A note on div-curl lemmas for Maxwell interface
problems

Christopher Bresch

Department of Mathematics
Karlsruhe Institute of Technology
76128 Karlsruhe, Germany
Email: christopher.bresch@kit.edu

Abstract. Combining knowledge of the curl and divergence of a vector
field E to obtain information about its spatial regularity has proven to be
a very useful technique in the treatment of the Maxwell equations. We
consider the interface problem, where the permittivity € is discontinuous
across a surface. An important theorem by Weber can be generalized to
allow for a jump of cE in normal direction across the interface. We use a
Helmholtz decomposition to deduce this from the Weber result by a reduction
to the task of proving higher regularity for solutions of elliptic transmission
problems. For electric boundary conditions, the result was shown recently
by Dohnal, Ionescu-Tira and Waurick. We extend the result to the magnetic
case using similar arguments. The main goal of this note is to present the
proofs in detail. In particular, we keep track of how the constants depend on
the permittivity. This information is useful for approximation arguments.

1 Introduction

In the analysis of the Maxwell system and other problems one often uses so-called div-
curl lemmas which control the norm of a vector field in, say, H' by its L?-norm and
that of its curl and divergence as well as contributions from boundary traces. See for
example [2], [5], [6], [1], [4], [10], [14] and the references therein. Homogeneous interface
problems were treated in |16], see Theorem 1.5 below, and inhomogeneous ones recently
in [7] for the case of “electric” boundary conditions. In this note we show the magnetic
version, see Theorem 1.6, using analogous methods as in [7]. Via the Helmholtz decom-
position one can reduce the results to regularity properties of the elliptic transmission
problems (2.5) and (2.8). These are stated without a proof in Theorem 5.2.1 of [5]. For
applications to approximation arguments, cf. [13], one needs to know that the constants
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only depend on the norm and the lower bound of the coefficients. Therefore we give full
proofs of these regularity results in Section 3.

Figure 1: Schematic depiction of the domain.

Let G = G;UX UG, C R3 be a bounded domain consisting of two disjoint subdomains
(1 and G9 separated by an interface ¥ := 0G1, satisfying dist(X,dG) > 0. The results
in this paper can be extended to the case of finitely many subdomains, whose boundaries
all have positive distance to each other and to the boundary of G.

The outer unit normal vector on ¥, pointing outwards from (G, is denoted by v and
the outer unit normal on 0G by n. Let [w] = (w|G1 - w’GQ)‘E denote the jump of

a quantity w across the interface . The two subdomains G and G, have different
material properties, described by the permittivity ¢, which is assumed to be uniformly
positive definite. For this reason we consider the following piecewise function spaces.

Definition 1.1. Let ¢ € Ny and n > 0. We define

H = {u € LX(G) |u|, € H'(G), i € {1,2}} :

¢ = {e: G g, e OGP, ie {1.2})

Cf; = {5 ec’ | £ 18 symmetric, (5(3:)5) -E> \5]2 forallx € G, € R3}
with norms

2 2 3
[ullye = Z ||“||H¢(Gi) , o lellee = Z Z Z sup |0%€mn ()] -
i=1

i=1 m,n=1aeN3, z€Gi
jol<?

Localization arguments used in Section 3 lead to problems on balls with the interface
between the two materials described by the x5 = 0 plane. We define analogous function
spaces in this setting.

Definition 1.2. Let £ € Ny, n > 0 and U C R3 be open. We set U, = U N {x3 > 0}
and U_ = U N{x3 < 0} and define

HAU) = {u e L2(U) |u|, € HYUY, i€ {+—}},

C'(U) = {5 U > R>™ | e o € CHU)> 3, i e {+, —}} )




Cf;(U) = {5 e CYU) ’ € 18 symmetric, (6(:6)5) E>n ]6\2 forallx e U, € R3}

with norms

3
||u||’H‘~’(U) = Z ||U||H2(Ui)a ||5||cf(U) = Z Z Z sup [0%€ ()] -

ie{+-} ie{+,—) mn=1 aeng, *€
o <2
For u € H' and o € N} with |a| < ¢, the derivative 0%u is defined piecewise by
5oy o0« (U‘Gl) on Gl ,
8"( ) on Gy.

u|G2

We often omit the exponent d in function spaces like (H)? and H‘(U)? when dealing

with vector fields.
The operators curl and div play a central role in the Maxwell equations.

