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Abstract. Combining knowledge of the curl and divergence of a vector
field E to obtain information about its spatial regularity has proven to be
a very useful technique in the treatment of the Maxwell equations. We
consider the interface problem, where the permittivity ε is discontinuous
across a surface. An important theorem by Weber can be generalized to
allow for a jump of εE in normal direction across the interface. We use a
Helmholtz decomposition to deduce this from the Weber result by a reduction
to the task of proving higher regularity for solutions of elliptic transmission
problems. For electric boundary conditions, the result was shown recently
by Dohnal, Ionescu-Tira and Waurick. We extend the result to the magnetic
case using similar arguments. The main goal of this note is to present the
proofs in detail. In particular, we keep track of how the constants depend on
the permittivity. This information is useful for approximation arguments.

1 Introduction

In the analysis of the Maxwell system and other problems one often uses so-called div-
curl lemmas which control the norm of a vector field in, say, H1 by its L2-norm and
that of its curl and divergence as well as contributions from boundary traces. See for
example [2], [5], [6], [1], [4], [10], [14] and the references therein. Homogeneous interface
problems were treated in [16], see Theorem 1.5 below, and inhomogeneous ones recently
in [7] for the case of “electric” boundary conditions. In this note we show the magnetic
version, see Theorem 1.6, using analogous methods as in [7]. Via the Helmholtz decom-
position one can reduce the results to regularity properties of the elliptic transmission
problems (2.5) and (2.8). These are stated without a proof in Theorem 5.2.1 of [5]. For
applications to approximation arguments, cf. [13], one needs to know that the constants
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only depend on the norm and the lower bound of the coefficients. Therefore we give full
proofs of these regularity results in Section 3.
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Figure 1: Schematic depiction of the domain.

Let G = G1∪Σ∪G2 ⊆ R3 be a bounded domain consisting of two disjoint subdomains
G1 and G2 separated by an interface Σ := ∂G1, satisfying dist(Σ, ∂G) > 0. The results
in this paper can be extended to the case of finitely many subdomains, whose boundaries
all have positive distance to each other and to the boundary of G.

The outer unit normal vector on Σ, pointing outwards from G1, is denoted by ν and
the outer unit normal on ∂G by n. Let [w] := (w|G1

− w|G2
)|Σ denote the jump of

a quantity w across the interface Σ. The two subdomains G1 and G2 have different
material properties, described by the permittivity ε, which is assumed to be uniformly
positive definite. For this reason we consider the following piecewise function spaces.

Definition 1.1. Let ℓ ∈ N0 and η > 0. We define

Hℓ :=
{
u ∈ L2(G)

∣∣ u|Gi
∈ Hℓ(Gi), i ∈ {1, 2}

}
,

Cℓ :=
{
ε : G→ R3×3

∣∣ ε|Gi
∈ Cℓ(Gi)

3×3, i ∈ {1, 2}
}
,

Cℓ
η :=

{
ε ∈ Cℓ

∣∣ ε is symmetric,
(
ε(x)ξ

)
· ξ ≥ η |ξ|2 for all x ∈ G, ξ ∈ R3

}
with norms

∥u∥Hℓ :=
2∑

i=1

∥u∥Hℓ(Gi)
, ∥ε∥Cℓ :=

2∑
i=1

3∑
m,n=1

∑
α∈N3

0,
|α|≤ℓ

sup
x∈Gi

|∂αεmn(x)| .

Localization arguments used in Section 3 lead to problems on balls with the interface
between the two materials described by the x3 = 0 plane. We define analogous function
spaces in this setting.

Definition 1.2. Let ℓ ∈ N0, η > 0 and U ⊆ R3 be open. We set U+ := U ∩ {x3 > 0}
and U− := U ∩ {x3 < 0} and define

Hℓ(U) :=
{
u ∈ L2(U)

∣∣ u|Ui
∈ Hℓ(Ui), i ∈ {+,−}

}
,

Cℓ(U) :=
{
ε : U → R3×3

∣∣ ε|Ui
∈ Cℓ(Ui)

3×3, i ∈ {+,−}
}
,
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Cℓ
η(U) :=

{
ε ∈ Cℓ(U)

∣∣ ε is symmetric,
(
ε(x)ξ

)
· ξ ≥ η |ξ|2 for all x ∈ U, ξ ∈ R3

}
with norms

∥u∥Hℓ(U) :=
∑

i∈{+,−}

∥u∥Hℓ(Ui)
, ∥ε∥Cℓ(U) :=

∑
i∈{+,−}

3∑
m,n=1

∑
α∈N3

0,
|α|≤ℓ

sup
x∈Ui

|∂αεmn(x)| .

For u ∈ Hℓ and α ∈ N3
0 with |α| ≤ ℓ, the derivative ∂αu is defined piecewise by

∂αu :=

{
∂α
(
u|G1

)
on G1 ,

∂α
(
u|G2

)
on G2 .

We often omit the exponent d in function spaces like (Hℓ)d and Hℓ(U)d when dealing
with vector fields.

The operators curl and div play a central role in the Maxwell equations.

Definition 1.3. Let U ⊆ R3 be open. We define

H(curl, U) :=
{
E ∈ L2(U)3

∣∣∣ ∃F ∈ L2(U)3 ∀Ψ ∈ C∞
c (U)3 :∫

U

E · curlΨ dx =

∫
U

F ·Ψdx
}
,

H(div, U) :=
{
E ∈ L2(U)3

∣∣∣ ∃w ∈ L2(U) ∀φ ∈ C∞
c (U) :∫

U

E · ∇φ dx = −
∫
U

wφ dx
}
.

The functions F and w above are unique if they exist and are denoted by curlE, respec-
tively divE. The spaces H(curl, U) and H(div, U) are equipped with the scalar products

(E|F)H(curl,U) := (E|F)L2(U) + (curlE|curlF)L2(U) ,

(E|F)H(div,U) := (E|F)L2(U) + (divE|divF)L2(U) .

We also set

H0(curl, U) := C∞
c (U)3

H(curl,U)
, H0(div, U) := C∞

c (U)3
H(div,U)

,

where the closure is taken with respect to the norms in the spaces H(curl, U), respectively
H(div, U).

The spaces H0(curl, U) and H0(div, U) incorporate conditions for the tangential re-
spectively normal components at the boundary, see Theorems IX.1.1 and IX.1.2 in [6].

Lemma 1.4. Let U ⊆ R3 be open with a compact Lipschitz boundary. Then it holds

H0(curl, U) =
{
E ∈ H(curl, U)

∣∣ n× E|∂U = 0
}
,

H0(div, U) =
{
E ∈ H(div, U)

∣∣ n · E|∂U = 0
}
.
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An important result in the regularity theory for the Maxwell equations is the following
theorem due to Weber, see Theorem 2.2 in [16]. In [16], the dependence of the constant
on the permittivity ε is not further specified, but an inspection of the proof shows that
it only depends on k, G, the constant describing the uniform positive definiteness of ε
and on the norm ∥ε∥Ck+1 .

Theorem 1.5. Let k ∈ N0, η > 0, Σ and ∂G be of class Ck+2 and ε ∈ Ck+1
η . Let

E ∈ L2(G)3 satisfy either of the cases

a) E ∈ H0(curl, G) and εE ∈ H(div, G), or

b) E ∈ H(curl, G) and εE ∈ H0(div, G) .

Furthermore, let curlE ∈ Hk and div(εE) ∈ Hk. Then E is contained in Hk+1 and it
holds

∥E∥Hk+1 ≤ C
(
∥E∥L2(G) + ∥curlE∥Hk + ∥div(εE)∥Hk

)
.

The constant C = C(k, ∥ε∥Ck+1 , η−1, G) ≥ 0 is nondecreasing in ∥ε∥Ck+1 and η−1.

The goal of this note is to prove the following generalization. The first case is stated
as Proposition 2.24 in [7] (with slightly different assumptions on the regularity of Σ,
∂G and ε). We note that ε|Gi

∈ Ck,1
(
Gi

)3×3 implies ε|Gi
∈ W 1,∞(Gi)

3×3, i = 1, 2, see
Theorem 4 in Section 5.8 of [8]. Furthermore, V ∈ Hk+1 implies V|Gi

∈ H(div, Gi) for
i = 1, 2, so the term div

(
εE|Gi

)
below is well defined.

Theorem 1.6. Let k ∈ N0, η > 0, Σ and ∂G be of class Ck+2 and ε ∈ Ck+1
η . Let

E ∈ L2(G)3 belong to either of the cases

a) E ∈ H0(curl, G) and εE+V ∈ H(div, G), or

b) E ∈ H(curl, G) and εE+V ∈ H0(div, G)

for some V ∈ Hk+1. Furthermore, let curlE ∈ Hk and div
(
(εE)|Gi

)
∈ Hk(Gi), i = 1, 2.

Then E is contained in Hk+1 and it holds

∥E∥Hk+1 ≤ C
(
∥E∥L2(G) + ∥curlE∥Hk +

2∑
i=1

∥∥div((εE)|Gi

)∥∥
Hk(Gi)

+ ∥V∥Hk+1

)
. (1.1)

The constant C = C(k, ∥ε∥Ck+1 , η−1, G) ≥ 0 is nondecreasing in ∥ε∥Ck+1 and η−1.

