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The problem
Find u : R × R→ R solving

(semi) V(x)utt − uxx = Γ(x)|u|p−1u

(quasi) V(x)utt − uxx = Γ(x)(u3
t )t

such that
u is T -periodic, real valued
lim|x |→∞ u(x, t) = 0

for p > 1 & suitable conditions on V , Γ : R→ R

Outline:
(A) history of semilinear problem
(B) results for semilinear wave equation
(C) physical background of quasilinear problem
(D) results for quasilinear wave equation
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History of the problem

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather

utt − uxx + sin u = 0

u(x, t) = 4 arctan
(

m sin(ωt)
ω cosh(mx)

)
,m2 + ω2 = 1

1993 Denzler, 1994 Birnir, McKean, Weinstein: non-persistence

utt − uxx + f(u) = 0, f(0) = 0, f ′(0) = 1

has no breather-solution except for f(u) = sin u.

1994 McKay, Aubry:
replace uxx by un+1 − 2un + un−1 ⇒ breathers are back
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History of the problem
2011: Blank, Chirilus-Bruckner, Lescarret, Schneider

V(x)utt − uxx + q(x)u = ±u3

V 1-periodic, q(x) = (q0 − ε
2)V(x), q0 ≈ 3.7703

x

V(x)

16

10 6/13 7/13

1

∃ breather for 0 < ε < ε0
u(x, t) = O(ε)
T = 32

13

2017: M.Plum, W.R., JEPE. Existence of breather U : R3 × R→ R3

V(x)Utt + ∇ × ∇ × U + q(x)U = ±Γ(x)|U|p−1U in R3 × R

1 < p < ∞, V , q, Γ radially symmetric, positive
sup q

Γ < ∞ & smooth. condition on q
V at |x | = r = 0 and at r = ∞

4/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis



Karlsruhe Institute of Technology
History of the problem
2011: Blank, Chirilus-Bruckner, Lescarret, Schneider

V(x)utt − uxx + q(x)u = ±u3

V 1-periodic, q(x) = (q0 − ε
2)V(x), q0 ≈ 3.7703

x

V(x)

16

10 6/13 7/13

1

∃ breather for 0 < ε < ε0
u(x, t) = O(ε)
T = 32

13

2017: M.Plum, W.R., JEPE. Existence of breather U : R3 × R→ R3

V(x)Utt + ∇ × ∇ × U + q(x)U = ±Γ(x)|U|p−1U in R3 × R

1 < p < ∞, V , q, Γ radially symmetric, positive
sup q

Γ < ∞ & smooth. condition on q
V at |x | = r = 0 and at r = ∞

4/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis



Karlsruhe Institute of Technology
Our result for the semilinear case
(semi) V(x)utt − uxx = ±|u|p−1u

Theorem 1 (A. Hirsch & W.R., 2018)
Breathers exist in the following three cases (V is positive, 2π-periodic):

(1) V(x) = α + βδper(x), β > 32α, 1 < p < p∗ = 2

(2) V(x) =
2πθ 2π0

α

β , 0 < θ � 1
2 , α

β =
(1−θ)2

θ2 1 < p < p∗ = 3

(3) ∃ suitable V ∈ Hr
per(R) near V0 ≡ 1, r ∈ [1, 3/2), 1 < p < p∗ = 7−2r

1+2r
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frequencies ω =

(1) (4α)−1,

(2) (4θ
√
α)−1

(3) π
(∫ 2π

0

√
V(x) dx

)−1
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Approach: u(x, t) =
∑

k odd uk (x)e ikωt , ūk = u−k

V(x)
∂2

∂t2
−

∂2

∂x2
=

⊕
k odd

Lk with Lk = −
d2

dx2
− k 2ω2V(x)

dist(0, σ(Lk )) ≥ const.
{
|k | case (1), (2)
|k |

3
2−r case (3)
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construction of V ∈ Hr
per(R): real-analytic inverse spectral theory