Definition 1.3. Let U C R? be open. We define

Hcwl, U) = {E e AU ’ IF € LAU)* YU € C°(U)? :

/E.curqudx:/F.\Ifdx},
U U

H(div,U) = {E e LA(U)? ’ Jw e LXU) Vo € CX(U) :

/E-Vgpdx:—/w@dx}.
U U

The functions F and w above are unique if they exist and are denoted by curl E, respec-
tiwely divE. The spaces H(curl,U) and H(div,U) are equipped with the scalar products

(EF) ircun,iry = (E[F) 12y + (curl Elcurl F) 1 7y
(E|F)H(div,U) = (E|F)L2(U) + (div E|div F)LQ(U) .
We also set
Hy(curl,U) = WH(CMLU) ,  Hy(div,U) = WH@“U) :
where the closure is taken with respect to the norms in the spaces H(curl, U), respectively
H(div,U).

The spaces Hy(curl,U) and Hy(div,U) incorporate conditions for the tangential re-
spectively normal components at the boundary, see Theorems IX.1.1 and IX.1.2 in [6].

Lemma 1.4. Let U C R? be open with a compact Lipschitz boundary. Then it holds
Ho(curl,U) = {E € H(curl,U) | n x E|, = 0},
Hy(div,U) = {E € H(div,U) | n-E|, =0}



An important result in the regularity theory for the Maxwell equations is the following
theorem due to Weber, see Theorem 2.2 in [16]. In [16], the dependence of the constant
on the permittivity € is not further specified, but an inspection of the proof shows that
it only depends on k, GG, the constant describing the uniform positive definiteness of ¢
and on the norm |[g|| x1-

Theorem 1.5. Let k € No, n > 0, ¥ and OG be of class C*** and ¢ € CJ™. Let
E € L?(G)? satisfy either of the cases

a) E € Hy(curl,G) and eE € H(div,G), or
b) E € H(curl,G) and cE € Hy(div,G).

Furthermore, let curlE € H* and div(eE) € H*. Then E is contained in H**' and it
holds

[El s < C(IBl 2y + lleurl By + |div(zE) e )
The constant C' = C(k, ||e||gxsr , 0, G) > 0 is nondecreasing in ||€]|perr and = .

The goal of this note is to prove the following generalization. The first case is stated
as Proposition 2.24 in [7] (with slightly different assumptions on the regularity of ¥,

0G and ¢). We note that €|, € Ck!1 (@)&(3 implies €|, € Wheo(G)?*3, i = 1,2, see
Theorem 4 in Section 5.8 of [3]. Furthermore, V € H**! implies Vi, € H(div, G}) for

1 = 1,2, so the term div (gE G{) below is well defined.

Theorem 1.6. Let k € No, n > 0, ¥ and OG be of class C*** and ¢ € CF™. Let
E € L?(G)? belong to either of the cases

a) E € Hy(curl,G) and eE+V € H(div,G), or
b) E € H(curl,G) and eE+V € Hy(div,G)

for some V € H**1. Furthermore, let curl E € H* and div((¢E)

Then E is contained in H* and it holds

Gi) € HHGy), i=1,2.

2
Bl < C(IBl ey + llow Blle + 3 [l (B) sy + [ VIhsr ) - (11)

i=1
The constant C' = C(k, ||e||perr , 0™, G) > 0 is nondecreasing in ||| o and n~t.

This result is proved at the end of the paper.



