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Semilinear wave equations

Find time-periodic solutions U : RN*1 x R — R solving

(%) w(X)Uyg — Anp1U =T(X)UPTU

traveling wave U(x, xn11,1) = u(x,t — ¢ T xn11) with x = (xy,...

(%) (w(x) = c®)ug — Ayu = T(x)|uPu
[ RS
=:V(x)
Properties of the profile u
® time-periodicity: u(x,t + T) = u(x, t)
B |ocalization: limy—e U(X, 1) =0

under suitable conditions on V,IT : RN > Rand 1 < p < co.
Typically N =1, 2.

..............................
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Outline of the talk ﬂ(“

(A) motivation
(B) our results
(C) methods
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(A) Motivation AT

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather
U — Uxx +sinu=20
msin(wt)

=4arct
u(x,t) arc an(a)cosh(mx)

),m2+w2:1
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(A) Motivation AT

..............................

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather
U — Uxx +sinu=20
msin(wt)

=4arct
u(x,t) arctan (wcosh(mx)

),m2+w2:1

1993 Denzler, 1994 Birnir, McKean, Weinstein: non-persistence
Uy — Uxx + f(u) =0, f(0) =0, (0) =1

has no breather-solution except for f(u) = sin u.
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(A) Motivation AT

aaaaaaaaaaa

1973 Ablowitz, Kaup, Newell, Segur: Sine-Gordon breather
U — Uxx +sinu=20
msin(wt)

=4arct
u(x,t) arctan (wcosh(mx)

),m2+w2:1

1993 Denzler, 1994 Birnir, McKean, Weinstein: non-persistence
Uy — Uxx + f(u) =0, f(0) =0, (0) =1
has no breather-solution except for f(u) = sin u.

Why is it so delicate?
Why is it so difficult?
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(A) Motivation AT

Sine-Gordon equation: Lu + sin u = 0 with L = 8% — 6%
Try standard approach for the modified equation:

(#) Lu+u=1d°

Ansatz u(x, t) = Yyez Uk (x)ekel, U = uk

Lu(x,t) = Z(Lkuk)(x)eik‘”t, Ly =—— -
keZ
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(A) Motivation AT

Sine-Gordon equation: Lu + sin u = 0 with L = 8% — 6%
Try standard approach for the modified equation:
(#) Lutu=1u?

Ansatz u(x, t) = Yyez Uk (x)ekel, U = uk

Lu(x,t) = Z(Lkuk)(x)eik‘”t, Ly =—— -
keZ
Then the nonlinear wave equation (#) becomes an infinitely coupled
elliptic system
(##) (L + 1)ux = (0 0= 0)k
where U = (uk)kez and (0= U U), = 2 1.mez Uk—1Ui-mUm.
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(A) Motivation AT

Sine-Gordon equation: Lu + sin u = 0 with L = 8% — 6%
Try standard approach for the modified equation:
(#) Lu+u=u°

Ansatz u(x, t) = Yyez Uk (x)ekel, U = uk

Lu(x,t) = Z(Lkuk)(x)eik‘”t, Ly =—— -
keZ

Then the nonlinear wave equation (#) becomes an infinitely coupled
elliptic system

(##) (Lg + Vuk = (0= 0= )k

where U = (uk)kez and (0= U U), = 2 1.mez Uk—1Ui-mUm.
Note the difficulty arising from the spectrum

oLk +1) = [-k2w? + 1, )
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(A) Motivation AT

................................

Idea: replace L = 82 — 62 by L = V/(x)d? — 6% and consider the modified
equation

(#) Lu+g(x)u=u?

Then the infinitely coupled elliptic system looks like
(##) (L + q(x))ux = (0= U= T)

with L = -5 — k22 V/(x)

6/17 June 9, 2021 A. Hirsch, S. Kohler and W. Reichel - Time-periodic solutions of semilinear wave equations IANA



(A) Motivation AT

................................

Idea: replace L = 82 — 62 by L = V/(x)d? — 6% and consider the modified
equation

(#) Lu+q(x)u = u°
Then the infinitely coupled elliptic system looks like
(##) (Lk +q(x))ux = (0 = 0)x

with L = -5 — k22 V/(x)

Now there may be a chance to have

0 ¢ oLk +q(x))
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(A) Motivation AT

..............................