M. Chirilus-Bruckner & C.E. Wayne, JMAA 2015.
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Variational method
space-time domain D = R × (0,T), T = 2π/ω:

J(u) =

∫
D

u2
x − V(x)u2

t d(x, t) ∓
2

p + 1

∫
D
|u|p+1 d(x, t)

û = (uk )k odd , Sû(x, t) = u(x, t) =
∑

k odd uk (x)e ikωt

J(û) =
∑

k odd

bLk (uk , uk ) ∓
2

p + 1

∫
D
|Sû|p+1 d(x, t)

for û in Hilbert -space

H =
{
û :

∑
k odd

b|Lk |(uk , uk ) < ∞, uk ∈ dom(b|Lk |) = dom(bLk ) = H1(R),

ūk = u−k

}
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û :

∑
k odd

b|Lk |(uk , uk ) < ∞, uk ∈ dom(b|Lk |) = dom(bLk ) = H1(R),
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Variational method – continued

J(û) =
∑

k odd

bLk (uk , uk ) ∓
2

p + 1

∫
D
|Sû|p+1 d(x, t)

H =
{
û :

∑
k odd

b|Lk |(uk , uk ) < ∞, uk ∈ dom(b|Lk |) = dom(bLk ) = H1(R),

ūk = u−k

}
J is indefinite, 0 < σ(V(x) ∂2

∂t2 −
∂2

∂x2 ) =
⋃

k odd σ(Lk )

locally compact embedding S : H → Lq(D), 2 ≤ q < p∗ + 1

concentration compactness

⇒ ∃ critical point =̂ real-valued breather u(x, t) =
∑

k odd uk (x)e ikωt
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Extensions & further properties
generalize

V(x)utt − uxx = ±|u|p−1u

to
V(x)utt − uxx + q(x)u = f(x, u)

with q(x) = τV(x), τ ∈ (−τ0, τ0) and

(H1) f continuous, 2π-periodic in x, |f(x, s)| ≤ c(1 + |s|p), 1 < p < p∗

(H2) f(x, s) = o(s) as s → 0 uniformly in x ∈ R

(H3) f(x, s) odd in s ∈ R, s 7→ f(x, s)/|s|ts on (−∞, 0) and (0,∞)

(H4) F(x,s)

s2 → ∞ as s → ∞ uniformly in x ∈ R, F(x, s) B
∫ s

0 f(x, t)dt

inspired by: Szulkin, Weth, The method of Nehari manfold, 2010.
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Extensions & further properties: regularity

u ∈ Lp+1(D), 1 < p < p∗

u =
∑

k odd

uk (x)e ikωt ∈ Hα(0,T ; H1(R)) ∩ Hβ(0,T ; L2(R))

i.e. ∑
k odd

|k |2α‖u′k ‖
2
L2 + |k |2β‖uk ‖

2
L2 < ∞

with

2β


= 1 case 1)
= 1 case 2)
= 3

2 − r case 3)
2α


= −3 case 1)
< −1 case 2)
= −1

2 − r case 3)
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Concept of weak solution

φ ∈ C∞c (T × R)∫
D

V(x)uφtt d(x, t) −
∫

D
uφxx d(x, t) =

∫
D

Γ(x)|u|p−1uφ d(x, t)

For Case 1): V(x) = α + βδper

„
∫

D
δper(x)uφtt d(x, t) “ =

∑
n∈Z

∫ T

0
u(2πn, t)φtt (2πn, t) dt

A. Hirsch, W.R.: Real-valued, time-periodic localized weak solutions for
a semilinear wave equation with periodic potentials, ArXiv 2018

— end of part A and B —
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The nonlinear Maxwell model

∇ × E + ∂tB = 0, ∇ · D = 0,

∇ × H − ∂tD = 0, ∇ · B = 0.
Material laws:

B = µ0H, D = ε0E + P(x,E)= ε0(1 + χ1(x) + χ3(x)|E|2)E

µ0ε0 = 1/c2 (c = speed of light in vacuum)