This result is proved at the end of the paper.
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2 Reduction to transmission problems

In [7], the first case of Theorem 1.6 is proved. The second one can be shown analogously.
For completeness, we state detailed proofs for both cases in the following. First, a
Helmholtz decomposition for the field V is used in the form ε−1V = ∇u + W. If the
scalar potential u is sufficiently regular, the claim can be deduced from Theorem 1.5. It
can be shown that u is the solution of an elliptic transmission problem. So the proof of
Theorem 1.6 is reduced to regularity theory for such problems.

The following Helmholtz decompositions are taken from Lemmas 3.4 and 3.5 in [16].
We only supplement the proofs given there by stating the dependence of the relevant
constants on ε and η, setting ∥ε∥L∞(G) :=

∑3
i,j=1 ∥εij∥L∞(G).

Lemma 2.1. Let G be a bounded Lipschitz domain and let ε ∈ L∞(G)3×3 be symmetric
and satisfy

(
ε(x)ξ

)
· ξ ≥ η |ξ|2 for almost all x ∈ G and all ξ ∈ R3 and some constant

η > 0. There exists a constant C = C(G) ≥ 0 depending only on G such that the
following holds.

1. Every F ∈ L2(G)3 can be uniquely decomposed as F = F1 + F2, where F1 = ∇f
for some f ∈ H1

0 (G) with

∥f∥H1(G) ≤ C

√
∥ε∥L∞(G)

η
∥F∥L2(G) (2.1)

and εF2 ∈ H(div, G) with div(εF2) = 0.

2. Every F ∈ L2(G)3 can be uniquely decomposed as F = F1 + F2, where F1 = ∇f
for some f ∈ H1(G) with

∥f∥H1(G) ≤ C

√
∥ε∥L∞(G)

η
∥F∥L2(G) (2.2)

and εF2 ∈ H(div, G) with div(εF2) = 0 and n · (εF2)|∂G = 0.

Proof. Let L2
ε(G)

3 denote the space L2(G)3 equipped with the scalar product given by
(E|F)L2

ε(G) := (εE|F)L2(G). Due to the assumptions on ε, the corresponding norm is
equivalent to the usual L2(G)3-norm. We define the spaces

X1 :=
{
∇f

∣∣ f ∈ H1
0 (G)

}
, Y1 :=

{
E ∈ L2(G)3

∣∣ div(εE) = 0
}
,

X2 :=
{
∇f

∣∣ f ∈ H1(G)
}
, Y2 :=

{
E ∈ L2(G)3

∣∣ div(εE) = 0 , n · (εE)|G = 0
}
.

By Lemmas 3.8 and 3.9 in [15], we have Y1 = X⊥
1 and Y2 = X⊥

2 with respect to (·|·)L2
ε(G).

1. Let P be the orthogonal projection onto X1 in L2
ε(G)

3 and PF = F1. It holds

η ∥F1∥2L2(G) ≤ ∥F1∥2L2
ε(G) = ∥PF∥2L2

ε(G) ≤ ∥εF∥L2(G) ∥F∥L2(G) ≤ c ∥ε∥L∞(G) ∥F∥
2
L2(G) ,
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where c ≥ 0 is a constant independent of G, ε and η. So we have F1 = ∇f for some
f ∈ H1

0 (G) with

∥∇f∥L2(G) ≤

√
c ∥ε∥L∞(G)

η
∥F∥L2(G)

and (2.1) follows from the Poincaré inequality.
2. In the same way we find functions f ∈ H1(G) and F2 ∈ Y2 satisfying F = ∇f +F2

and

∥∇f∥L2(G) ≤

√
c ∥ε∥L∞(G)

η
∥F∥L2(G) ,

where c ≥ 0 is a constant independent of G, ε and η. We set f =
∫
G
f dx and define

the function f̃ = f − f1G. Then it holds ∇f̃ = ∇f and
∫
G
f̃ dx = 0. Using the

Poincaré–Wirtinger inequality, we find (2.2).

2.1 Case a) in Theorem 1.6

We assume that the conditions of case a) in Theorem 1.6 are fulfilled. By Lemma 2.1,
ε−1V can be uniquely decomposed in L2(G) as

ε−1V = ∇u+W , (2.3)

where u is contained inH1
0 (G) and εW ∈ H(div, G) satisfies div(εW) = 0. Furthermore,

there exists a constant C(1) = C(1)(G) ≥ 0 that ∥u∥H1(G) ≤ C(1)

√
∥ε∥L∞(G)

η
∥V∥L2(G)

holds. The identities curl(E + ∇u) = curlE and n × (E + ∇u)|∂G = n × E|∂G = 0

imply that E + ∇u is contained in H0(curl, G). Here we have used the assumption
E ∈ H0(curl, G) and the fact that the tangential trace of ∇u vanishes since u ∈ H1

0 (G).
Moreover it holds

ε(E+∇u) = εE+V − εW ∈ H(div, G) .

We now assume that u has the additional regularity

u ∈ Hk+2 , ∥u∥Hk+2 ≤ C(2) ∥V∥Hk+1 , (2.4)

with a constant C(2) = C(2)(k, ∥ε∥Ck+1 , η−1, G) ≥ 0 nondecreasing in ∥ε∥Ck+1 and η−1.
We have

E+∇u ∈ H0(curl, G) , ε(E+∇u) ∈ H(div, G) ,

curl(E+∇u) ∈ Hk , div
(
ε(E+∇u)

)
∈ Hk .

Theorem 1.5 therefore yields E + ∇u ∈ Hk+1 as well as the existence of a constant
C(3) = C(3)(k, ∥ε∥Ck , η−1, G) ≥ 0 nondecreasing in ∥ε∥Ck and η−1 such that the estimate

∥E+∇u∥Hk+1 ≤ C(3)
(
∥E+∇u∥L2(G) + ∥curl(E+∇u)∥Hk +

∥∥div(ε(E+∇u)
)∥∥

Hk

)
holds. Using (2.4), we arrive at

∥E∥Hk+1 ≤ ∥E+∇u∥Hk+1 + ∥∇u∥Hk+1
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≤ C

(
∥E∥L2(G) + ∥curlE∥Hk +

2∑
i=1

∥∥div(εE|Gi

)∥∥
Hk(Gi)

+ ∥V∥Hk+1

)

with C = C(k, ∥ε∥Ck+1 , η−1, G) ≥ 0 nondecreasing in ∥ε∥Ck+1 and η−1.
So it remains to prove (2.4). As u is contained in H1

0 (G), we have u = 0 on ∂G as well
as [u] = 0 on Σ in the sense of traces (see Proposition 2.1.68 in [2] for the last assertion).
From (2.3) and the fact that div(εW) = 0, we conclude − div(ε∇u) = − divV =: f ∈
Hk(Gi) in Gi, i = 1, 2. The co-normal derivative ν ·(ε∇u) has a jump across the interface
given by [ν ·V] =: g ∈ Hk+ 1

2 (Σ), since [ν · (εW)] = 0 on Σ by Proposition 2.2.30 in [2].
Therefore, u is a solution to the transmission problem (also referred to as diffraction
problem or interface problem)

− div(ε∇u) = f in G1 ,

− div(ε∇u) = f in G2 ,

u = 0 on ∂G ,
[u] = 0 , [ν · (ε∇u)] = g on Σ .

(2.5)

We say that u is a weak solution of (2.5) if u is contained in H1
0 (G) and satisfies∫

G

(ε∇u) · ∇φ dx =

∫
G

fφ dx+

∫
Σ

gφ dσ

for all φ ∈ H1
0 (G). This is also follows directly from (2.3) by multiplying with ε∇φ,

integrating and using the divergence theorem.

2.2 Case b) in Theorem 1.6

Case b) in Theorem 1.6 similarly leads to a transmission problem, but now with with a
Neumann condition on ∂G instead of a Dirichlet one. By Lemma 2.1, we can uniquely
decompose ε−1V in L2(G) as

ε−1V = ∇u+W , (2.6)

where u is contained in H1(G) and εW ∈ H0(div, G) satisfies div(εW) = 0. In ad-
dition, there exists a constant C(1) = C(1)(G) ≥ 0 such that the estimate ∥u∥H1(G) ≤

C(1)

√
∥ε∥L∞(G)

η
∥V∥L2(G) holds. A calculation analogous to the one in Subsection 2.1

yields E+∇u ∈ H(curl, G) and ε(E+∇u) ∈ H0(div, G). We again assume that u even
satisfies

u ∈ Hk+2 , ∥u∥Hk+2 ≤ C(2) ∥V∥Hk+1 (2.7)

with a constant C(2) = C(2)(k, ∥ε∥Ck+1 , η−1, G) ≥ 0 nondecreasing in ∥ε∥Ck+1 and η−1.
Theorem 1.5 then again yields E + ∇u ∈ Hk+1 and the estimate (1.1). So proving
Case b) in Theorem 1.6 is reduced to showing the regularity (2.7) for solutions u of the
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transmission problem
− div(ε∇u) = f in G1 ,

− div(ε∇u) = f in G2 ,

n · (ε∇u) = h on ∂G ,
[u] = 0 , [ν · (ε∇u)] = g on Σ ,

(2.8)

where f and g are defined as in (2.5), and h := n·V|∂G ∈ Hk+ 1
2 (∂G). In contrast to (2.5),

the boundary condition on ∂G is of Neumann type because we only have u ∈ H1(G)
instead of u ∈ H1

0 (G). A weak solution to (2.8) is a function u ∈ H1(G) satisfying∫
G

(ε∇u) · ∇φ dx =

∫
G

fφ dx+

∫
Σ

gφ dσ +

∫
∂G

hφ dσ

for all φ ∈ H1(G).
The regularity theory for transmission problems is known and has been studied by

several authors, see for example [5], [12] and [3]. However, since we were not able to find
detailed proofs in our setting, we present one in the following.