Idea: replace L = 82 — 62 by L = V/(x)d? — 6% and consider the modified
equation

(#) Lu+q(x)u = u°
Then the infinitely coupled elliptic system looks like
(##) (Lk +q(x))ux = (0 = 0)x

with L = -5 — k22 V/(x)

Now there may be a chance to have
0 ¢ o(Lk +q(x))
in particular if V(x), g(x) are periodic in x
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(A) Motivation AT

................................

2011 Comm.M.Phys.: Blank, Chirilus-Bruckner, Lescarret, Schneider
V(X)u — Uy + g(x)u = =3 inR xR
V 1-periodic, q(x) = (qo — €)V(x), qo ~ 3.7703

1

L L L L
0 6/13 73 1
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(A) Motivation AT

..............................

2011 Comm.M.Phys.: Blank, Chirilus-Bruckner, Lescarret, Schneider
V(X)u — Uy + g(x)u = =3 inR xR
V 1-periodic, q(x) = (qo — €)V(x), qo ~ 3.7703

d small breathers for 0 < € < ¢
u(x,t) = O(e)

L T=2=2[" \/V(x)dx

L L L L
0 6/13 73 1
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(A) Motivaton =\l
2011 Comm.M.Phys.: Blank, Chirilus-Bruckner, Lescarret, Schneider

V(X)u — Uy + g(x)u = =3 inR xR
V 1-periodic, q(x) = (qo — €)V(x), qo ~ 3.7703
d small breathers for 0 < € < ¢

u(x,t) = O(e)

Tzﬂzzfo‘ VV(x) dx

201§ ﬁgnllneanty A Hirsch & W.R. Variational proof for large breathers
V(X)ug — Uy = #|uP"Tuon R xR
(1) V(x) = a+ B (x), B > 32¢,
(2) V(x) = - 5,0<6< 3,
7-2r

(3) 3 sunable Ve H,Qe,( ) near Vo =1,re[1,3/2), 1 <p<p' = {75

1

1<p<p =2

“:(1;29)2 1<p<p*=3

=
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(B) Our results
general understanding so far:

strong spatial structures allow for breathers
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(B) Our results AT

general understanding so far:

strong spatial structures allow for breathers

In this talk: replace periodic structure by a waveguide structure

(%) W(x)Uy — An1U =T(x)UP'U
where for x = (x1,..., xn) we have a cylindrically symmetric coefficient
_ | Wo, IXI<R,
W(x)_{ Wi, Ixl>R. 0 < Wi < W,.
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(B) Our results AT

..............................

general understanding so far:

strong spatial structures allow for breathers

In this talk: replace periodic structure by a waveguide structure

(%) W(x)Uy — An1U =T(X)|UP'U

where for x = (x1,..., xn) we have a cylindrically symmetric coefficient
W(x) = { m) K: i Z 0 < Wi < W,.

Traveling wave U(x, Xy11,1) = u(x,t — ¢ 'xyy1) leads to

(%) V(X)ug — Anu = F(X)luP~u

where

[ Vo=Wo-c2 IxI<R,
V(X){v1zw1—c—2 x| > R.
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(B) Our results AT

................................

(%) V(x)ug — Ayu = TP u
where

| Vo>0 [xI<R, . _ .
V(x) = { V, <0 |x|>R. write V(x) = —a+81p,(0) With > a > 0.
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(B) Our results AT

................................

(%) V(x)ug — Anu = F(x)lufPu
where
Vo>0 R, . .
V(x) = { V? Z 0 :ﬁ: i R write V(x) = —a+81p,(0) With > a > 0.

Note: (xx) is elliptic outside Bg(0), hyperbolic inside Bg(0)
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(B) Our results AT

sssssssssssssssssssssssssssssss

(%) V(x)ug — Anu = F(x)lufPu
where
Vi R, . .
V(x) = { V? z g :ﬁ: i R write V(x) = —a+81p,(0) With > a > 0.