2 Reduction to transmission problems

In |7], the first case of Theorem 1.6 is proved. The second one can be shown analogously.
For completeness, we state detailed proofs for both cases in the following. First, a
Helmholtz decomposition for the field V is used in the form e 'V = Vu + W. If the
scalar potential u is sufficiently regular, the claim can be deduced from Theorem 1.5. It
can be shown that u is the solution of an elliptic transmission problem. So the proof of
Theorem 1.6 is reduced to regularity theory for such problems.

The following Helmholtz decompositions are taken from Lemmas 3.4 and 3.5 in [16].
We only supplement the proofs given there by stating the dependence of the relevant
constants on € and 7, setting [|&|| (@) = Z?,j:l €351l Lo (-

Lemma 2.1. Let G be a bounded Lipschitz domain and let € € L>®(G)**3 be symmetric
and satisfy (5(x)§) &> |§|2 for almost all x € G and all £ € R? and some constant
n > 0. There exists a constant C = C(G) > 0 depending only on G such that the
following holds.

1. Every F € L*(G)3 can be uniquely decomposed as F = Fy + Fy, where Fy = V f
for some f € HYG) with

el o

G
£l < C VP e (2.1)

and eFy € H(div, G) with div(eFy) = 0.

2. Every F € L*(G)? can be uniquely decomposed as F = Fy + Fy, where F; = Vf
for some f € HY(G) with

€l oo

Q)
1l =C Il 126 (2.2)

and eFy € H(div, G) with div(eF3) = 0 and n - (eFy) 0.

loc =

Proof. Let L?(G)? denote the space L*(G)? equipped with the scalar product given by
(E[F) 12 = (€E[F) 2. Due to the assumptions on ¢, the corresponding norm is
equivalent to the usual L?(G)3-norm. We define the spaces

X, ={Vf|feH)G)}, Yi={EeLl*G)|div(cE)=0},
X, ={Vf|fe H(G)}, Yoi= {E € L*(G)* | div(eE) =0, n- (:E)| , = o} .

By Lemmas 3.8 and 3.9 in [15], we have ¥; = Xi- and Y5 = X5 with respect to 1) L2(a)-
1. Let P be the orthogonal projection onto X; in L?(G)? and PF = Fy. It holds

2 2 2 2
NF 72 < IF1llz2 ) = IPF 726y < NEF 2 1Fll 2y < cllel oy 1F 172y -



where ¢ > 0 is a constant independent of GG, € and 7. So we have F; = V[ for some

f € H}(GQ) with
fellellim
192 < /== IFliae

and (2.1) follows from the Poincaré inequality.
2. In the same way we find functions f € H'(G) and Fy € Y5 satisfying F = Vf + F,

and
CHSHLOO(G)
IV Allzee) =/ — ¥l 2 -

where ¢ > 0 is a constant independent of G, ¢ and 7. We set f = fG fdz and define

the function f f — flg. Then it holds Vf V[ and fodx = 0. Using the
Poincaré-~Wirtinger inequality, we find (2.2). O

2.1 Case a) in Theorem 1.6

We assume that the conditions of case a) in Theorem 1.6 are fulfilled. By Lemma 2.1,
£~V can be uniquely decomposed in L*(G) as

e'V=Vu+W, (2.3)

where u is contained in H} (G) and eW € H(div, G) satisfies div(éW) = 0. Furthermore,

there exists a constant C") = CW(G) > 0 that [Jul| ;1 < C 1)\/ HaHLw(G) HVHL2
holds. The identities curl(E + Vu) = curlE and n x (E + Vu)‘ = n < E|,

imply that E + Vu is contained in Hy(curl, G). Here we have used the assumptlon
E € Hy(curl, G) and the fact that the tangential trace of Vu vanishes since u € Hy(G).
Moreover it holds

e(E+Vu)=cE+V —eW € H(div,G).
We now assume that u has the additional regularity

u€ H* ullypre < CP Vi (2.4)

with a constant C® = C@(k, ||| pxs1 , 7, G) > 0 nondecreasing in ||g||rss and 77

We have
E + Vu € Hy(curl,G), e(E+ Vu) € H(div,G),

curl(E + Vu) € H”, div(e(E + Vu)) € H".