↪→ ∇ × ∇ × E + µ0∂
2
t D = 0

Quasilinear wave-equation for E:

↪→ ∇ × ∇ × E + µ0∂
2
t

(
ε0(1 + χ1(x))E + ε0χ3(x)|E|2E

)
= 0

For E = (0, 0, v(x1, t)):

↪→ −vx1x1 + µ0ε0(1 + χ1(x1))vtt = −µ0ε0χ3(x1)(v3)tt

For v(x, t) = ut (x, t)

↪→ −uxx + V(x)utt = Γ(x)(u3
t )t
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The quasilinear case – concept of solution
Joint work with Simon Kohler

(quasi)


V(x)utt − uxx = Γ(x)(u3

t )t in R × R
u(x, t) → 0 as |x | → ∞

u(x, t + T) = u(x, t)

An extreme example: Γ(x) = ±δ0(x).

For φ ∈ C∞c (T × R)∫
D
−V(x)utφt d(x, t) +

∫
D

uxφx d(x, t) = ∓

∫ T

0
ut (0, t)3φt (0, t) dt

If V(x) and u(x, t) are even in x then

(nN)


V(x)utt − uxx = 0 in (0,∞) × R,
−2ux(0, t) = ±(ut (0, t)3)t ,

u(x, t) → 0 as x → ∞
u(x, t + T) = u(x, t)

13/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis



Karlsruhe Institute of Technology
The quasilinear case – concept of solution
Joint work with Simon Kohler

(quasi)


V(x)utt − uxx = Γ(x)(u3

t )t in R × R
u(x, t) → 0 as |x | → ∞

u(x, t + T) = u(x, t)

An extreme example: Γ(x) = ±δ0(x).
For φ ∈ C∞c (T × R)∫

D
−V(x)utφt d(x, t) +

∫
D

uxφx d(x, t) = ∓

∫ T

0
ut (0, t)3φt (0, t) dt

If V(x) and u(x, t) are even in x then

(nN)


V(x)utt − uxx = 0 in (0,∞) × R,
−2ux(0, t) = ±(ut (0, t)3)t ,

u(x, t) → 0 as x → ∞
u(x, t + T) = u(x, t)

13/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis



Karlsruhe Institute of Technology
The quasilinear case – concept of solution
Joint work with Simon Kohler

(quasi)


V(x)utt − uxx = Γ(x)(u3

t )t in R × R
u(x, t) → 0 as |x | → ∞

u(x, t + T) = u(x, t)

An extreme example: Γ(x) = ±δ0(x).
For φ ∈ C∞c (T × R)∫

D
−V(x)utφt d(x, t) +

∫
D

uxφx d(x, t) = ∓

∫ T

0
ut (0, t)3φt (0, t) dt

If V(x) and u(x, t) are even in x then

(nN)


V(x)utt − uxx = 0 in (0,∞) × R,
−2ux(0, t) = ±(ut (0, t)3)t ,

u(x, t) → 0 as x → ∞
u(x, t + T) = u(x, t)

13/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis



Karlsruhe Institute of Technology
The quasilinear case – existence of solution

(nN)

{
V(x)utt − uxx = 0 in (0,∞) × R,
−2ux(0, t) = ±(ut (0, t)3)t ,

Theorem 2 (S. Kohler & W.R., 2018)

Breathers exist if V(x) =
π

β

−π

α

πθ−πθ 0

, 0 < θ < 1, θ , 1
2 , α

β =
(1−θ)2

θ2

Approach: u(x, t) =
∑

k odd uk (x)e ikωt , ūk = u−k

V(x)
∂2

∂t2
−

∂2

∂x2
=

⊕
k odd

Lk with Lk = −
d2

dx2
− k 2ω2V(x)

dist(0, σ(Lk )) ≥ const. |k |

more precise: u(x, t) =
∑

k odd
αk
k φk (x)e ikωt , ᾱk = −α−k

φk = Bloch-mode, Lkφk = 0 on (0,∞), exp. decaying at +∞, φk (0) = 1
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The quasilinear case – existence of solution
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The quasilinear case – variational method
D = R × (0,T), T = 2π/ω, u(x, t) =