Note: (xx) is elliptic outside Bg(0), hyperbolic inside Bg(0)

Theorem 1 (S. Kohler & W.R., part of PhD thesis)

For V as above, breathers with frequency w = ﬁ exist in the
following three cases:

(1) n=1,T>0&limyse(x)=0,1<p<3.
(2) n=2,T =T(r) bounded &T > 0,1 <p < 2.
(3) n=1,T =periodic, bounded & infl > 0,1 <p <3

917 June 9, 2021 A. Hirsch, S. Kohler and W. Reichel - Time-periodic solutions of semilinear wave equations IANA



..............................

V(X)Utt - UXX - 0

where
B-a>0, |x]<R,

V(x) = { —a <0, x| > R.
With u(x, 1) = ek“lp(x) we get
Lo = —¢" — k?w?V(x)¢ =00nR

= exponential decay to 0 outside, oszillations inside the waveguide.
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..............................

V(X)Utt - UXX = 0

where
| B-a>0, [x|<R,
V(x) = { -a <0, x| > R.
With u(x, t) = ek“!¢(x) we get
Lo = —¢" — k?w?V(x)¢ =00nR

= exponential decay to 0 outside, oszillations inside the waveguide.
Solvability condition:

‘/,BiLa/ = tan( B — akwR + Ig), I=0,1.
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..............................

V(X)Utt - UXX - 0

where
B-a>0, |x]<R,

Vix) = { —a <0, x| > R.
With u(x, t) = ek“!¢(x) we get
Lo = —¢" — k?w?V(x)¢ =00nR

= exponential decay to 0 outside, oszillations inside the waveguide.
Solvability condition:

'/,BiLa/ = tan(+/B — akwR + Ig), |=0,1.

In the nonlinear case: VB — awR = z
which is designed s.t. 0 ¢ op(L). However: oess(Li) = [kZw?a, o).
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(B) Our results - extensions A“(“
(%) V(X)ug — Ayu = T(x)|ulP'u

Theorem 1 (S. Kohler & W.R., part of PhD thesis)

ForV = —a+B1g,0) With > a > 0, breathers with w = 2R$ﬁfa exist if
(1) n=1,T>0&limy-el(x)=0,1<p<3.

(2) n=2,T =T(r) bounded &T > 0,1 <p < 2.

(3) n=1, T =periodic, bounded & inf[ >0,1<p <3
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(B) Our results - extensions ﬂ(“
(%) V(X)ug — Ayu = T(x)|ulP'u

Theorem 1 (S. Kohler & W.R., part of PhD thesis)

ForV = —a+B1pg(0) With3 > a > 0, breathers with w =
(1) n=1,T>0&limy-el(x)=0,1<p<3.
(2) n=2,T =T(r) bounded &T > 0,1 <p < 2.
(3) n=1, T =periodic, bounded & inf[ >0,1<p <3

~ .
PRVF e exist if

Generalizations for (1) and (2): rhs. in (%) = f(x,t, u)

(H1) fcontinuous, T = 2 -periodic in t, |f(x,t,s)| < c(1 + |sIP)

(H2) f(x,t,s) = o(s) as s — 0 uniformly in x,t € R

(H3) f(x,t,s) oddins eR, s f(x,t,s)/|s| /s on(—,0)and (0, )
(H4) M — o0 as s — oo unif.in x,t R, F(x,t,8) = fo (x,t,0)do
Insplred by Szulkin, Weth: The method of Nehari manifold, 2010.
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(B) Our results - extensions A“(“
(%) V(X)ug — Ayu = T(x)|ulP'u

Theorem 1 (S. Kohler & W.R., part of PhD thesis)

ForV = —a+B1g,0) With > a > 0, breathers with w = 2R$ﬁfa exist if
(1) n=1,T>0&limy-el(x)=0,1<p<3.
(2) n=2,T =T(r) bounded &T > 0,1 <p < 2.
(3) n=1, T =periodic, bounded & inf[ >0,1<p <3
Generalizations for (3):
(A) T=Te+1T
(A2) T =periodic, bounded & inf ', > 0
(A3) limyse I =0, T > — const.e™™ with § > 2 Vaw.
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(C) Methods AT

