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The problem AT

................................

(%) VxVxU+ VX)) U=TX)IUP'U in R®

with p > 1, V € L*(R3), U € H'(R3; R3)?

Question: does () have a ground state?
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The problem AT

................................

(%) VxVxU+ VX)) U=TX)IUP'U in R®
with p > 1, V € L*(R3), U € H'(R3; R3)?
Question: does () have a ground state?
Outline:
1. Physical background

2. Previous results/our results
3. Some details
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Maxwell’s equations without sources KIT

..............................

VXE+8B=0, V.-D=0,
VxH-8;D =0, V.-B=0.
Material laws:
B =puoH, D =eE +P(x,E) = e(1+x1(x) +x3(x)EP)E
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Maxwell’s equations without sources KIT

..............................

VX E+0:B =0, V-D=0,
VxH-4:D=0, V-B=0.
Material laws:
B =puoH, D =eE +P(x,E) = e(1+x1(x) +x3(x)EP)E
Quasilinear wave-equation for E:
VxVxE +uoaf(eo(1 +x1(X))E + GOXS(X)|E|2E) =0

Goal: time periodic, real-valued, spatially localized solutions
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Maxwell’s equations without sources KIT

..............................

VX E+0;:B =0, V-D=0,
VxH-0;D =0, V-B=0.
Material laws:
B =puoH, D =eE +P(x,E) = e(1+x1(x) +x3(x)EP)E
Quasilinear wave-equation for E:
VXV X E + ot (1 +x1(X))E + eoxs(x)EIPE) = 0
Goal: time periodic, real-valued, spatially localized solutions
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Maxwell’s equations without sources KIT

..............................

VX E+0:B =0, V-D=0,
VxH-4:D=0, V-B=0.
Material laws:
B =puoH, D =eE +P(x,E) = e(1+x1(x) +x3(x)EP)E
Quasilinear wave-equation for E:
VxVxE +uoaf(eo(1 +x1(X))E + GOXS(X)|E|2E) =0

Goal: time periodic, real-valded, spatially localized solutions
Ansatz: E(x,t) = U(x)e'! leads to

w2 a)2
VXV x U——(1 +xi (x)) U= ya(x) URU in R3

2 2

Ce \—o—— C
=n?(x) —
—_———— :.I’(x)
V(x)<0
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Results - Part | AN {]]

0
0) U(x1,x%2,X3) = { 0 ] leads to NLS-problem (many results!)
U(X1,X2)

~Au+ V(x)u=Tx)uP" in R

1) Benci-Fortunato (2004) & Azzollini-Benci-d’'Aprile-Fortunato (2006)
& d’Aprile-Siciliano (2011):

VxVxU=W(UP)UinR?

Existence of ground-states in subspaces of cylindrical symmetry
2) Bartsch-Mederski (2014):

VxVxU+AU=0yF(x,U)inQ, vxU=0ondQ.
3) Results by Bartsch-Dohnal-Plum-R. (2014) for

VxVxU+VX)U=TXIUP'U in R®
... hext
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Results - Part Il =
(%) VxVxU+ VX)) U=TXIUP'U in R®
Generaly assumption: V = V(r,x3),T =T(r,x3),r = {/x% 4 x2

Theorem (Defocusing case)
mr(x)<-C1+x%),a>3(p-1),p>1,
B Vel~(R3),supV<0.

Then (*) has a (restricted) ground-state.
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Results - Part Il =
(%) VxVxU+ VX)) U=TXIUP'U in R®
Generaly assumption: V = V(r,x3),T =T(r,x3),r = {/x% 4 x2

Theorem (Defocusing case)
Br(x)<-C1+Ix?),a>3(p-1),p>1,
B Vel~(R3),supV<0.

Then (*) has a (restricted) ground-state.

Theorem (Focusing case)
B infl >0, V,T € L°(R3) are w-periodic in x3,
B1<p<5b
BO¢o(L)withL =VxVx+V(x).

Then (*) has a (restricted) ground-state.

5112 July 9, 2014 Th. Bartsch, T. Dohnal, M. Plum, W. Reichel - A nonlinear curl-curl problem Institute for Analysis



Results - Part Il =
(%) VxVxU+ VX)) U=TXIUP'U in R®
Generaly assumption: V = V(r,x3),T =T(r,x3),r = {/x% 4 x2

Theorem (Defocusing case)
Br(x)<-C1+Ix?),a>3(p-1),p>1,
B Vel~(R3),supV<0.

Then (*) has a (restricted) ground-state.

Theorem (Focusing case)
B infl >0, V,T € L°(R3) are w-periodic in x3,
B1<p<5b
BO¢o(L)withL =VxVx+V(x).
Then (*) has a (restricted) ground-state.
Example of cylind. symm. V with 0 ¢ o(L). Unfortunately: sup V > 0!
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Variational set-up and symmetries T

..............................