∑
k odd

αk
k φk (x)e ikωt

J(u) =

∫
D

u2
x − V(x)u2

t d(x, t) ∓
1
2

∫ T

0
|ut (0, t)|4 dt

=2
∫ T

0
u(0, t)ux(0, t) dt ∓

1
2

∫ T

0
|ut (0, t)|4 dt

=2
∑

k odd

φ′k (0)

k 2
|αk |

2 ∓
ω4

2
‖α̂ ∗ α̂‖2l2

J(α̂) :=ω4‖α̂ ∗ α̂‖2l2 ∓ 4
∑

k odd

φ′k (0)

k 2
|αk |

2

note: φ′k (0) = const. k(−1)
k−1

2

J well-defined, coercive, weakly-lsc on

X = {α̂ : α̂ ∗ α̂ ∈ l2, ᾱk = −α−k } ↪→ l2

⇒ ∃ minimizer =̂ real-valued breather u(x, t) =
∑

k odd
αk
k φk (x)e ikωt
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Numerical experiments
u(x, t) =

∑K
k=−K

αk
k φk (x)e ikωt . Top: γ = 1, Bottom: γ = −1

K = 5 K = 81

K = 5 K = 81
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Regularity

u ∈ H1(D)

|u(x, t)| ≤ const. e−ρ|x |

u ∈ H1+ν(0,T ; L2(R)) ∩ Hν(0,T ; H1(R)), ν < 1/4

Recall concept of solution: for φ ∈ C∞c (T × R)∫
D
−V(x)utφt d(x, t) +

∫
D

uxφx d(x, t) = ∓

∫ T

0
ut (0, t)3φt (0, t) dt

— end of part C and D —
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The problem
Find u : R × R→ R solving

(semi) V(x)utt − uxx = Γ(x)|u|p−1u

(quasi) V(x)utt − uxx = Γ(x)(u3
t )t

such that
u is T -periodic, real valued
lim|x |→∞ u(x, t) = 0

for p > 1 & suitable conditions on V , Γ : R→ R

Outline:
(A) history of semilinear problem
(B) results for semilinear wave equation
(C) physical background of quasilinear problem
(D) results for quasilinear wave equation

18/18 September 20, 2018 A. Hirsch, S. Kohler and W. Reichel - Time-periodic localized waves Institute for Analysis