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

() V(x)ug — Anu = F(x)lufPu

Ansatz
u(x,t) = (ST)(X, t) Tkeoz it U (X)e @l,  ue = u, 0= (Uk)ke2z+1-
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(C) Methods AT

() V(x)ug — Anu = F(x)lufPu

Ansatz
u(x,t) = (ST)(X, t) Tkeoz it U (X)e @l,  ue = u, 0= (Uk)ke2z+1-

Then the nonlinear wave equation () becomes an infinitely coupled
elliptic system:

(¢ %) Leuk = (TOOIUP~"u)k with Ly = ~An—k?w?V(x), k € 2Z+1
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(C) Methods AT

................................

() V(x)ug — Anu = F(x)lufPu

Ansatz

u(x,t) = (SU)(X, t) Skeoz i1 Uk(X)e™ !, Uk = u_g, 0= (Uk)ke2z+1-
Then the nonlinear wave equation () becomes an infinitely coupled
elliptic system:

(¢ %) Leuk = (TOOIUP~"u)k with Ly = ~An—k?w?V(x), k € 2Z+1

Note: k € 2Z + 1 & u = £ antiperiodic.
® avoids k = 0 problem with 0 € o-(Lo)
B compatible with nonlinearity
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(C) Methods AT

................................

(¢ %) Leuk = (TOOIUP u)k with Ly = ~An—k?w?V(x), k € 2Z+1

Variational formulation:

. 1
Jo)= ), 5 b1 (UK, u) = fRNf (x)ISTPH dt dx.

ke2Z+1
with
br, (Uk, k) = f IVukl? — k2w?V(x)u2 dx
RN

dom(by, ) = H'(RN). But what is dom(J) = H?
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(C) Methods AT

How to define dom(J)?

]
Joy= >, 5 b1 (UK, u) = fRNf (x)IStP* dt dx.

ke2Z+1

1417 June 9, 2021 A. Hirsch, S. Kohler and W. Reichel - Time-periodic solutions of semilinear wave equations IANA



..............................

(C) Methods AT

How to define dom(J)?

]
Joy= >, 5 b1 (UK, u) = fRNf (x)IStP* dt dx.

ke2Z41
To get an idea: suppose Lx = yk Id, i.e., yk is the eigenvalue of Lx. Then

D buluu) = D illukl,

ke2Z+1 ke2Z41

and

H = dom(J) = {fl = (U )ke2z 11 Z yklllukl, < 00}

ke2Z+1

Analagously, we proceed if Lk is a self-adjoint operator ...
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(C) Methods AT

..............................

How to define dom(J)?

]
Joy= >, 5 b1 (UK, u) = fRNf (x)IStP* dt dx.

ke2Z+1
Use functional calculus:

Ly = f AdPY = f AdPX
a(Lk)

L = f Pk — f AP
L)

dom(bLk) = dom(b|/_K|) = H1 (RN)

H = dom(J) = {f] = (Uk)ke2z+1 : Uk € H! (RN), Z b|Lk|(Uk, Uk ) < oo}
ke2Z+1

=:liane
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(C) Methods AT

How to define dom(J)?

)
Z 2bLk(uk, ux) f f (x)|SuPH! dt dx.
KE€274+1 RN

If 0 ¢ o(Lx) then define projections

J(b) =

(i) = j:wPf(uk), (0 = IOJF 1dP§(uk)

0

sothat H = HT & H~ and

A2 =112
DT by, (ue u) = NEH I - 1z

ke2Z+1
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(C) Methods A\K“
How to define dom(J)?

]
Joy= >, 5 b1 (UK, u) = fRNf (x)IStP* dt dx.

k€2Z+1
If 0 ¢ o(Lx) then define projections

(a+)k:f:1dpg(uk), (a—)k:f+1dpg(uk)

0

sothat H = HT & H~ and

A2 =112
DT by, (ue u) = NEH I - 1z

ke2Z+1

= we can apply saddle point methods of J (e.g., generalized Nehari
manifold method: Szulkin, Weth, The method of Nehari manifold, 2010.)
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(C) Methods AT

................................