3 Regularity theory for transmission problems

In this section, we study the regularity properties of weak solutions of (2.5) and (2.8).
We start with the case k = 0 and g = 0, h = 0. The proof follows the proof of Theorem 4
of Section 6.3 in [8] and uses the method of difference quotients. For h ∈ R \ {0} and
ℓ ∈ {1, 2, 3} we define the operator Dh

ℓ by

Dh
ℓ u(x) =

1

h

(
u(x+ heℓ)− u(x)

)
.

As a first step, we consider a small neighbourhood of a point on the interface. After a
coordinate transform, this can be assumed to have the form of a ball, with the interface
described by the x3 = 0 plane. In the proof of Proposition 3.5 below, a localization
argument is used and the cut-off functions lead to extra terms in the equation. In order
to deal with these, we introduce the additional term F · ∇φ below.

Lemma 3.1. Let η > 0, 0 < s < r, U := B(0, r) ⊆ R3, V := B(0, s) ⊆ R3 and
ε ∈ C1

η(U). Let f ∈ L2(U), F ∈ H1(U)3, and let u ∈ H1(U) satisfy∫
U

(ε∇u) · ∇φ dx =

∫
U

(fφ+ F · ∇φ) dx (3.1)

for all φ ∈ H1
0 (U). Then ∂ℓu ∈ H1(V ) for ℓ = 1, 2 and u ∈ H2(V ). In addition, there

exists a constant C = C(∥ε∥C1(U) , η
−1, r, s) > 0 nondecreasing in ∥ε∥C1(U) and η−1 such

that

∥∂ℓu∥H1(V ) ≤ C
(
∥f∥L2(U) + ∥F∥H1(U) + ∥u∥H1(U)

)
, ℓ = 1, 2 , (3.2)

∥u∥H2(V ) ≤ C
(
∥f∥L2(U) + ∥F∥H1(U) + ∥u∥H1(U)

)
(3.3)

hold.
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Proof. Let W := B(0, r+s
2
), ζ ∈ C∞

c (R3) with ζ = 1 on V , supp ζ ⊆ W and 0 ≤ ζ ≤ 1.
Furthermore, let ℓ ∈ {1, 2} and h ∈ R \ {0} with |h| < r−s

4
. The function

φ := −D−h
ℓ

(
ζ2Dh

ℓ u
)

(3.4)

is then contained in H1
0 (U). Inserting this into (3.1) leads to A = B with the terms

A :=
3∑

i,j=1

∫
U

εij∂iu∂jφ dx , B :=

∫
U

(fφ+ F · ∇φ) dx . (3.5)

To estimate A, we first substitute y = x− heℓ to obtain

A =
3∑

i,j=1

∫
U

Dh
ℓ (εij∂iu) ∂j

(
ζ2Dh

ℓ u
)
dy . (3.6)

Using the notion vh(x) := v(x + heℓ) and the product rule Dh
ℓ (vw) = vhDh

ℓw + wDh
ℓ v,

we derive A = A1 + A2 with

A1 :=
3∑

i,j=1

∫
U

εhij
(
Dh

ℓ ∂iu
) (
Dh

ℓ ∂ju
)
ζ2 dx ,

A2 :=
3∑

i,j=1

∫
U

(
2εhijζ∂jζ

(
Dh

ℓ ∂iu
)
Dh

ℓ u+
(
Dh

ℓ εij
)
∂iuD

h
ℓ (∂ju)ζ

2

+ 2
(
Dh

ℓ εij
)
∂iuζ∂jζD

h
ℓ u
)
dx .

Since ε is uniformly positive definite, we have

A1 ≥ η

∫
U

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx . (3.7)

To estimate A2, we use the boundedness of εij, ζ and ∂jζ on U as well as the fact that∣∣Dh
ℓ εij(x)

∣∣ is bounded by a constant independent of h and x for all i, j ∈ {1, 2, 3}, since
ε|U±

is Lipschitz continuous on U±. Here it is crucial that ℓ ̸= 3. So there exists a

constant c = c(r, s) > 0 independent of ε and η such that with C(1)
ε := c ∥ε∥C1(U) it holds

|A2| ≤ C(1)
ε

∫
W

ζ
(∣∣Dh

ℓ∇u
∣∣ ∣∣Dh

ℓ u
∣∣+ ∣∣Dh

ℓ∇u
∣∣ |∇u|+ ∣∣Dh

ℓ u
∣∣ |∇u|) dx .

(Below we often do not state the dependence of the constants on r, s.) This implies for
every δ > 0 the estimate

|A2| ≤ δ

∫
W

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx+

(
C

(1)
ε

2

2δ
+
C

(1)
ε

2

)∫
W

(
|∇u|2 +

∣∣Dh
ℓ u
∣∣2) dx . (3.8)
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By Theorem 3 of Section 5.8 in [8], there exists a constant C(2) > 0 such that∫
W

∣∣Dh
ℓ u
∣∣2 dx ≤ C(2)

∫
U

|∇u|2 dx (3.9)

holds for all h ∈ R\{0} with |h| < r−s
4

. Choosing δ = η
2
, we obtain from (3.8) the bound

|A2| ≤
η

2

∫
U

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx+ C(3)

ε

∫
U

|∇u|2 dx

with

C(3)
ε,η :=

(
1 + C(2)

)(C(1)
ε

2

η
+
C

(1)
ε

2

)
.

Together with (3.7), this yields

A ≥ η

2

∫
U

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx− C(3)

ε,η

∫
U

|∇u|2 dx . (3.10)

We now turn to B = B1 + B2 with B1 :=
∫
U
fφ dx and B2 :=

∫
U
F · ∇φ dx. Again

using (3.9), we derive the estimate∫
U

|φ|2 dx ≤ C(2)

∫
W

∣∣∇(ζ2Dh
ℓ u)
∣∣2 dx ≤ C̃(4)

∫
W

(∣∣Dh
ℓ u
∣∣2 + ζ2

∣∣Dh
ℓ∇u

∣∣2) dx

≤ C(4)

∫
U

(
|∇u|2 + ζ2

∣∣Dh
ℓ∇u

∣∣2) dx

for some constants C̃(4), C(4) > 0. Therefore it holds

|B1| ≤ α

∫
U

(
|∇u|2 + ζ2

∣∣Dh
ℓ∇u

∣∣2) dx+
C(4)

4α

∫
U

f 2 dx

≤ α

∫
U

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx+

C(4)

α

∫
U

(
f 2 + |∇u|2

)
dx

(3.11)

for all α > 0 with α2 ≤ C(4). The same substitution used to obtain (3.6) yields

B2 =

∫
W

Dh
ℓF · ∇(ζ2Dh

ℓ u) dx .

Let β > 0. As for A2, we apply (3.9) and estimate

|B2| ≤
β

2

∫
W

∣∣∇(ζ2Dh
ℓ u)
∣∣2 dx+

1

2β

∫
W

∣∣Dh
ℓF
∣∣2 dx

≤ β

(∫
W

∣∣2ζDh
ℓ u∇ζ

∣∣2 dx+

∫
W

∣∣ζ2Dh
ℓ∇u

∣∣2 dx

)
+

1

2β

∫
W

∣∣Dh
ℓF
∣∣2 dx

≤ βC(5)

(∫
U

|∇u|2 dx+

∫
U

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx

)
+

1

2β

∫
W

∣∣Dh
ℓF
∣∣2 dx

(3.12)
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for some constant C(5) > 0. To deal with the last term, we use a variant of (3.9) on W+

and W−: There exists a constant C(6) > 0 such that∫
W

∣∣Dh
ℓF
∣∣2 dx ≤ C(6) ∥F∥2H1(U) (3.13)

holds for all h ∈ R \ {0} with |h| < r−s
4

, see the comments at the end of Section 5.8.2
of [8]. Inequalities (3.10), (3.11), (3.12) and (3.13) lead to(η

2
− α− βC(5)

)∫
U

ζ2
∣∣Dh

ℓ∇u
∣∣2 dx

≤ C(3)
ε,η

∫
U

|∇u|2 dx+
C(4)

α

∫
U

(
f 2 + |∇u|2

)
dx+ βC(5)

∫
U

|∇u|2 dx

+
C(6)

2β
∥F∥2H1(U) .