	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	0.50: 
	0.51: 
	0.52: 
	0.53: 
	0.54: 
	0.55: 
	0.56: 
	0.57: 
	0.58: 
	0.59: 
	0.60: 
	0.61: 
	0.62: 
	0.63: 
	0.64: 
	0.65: 
	0.66: 
	0.67: 
	0.68: 
	0.69: 
	0.70: 
	0.71: 
	0.72: 
	0.73: 
	0.74: 
	0.75: 
	0.76: 
	0.77: 
	0.78: 
	0.79: 
	0.80: 
	0.81: 
	0.82: 
	0.83: 
	0.84: 
	0.85: 
	0.86: 
	0.87: 
	0.88: 
	0.89: 
	0.90: 
	0.91: 
	0.92: 
	0.93: 
	0.94: 
	0.95: 
	0.96: 
	0.97: 
	0.98: 
	0.99: 
	0.100: 
	0.101: 
	0.102: 
	0.103: 
	0.104: 
	0.105: 
	0.106: 
	0.107: 
	0.108: 
	0.109: 
	0.110: 
	0.111: 
	0.112: 
	0.113: 
	0.114: 
	0.115: 
	0.116: 
	0.117: 
	0.118: 
	0.119: 
	0.120: 
	0.121: 
	0.122: 
	0.123: 
	0.124: 
	0.125: 
	0.126: 
	0.127: 
	0.128: 
	0.129: 
	0.130: 
	0.131: 
	0.132: 
	0.133: 
	0.134: 
	0.135: 
	0.136: 
	0.137: 
	0.138: 
	0.139: 
	0.140: 
	0.141: 
	0.142: 
	0.143: 
	0.144: 
	0.145: 
	0.146: 
	0.147: 
	0.148: 
	0.149: 
	0.150: 
	0.151: 
	0.152: 
	0.153: 
	0.154: 
	0.155: 
	0.156: 
	0.157: 
	0.158: 
	0.159: 
	0.160: 
	0.161: 
	0.162: 
	0.163: 
	0.164: 
	0.165: 
	0.166: 
	0.167: 
	0.168: 
	0.169: 
	0.170: 
	0.171: 
	0.172: 
	0.173: 
	0.174: 
	0.175: 
	0.176: 
	0.177: 
	0.178: 
	0.179: 
	0.180: 
	0.181: 
	0.182: 
	0.183: 
	0.184: 
	0.185: 
	0.186: 
	0.187: 
	0.188: 
	0.189: 
	0.190: 
	0.191: 
	0.192: 
	0.193: 
	0.194: 
	0.195: 
	0.196: 
	0.197: 
	0.198: 
	0.199: 
	0.200: 
	anm0: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	1.5: 
	1.6: 
	1.7: 
	1.8: 
	1.9: 
	1.10: 
	1.11: 
	1.12: 
	1.13: 
	1.14: 
	1.15: 
	1.16: 
	1.17: 
	1.18: 
	1.19: 
	1.20: 
	1.21: 
	1.22: 
	1.23: 
	1.24: 
	1.25: 
	1.26: 
	1.27: 
	1.28: 
	1.29: 
	1.30: 
	1.31: 
	1.32: 
	1.33: 
	1.34: 
	1.35: 
	1.36: 
	1.37: 
	1.38: 
	1.39: 
	1.40: 
	1.41: 
	1.42: 
	1.43: 
	1.44: 
	1.45: 
	1.46: 
	1.47: 
	1.48: 
	1.49: 
	1.50: 
	1.51: 
	1.52: 
	1.53: 
	1.54: 
	1.55: 
	1.56: 
	1.57: 
	1.58: 
	1.59: 
	1.60: 
	1.61: 
	1.62: 
	1.63: 
	1.64: 
	1.65: 
	1.66: 
	1.67: 
	1.68: 
	1.69: 
	1.70: 
	1.71: 
	1.72: 
	1.73: 
	1.74: 
	1.75: 
	1.76: 
	1.77: 
	1.78: 
	1.79: 
	1.80: 
	1.81: 
	1.82: 
	1.83: 
	1.84: 
	1.85: 
	1.86: 
	1.87: 
	1.88: 
	1.89: 
	1.90: 
	1.91: 
	1.92: 
	1.93: 
	1.94: 
	1.95: 
	1.96: 
	1.97: 
	1.98: 
