simpler situation (triangle form). Let n = r = 1, (u0, v0) ∈ R2 an
equilibrium with

∂(f , g)
∂(u, v)

(u0, v0) =

(
fu(u0, v0) fv(u0, v0)

0 gv(u0, v0)

)
=:

(
λ1 fv(u0, v0)
0 λ2

)
with v∗

u (u0) ̸= 0. We write λ∗(u) = ∂u f ∗(u), assume strict hyperbolicity, i.e., λ2 > λ1.

First order expansion: ∂tu = λ∗(u0)ux .

Second order expansion: We introduce v1 + v∗(u) = v and insert into the v -equation

∂t(v∗(u) + v1)− ∂x g(u, v∗(u) + v1) = q(u, v)− q(u, v∗(u)).

Ignoring "faster decaying terms" and with Taylor, we have

∂tv∗(u)− ∂x g(u, v∗(u)) = qv(u, v∗(u))v1.
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Chapman-Enskog view I



Remembering

∂tv∗(u)− ∂x g(u, v∗(u)) = qv(u, v∗(u))v1,

we use equilbrium equation to arrive at

v1 = q∗
v (u)

−1(λ∗(u)v∗
u (u)− g∗

u (u)− g∗
v (u)v

∗
u (u))︸ ︷︷ ︸

=:α(u)

ux

using the notations g∗(u) = g(u, v∗(u))...

We insert this into the u-equation, that is,

∂tu − ∂x f (u, v∗(u) + α(u)ux) = 0.

With Taylor, we find the second order equation

∂tu − ∂x f ∗(u)− ∂x(f ∗v (u)α(u)ux) = 0.
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Chapman-Enskog view II



Remembering

∂tu − ∂x f ∗(u)− ∂x(f ∗v (u)α(u)ux) = 0, β(u) := f ∗v (u)α(u)

and observing

f ∗v (u) = v∗
u (u)

−1(λ∗(u)− f ∗u (u)),

we determine

β(u0) = v∗
u (u0)

−1(λ∗(u0)− λ1)v∗
u (u0)q∗

v (u0)
−1(λ∗(u0)− λ2)

= q∗
v (u0)

−1(λ∗(u0)− λ1)(λ
∗(u0)− λ2).

We want β(u0) > 0, therefore, our stability condition for (u0, v0) reads

λ1 < λ∗(u0) < λ2.

Note: since λ∗(u0) = fu(u0, v0) + v∗
u (u0)fv(u0, v0), the nontrivial coupling fv(u0, v0) ̸= 0 is necessary to

guarantee the stability condition.

Excercise: nonlinear stability of equilibria and smooth patterns close to equilibria under this condition?
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Chapman-Enskog view III



The inviscid St. Venant equations are given by

∂th + ∂x q = 0,

∂tq + ∂x

(
q2

h
+

h2

2F 2

)
= h − |q|q

h2

and the equilibrium equation reads

∂th = q∗(h), q∗(h) = h
3
2 .

Many things may be made explicitly, see Yang and Zumbrun 2020, Sukhtayev, Yang, and Zumbrun 2020.
Regimes:

F < 2: all equilibria satisfy the stability condition (exercise).

F > 2 comes with more complexity.
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Example: inviscid St. Venant equations
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