Joy= >, EbLK(Uk,Uk fRNf (x)IStP* dt dx.

ke2Z41
The proof strategy:

(i) choice of w & ODE analysis = (—clk|, c|k|) € o-(Lk)¢ = p(x) for
k| > K.
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(C) Methods AT

..............................

Joy= >, EbLK(Uk,Uk fRNf (x)IStP* dt dx.

ke2Z41
The proof strategy:

(i) choice of w & ODE analysis = (—clk|, c|k|) € o-(Lk)¢ = p(x) for
k| > K.

(i) for |k| < K: 0 is at most an eigenvalue of finite multiplicity of L
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(C) Methods AT

..............................

Joy= >, EbLK(Uk,Uk fRNf (x)IStP* dt dx.

ke2Z41
The proof strategy:

(i) choice of w & ODE analysis = (—clk|, c|k|) € o-(Lk)¢ = p(x) for
k| > K.

(i) for |k| < K: 0 is at most an eigenvalue of finite multiplicity of L

(ill) By, iUk uk) = ClKIlUklZ,, by (uk, uk) = clkl IV Uk,
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(C) Methods AT

..............................

Joy= >, EbLK(Uk,Uk fRNf (x)IStP* dt dx.

ke2Z41
The proof strategy:

(i) choice of w & ODE analysis = (—clk|, c|k|) € o-(Lk)¢ = p(x) for
k| > K.

(i) for |k| < K: 0 is at most an eigenvalue of finite multiplicity of L
(ill) By, iUk uk) = ClKIlUklZ,, by (uk, uk) = clkl IV Uk,

(iV) by Riesz-Thorin interpolation & Fourier-transform we get that
S:H - L™ (RN x [0, T]) locally compact for 1 <r < p* =1+ 2
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(C) Methods AT

..............................

Joy= >, EbLK(Uk,Uk fRNf (x)IStP* dt dx.

ke2Z+1
The proof strategy:
(i) choice of w & ODE analysis = (—clk|, c|k|) € o-(Lk)¢ = p(x) for
k| > K.
(i) for |k| < K: 0 is at most an eigenvalue of finite multiplicity of L
(ii)) by (uk, ux) = C|k|||Uk||L2, by (U, k) > C|k|_1||VUk||‘f2

(iV) by Riesz-Thorin interpolation & Fourier-transform we get that
S:H - L™ (RN x [0, T]) locally compact for 1 <r < p* =1+ 2

(v) compactness of Palais-Smale sequences achieved either by
[(x) — 0 as |x| — o or by radial symmetry for N = 2.
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(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
® dual variational method with g = 1/p:

Lu=T(X)uP'u o Tx) N9 "'v =KvwithK=L""
—_————
=:v(x)

® comparison with problem at infinity
Lou=T)WP'u o T(Xx) 99"V = Kovwith K, = LY
where

L=(—a+plrn)0 —05% Lo =—ad; -0 (ellptic)
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(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
® dual ground state level m, dual ground state level m,, at infinity

.
inf f f F(x)™9v|9"" dtdx,
M Jr Jo

m =
.
M:{veLq“(Rx[O,T]):ff vadtdx:1},
R JO
.
Moo = inf f f F(x)~9Iv|9"" dtdx,
Me Jr Jo
Mo :{v e LA (R x[0,T]) : ff VK vdtdx_1}

® m< m, = mis attained

B bk (Voo, Vo) < bk (Veos Vo) = M < My, for a d.g.s. v, of the
problem at infinity
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(C) Methods AT

................................

The proof strategy when we don’t have compactness of P.S.-sequences:
Proof of bk (Veo, Vo) < bk (Veos Vo)

® Take v, as the dual ground state and set U, = LZ'v.

B Uy, S0IVeS Lol = IM'(X)|UoolP " oo

B asymptotic estimates for | € [0, 3)

OyUso(X, 1) = U' cos(wt)e Vawil | O(e~(Vawte)ix)
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..............................