	1.99: 
	1.100: 
	1.101: 
	1.102: 
	1.103: 
	1.104: 
	1.105: 
	1.106: 
	1.107: 
	1.108: 
	1.109: 
	1.110: 
	1.111: 
	1.112: 
	1.113: 
	1.114: 
	1.115: 
	1.116: 
	1.117: 
	1.118: 
	1.119: 
	1.120: 
	1.121: 
	1.122: 
	1.123: 
	1.124: 
	1.125: 
	1.126: 
	1.127: 
	1.128: 
	1.129: 
	1.130: 
	1.131: 
	1.132: 
	1.133: 
	1.134: 
	1.135: 
	1.136: 
	1.137: 
	1.138: 
	1.139: 
	1.140: 
	1.141: 
	1.142: 
	1.143: 
	1.144: 
	1.145: 
	1.146: 
	1.147: 
	1.148: 
	1.149: 
	1.150: 
	1.151: 
	1.152: 
	1.153: 
	1.154: 
	1.155: 
	1.156: 
	1.157: 
	1.158: 
	1.159: 
	1.160: 
	1.161: 
	1.162: 
	1.163: 
	1.164: 
	1.165: 
	1.166: 
	1.167: 
	1.168: 
	1.169: 
	1.170: 
	1.171: 
	1.172: 
	1.173: 
	1.174: 
	1.175: 
	1.176: 
	1.177: 
	1.178: 
	1.179: 
	1.180: 
	1.181: 
	1.182: 
	1.183: 
	1.184: 
	1.185: 
	1.186: 
	1.187: 
	1.188: 
	1.189: 
	1.190: 
	1.191: 
	1.192: 
	1.193: 
	1.194: 
	1.195: 
	1.196: 
	1.197: 
	1.198: 
	1.199: 
	1.200: 
	anm1: 
	2.0: 
	2.1: 
	2.2: 
	2.3: 
	2.4: 
	2.5: 
	2.6: 
	2.7: 
	2.8: 
	2.9: 
	2.10: 
	2.11: 
	2.12: 
	2.13: 
	2.14: 
	2.15: 
	2.16: 
	2.17: 
	2.18: 
	2.19: 
	2.20: 
	2.21: 
	2.22: 
	2.23: 
	2.24: 
	2.25: 
	2.26: 
	2.27: 
	2.28: 
	2.29: 
	2.30: 
	2.31: 
	2.32: 
	2.33: 
	2.34: 
	2.35: 
	2.36: 
	2.37: 
	2.38: 
	2.39: 
	2.40: 
	2.41: 
	2.42: 
	2.43: 
	2.44: 
	2.45: 
	2.46: 
	2.47: 
	2.48: 
	2.49: 
	2.50: 
	2.51: 
	2.52: 
	2.53: 
	2.54: 
	2.55: 
	2.56: 
	2.57: 
	2.58: 
	2.59: 
	2.60: 
	2.61: 
	2.62: 
	2.63: 
	2.64: 
	2.65: 
	2.66: 
	2.67: 
	2.68: 
	2.69: 
	2.70: 
	2.71: 
	2.72: 
	2.73: 
	2.74: 
	2.75: 
	2.76: 
	2.77: 
	2.78: 
	2.79: 
	2.80: 
	2.81: 
	2.82: 
	2.83: 
	2.84: 
	2.85: 
	2.86: 
	2.87: 
	2.88: 
	2.89: 
	2.90: 
	2.91: 
	2.92: 
	2.93: 
	2.94: 
	2.95: 
	2.96: 
	2.97: 
	2.98: 
	2.99: 
	2.100: 
	2.101: 
	2.102: 
	2.103: 
	2.104: 
	2.105: 
	2.106: 
	2.107: 
	2.108: 
	2.109: 
	2.110: 
	2.111: 
	2.112: 
	2.113: 
	2.114: 
	2.115: 
	2.116: 
	2.117: 
	2.118: 
	2.119: 
	2.120: 
	2.121: 
	2.122: 
	2.123: 
	2.124: 
	2.125: 
	2.126: 
	2.127: 
	2.128: 
	2.129: 
	2.130: 
	2.131: 
	2.132: 
	2.133: 
	2.134: 
	2.135: 
	2.136: 
	2.137: 
	2.138: 
	2.139: 
	2.140: 
	2.141: 
	2.142: 
	2.143: 
	2.144: 
	2.145: 
	2.146: 
	2.147: 
	2.148: 
	2.149: 
	2.150: 