We choose α = min
{√

C(4), η
8

}
> 0 and β = η

8C(5) > 0 and conclude that there exists a

constant C(7)
ε,η = C

(7)
ε,η (∥ε∥C1(U) , η

−1) > 0 nondecreasing in ∥ε∥C1(U) and η−1 such that∥∥Dh
ℓ∇u

∥∥
L2(V )

≤
∥∥ζDh

ℓ∇u
∥∥
L2(U)

≤ C(7)
ε,η

(
∥f∥L2(U) + ∥F∥H1(U) + ∥u∥H1(U)

)
holds for all h ∈ R \ {0} with |h| < r−s

4
. The proof of Theorem 3 in Section 5.8.2 of [8]

now implies that ∂ℓu is contained in H1(V ) for ℓ = 1, 2 and u satisfies
3∑

m,ℓ=1,
m+ℓ<6

∥∂mℓu∥L2(V ) ≤ C(7)
ε,η

(
∥f∥L2(U) + ∥F∥H1(U) + ∥u∥H1(U)

)
. (3.14)

So we have proved (3.2) and it remains to consider ∂33u. For any ψ ∈ H1
0 (U+), we

obtain ∫
U+

(ε∇u) · ∇ψ dx =

∫
U+

(f − divF)ψ dx (3.15)

from (3.1). Since ε|U+
∈ C1(U+)

3×3 and (f − divF)|U+
∈ L2(U+), we can apply Theo-

rem 4.9 in [9] to deduce that u|U+
∈ H2

loc(U+) satisfies − div(ε∇u) = f − divF almost
everywhere in U+. Therefore

ε33∂33u = −
3∑

m,ℓ=1,
m+ℓ<6

εmℓ∂mℓu−
3∑

m,ℓ=1

(∂mεm,ℓ)∂ℓu− f + divF

holds almost everywhere in U+. The matrix ε is uniformly positive definite, so ε33(x) ≥
η > 0 for all x ∈ U and we obtain

|∂33u| ≤ C(8)
ε,η

 3∑
m,ℓ=1,
m+ℓ<6

|∂mℓu|+ |∇u|+ |f |+ |divF|


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almost everywhere in U+ for some constant C(8)
ε,η = C

(8)
ε,η (∥ε∥C1(U) , η

−1) > 0 nondecreasing
in ∥ε∥C1(U) and η−1, with an analogous result on U−. This estimate and (3.14) yield
u ∈ H2(V ) and (3.3).

We can now perform an induction to prove higher piecewise regularity of the solution
in the setting of Lemma 3.1, provided ε, f and F are sufficiently regular.

Lemma 3.2. Let k ∈ N0,η > 0 and s, r ∈ R with 0 < s < r. Let U := B(0, r) ⊆ R3,
V := B(0, s) ⊆ R3 and ε ∈ Ck+1

η (U). Let f ∈ Hk(U), F ∈ Hk+1(U)3 and let u ∈ H1(U)
satisfy (3.1) for all φ ∈ H1

0 (U). Then u ∈ Hk+2(V ) and there exists a constant C =
C(k, ∥ε∥Ck+1(U) , η

−1, r, s) > 0 nondecreasing in ∥ε∥Ck+1(U) and η−1 such that

∥u∥Hk+2(V ) ≤ C
(
∥f∥Hk(U) + ∥F∥Hk+1(U) + ∥u∥H1(U)

)
holds. Furthermore, ∂αu ∈ H1(V ) with

∥∂αu∥H1(V ) ≤ C
(
∥f∥Hk(U) + ∥F∥Hk+1(U) + ∥u∥H1(U)

)
for all α ∈ N3

0 with |α| ≤ k + 1 and α3 = 0.

Proof. The proof is based on the proof of Theorem 5 in Section 6.3 of [8]. We use an
induction and prove u ∈ Hm+2(V ) as well a corresponding estimate for m ∈ {0, . . . , k}.
The case m = 0 follows from Lemma 3.1. Let m < k and assume that the claim holds
for m instead of k. We fix the radius t = r+s

2
and set W := B(0, t). By assumption, we

have u ∈ Hm+2(W ) and ∂αu ∈ H1(W ) with

∥u∥Hm+2(W ) ≤ Cm,ε,η

(
∥f∥Hm(U) + ∥F∥Hm+1(U) + ∥u∥H1(U)

)
,

∥∂αu∥H1(W ) ≤ Cm,ε,η

(
∥f∥Hm(U) + ∥F∥Hm+1(U) + ∥u∥H1(U)

) (3.16)

for all α ∈ N3
0 with |α| ≤ m + 1, α3 = 0, where Cm,ε,η = Cm,ε,η(m, ∥ε∥Cm+1(U) , η

−1) > 0

is a constant nondecreasing in ∥ε∥Cm+1(U) and η−1. Let φ̃ ∈ C∞
c (W ) and α ∈ N3

0 with
|α| = m+ 1 and α3 = 0. We set φ := (−1)|α|∂αφ̃ ∈ C∞

c (W ), ũ := ∂αu ∈ H1(W ) and

F̃ := ∂αF−
∑
β≤α,
β ̸=α

(
α

β

)
∂α−βε∂β∇u ∈ H1(W )3 .

Clearly, f̃ := ∂αf (defined piecewise) exists and is contained in L2(W ). The functions f̃
and F̃ satisfy∥∥f̃∥∥

L2(W )
≤ ∥f∥Hm+1(W ) ,

∥∥F̃∥∥H1(W )
≤ C(1)

ε

(
∥F∥Hm+2(W ) + ∥u∥Hm+2(W )

)
(3.17)

for C(1)
ε := c ∥ε∥Cm+2(U) with a constant c > 0. We insert φ into (3.1) and integrate by

parts to obtain ∫
W

(ε∇ũ) · ∇φ̃ dx =

∫
W

(
f̃ φ̃+ F̃ · ∇φ̃

)
dx ,
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noting that no boundary integrals involving the interface W ∩ {x3 = 0} appear since
α3 = 0. By density the above equation holds for all φ̃ ∈ H1

0 (W ). Lemma 3.1 now implies
ũ ∈ H2(V ) and ∂ℓũ ∈ H1(V ) with∥∥ũ∥∥H2(V )

≤ C(2)
ε,η

(∥∥f̃∥∥
L2(W )

+
∥∥F̃∥∥H1(W )

+
∥∥ũ∥∥

H1(W )

)
,

∥∂ℓũ∥H1(V ) ≤ C(2)
ε,η

(∥∥f̃∥∥
L2(W )

+
∥∥F̃∥∥H1(W )

+
∥∥ũ∥∥

H1(W )

)
for ℓ = 1, 2 and some constant C(2)

ε,η = C
(2)
ε,η (∥ε∥C1(U) , η

−1, r, s) > 0 nondecreasing in
∥ε∥C1(U) and η−1. Using (3.16) and (3.17), we deduce that u|V±

has weak derivatives
∂βu|V±

∈ L2(V±) for all β ∈ N3
0 with |β| = m+ 3 and β3 ∈ {0, 1, 2}, satisfying∥∥∂βu|V+

∥∥
L2(V+)

+
∥∥∂βu|V−

∥∥
L2(V−)

≤ C(3)
ε,η

(
∥f∥Hm+1(U) + ∥F∥Hm+2(U) + ∥u∥H1(U)

)
(3.18)

and additionally, ∂µu ∈ H1(V ) with

∥∂µu∥H1(V ) ≤ C(3)
ε,η

(
∥f∥Hm+1(U) + ∥F∥Hm+2(U) + ∥u∥H1(U)

)
for all µ ∈ N3

0 with |µ| ≤ m + 2 and µ3 = 0, where C(3)
ε,η = C

(3)
ε,η (∥ε∥Cm+2(U) , η

−1) > 0 is
nondecreasing in ∥ε∥Cm+2(U) and η−1. It remains to show (3.18) also for β3 ∈ {3, . . . ,m+
3}. For this we use a second induction on β3 (for fixed m < k) and assume that (3.18)
is true for all β ∈ N3

0 with |β| = m+ 3 and β3 ∈ {0, . . . , j} for some j ∈ {2, . . . ,m+ 2}
(possibly with a different constant than C

(3)
ε,η nondecreasing in ∥ε∥Cm+2(U) and η−1). So

let β ∈ N3
0 with |β| = m+ 3 and β3 = j + 1. We write β = γ + (0, 0, 2) and argue as in

the last step of the proof of Lemma 3.1: By Theorem 4.11 in [9], u|U±
is contained in

Hm+3
loc (U±) and satisfies − div(ε∇u) = f − divF almost everywhere in U±. Applying ∂γ

leads to
ε33∂

βu = −∂γf + ∂γ divF+R ,

where

R := ∂γ

 3∑
i,j=1,
i+j<6

εij∂iju+
3∑

i,j=1

∂iεij∂ju


contains only terms with derivatives ∂νu with |ν| ≤ m + 3 and ν3 ≤ j. We can now
use that ε33(x) ≥ η > 0 for all x ∈ U and the induction assumption to obtain ∂βu|V±

∈
L2(V±) and∥∥∂βu|V+

∥∥
L2(V+)

+
∥∥∂βu|V−

∥∥
L2(V−)

≤ C(4)
ε,r,s

(
∥f∥Hm+1(U) + ∥F∥Hm+2(U) + ∥u∥H1(U)

)
for some constant C(4)

ε = C
(4)
ε (∥ε∥Cm+2(U) , η

−1) > 0 nondecreasing in ∥ε∥Cm+2(U) and η−1.
This completes the induction on j, and we conclude u ∈ Hm+3(V ) and

∥u∥Hm+3(V ) ≤ C(5)
m,ε

(
∥f∥Hm+1(U) + ∥F∥Hm+2(U) + ∥u∥H1(U)

)
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for some constant C(5)
m,ε = C

(5)
ε (∥ε∥Cm+2(U) , η

−1) > 0 nondecreasing in ∥ε∥Cm+2(U) and
η−1, finishing the proof.