(C) Methods AT

The proof strategy when we don’t have compactness of P.S.-sequences:
For large n consider v (x) = veo(x — n) and set W™ = —L~1(L — L, )ul.
Then compute 1

Bre(V2, V) — b (VA V) = fL "0+ — Lkl d
K(Voo voo) Koo(voo v, ) Zk: R kd/kdlk+ﬁk2w2 kl?bk Kwk X
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(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
For large n consider v (x) = veo(x — n) and set W™ = —L~1(L — L, )ul.
Then compute 1
n n n ny __ n,n
(2. 2) = b, (2. v2) = 3 [ Lol b

2
= 3 [[(4+ s cpiug vy
k
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(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
For large n consider v/ (x) = veo(x — n) and set W™ = —L~1(L — L, )ul,
Then compute

bK( [SSH oo) bK ( 002 oo Zkad/kl//k ,3k2 2Lk‘ﬁkLk'/’k dX

2
:Zf(’Hﬂk/l? 2)d<P,fwk,¢/k>
k

S T
J
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(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
For large n consider v/ (x) = veo(x — n) and set W™ = —L~1(L — L, )ul,
Then compute

bK( [SSH oo) bK ( 002 oo Zkad/kl//k ,3k2 2Lk‘ﬁkLk'/’k dX

B Zk: f(ﬂ " ﬂk/f ez KPR
R [
]

:e‘z\F”( Fot ‘ +ﬁw2)c(1+o(1))

16/17 June 9, 2021 A. Hirsch, S. Kohler and W. Reichel - Time-periodic solutions of semilinear wave equations IANA



(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
For large n consider v/ (x) = veo(x — n) and set W™ = —L~1(L — L, )ul,
Then compute

bK( [SSH oo) bK ( 002 oo Zkad/kl//k ,3k2 2Lk‘ﬁkLk'/’k dX

B Zk: f(ﬂ " ﬂk/f ez KPR
R [
]

:e‘zf”(j B/u, +ﬁw) (1 +0(1))

> 0 for n large
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(C) Methods AT

..............................

The proof strategy when we don’t have compactness of P.S.-sequences:
For large n consider v/ (x) = veo(x — n) and set W™ = —L~1(L — L, )ul,
Then compute

bK( [SSH oo) bK ( 002 oo Zkad/kl//k ,3k2 2Lk‘ﬁkLk'/’k dX

B Zk:f(/l—i_ﬂk/l; 2 JAPRR)

T
J

:e‘z\f”( i B/u, +ﬁw) (1 +0(1))

> 0 for n large

since all eigenvalues of L are positive.
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Summary IT

Using

® saddle point methods, when P.S.-sequences are compact

® dual variational methods, when compactness does not hold

B spectral gaps of size O(|k|) around zero in the spectrum of Ly
we find a variational setup for proving existence of time-periodic,
spatially localited solutions of

(%) V(X)ug — Apu = T(x) [P~ "u
Theorem 1 (S. Kohler & W.R., part of PhD thesis)
ForV = —a+B1p,(0) With 3 > a > 0, breathers with w = 2R«7/rﬁ—7 exist if

(1) n=1,T>0&limyo0l(x)=0,1<p<3.
(2) n=2,T =T(r) bounded &T > 0,1 <p < 2.
(3) n=1,T =periodic, bounded & infl' > 0,1 <p <3

1717 June 9, 2021 A. Hirsch, S. Kohler and W. Reichel - Time-periodic solutions of semilinear wave equations IANA



Summary IT

Using

® saddle point methods, when P.S.-sequences are compact

® dual variational methods, when compactness does not hold

B spectral gaps of size O(|k|) around zero in the spectrum of Ly
we find a variational setup for proving existence of time-periodic,
spatially localited solutions of

(%) V(X)ug — Apu = T(x) [P~ "u
Theorem 1 (S. Kohler & W.R., part of PhD thesis)
ForV = —a+B1p,(0) With 3 > a > 0, breathers with w = 2R«7/rﬂ—7 exist if

(1) n=1,T>0&limyo0l(x)=0,1<p<3.

(2) n=2,T =T(r) bounded &T > 0,1 <p < 2.

(3) n=1,T =periodic, bounded & infl' > 0,1 <p <3
Thank you for your attention
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