	2.151: 
	2.152: 
	2.153: 
	2.154: 
	2.155: 
	2.156: 
	2.157: 
	2.158: 
	2.159: 
	2.160: 
	2.161: 
	2.162: 
	2.163: 
	2.164: 
	2.165: 
	2.166: 
	2.167: 
	2.168: 
	2.169: 
	2.170: 
	2.171: 
	2.172: 
	2.173: 
	2.174: 
	2.175: 
	2.176: 
	2.177: 
	2.178: 
	2.179: 
	2.180: 
	2.181: 
	2.182: 
	2.183: 
	2.184: 
	2.185: 
	2.186: 
	2.187: 
	2.188: 
	2.189: 
	2.190: 
	2.191: 
	2.192: 
	2.193: 
	2.194: 
	2.195: 
	2.196: 
	2.197: 
	2.198: 
	2.199: 
	2.200: 
	anm2: 
	3.0: 
	3.1: 
	3.2: 
	3.3: 
	3.4: 
	3.5: 
	3.6: 
	3.7: 
	3.8: 
	3.9: 
	3.10: 
	3.11: 
	3.12: 
	3.13: 
	3.14: 
	3.15: 
	3.16: 
	3.17: 
	3.18: 
	3.19: 
	3.20: 
	3.21: 
	3.22: 
	3.23: 
	3.24: 
	3.25: 
	3.26: 
	3.27: 
	3.28: 
	3.29: 
	3.30: 
	3.31: 
	3.32: 
	3.33: 
	3.34: 
	3.35: 
	3.36: 
	3.37: 
	3.38: 
	3.39: 
	3.40: 
	3.41: 
	3.42: 
	3.43: 
	3.44: 
	3.45: 
	3.46: 
	3.47: 
	3.48: 
	3.49: 
	3.50: 
	3.51: 
	3.52: 
	3.53: 
	3.54: 
	3.55: 
	3.56: 
	3.57: 
	3.58: 
	3.59: 
	3.60: 
	3.61: 
	3.62: 
	3.63: 
	3.64: 
	3.65: 
	3.66: 
	3.67: 
	3.68: 
	3.69: 
	3.70: 
	3.71: 
	3.72: 
	3.73: 
	3.74: 
	3.75: 
	3.76: 
	3.77: 
	3.78: 
	3.79: 
	3.80: 
	3.81: 
	3.82: 
	3.83: 
	3.84: 
	3.85: 
	3.86: 
	3.87: 
	3.88: 
	3.89: 
	3.90: 
	3.91: 
	3.92: 
	3.93: 
	3.94: 
	3.95: 
	3.96: 
	3.97: 
	3.98: 
	3.99: 
	3.100: 
	3.101: 
	3.102: 
	3.103: 
	3.104: 
	3.105: 
	3.106: 
	3.107: 
	3.108: 
	3.109: 
	3.110: 
	3.111: 
	3.112: 
	3.113: 
	3.114: 
	3.115: 
	3.116: 
	3.117: 
	3.118: 
	3.119: 
	3.120: 
	3.121: 
	3.122: 
	3.123: 
	3.124: 
	3.125: 
	3.126: 
	3.127: 
	3.128: 
	3.129: 
	3.130: 
	3.131: 
	3.132: 
	3.133: 
	3.134: 
	3.135: 
	3.136: 
	3.137: 
	3.138: 
	3.139: 
	3.140: 
	3.141: 
	3.142: 
	3.143: 
	3.144: 
	3.145: 
	3.146: 
	3.147: 
	3.148: 
	3.149: 
	3.150: 
	3.151: 
	3.152: 
	3.153: 
	3.154: 
	3.155: 
	3.156: 
	3.157: 
	3.158: 
	3.159: 
	3.160: 
	3.161: 
	3.162: 
	3.163: 
	3.164: 
	3.165: 
	3.166: 
	3.167: 
	3.168: 
	3.169: 
	3.170: 
	3.171: 
	3.172: 
	3.173: 
	3.174: 
	3.175: 
	3.176: 
	3.177: 
	3.178: 
	3.179: 
	3.180: 
	3.181: 
	3.182: 
	3.183: 
	3.184: 
	3.185: 
	3.186: 
	3.187: 
	3.188: 
	3.189: 
	3.190: 
	3.191: 
	3.192: 
	3.193: 
	3.194: 
	3.195: 
	3.196: 
	3.197: 
	3.198: 
	3.199: 
	3.200: 
	anm3: 