Theorem 1.5 therefore yields E + Vu € H**! as well as the existence of a constant
C® = CO(k, |lellox ,n~t, G) > 0 nondecreasing in ||| and 77! such that the estimate

IE + Vu|,pn < C® <||E + Vul 2 + [[curl(E + V)| + |div(e(E + Vu)) ‘}Hk>

holds. Using (2.4), we arrive at

[Ellzper < 1B+ Ve + [Vl



2
<C (||E||L2(G) + |lcarl B[, + ZHdiv(eEbi) HHW + ||V||Hk+1>

=1

with C' = C(k, |||l grsr , 7™, G) > 0 nondecreasing in ||| qurs and 57t

So it remains to prove (2.4). As w is contained in H}(G), we have u = 0 on G as well
as [u] = 0 on X in the sense of traces (see Proposition 2.1.68 in [2] for the last assertion).
From (2.3) and the fact that div(eW) = 0, we conclude —div(eVu) = —divV =: f €
H*(G;) in G;, i = 1,2. The co-normal derivative v-(¢Vu) has a jump across the interface
given by [v- V] =: g € H*"2(%), since [v- (¢W)] = 0 on & by Proposition 2.2.30 in |2].
Therefore, u is a solution to the transmission problem (also referred to as diffraction
problem or interface problem)

—div(eVu) = f in Gy,
—div(eVu) = f  in Go,
2.
u=0 ondG, (25)
[u] =0, [v-(eVu)] =g onX.

We say that u is a weak solution of (2.5) if u is contained in Hj(G) and satisfies

/(€Vu)-Vgodx:/f<pdx+/gg0da
G G b

for all ¢ € H}(G). This is also follows directly from (2.3) by multiplying with eV,
integrating and using the divergence theorem.

2.2 Case b) in Theorem 1.6

Case b) in Theorem 1.6 similarly leads to a transmission problem, but now with with a
Neumann condition on G instead of a Dirichlet one. By Lemma 2.1, we can uniquely
decompose 7'V in L*(G) as

e'V=Vu+W, (2.6)

where u is contained in H'(G) and eW € Hy(div, @) satisfies div(eW) = 0. In ad-
dition, there exists a constant CY = C()(G) > 0 such that the estimate [ull iy <

c HEHL# IVI[12(g) holds. A calculation analogous to the one in Subsection 2.1

yields E + Vu € H(curl, G) and £(E + Vu) € Hy(div, G). We again assume that u even
satisfies

W €M fullypes < OP [V (2.7)

with a constant C® = C®(k,|le]|oxs1, 771 G) > 0 nondecreasing in ||e|| e and 771
Theorem 1.5 then again yields E + Vu € H*™ and the estimate (1.1). So proving
Case b) in Theorem 1.6 is reduced to showing the regularity (2.7) for solutions u of the



transmission problem

—div(eVu) = f in Gy,

—div(eVu) = f in Go,
n-(eVu)=h ondG, (28)

[u] =0, [v-(eVu)]=¢g onX,

where f and g are defined as in (2.5), and h ==n-V|_ , € H*"3(8@). In contrast to (2.5),

the boundary condition on dG is of Neumann type because we only have u € H'(G)
instead of u € H}(G). A weak solution to (2.8) is a function u € H'(G) satisfying

/(€Vu)-Vg0dx:/fgodx—l—/ggoda+/ he do
G G > oG

for all ¢ € HY(G).

The regularity theory for transmission problems is known and has been studied by
several authors, see for example [5], [12] and [3]. However, since we were not able to find
detailed proofs in our setting, we present one in the following.

