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The problem

Find u: R xR — R solving

(semi) V(X)uy — Uxe = TP~ u
(quasi) V(x) Ut = txe = T(X)(47)t
such that

® yis T-periodic, real valued
a |im|x|_>00 U(X, t) =0
for p > 1 & suitable conditions on V,I : R - R

Outline:

(A) history of semilinear problem

(B) results for semilinear wave equation

(C) physical background of quasilinear problem
(D) results for quasilinear wave equation
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History of the problem KIT

..............................

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather
Ut — Uxx +sSinu=20
msin(wt)

,t) = 4arctan | ————
u(x,t) arc an(a)cosh(mx)

),m2+w2:1
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History of the problem KIT

..............................

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather
Ut — Uxx +sSinu=20
msin(wt)

,t) = 4arctan | ———_
u(x,t) arc an(wcosh(mx)

),m2+w2:1

1993 Denzler, 1994 Birnir, McKean, Weinstein: non-persistence
Ut — Uxx + f(U) = 0, f(O) == O, f,(O) =1

has no breather-solution except for f(u) = sin u.
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History of the problem A\K“

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather
Ut — Uxx +sSinu=20
msin(wt)

,t) = 4arctan | ————
u(x,t) arc an(wcosh(mx)

),m2+w2:1

1993 Denzler, 1994 Birnir, McKean, Weinstein: non-persistence
Ut — Uxx + f(U) = 0, f(O) == O, f,(O) =1
has no breather-solution except for f(u) = sin u.

1994 McKay, Aubry:
replace uyx by uny1 — 2un + Up—1 = breathers are back

3/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis



History of the problem A\K“
2011: Blank, Chirilus-Bruckner, Lescarret, Schneider

V(X)ug — Uxx + q(x)u = +u°8

V 1-periodic, q(x) = (qo — €2)V(x), qo ~ 3.7703
16

dbreather for0 < € < g

Vix)
u(x,t) = O(e)
T=2

! -

; ; ; ;
t t t t
0 o/13 713 1
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History of the problem A\K“
2011: Blank, Chirilus-Bruckner, Lescarret, Schneider

V(X)uy — Ugx + g(x)u = =03

V 1-periodic, q(x) = (qo — €2)V(x), qo ~ 3.7703
16

dbreather for0 < € < g
u(x,t) = O(e)

— 32
=3

Vix)

! -

. .
0 o6/13 713 1 )

2017: M.Plum, W.R., JEPE. Existence of breather U : R® x R — R3

V(X)Ug +VxVx U+ q(x)U=+FX)UPTUINR® xR
B 1<p<oo,V,q,l radially symmetric, positive
a sup# < oo & smooth. condition on % at|ixl=r=0andatr =
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Our result for the semilinear case ﬂ(“
(semi) V(X)up — uxx = £uP'u
Theorem 1 (A. Hirsch & W.R., 2018)
Breathers exist in the following three cases (V is positive, 2r-periodic):
(1) V(x) = a+ BsP(x), B > 32¢, 1<p<p'=2

(2) V(x) = B,0<0<<%,%:(1;29)2 1<p<p"=3
(3) 3 suitable V € Hp, (R) near Vo =1,re[1,3/2), 1 <p<p" = &
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Our result for the semilinear case ﬂ(“
(semi) V(X)ugt — Uy = #|ulP U
Theorem 1 (A. Hirsch & W.R., 2018)
Breathers exist in the following three cases (V is positive, 2r-periodic):
(1) V(x) = a+ BsP(x), B > 32¢, 1<p<p'=2
(2) V(x) = B,0<0<<%,%:(1;29)2 1<p<p =3

0 216 2n

(3) 3 suitable V € Hp, (R) near Vo =1,re[1,3/2), 1 <p<p" = &

frequencies w =

(1) (4a)7",

(2) (40Va)™

@) (" Vx) )"’
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Our result for the semilinear case A“(“
(semi) V(X)ugt — Uy = #|ulP U

Theorem 1 (A. Hirsch & W.R., 2018)
Breathers exist in the following three cases (V is positive, 2r-periodic):
(1) V(x) = a + BsP(x), B > 32a, 1<p<p'=2