We need similar statements for a neighbourhood of a point on the boundary ∂G, both
for Dirichlet and Neumann boundary conditions. After a coordinate transform, we can
assume the intersection of the neighbourhood with G to be a half-ball. In the case of
Neumann boundary conditions, we can assume u to vanish near the curved part of the
half-ball, since this is true for the localized functions used in the proof of Proposition 3.5.

Lemma 3.3. Let 0 < s < r, U+ := B(0, r)∩{x3 > 0} ⊆ R3, V+ := B(0, s)∩{x3 > 0} ⊆
R3, ε ∈ C1(U+)

3×3 be symmetric and satisfy
(
ε(x)ξ

)
· ξ ≥ η |ξ|2 for all x ∈ U+, ξ ∈ R3

and some constant η > 0. Let f ∈ L2(U+), F ∈ H1(U+)
3, and assume that one of the

following two conditions is true.

a) The function u ∈ H1
0 (U+) satisfies∫
U+

(ε∇u) · ∇φ dx =

∫
U+

(fφ+ F · ∇φ) dx (3.19)

for all φ ∈ H1
0 (U+).

b) The function u ∈ H1(U+) satisfies u = 0 on U+\V+ and (3.19) for all φ ∈ H1(U+).

Then u ∈ H2(V+) and there exists a constant C = C(∥ε∥C1(U+) , η
−1, r, s) > 0 nonde-

creasing in ∥ε∥C1(U+) and η−1 such that

∥u∥H2(V+) ≤ C
(
∥f∥L2(U+) + ∥F∥H1(U+) + ∥u∥H1(U+)

)
holds.

Proof. The proof is basically the same as for Lemma 3.1. We setW+ := B
(
0, r+s

2

)
∩{x3 >

0} and choose a function ζ ∈ C∞
c (R3) with ζ = 1 on V+ and supp ζ ⊆ W+. Let ℓ ∈ {1, 2}

and φ be defined by (3.4). In the first case of the statement, both u and φ are contained
in H1

0 (U+), while in the second case, they are only elements of H1(U+). We insert φ
into (3.19). In both cases, we obtain A = B with A and B given by (3.5). The estimates
for A and B now work the in same way as in the proof of Lemma 3.1, the only difference
being that (3.13) is replaced by∫

W+

∣∣Dh
ℓF
∣∣2 dx ≤ C(6) ∥F∥2H1(U+) .

As for Lemma 3.2, an induction argument can be used to obtain higher regularity of
the solution under appropriate assumptions.

Lemma 3.4. Let k ∈ N0, 0 < s < r, U+ := B(0, r) ∩ {x3 > 0} ⊆ R3, V+ := B(0, s) ∩
{x3 > 0} ⊆ R3, ε ∈ Ck+1(U+)

3×3 be symmetric and satisfy
(
ε(x)ξ

)
· ξ ≥ η |ξ|2 for all

x ∈ U+, ξ ∈ R3 and some constant η > 0. Let f ∈ Hk(U+), F ∈ Hk+1(U+)
3, and

assume that one the following two conditions is true.
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a) The function u ∈ H1
0 (U+) satisfies (3.19) for all φ ∈ H1

0 (U+).

b) The function u ∈ H1(U+) satisfies u = 0 on U+\V+ and (3.19) for all φ ∈ H1(U+).

Then u ∈ Hk+2(V+) and there exists a constant C = C(k, ∥ε∥Ck+1(U+) , η
−1, r, s) > 0

nondecreasing in ∥ε∥Ck+1(U+) and η−1 such that

∥u∥Hk+2(V+) ≤ C
(
∥f∥Hk(U+) + ∥F∥Hk+1(U+) + ∥u∥H1(U+)

)
holds.

Proof. The proof is analogous to the one of Lemma 3.2: We prove inductively u ∈
Hm+2(V+) and the corresponding estimate for m ∈ {0, . . . , k}. The case m = 0 is
Lemma 3.3. So let m < k and assume that the claim holds for m instead of k. We set
W+ := B(0, t) ∩ {x3 > 0} for some t = r+s

2
and have u ∈ Hm+2(W+) as well as

∥u∥Hm+2(W+) ≤ Cm,ε,η

(
∥f∥Hm(U+) + ∥F∥Hm+1(U+) + ∥u∥H1(U+)

)
for some constant Cm,ε,η = Cm,ε,η(m, ∥ε∥Cm+1(U+) , η

−1) > 0 nondecreasing in ∥ε∥Cm+1(U+)

and η−1.
a) We start with the first case. Let φ̃ ∈ C∞

c (W+) and α ∈ N3
0 with |α| = m + 1 and

α3 = 0. We define φ, ũ, f̃ and F̃ as in the proof of Lemma 3.2 and obtain∫
W+

(ε∇ũ) · ∇φ̃ dx =

∫
W+

(
f̃ φ̃+ F̃ · ∇φ̃

)
dx . (3.20)

Lemma 3.3 yields ũ ∈ H2(V+) and∥∥ũ∥∥
H2(V+)

≤ C(1)
ε,η

(∥∥f̃∥∥
L2(W+)

+
∥∥F̃∥∥

H1(W+)
+
∥∥ũ∥∥

H1(W+)

)
for some constant C(1)

ε,η = C
(1)
ε,η (∥ε∥C1(U+) , η

−1) > 0 nondecreasing in ∥ε∥C1(U+) and η−1.
It follows ∂βu ∈ L2(V+) with∥∥∂βu∥∥

L2(V+)
≤ C(2)

m,ε,η

(
∥f∥Hm+1(U+) + ∥F∥Hm+2(U+) + ∥u∥H1(U+)

)
for all β ∈ N3

0 with |β| = m + 3 and β3 ∈ {0, 1, 2} and some constant C
(2)
m,ε,η =

C
(2)
m,ε,η(m, ∥ε∥Cm+2(U+) , η

−1) > 0 nondecreasing in ∥ε∥Cm+2(U+) and η−1. As in the proof
of Lemma 3.2, an induction over β3 ∈ {0, . . . ,m+ 3}, using that ε is uniformly positive
definite, leads to u ∈ Hm+3(V+) with

∥u∥Hm+3(V+) ≤ C(3)
m,ε,η

(
∥f∥Hm+1(U+) + ∥F∥Hm+2(U+) + ∥u∥H1(U+)

)
for some constant C(3)

m,ε,η = C
(3)
m,ε,η(∥ε∥Cm+1,1(U+) , η

−1) > 0 nondecreasing in ∥ε∥Cm+1,1(U+)

and η−1.
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b) The second case works in the same way, but instead of φ̃ ∈ C∞
c (W+), we take

φ̃ ∈ C∞
c (W+) :=

{
ψ|W+

∣∣ ψ ∈ C∞
c (R3)

}
. Due to α3 = 0 and the assumption that u = 0

on U+ \ V+, no boundary integrals appear in the derivation of (3.20). Since C∞
c (W+) is

dense in H1(W+) by Theorem 3.6 in [17], equation (3.20) holds for all φ̃ ∈ H1(W+) and
we can use the second case of Lemma 3.3 to obtain ũ ∈ H2(V+) with the corresponding
estimate. The rest of the proof is the same as in case a).

We now consider the the transmission problems (2.5) and (2.8) for the case g = 0 and
h = 0. Under appropriate assumptions on the domain, ε and f , weak solutions have
additional regularity.

Proposition 3.5. Let k ∈ N0, η > 0, Σ and ∂G be of class Ck+2 and ε ∈ Ck+1
η . Let

f ∈ Hk and one the following two conditions be true.

a) The function u ∈ H1
0 (G) satisfies∫

G

(ε∇u) · ∇φ dx =

∫
G

fφ dx (3.21)

for all φ ∈ H1
0 (G).

b) The function u ∈ H1(G) satisfies (3.21) for all φ ∈ H1(G).

Then u ∈ Hk+2 and there exists a constant C = C(k, ∥ε∥Ck+1 , η−1, G) > 0 nondecreasing
in ∥ε∥Ck+1 and η−1 such that

∥u∥Hk+2 ≤ C
(
∥f∥Hk + ∥u∥H1(G)

)
holds.

Proof. We first show u ∈ H2 and a corresponding estimate and perform an iteration
argument at the end.

1) (Regularity near the boundary) Let x0 ∈ ∂G. Then there exists a radius R > 0
and a function γ ∈ Ck+2(R2,R) such that B(x0, R) ∩ Σ = ∅ and - possibly after an
orthogonal transformation of the coordinate system - it holds

G ∩B(x0, R) =
{
x ∈ B(x0, R)

∣∣ x3 > γ(x1, x2)
}
.

We now perform a coordinate transform from x to y = Φ(x) in order to “flatten” the
boundary ∂G: Let Φ,Ψ : R3 → R3 be defined by

Φ(x) =

 x1 − x01
x2 − x02

x3 − γ(x1, x2)

 , Ψ(y) =

 y1 + x01
y2 + x02

y3 + γ(y1 + x01, y2 + x02)

 .