3 Regularity theory for transmission problems

In this section, we study the regularity properties of weak solutions of (2.5) and (2.8).
We start with the case k = 0 and ¢ = 0, h = 0. The proof follows the proof of Theorem 4
of Section 6.3 in [8] and uses the method of difference quotients. For h € R\ {0} and
¢ € {1,2,3} we define the operator D} by

Diu(x) = %(u(x + heg) —u(z)) .

As a first step, we consider a small neighbourhood of a point on the interface. After a
coordinate transform, this can be assumed to have the form of a ball, with the interface
described by the x3 = 0 plane. In the proof of Proposition 3.5 below, a localization
argument is used and the cut-off functions lead to extra terms in the equation. In order
to deal with these, we introduce the additional term F - V¢ below.

Lemma 3.1. Letn > 0, 0 < s < r, U == B(0,7r) C R3 V := B(0,s) C R? and
e€C(U). Let f € L*(U), F € H'(U)?, and let u € H'(U) satisfy

/U(esVu)~Vg0dx=/U(f<P+F-V<p)dx (3.1)

for all p € HY(U). Then dpu € H' (V) for £ = 1,2 and u € H*(V'). In addition, there
exists a constant C' = C([|e||¢1py ,n~ 1,1, 8) > 0 nondecreasing in leller () and n~! such
that

10cull g1y < C (1F |20y + IF g0y + HuHHl(U)> , =12, (3.2)

iy < € (12 + Iy + Il o) (33)
hold.



Proof. Let W := B(0,%2), ¢ € C2*(R?) with ¢ =1 on V, supp¢( € W and 0 < ¢ < 1.
Furthermore, let £ € {1,2} and h € R\ {0} with |h| < *3*. The function

¢ =—D;" (*D}u) (3.4)

is then contained in HJ(U). Inserting this into (3.1) leads to A = B with the terms

3
A= Z / g;j0ud;pdr, B = /(fgo +F-Vo)de. (3.5)
=Y U
To estimate A, we first substitute y = x — he, to obtain
3
ij=1"U

Using the notion v"(x) = v(x + he,) and the product rule D}(vw) = v"Diw + wD}v,
we derive A = A; + Ay with

3
A=Y /Usfj (Dpoyu) (Dyoju) ¢ de,

i,j=1

3
4=Y" /U (2£5¢0,¢ (D}du) Dju+ (D)esy) DD} (D,u)C?

1,7=1

+2 (Djei;) 0uCd;¢Dyu) dz .

Since ¢ is uniformly positive definite, we have
Ay > n/ ¢ D) da . (3.7)
U
To estimate Ay, we use the boundedness of €;;, ¢ and 9;¢ on U as well as the fact that

‘Dﬁeij (q;)| is bounded by a constant independent of h and x for all 4, j € {1,2,3}, since
5|U is Lipschitz continuous on Uy. Here it is crucial that ¢ # 3. So there exists a
+

constant ¢ = ¢(r, s) > 0 independent of € and 1 such that with e = lellgr ey it holds
|45 < C / ¢ (|DyVul | Dpu| + | Dy Vu| [Vul + | Dpul [Vul) dz.
w

(Below we often do not state the dependence of the constants on r,s.) This implies for
every ¢ > 0 the estimate

) o oM )
|Aa| < 5/ ClD}Vu| do + | ——— + = / (|Vu|2 + | Djul > dz . (3.8)



By Theorem 3 of Section 5.8 in [8], there exists a constant C®) > 0 such that

/ ‘D?u|2 dz < 0(2)/ V| dz (3.9)
W U
holds for all h € R\ {0} with |h| < ==2. Choosing § = Z, we obtain from (3.8) the bound
|Ag| < Q/ ¢ |D?Vu]2 dz + C§3>/ Vu|? dz
2 Ju U
with

c? A
(3) — @) [ == i
C¥=(1+C )( Tt

Together with (3.7), this yields
A> g/ ¢? |D?VU{2 dz — 05(377)/ (V| dz . (3.10)
U U