(2) V(x) = B,0<0<<%,%:(1;29)2 1<p<p =3

0 2n6 2

(3) 3 suitable V € Hp, (R) near Vo =1,re[1,3/2), 1 <p<p" = &

Approach: u(x, t) = Yk ogq Uk (X)€*!, Tk = u_k
02 02 . d? 2 o
V(X) 75 = 55 = P Lk with L = -5~ KEPV(X)

k odd

K| case (1), (2)
|k|3‘f case (3)
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Our result for the semilinear case ﬂ(“
(semi) V(X)up — uxx = £uP'u

Theorem 1 (A. Hirsch & W.R., 2018)
Breathers exist in the following three cases (V is positive, 2r-periodic):
(1) V(x) = a+ BsP(x), B > 32¢, 1<p<p'=2

2) V(x) = 0<f< i, o= 0O

_ ﬁ TR
0 270 n

(3) 3 suitable V € Hpe, (R) near Vo =1,re[1,3/2), 1 <p < p* =5

1<p<p* =3

construction of V € Hp,,(R): real-analytic inverse spectral theory
M. Chirilus-Bruckner & C.E. Wayne, JMAA 2015.
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Variational method
space-time domain D =R x (0, T), T = 2n/w:

J(u) = ‘[Du ~ V(x)u? d(x,1)
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Variational method AN {]]

................................

space-time domain D =R x (0, T), T = 2n/w:

J(u) = fu ~ V(x)u? d(x,1) d(x, 1)
D
U = (Uk)k odd» SU(X, 1) = u(x, t) = Zkodd Uk(X)e'kwt
Z by, (U, uk) d(x,t)

k odd
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Variational method
space-time domain D =R x (0, T), T = 2n/w:

..............................

J(u) = fu ~ V(x)u? d(x,1) d(x, 1)
D
U = (Uk)k odd» SU(X, 1) = u(x, t) = Zkodd Uk(X)e'kwt
Z by, (U, uk) d(x,t)

k odd

for O in Hilbert -space

H= {fl : Z b|Lk|(Uk, Uk) < 0o, Uk € dom(b|Lk|) = dom(bLk) = H1 (R),

k odd

Dk = U_k}
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Variational method — continued AT

Cl Z b[_k Uk,Uk

k odd

xt

H= {lAJ : Z b|Lk|(Uk, Uk) < 00, Uk € dom(b|Lk|) = dom(bLk) = H1 (R),
k odd

Uk = U_k}

® Jis indefinite, 0 ¢ o(V(x) & — 25) = Uy ogg o (L)
® locally compact embedding S: H — L9(D),2<qg<p*+1

® concentration compactness

= 7 critical point £ real-valued breather u(x, t) = Y oqq Uk (x) et
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Extensions & further properties A\K“

generalize
V(X)ug — Uge = £|ulPu

to
V(x)ug — uxx + q(x)u = f(x, u)

with g(x) = tV(x), 7 € (=70, 70) and
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Extensions & further properties T

..............................

generalize
V(X)ug — Uge = £|ulPu
to
V(x)ug — uxx + q(x)u = f(x, u)
with g(x) = tV(x), t € (—70,70) and
H1) f continuous, 2z-periodic in x, |f(x,s)| < c(1 +s|P), 1 < p < p*
H2) f(x,s) = o(s) as s — 0 uniformly in x e R
H3) f(x,s)oddins e R, s — f(x,s)/|s| /s on (—c0,0) and (0, co)
)

(
(
(
(Ha) Ex2)

— oo as s — oo uniformly in x € R, F(x,s) =[5 f(x, t)dt

inspired by: Szulkin, Weth, The method of Nehari manfold, 2010.
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Extensions & further properties: regularity A\K“

ueLPt(D),1 <p<p*

u= ) uk(x)e* e H*(0, T; H'(R)) N H*(0, T; L3(R))

K odd
i.e.
D KPR, + kPP uklZ, < oo
k odd
with
=1 case 1) =-3 case 1)
2B8{ =1 case 2) 2a{ < -1 case 2)
=3-r case3) =-3-r cased)
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Concept of weak solution AT

..............................

¢ € CP(TxR)

_ _ -1
LV(x)urpnd(x,t) Luquxd(x,t)—fDI'(x)Iul’O ug d(x,t)

» Léper( )U(ﬁn Zf 27rn t (}5” 27Tn t)

nez

A. Hirsch, W.R.: Real-valued, time-periodic localized weak solutions for
a semilinear wave equation with periodic potentials, ArXiv 2018
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Concept of weak solution AT

..............................