Then we have Φ(x0) = 0 and Φ,Ψ ∈ Ck+2(R3,R3) satisfy Φ = Ψ−1 as well as detΦ′ =

detΨ′ = 1. It is possible to find a radius r > 0 such that Ũ+ := B(0, r) ∩ {y3 > 0}
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is contained in Φ
(
G ∩ B(x0, R)

)
. We choose some s ∈ (0, r) and set Ṽ := B(0, s),

Ṽ+ := Ṽ ∩ {y3 > 0}, U+ := Ψ(Ũ+), V := Ψ(Ṽ ) and V+ := Ψ(Ṽ+). We note that V is an
open neighbourhood of x0 and set

ε̃ij(y) :=
3∑

r,s=1

εrs
(
Ψ(y)

)
∂rΦi

(
Ψ(y)

)
∂sΦj

(
Ψ(y)

)
for all i, j ∈ {1, 2, 3} and all y ∈ Ũ+. The symmetric matrix ε̃ is contained in the space
Ck+1

(
Ũ+

)3×3 with ∥ε̃∥Ck+1(Ũ+) ≤ c ∥ε∥Ck+1 for some constant c = c(G) > 0 and for any
y ∈ Ũ+ and ξ ∈ R3, we have(

ε̃(y)ξ
)
· ξ =

(
ε
(
Ψ(y)

)
χ
)
· χ ≥ η |χ|2 ≥ c̃ η |ξ|2 ,

where χ := Φ′(Ψ(y)
)⊺
ξ and c̃ = c̃(G) > 0. Let θ ∈ C∞

c (R3) with supp θ ⊆ V and define
v := θu. We treat the two cases from the statement of the theorem separately.

a) In the first case, the function v is an element of H1
0 (U+) and satisfies∫

U+

(ε∇v) · ∇φ dx =

∫
U+

(gφ+ F · ∇φ) dx (3.22)

for all φ ∈ H1
0 (U+), where

g := θf − (ε∇u) · ∇θ ∈ L2(U+) , F := uε∇θ ∈ H1(U+)
3 . (3.23)

This follows from (3.21) and the product rule. Let φ̃ ∈ H1
0 (Ũ+). We define φ(x) :=

φ̃
(
Φ(x)

)
for all x ∈ U+ and ṽ(y) := v

(
Ψ(y)

)
for all y ∈ Ũ+. By Theorem 4.1 in [17], we

have φ ∈ H1
0 (U+) and ṽ ∈ H1

0 (Ũ+). We further define g̃ and F̃ on Ũ+ by g̃(y) := g
(
Ψ(y)

)
and F̃i(y) := F

(
Ψ(y)

)
· ∇Φi

(
Ψ(y)

)
, i = 1, 2, 3. It holds g̃ ∈ L2(Ũ+) and F̃ ∈ H1(Ũ+)

3.
Using the chain rule, Φ′(Ψ(y)

)
=
(
Ψ′(y)

)−1 and the transformation rule, we obtain∫
Ũ+

(ε̃∇ṽ) · ∇φ̃ dy =

∫
U+

(ε∇v) · ∇φ dx =

∫
U+

(gφ+ F · ∇φ) dx

=

∫
Ũ+

(
g̃φ̃+ F̃ · ∇φ̃

)
dy .

Lemma 3.3 now implies ṽ ∈ H2
(
Ṽ+
)

and the estimate

∥ṽ∥H2(Ṽ+) ≤ C̃ε,η

(
∥g̃∥L2(Ũ+) +

∥∥F̃∥∥
H1(Ũ+)

+ ∥ṽ∥H1(Ũ+)

)
for some constant C̃ε,η = C̃ε,η(∥ε∥C1 , η−1, r, s) > 0 nondecreasing in ∥ε∥C1 and η−1. We
deduce v ∈ H2(V+) and

∥v∥H2(V+) ≤ Cε,η,G

(
∥f∥L2(G) + ∥u∥H1(G)

)
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for some constant Cε,η,G = Cε,η,G(∥ε∥C1 , η−1, G) > 0 nondecreasing in ∥ε∥C1 and η−1, see
Theorem 4.1 in [17].

b) In the second case, v ∈ H1(U+) satisfies (3.22) for all φ ∈ H1(U+), where g and F

are again given by (3.23). Let φ̃ ∈ H1(Ũ+). We define φ, ṽ and g̃ and F̃ as in Case a).
Then we have φ ∈ H1(U+), ṽ ∈ H1(Ũ+), g̃ ∈ L2(Ũ+), F̃ ∈ H1(Ũ+)

3. As above, we
obtain ∫

Ũ+

(ε̃∇ṽ) · ∇φ̃ dy =

∫
Ũ+

(
g̃φ̃+ F̃ · ∇φ̃

)
dy .

Again, Lemma 3.3 implies ṽ ∈ H2(Ṽ+) and the estimate

∥ṽ∥H2(Ṽ+) ≤ C̃ε,η

(
∥g̃∥L2(Ũ+) +

∥∥F̃∥∥
H1(Ũ+)

+ ∥ṽ∥H1(Ũ+)

)
for some constant C̃ε,η = C̃ε,η(∥ε∥C1 , η−1) > 0 nondecreasing in ∥ε∥C1 and η−1. Therefore
we have v ∈ H2(V+) and

∥v∥H2(V+) ≤ Cε,η,G

(
∥f∥L2(G) + ∥u∥H1(G)

)
for some constant Cε,η,G = Cε,η,G(∥ε∥C1 , η−1) > 0 nondecreasing in ∥ε∥C1 and η−1.

2) (Regularity near the interface) Now let x0 ∈ Σ. Since dist(Σ, ∂G) > 0, we can
find a radius R > 0 such that B(x0, R) ∩ ∂G = ∅ and - possibly after an orthogonal
transformation of the coordinate system - we have

G1 ∩B(x0, R) =
{
x ∈ B(x0, R)

∣∣ x3 > γ(x1, x2)
}
,

G2 ∩B(x0, R) =
{
x ∈ B(x0, R)

∣∣ x3 < γ(x1, x2)
}
,

where γ ∈ Ck+2(R2,R2). We define Φ and Ψ as in Step 1) and find a radius r > 0 such
that Ũ := B(0, r) is contained in Φ

(
G ∩B(x0, R)

)
. We set U := Ψ(Ũ),

Ũ+ := Ũ ∩ {y3 > 0} , Ũ− := Ũ ∩ {y3 < 0} ,
U1 := Ψ

(
Ũ+

)
, U2 := Ψ

(
Ũ−
)

and note that Ui = U ∩Gi for i = 1, 2. Additionally, let s ∈ (0, r) and set Ṽ := B(0, s),
V := Ψ(Ṽ ) and

Ṽ+ := Ṽ ∩ {y3 > 0} , Ṽ− := Ṽ ∩ {y3 < 0} ,
V1 := Ψ

(
Ṽ+
)
, V2 := Ψ

(
Ṽ−
)
.

Let θ ∈ C∞
c (R3) with supp θ ⊆ V and set v := θu ∈ H1

0 (U). Using (3.21), we obtain∫
U

(ε∇v) · ∇φ dx =

∫
U

(gφ+ F · ∇φ) dx

for all φ ∈ H1
0 (U), where

g := θf − (ε∇u) · ∇θ ∈ L2(U) , F := uε∇θ ∈ L2(U)3 .

18



As ε|Gi
∈ Ck+1

(
Gi

)3×3 for i = 1, 2, we have F|Ui
∈ H1(Ui)

3 for i = 1, 2 and the estimate

∥F∥H1(U1)
+ ∥F∥H1(U2)

≤ cε ∥u∥H1(G)

for cε := c ∥ε∥C1 with a constant c > 0. Let φ̃ ∈ H1
0 (Ũ) and let φ, ε̃, ṽ, g̃ and F̃ be defined

as in Step 1). Then we have φ ∈ H1
0 (U), ε̃|Ũ±

∈ Ck+1
(
Ũ±
)
, ṽ ∈ H1

0 (Ũ), g̃ ∈ L2(Ũ),

F̃ ∈ L2(Ũ)3 and F̃|Ũ±
∈ H1(Ũ±)

3. As in Step 1), we deduce∫
Ũ

(ε̃∇ṽ) · ∇φ̃ dy =

∫
U

(ε∇v) · ∇φ dx =

∫
U

(gφ+ F · ∇φ) dx =

∫
Ũ

(
g̃φ̃+ F̃ · ∇φ̃

)
dy .

Again, ε̃ is symmetric and uniformly positive definite on U . Lemma 3.1 therefore yields
ṽ|Ṽ±

∈ H2(Ṽ±) and a positive constant C̃ε,η,G = C̃ε,η,G(∥ε∥C1 , η−1, G) nondecreasing in
∥ε∥C1 and η−1 such that

∥ṽ∥H2(Ṽ+) + ∥ṽ∥H2(Ṽ−) ≤ C̃ε,η,G

(
∥g̃∥L2(Ũ) +

∥∥∥F̃∥∥∥
H1(Ũ+)

+
∥∥∥F̃∥∥∥

H1(Ũ−)
+ ∥ṽ∥H1(Ũ)

)
holds. This implies v|Vi

∈ H2(Vi) for i = 1, 2 and

∥v∥H2(V1)
+ ∥v∥H2(V2)

≤ Cε,η,G

(
∥f∥L2(G) + ∥u∥H1(G)

)
and some constant Cε,η,G = Cε,η,G(∥ε∥C1 , η−1, G) > 0 nondecreasing in ∥ε∥C1 and η−1.