We now turn to B = By + By with By = fU fodr and By = fUF -Vedr. Again
using (3.9), we derive the estimate

/ lp? dz < 0(2)/ IV (¢2Djw)|* da < 6<4>/ (]Dguf + ¢ \nguf) dz
U w w
< O<4>/ (|vuy2 + ¢ |DQW]2) dz
U
for some constants C@,C® > 0. Therefore it holds

) 9 @
B ga/ (|Vu| + ¢ | DVl ) dx+—/ Fdo
U 4a Jy
o (3.11)
< a/ ¢ |D2‘Vu|2 dz + —/ (f*+ |Vu|2) dz
U @ Ju
for all a > 0 with a? < C™®. The same substitution used to obtain (3.6) yields
By = / D}F - V(¢*Dju) dx
w
Let 5> 0. As for Ay, we apply (3.9) and estimate

|Bz|<5/ IV (¢Du)|* do + — /}DQF} dz

gﬂ(/W‘QCDZuVC] d:v—i—/W’CQDZVu{ dx)—k%/w|D2F|2dx (3.12)

1
< C® (/ Vul? dx+/g2|D§vu\2 dx) +—/ |DIF|* da
U U 26 w

10



for some constant C® > 0. To deal with the last term, we use a variant of (3.9) on W,
and W_: There exists a constant C®) > 0 such that

/ |D§F|2 dz < CO|F |5 0 (3.13)
w

holds for all h € R\ {0} with |h| < *3*, see the comments at the end of Section 5.8.2

of [8]. Inequalities (3.10), (3.11), (3.12) and (3.13) lead to

(2-a-p8c®) / SEATR
2 U

(4)
§CE(3)/ |Vu|? dx+0—/ (f2+]Vu|2) da:—i—ﬁC(S)/ \Vu|? dz
S Ju a Ju U

() )
+ o5 IF 0wy -

We choose o = min {\/ cW, g} >0 and f = gZl > 0 and conclude that there exists a
constant C{1) = CE(Q(HEHCI(U) ;') > 0 nondecreasing in |||z and 5" such that

HD?VUHLQ(V) < HQD?VUHLQ(U) < Cé? <||f||L2(U) + ||F||’H1(U) + ”u”Hl(U))

holds for all A € R\ {0} with |h| < 72. The proof of Theorem 3 in Section 5.8.2 of 5]

now implies that dyu is contained in H*(V') for £ = 1,2 and u satisfies

3
S 10wl oy < €D (Il + Il + lelly) - (314
i

So we have proved (3.2) and it remains to consider ds3u. For any ¢ € H}(Uy), we
obtain

/ (eVu) - Vi dr = / (f —divF)ydx (3.15)
U+

Uy
from (3.1). Since ¢], € CHU,)** and (f — div F)|,. € L*(Uy), we can apply Theo-
+ +
rem 4.9 in [9] to deduce that ul, € H} (U,) satisfies —div(eVu) = f — divF almost
+
everywhere in U,. Therefore

3 3
€33033U = — Z EmtOmett — Z (OmEm,e)Opu — f+divF

m,l=1, m,l=1
m+£<6

holds almost everywhere in U,. The matrix ¢ is uniformly positive definite, so e33(x) >
n > 0 for all x € U and we obtain

3
Os5ul < CE [ " 1Omeul + [ Vul + || + |div F|

m,l=1,
m+£<6

11



almost everywhere in U, for some constant C) = 6’5(787? (llellerry ") > 0 nondecreasing

in [eller ) and 7', with an analogous result on U_. This estimate and (3.14) yield
u € H*(V) and (3.3). O

We can now perform an induction to prove higher piecewise regularity of the solution
in the setting of Lemma 3.1, provided ¢, f and F are sufficiently regular.