JU] = fRB %w x UPR + V(ZX)|U|2 _ T

P |UPT dx, U e H'(R3R?)

Here is the problem: [VUIZ, = [V x UIIZ, + IV - UI2,.

Constraint {U : div U = 0} does not solve it = Lagrange-multiplier!
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Variational set-up and symmetries T

..............................

_ 1 2 V(X)) 2 T(x) p+1 1(m3. 3
J[U]_fRJ'VXU' +—=1Ul —p+1|UI dx, UeH'(R%R®)

Here is the problem: [VUIZ, = [V x UIIZ, + IV - UI2,.

Constraint {U : div U = 0} does not solve it = Lagrange-multiplier!

Symmetries will help:
Suppose '(x) = ['(Mx), V(x) = V(Mx) for M € O(3).
If V(x) := MTU(Mx) then J[V] = J[U]

Variational symmetry = symmetry of PDE
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Radial symmetry

Functions "depending only” on r = |x|
(compare with NLS: —Au + V(x)u = I'(x)|ulP~'u)

NLS case:

u(x) =u(Mx)
Vx e R",YM € O(n)
= u(x) =w(|x])
Differential equation:
—(w”+gw’)+V(r)w =T (nwP'w
|
Ho

= LIR"),2<q< 25
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Radial symmetry AT

Functions "depending only” on r = |x|
(compare with NLS: —Au + V(x)u = I'(x)|ulP~'u)

NLS case: Curl-Curl case:
u(x) =u(Mx) U(x) =M"U(Mx)
Vx e R",YM e O(n) Vx € R%,YM € O(3)
= ulx) =wlix) = U(x) =H(x)
x|
Differential equation: "Differential” equation:

—w T wV(w = TOWP W V) = TP

ng(n) — LIR"),2<q< 2 no interesting solutions
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Cylindrical symmetry A\K“
Functions "depending only” on (r, x3) with r? = xZ + x3
Curl-Curl case: U(x) = MTU(Mx) Vx € R3,YM € Gy where

sinae cosa O

Go =
0 0 1

Azzollini-Benci-d’Aprile-Fortunato: U = Q + S + T with

—x X 0
Q= M[ X12], S = s(r, xa) [x;], T = t(r,x3) [0]
0

cosa -sina O

Ta € [0,27r)}

r r 0 1
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Cylindrical symmetry A\K“
Functions "depending only” on (r, x3) with r? = xZ + x3
Curl-Curl case: U(x) = MTU(Mx) V¥x € R, VM e Gy where

sina cosa O

Go =
0 0 1

Azzollini-Benci-d’Aprile-Fortunato: U = Q + S + T with

—Xo2 X1 0
X1 ] S= s(r. xa) [x ] T =t(r, X3)[0]
0 " o 1

Advantage of Q: divQ = 0. Therefore: symmetric Sobolev-spaces

H ={Q:QeH R®)}]. keNg

cosa -sina O

Ta € [0,27r)}

q(r, x3)
r

Q=

On H': [VUIl 2 = IV x Ul|,
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Existence results in H'

_ 1_ 2 2
J[U]—fR32|V><U| + =

9/12

July 9, 2014

V(x) rx)

p+1
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JUPH dx, UeH'

Institute for Analysis



Existence results in H' A\KIT

Ju = f Lot L ety YO e g e x = H' ALY
R3 p+1 2 Il
Defocusing case:

Benci-Fortunato (1975): X — L2. Hence: J has a minimizer # 0.
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Existence results in 7' AN {]]

1 y o e
JU] = f ~[V x U + (X)|U|2 ) UPH dx, UeH'

R3 2 2 p+ 1
Defocusing case:

Benci-Fortunato (1975): X — L2. Hence: J has a minimizer # 0.
Focusing case:
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Existence results in H' A\KIT

_ (1 2, V(X)) 2 T(X) o 1
J[U]_fRsZWXU' +—1u p+1|U| dx, UeH
Defocusing case:

Benci-Fortunato (1975): X — L2. Hence: J has a minimizer # 0.
Focusing case:

H =HT o H
Least energy level:
c=infJ[U], N= {UeH"\{0): J[Up =0 Vg e H &[U]}
= Nehari-Pankov manifold
natural constraint, i.e., no Lagrange multiplier

J|n is bounded from below
3 bounded sequence Uy € N: J[Ux] — ¢, J'[Ux] = 0

concentration compactness: 3 min. sequence Uy — Uy # 0
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Example of a potential V with 0 ¢ o-(L) IT
Consider potential V(r, x3) = W(r) + P(x3)
L=VxVx+V(r,x3), o(L) =o(L;) + o(Lp)