3) (Regularity in the interior) Let i ∈ {1, 2}, x0 ∈ Gi and r > 0 such that U :=
B(x0, r) ⊆ Gi. We choose some s ∈ (0, r), set V := B(x0, s), choose a test function
θ ∈ C∞

c (R3) with supp θ ⊆ V and define v := θu ∈ H1
0 (U). Using (3.21) and the

divergence theorem, we obtain∫
U

(ε∇v) · ∇φ dx =

∫
U

(gφ+ F · ∇φ) dx

for all φ ∈ H1
0 (U), where g ∈ L2(U) and F ∈ H1(U) are defined as in (3.23). Theorem 4.9

in [9] now implies v ∈ H2(V ) and

∥v∥H2(V ) ≤ C̃ε,G

(
∥g∥L2(U) + ∥F∥H1(U) + ∥v∥L2(U)

)
≤ Cε,G

(
∥f∥L2(G) + ∥u∥H1(G)

)
for positive constants C̃ε,G = C̃ε,G(∥ε∥C1 , G) and Cε,G = Cε,G(∥ε∥C1 , G).

4) (Localization) We cover the compact set G by a finite number of open sets V from
Steps 1)-3): G ⊆ V1 ∪ · · · ∪ VK+L+M+N , where V1, . . . , VK and VK + 1, . . . , VK+L are as
in Step 3) and are contained in G1 respectively G2, while VK+L+1, . . . , VK+L+M are as in
Step 2) and cover Σ, and VK+L+M+1, . . . , VK+L+M+N are as in Step 1) and cover ∂G. Let
θj ∈ C∞

c (R3), j ∈ {1, . . . , J}, J := K+L+M+N , be a corresponding partition of unity,
i. e., supp θj ⊆ Vj and

∑K+L+M+N
j=1 θj = 1 on G. We set vj := θju for j ∈ {1, . . . , J}
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and VK+L+m,i := VK+L+m ∩ Gi for m ∈ {1, . . . ,M} and i ∈ {1, 2}. Since u =
∑J

j=1 vj,
supp vj ⊆ Vj and

G1 ⊆

(
K⋃
k=1

Vk

)
∪

(
M⋃

m=1

VK+L+m,1

)
,

G2 ⊆

(
L⋃

ℓ=1

VK+ℓ

)
∪

(
M⋃

m=1

VK+L+m,2

)
∪

(
N⋃

n=1

VK+M+L+n

)
,

the claim for the case k = 0 follows from Steps 1)-3). (Note that in this step we can fix
r and s above for each Vi only depending on G.)

5) (Iteration) If k ≥ 1, we can iterate the above steps: Let m ∈ {0, . . . , k − 1} and u
be contained in Hm+2 with

∥u∥Hm+2 ≤ Cm,ε,η,G

(
∥f∥Hm + ∥u∥H1(G)

)
for some constant Cm,ε,η,G = Cm,ε,η,G(m, ∥ε∥Cm+1 , η−1, G) > 0 nondecreasing in ∥ε∥Cm+1

and η−1. Then we see that in both cases of Step 1), the functions g and F satisfy
g ∈ Hm+1(U+), F ∈ Hm+2(U+) and

∥g∥Hm+1(U+) ≤ C
(1)
m,ε,G

(
∥f∥Hm+1(U+) + ∥u∥Hm+2(U+)

)
,

∥F∥Hm+2(U+) ≤ C
(1)
m,ε,G ∥u∥Hm+2(U+)

for some constant C(1)
ε,G = C

(1)
m,ε,G(m, ∥ε∥Cm+2 , G) > 0 nondecreasing in ∥ε∥Cm+2 . Then we

can use Lemma 3.4 instead of Lemma 3.3 to obtain

∥v∥Hm+3(V+) ≤ C̃
(1)
m,ε,η,G

(
∥f∥Hm+1 + ∥u∥H1(G)

)
for the function v from Step 1) and C̃

(1)
m,ε,η,G = C̃

(1)
m,ε,η,G(m, ∥ε∥Cm+2 , η−1, G) > 0 nonde-

creasing in ∥ε∥Cm+2 and η−1.
In Step 2), we analogously have g|Ui

∈ Hm+1(Ui), F|Ui
∈ Hm+2(Ui)

3 and

∥g∥Hm+1(Ui)
≤ C

(2)
m,ε,G

(
∥f∥Hm+1(Ui)

+ ∥u∥Hm+2(Ui)

)
, ∥F∥Hm+2(Ui)

≤ C
(2)
m,ε,G ∥u∥Hm+2(Ui)

for i = 1, 2 and some constant C(2)
m,ε,G = C

(1)
m,ε,G(m, ∥ε∥Cm+2 , G) > 0 nondecreasing in

∥ε∥Cm+2 . Now we use Lemma 3.2 instead of Lemma 3.1 and get for v from Step 2) the
estimate

∥v∥Hm+3(V1)
+ ∥v∥Hm+3(V2)

≤ C̃
(2)
m,ε,η,G

(
∥f∥Hm+1 + ∥u∥H1(G)

)
for some constant C̃(2)

m,ε,η,G = C̃
(2)
m,ε,η,G(m, ∥ε∥Cm+2 , η−1, G) > 0 nondecreasing in

∥ε∥Cm+2 and η−1.
For the interior regularity in Step 3), Theorem 4.11 in [9] yields

∥v∥Hm+3(V ) ≤ C
(3)
m,ε,η,G

(
∥f∥Hm+1 + ∥u∥H1(G)

)
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for v and V from Step 3) and some constant C(3)
m,ε,η,G = C

(3)
m,ε,η,G(m, ∥ε∥Cm+2 , η−1, G) > 0

nondecreasing in ∥ε∥Cm+2 and η−1.
The localization from Step 4) then works in the same way and finally yields u ∈ Hm+3

with
∥u∥Hm+3 ≤ C̃m,ε,,η,G

(
∥f∥Hm+1 + ∥u∥H1(G)

)
for some constant C̃m,ε,η,G = C̃m,ε,η,G(m, ∥ε∥Cm+2 , η−1, G) > 0 nondecreasing in
∥ε∥Cm+2 and η−1. This completes the proof.

We can now prove the desired regularity properties for solutions of the transmission
problems (2.5) and (2.8) by reducing the problems to the corresponding ones with ho-
mogeneous data on the interface and boundary and applying Proposition 3.5.

Theorem 3.6. Let k ∈ N0, η > 0, Σ and ∂G be of class Ck+2 and ε ∈ Ck+1
η . Let

f ∈ Hk, g ∈ Hk+ 1
2 (Σ) and h ∈ Hk+ 1

2 (∂G). Then there exists a constant C =
C(k, ∥ε∥Ck+1 , η−1, G) nondecreasing in ∥ε∥Ck+1 and η−1 such that the following two state-
ments hold.

a) Let u be a weak solution of

− div(ε∇u) = f in G1 ,

− div(ε∇u) = f in G2 ,

u = 0 on ∂G ,

[u] = 0 , [ν · (ε∇u)] = g on Σ ,

(3.24)

meaning that u ∈ H1
0 (G) satisfies∫

G

(ε∇u) · ∇φ dx =

∫
G

fφ dx+

∫
Σ

gφ dσ (3.25)

for all φ ∈ H1
0 (G). Then u ∈ Hk+2 with

∥u∥Hk+2 ≤ C
(
∥f∥Hk + ∥g∥

Hk+1
2 (Σ)

+ ∥u∥H1(G)

)
.

b) Let u be a weak solution of

− div(ε∇u) = f in G1 ,

− div(ε∇u) = f in G2 ,

n · (ε∇u) = h on ∂G ,

[u] = 0 , [ν · (ε∇u)] = g on Σ ,

meaning that u ∈ H1(G) satisfies∫
G

(ε∇u) · ∇φ dx =

∫
G

fφ dx+

∫
Σ

gφ dσ +

∫
∂G

hφ dσ (3.26)

for all φ ∈ H1(G). Then u ∈ Hk+2 with

∥u∥Hk+2 ≤ C
(
∥f∥Hk + ∥g∥

Hk+1
2 (Σ)

+ ∥h∥
Hk+1

2 (∂G)
+ ∥u∥H1(G)

)
.
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Proof. a) We begin with the first case and claim that a :=
(
(εν) · ν

)−1
g is well defined

and contained in Hk+ 1
2 (Σ). The normal vector field ν can be extended to an open

neighbourhood U of Σ. We set V := U ∩ G1. By choosing U small enough, we can
ensure that there exists a constant c > 0 such that the extension ν̃ ∈ Ck+1(V ) satisfies
|ν̃| ≥ c on V . Since ε is uniformly positive definite, the function b := (εν̃) · ν̃ ∈ Ck+1(V )
satisfies b ≥ ηc2 > 0 on V . Therefore b−1 is well defined and contained in Ck+1(V )
with ∥b−1∥Ck+1(V ) ≤ c(∥ε∥Ck+1 , η−1), where c is nondecreasing. We now extend g to
g̃ ∈ Hk+1(V ) using Theorem 1.5.1.2 in [11]. Then bg̃ ∈ Hk+1(V ) by Theorem 1.4.1.1
in [11]. Let tr : Hk+1(V ) → Hk+ 1

2 (Σ) denote the trace on Σ. There exists a sequence
(g̃n) in C∞

c

(
V
)

converging to g̃ in Hk+1(V ), which implies b−1g̃n → b−1g̃ in Hk+1(V ) as
n→ ∞. So we conclude

a = tr
(
b−1g̃

)
= lim

n→∞
tr
(
b−1g̃n

)
∈ Hk+ 1

2 (Σ) .