¢ € CP(TxR)

_ _ -1
LV(x)urpnd(x,t) Luquxd(x,t)—fDI'(x)Iul’O ug d(x,t)

» Léper( )U(ﬁn Zf 27rn t (}5” 27Tn t)

nez

A. Hirsch, W.R.: Real-valued, time-periodic localized weak solutions for
a semilinear wave equation with periodic potentials, ArXiv 2018

—end of part Aand B —
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The problem

Find u: R xR — R solving

(semi) V(X)uy — Uxe = TP~ u
(quasi) V(x) Ut = txe = T(X)(47)t
such that

® yis T-periodic, real valued
a |im|x|_>00 U(X, t) =0
for p > 1 & suitable conditions on V,I : R - R

Outline:

(A) history of semilinear problem

(B) results for semilinear wave equation

(C) physical background of quasilinear problem
(D) results for quasilinear wave equation
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The nonlinear Maxwell model A\K“
VXE+§;B=0, V.D=0,

) VxH-6;D=0, V-B=0.
Material laws:

B =uoH, D= eE+P(x,E)=e(1+ x1(x) + x3(x)|EP)E
oo = 1/¢? (c = speed of light in vacuum)
N VXV xE+upd?D =0
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The nonlinear Maxwell model A\K“
VXE+§;B=0, V.D=0,

) VxH-6;D=0, V-B=0.
Material laws:

B =uoH, D= eE+P(x,E)=e(1+ x1(x) + x3(x)|EP)E
oo = 1/¢? (c = speed of light in vacuum)
N VXV xE+upd?D =0

Quasilinear wave-equation for E:

s VXVXE—f—,uo(??(eoU +X1(X))E+60X3(X)|E|2E): 0
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The nonlinear Maxwell model A\K“
VXE+§;B=0, V.D=0,

) VxH-6;D=0, V-B=0.
Material laws:

B =uoH, D =eE+P(x,E)=e(1+ x1(x) + x3(x)[EF)E
oo = 1/¢? (c = speed of light in vacuum)
N VXV xE+upd?D =0
Quasilinear wave-equation for E:

s VXVXE—f—,uo(??(eoU +X1(X))E+60X3(X)|E|2E): 0

For E = (0,0, v(x1,1)):

SN —Vxyxy + Hoeo(1 + x1 (x1))vit = —po€oxs(X1) (V)
For v(x,t) = us(x,t)

< —Uxx + V(X)ur = F(x)(u7)s
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The quasilinear case — concept of solution
Joint work with Simon Kohler

VX)ug —ux = T(x)(U);inRxR
(quasi) { u(x,t) — 0as|x| - o
ulx,t+T) = u(xt)

An extreme example: ['(x) = +do(x).
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The quasilinear case — concept of solution KIT

..............................

Joint work with Simon Kohler

VX)ug —ux = T(x)(U);inRxR
(quasi) { u(x,t) — 0as|x| - o
ulx,t+T) = u(xt)

An extreme example: ['(x) = +do(x).
For ¢ € C(T xR)

)
- =+ t(Y, 3t )
fD V(x)urde d(x, 1) + fD Uxy d(x, 1) = fo Ui (0, £:(0, 1) at
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The quasilinear case — concept of solution KIT

..............................

Joint work with Simon Kohler

VX)ug —ux = T(x)(U);inRxR
(quasi) { u(x,t) — 0as|x| - o
ulx,t+T) = u(xt)

An extreme example: ['(x) = +do(x).
For ¢ € C(T xR)

)
- =+ t(Y, 3t )
fD V(x)urde d(x, 1) + fD Uxy d(x, 1) = fo Ui (0, £:(0, 1) at

If V(x) and u(x, t) are even in x then

V(X)ur —uxx = 0in(0,00) xR,
—2uy(0,1) = =(ur(0,1)%)s,
(nN) u(x,t) —» 0O0asx — o
ulx,t+T) = u(x,t)
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uuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

V(X)ug —uxxk = 0in(0,00) xR,
(nN) { ou(0.0) = (u(0.0%),

Theorem 2 (S. Kohler & W.R., 2018)

o

Breathers exist if V(x) = —

- il 0 kel

_n\2
B,0<0<1,9¢%,%:%
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sssssssssssssssssssssssssssssss