> 1d) 1 d?
WhereLr:—(ﬁ+FE)+r—2+W(r), LP:—d—)(§+P(X3)

assume P =periodic, o(Lp) = [v1,v2] U [v3,v4] U ...
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Example of a potential V with 0 ¢ o-(L) IT
Consider potential V(r, x3) = W(r) + P(x3)
L=VxVx+V(r,x3), o(L) =o(L;) + o(Lp)

d@ 1d) 1 d?
herel, =—(—S+-—|+5+W Lp=-——+P
Where & (dr2 t dr) e (r). Le dx? +Plx)
assume P =periodic, o(Lp) = [v1,v2] U [v3,v4] U ...
Define ij{

_ [ W, 0s<r<s, » ;
W(r)'_{wm, §<r< oo, Wo—

Take any pp < We. = AW, 6 s.t. (L) = {uo} U [We, ).
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Example of a potential V with 0 ¢ o-(L) IT
Consider potential V(r, x3) = W(r) + P(x3)
L=VxVx+V(r,x3), o(L) =o(L;) + o(Lp)

d@ 1d) 1 d?
here L, = —|— + —— |+ = + W lp=-——+P
where L, (dr2 + rdr)+ t (r), Le 0 + P(x3)
assume P =periodic, o(Lp) = [v1,v2] U [v3,v4] U ...
Define ij{
| Wy, 0<r<y, 5 -
W(r)'_{wm, §<r< oo, Wo‘f

Take any pp < We. = AW, 6 s.t. (L) = {uo} U [We, ).
(L) = o(Lr) + o(Lp) = [uo + vi, 0 + v2] U o + va,po + va] + ...
U [V1 + Woo,oo)

Sufficientfor0 ¢ o(L): —Ww <vi <vo<-—puo<vs
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Summary IT

................................

Curl-curl problem:
(VXVx+V(x)U=TxX)IUP'UINRS, UeH"

—Xo
® Use spaces of cylindrical symmetry: U(r, x3) = M[ X1 ]

® Assume V = V(r,x3), [ =T (r, x3)
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Summary IT

................................

Curl-curl problem:
(VXVx+V(x)U=TxX)IUP'UINRS, UeH"
® Use spaces of cylindrical symmetry: U(r, x3) = M[ X1 ]
0
® Assume V = V(r,x3), I =T(r,x3)
® Restricted ground states in A exist in focusing case if:
infl >0, V,I x3-periodic, 0¢o(L), 1<p<5

® Examples: 0 ¢ o(L) with V(r,x3) = W(r) + P(x3)
P periodic, W two-valued

1112 July 9, 2014 Th. Bartsch, T. Dohnal, M. Plum, W. Reichel - A nonlinear curl-curl problem Institute for Analysis



Summary
Curl-curl problem:

................................

(VXVx+V(x)U=TxX)IUP'UINRS, UeH"

® Use spaces of cylindrical symmetry: U(r, x3) = M

® Assume V = V(r,x3), [ =T (r, x3)

|

_X2
X1
0

Restricted ground states in M exist in focusing case if:

infl >0, V,I x3-periodic, 0¢o(L), 1<p<5

® Examples: 0 ¢ o(L) with V(r,x3) = W(r) + P(x3)
P periodic, W two-valued

® Restricted ground states in H' exist in defocusing case if:

F(x) < —C(1 + X%, a/>g(p—1), p>1. supV <0
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THE 12TH INTERNATIONAL CONFERENCE ON
MATHEMATICAL AND NUMERICAL
ASPECTS OF WAVE PROPAGATION

Wome
General Information WAVES 2015

News

THE 12TH INTERNATIONAL
Important Dates ASPECTS OF WAVE PROPAGATION 2015
Inited Speakers

ONMAT AL AND

The 12th International Conference on Mathematical and Numerical Aspects of Waves (Waves 2016) is organised jointly by

Conference Program the Department of Mathematics at Karlsruhe Insiitute of Technology (KIT) and INRIA. This conference is ane of the main
venues where significant advances in the analysis and computational modeling of wave phenomena and exciting new

UL IRETN  2ppications are presented.

Registration

Conference Themes: The themes for this meeting include, but are not restricted to Fonvard and Inverse Scattering, Fast
Travel Information Computational Techniques, Numerical Analysis, Approximate Boundary Conditions, Domain Decomposition, Analytical &

Sem-analytical Methods, Nonlinear Wave Phenomena, Water Waves and Coastal Modeling, Guided Waves and Random
Accomodation Media, Medical and Seismic Imaging

ST Lo

About Karlsruhe and KIT
Organization

Organizing Committee

Scientific Committee.

Previous Conferences
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