By Theorem 1.5.1.2 in [11], there exists a function w̃ ∈ Hk+2(G1) such that w̃|Σ = 0,
∂νw̃|Σ = a and

∥w̃∥Hk+2(G1)
≤ C

(1)
k,G1

∥a∥
Hk+1

2 (Σ)
≤ C

(2)
k,ε,η,G1

∥g∥
Hk+1

2 (Σ)
(3.27)

for some constants C(1)
k,G1

, C
(2)
k,ε,η,G1

> 0, where C(2)
k,ε,η,G1

= C
(2)
k,ε,η,G1

(k, ∥ε∥Ck+1 , η−1, G) is
nondecreasing in ∥ε∥Ck+1 and η−1, and ∂νw̃|Σ denotes the normal derivative of w̃ on
Σ. Since w̃ vanishes on Σ (in the trace sense), we can extend it by zero to a function
w ∈ H1

0 (G) ∩ Hk+2. We note that w is constant on Σ, so it holds ∇w = ν∂νw on Σ
which implies [ν · (ε∇w)] = g on Σ. We now set v := u− w ∈ H1

0 (G). Let φ ∈ H1
0 (G).

Using the divergence theorem, we obtain from (3.25) the identity∫
G

(ε∇v) · ∇φ dx =

∫
G

(
f + div(ε∇w)

)
φ dx .

As f+div(ε∇w) is contained in Hk(G), where div(ε∇w) is uderstood piecewiese, Propo-
sition 3.5 yields v ∈ Hk+2 with

∥v∥Hk+2 ≤ C
(3)
k,ε,η,G

(
∥f + div(ε∇w)∥Hk + ∥v∥H1(G)

)
for some constant C(3)

k,ε,η,G = C
(3)
k,ε,η,G(k, ∥ε∥Ck+1 , η−1, G) > 0 nondecreasing in ∥ε∥Ck+1 and

η−1. Using

∥div(ε∇w)∥Hk ≤ C(4)
ε ∥w∥Hk+2 , ∥u∥Hℓ ≤ ∥v∥Hℓ + ∥w∥Hℓ

for ℓ ≤ k + 2 and (3.27), we conclude u ∈ Hk+2 with

∥u∥Hk+2 ≤ C
(5)
k,ε,η,G

(
∥f∥Hk + ∥g∥

Hk+1
2 (Σ)

+ ∥u∥H1(G)

)
,

where C(4)
ε = C

(4)
ε (∥ε∥Ck+1) and C

(5)
k,ε,η,G = C

(5)
k,ε,η,G(k, ∥ε∥Ck+1 , η−1, G) are positive con-

stants nondecreasing in ∥ε∥Ck+1 and η−1.
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b) For the second case, we use the same function w to handle g and proceed similarly
for the inhomogeneity h. We find in the same way a function q ∈ Hk+2(G) with q|∂G = 0,

∂nq|∂G =
(
n · (εn)

)−1
h and

∥q∥Hk+2(G) ≤ C
(6)
k,ε,η,G ∥h∥

Hk+1
2 (Σ)

(3.28)

for some constant C(6)
k,ε,η,G = C

(6)
k,ε,η,G(k, ∥ε∥Ck+1 , η−1, G) > 0 nondecreasing in ∥ε∥Ck+1 and

η−1. We set

U1 :=
{
x ∈ R3

∣∣ dist(x, ∂G) < r

4

}
, U2 :=

{
x ∈ R3

∣∣ dist(x,G1) <
r

4

}
,

where r := dist(Σ, ∂G) > 0, and choose a cut-off function θ ∈ C∞
c (R3) with θ = 1 on U1

and θ = 0 on U2. The function v := u − w − θq ∈ H1(G) satisfies for any φ ∈ H1(G)
the equation ∫

G

(ε∇v) · ∇φ dx =

∫
G

(
f + div(ε∇w) + div

(
ε∇(θq)

))
φ dx ,

which follows from (3.26) and the properties of w and q. We can now apply the second
part of Proposition 3.5 and conclude in the same way as in Step a) that u is contained
in Hk+2 with

∥u∥Hk+2 ≤ Ck,ε,η,G

(
∥f∥Hk + ∥g∥

Hk+1
2 (Σ)

+ ∥h∥
Hk+1

2 (∂G)
+ ∥u∥H1(G)

)
,

where Ck,ε,η,G = Ck,ε,η,G(k, ∥ε∥Ck+1 , η−1, G) > 0 is nondecreasing in ∥ε∥Ck+1 and η−1.

We can now combine Theorem 3.6 with the calculations of Section 2 to finally prove
Theorem 1.6.

Proof of Theorem 1.6. a) We start with the first case of Theorem 1.6. By Section 2.1,
it suffices to show that a weak solution u of the transmission problem (3.24) with
f = − divV (understood piecewise) and g = [ν · V] and the property ∥u∥H1(G) ≤
C

(1)
k,ε,η,G ∥V∥L2(G) has the additional regularity u ∈ Hk+2 and satisfies the estimate

∥u∥Hk+2 ≤ C
(2)
k,ε,η,G ∥V∥Hk+1 , where C(i)

k,ε,η,G = C
(i)
k,ε,η,G(k, ∥ε∥Ck+1 , η−1, G) > 0 are non-

decreasing in ∥ε∥Ck+1 and η−1 for i = 1, 2. This is a direct consequence of the first case
of Theorem 3.6.

b) The second case of Theorem 1.6 follows analogously, using Section 2.2 and the
second case of Theorem 3.6.

Bibliography

[1] C. Amrouche, C. Bernardi, M. Dauge, and V. Girault. “Vector potentials in three-
dimensional non-smooth domains”. In: Mathematical Methods in the Applied Sci-
ences 21.9 (1998), pp. 823–864.

23



[2] F. Assous, P. Ciarlet, and S. Labrunie. Mathematical Foundations of Computa-
tional Electromagnetism. Springer, 2018.

[3] C. Athanasiadis and I.G. Stratis. “On some elliptic transmission problems”. In:
Annales Polonici Mathematici 63.2 (1996), pp. 137–154.

[4] M. Cessenat. Mathematical methods in electromagnetism: Linear theory and appli-
cations. World Scientific, 1996.

[5] M. Costabel, M. Dauge, and S. Nicaise. “Corner Singularities and Analytic Regu-
larity for Linear Elliptic Systems. Part I: Smooth domains.” hal-00453934v2. 2010.

[6] R. Dautray and J.-L. Lions. Mathematical Analysis and Numerical Methods for
Science and Technology. Vol. 3: Spectral Theory and Applications. Springer, 1990.

[7] T. Dohnal, M. Ionescu-Tira, and M. Waurick. “Well-posedness and exponential
stability of nonlinear Maxwell equations for dispersive materials with interface”.
In: Journal of Differential Equations 383 (2024), pp. 24–77.

[8] L. C. Evans. Partial differential equations. Second Edition. Reprinted with correc-
tions 2015. American Mathematical Society, 2010.

[9] M. Giaquinta and L. Martinazzi. An Introduction to the Regularity Theory for
Elliptic Systems, Harmonic Maps and Minimal Graphs. Scuola Normale Superiore,
2012.

[10] V. Girault and P.-A. Raviart. Finite Element Methods for Navier-Stokes Equa-
tions: Theory and Algorithms. Springer, 1986.

[11] P. Grisvard. Elliptic Problems in Nonsmooth Domains. Reprint of the 1985 original.
Society for Industrial and Applied Mathematics (SIAM), 2011.

[12] O.A. Ladyzhenskaya and N.N. Ural’tseva. Linear and Quasilinear Elliptic Equa-
tions. Academic Press, 1968.

[13] R. Nutt. Decay of the Maxwell System Caused by Conductivity. PhD thesis, sub-
mitted, Karlsruher Institut für Technologie. 2026.

[14] R. Nutt and R. Schnaubelt. “Normal trace inequalities and decay of solutions to the
nonlinear Maxwell system with absorbing boundary”. In: Journal of Mathematical
Analysis and Applications 532.1 (2024), Paper No. 127915.

24



[15] C. Weber. “A Local Compactness Theorem for Maxwell’s Equations”. In: Mathe-
matical Methods in the Applied Sciences 2.1 (1980), pp. 12–25.

[16] C. Weber. “Regularity Theorems for Maxwell’s Equations”. In: Mathematical Meth-
ods in the Applied Sciences 3.4 (1981), pp. 523–536.

[17] J. Wloka. Partial differential equations. Cambridge University Press, 1987.

25


	Introduction
	Reduction to transmission problems
	Case a) in Theorem 1.6
	Case b) in Theorem 1.6

	Regularity theory for transmission problems
	Bibliography