V(X)ug —uxxk = 0in(0,00) xR,
(nN) { ou(0.0) = (u(0.0%),

Theorem 2 (S. Kohler & W.R., 2018)

o

Breathers exist if V(x) = —

- il 0 R T

_n\2
B,0<0<1,9¢%,%:%

Approach: u(x,t) = Y ogd Uk (X)L, Ty = u_
2 2 2
V(x) & _& D Lk with L = —dd— - K2w?V(x)

a2 ax2 X2

dist(0, (L)) > const. |k|
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sssssssssssssssssssssssssssssss

V(X)ug —uxxk = 0in(0,00) xR,
(nN) { ou(0.0) = (u(0.0%),

Theorem 2 (S. Kohler & W.R., 2018)

o

o _ (-6
B~ &

Breathers exist if V(x) = — ,0<6<1,0# 1,

Approach: u(x,t) = Y ogd Uk (X)L, Ty = u_
PP d?
% = Lk with Lx = —— — k?w?V
(x) @ Kk With Lk d w V()

a2 ax2 X2

dist(0, (L)) > const. |k|

more precise: U(X, t) = Yk oad bk (x)e*!, @k = —a_k
¢k = Bloch-mode, Lx¢x = 0 on (0, o), exp. decaying at +oo, ¢x(0) = 1
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The quasilinear case - variational method
D=Rx(0,T), T =2n/w, u(x,t) = Tkosg Fdr(x)ek!

1 T
J(u) = f &~ VOO d(x.0) 7 f (0, )% di
D 0
T 1 T
=2 f u(0, t)ux(0,1) dt ¥ = f lug (0, t)* dt
0 2 Jo
4

_22

k odd

Won a2
Iak +?|Ia*all,2

A 4
J(@) =@ = aflll2 F4
k odd

..............................
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The quasilinear case - variational method
D=Rx(0,T), T =2n/w, u(x,t) = Tkosg Fdr(x)ek!

1 T
J(u) = f &~ VOO d(x.0) 7 f (0, )% di
D 0
T 1 T
=2 f u(0, t)ux(0,1) dt ¥ = f lug (0, t)* dt
0 2 Jo
4

W oA A2
—22 50 ¢ +?||aw||,2

k odd

J(@) =w*||& * a’||,2 F4
Kt k odd
note: ¢, (0) = const. k(-1)'z

..............................
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The quasilinear case - variational method A\K“
D=Rx(0,T), T =2n/w, u(x,t) = Tkosg Fdr(x)ek!

1 T
J(u) = f &~ VOO d(x.0) 7 f (0, )% di
D 0
T 1 T
=2 f u(0, t)ux(0,1) dt ¥ = f lug (0, t)* dt
0 2 Jo
4

_22

k odd

Won a2
Iak +?|Ia*all,2

J(@) =& * a/||I2 F4

Kt k odd

note: ¢ (0) = const. k(-1) "z
J well-defined, coercive, weakly-Isc on
X={d:axaelPag=—-ay)— P

= 3 minimizer = real-valued breather u(x, t) = Y oug E ok (X)e*!
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Numerical experiments A“(“
u(x, t) = Ti__x i (x)e*e!. Top: y = 1, Bottom: y = —1

30 20 10 [ 10 2 20 K 5 30 20 10 [ 10 20 20 K 8 1
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Regularity AT

................................

®m ueH'(D)
® |u(x, t)| < const. e
W ue H'"(0, T;L3(R)) N H(0, T; H'(R)), v < 1/4

Recall concept of solution: for ¢ € CZ°(T x R)

]
fD V() ude d(x. 1) + fD Uy d(x. 1) = % fo (0. 1)°64(0. 1) ot
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Regularity AT

................................

®m ueH'(D)
® |u(x, t)| < const. e
W ue H'"(0, T;L3(R)) N H(0, T; H'(R)), v < 1/4

Recall concept of solution: for ¢ € CZ°(T x R)
T
f SV(X)ude d(x, 1) + f U d(x, 1) = F f 00, 1)364(0, 1) di
D D

0

—end of part Cand D —
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The problem

Find u: R xR — R solving

(semi) V(X)uy — Uxe = TP~ u
(quasi) V(x) Ut = txe = T(X)(47)t
such that

® yis T-periodic, real valued
a |im|x|_>00 U(X, t) =0
for p > 1 & suitable conditions on V,I : R - R

Outline:

(A) history of semilinear problem

(B) results for semilinear wave equation

(C) physical background of quasilinear problem
(D) results for quasilinear wave equation
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