Lemma 3.2. Let k € Ng,np > 0 and s,r € R with 0 < s < r. Let U := B(0,r) C R?,
V:=B(0,5) CR® and e € C}T'(U). Let f € H*(U), F € H**'(U)? and let u € H'(U)
satisfy (3.1) for all p € H}(U). Then u € H*2(V) and there exists a constant C' =
C(k, lellersrry »n~ ", 8) > 0 nondecreasing in |€||crsr gy and n~" such that

”UHHHZ(V) <C (”fHHk(U) + HFHHIH-l(U) + ”uHHl(U)>

holds. Furthermore, *u € H'(V') with

104l ) < € (Il + 1B s + il
for all o € N} with |a| <k +1 and az = 0.

Proof. The proof is based on the proof of Theorem 5 in Section 6.3 of [8]. We use an
induction and prove u € H™ (V) as well a corresponding estimate for m € {0,...,k}.
The case m = 0 follows from Lemma 3.1. Let m < k and assume that the claim holds
for m instead of k. We fix the radius t = TT“ and set W = B(0,t). By assumption, we
have u € H™ (W) and 0%u € H'(W) with

lllpemszqy < Concar (1 ey + WEllgms o + Il oy ) )
106l vy < Coe (1l + WE s o, + Nl o)

for all @ € N§ with |a| <m+ 1, az = 0, where Cy, .y = Crne g (0, €]l emsr gy, n71) >0
is a constant nondecreasing in |[|cm+1 () and nt. Let p € C°(W) and o € N3 with
la] =m + 1 and az = 0. We set = (=1)IM9°g € C*(W), 4 := 0°u € H' (W) and

~ (8]

F = 0°F — 0 PedPVu e HY(W)?.
,%;,(ﬁ) (W)
BF#a

Clearly, f == 0°f (defined piecewise) exists and is contained in L?(W). The functions f
and F satisfy

1Pl ey < W lhemsrary (Bl < O (Pl + lllponsaary) - (3:17)

for CV = ¢ lellgme+2(ry with a constant ¢ > 0. We insert ¢ into (3.1) and integrate by
parts to obtain

/W(SVﬁ)-V@dw:/W(}?@%—f‘-V&) de,

12



noting that no boundary integrals involving the interface W N {x3 = 0} appear since
az = 0. By density the above equation holds for all € H(W). Lemma 3.1 now implies
u € H*(V) and 9,u € H(V) with

||ﬂHHz< CE) (171 2y + 1 sy + Nl )
100ty < €2 (1N oy + IF s oy + Nl o)
for £ = 1,2 and some constant C%) = ng(Hchl(U) ,n~t,r,s) > 0 nondecreasing in

HEH@(U) and n~!. Using (3.16) and (3.17), we deduce that ul,, has weak derivatives
+
35u‘Vi € L*(V4) for all 8 € N§ with |5] = m + 3 and 3 € {0,1,2}, satisfying

1071, Loy + 107, Nzagrry < CE) (Iflhaemo oy + 1B lmiaqoy + Nl ) (318)

and additionally, 0*u € H'(V) with
10l < € (1 lmss oy + Fllgmsaey + o

for all p € N3 with |[u| < m + 2 and ps = 0, where 05(377) = Cg(HeHCMz(U) ,nh) >0 s
nondecreasing in [|€[[¢m+2 () and n~!. It remains to show (3.18) also for 83 € {3,...,m+
3}. For this we use a Second mductlon on f3 (for fixed m < k) and assume that (3.18)
is true for all 8 € N3 with || =m + 3 and 83 € {0,...,j} for some j € {2,...,m + 2}
(possibly with a different constant than ) nondecreasing in lellgm+2(ry and n~1). So
let 3 € N3 with |3| =m + 3 and 83 = j + 1. We write 8 =~ + (0,0, 2) and argue as in
the last step of the proof of Lemma 3.1: By Theorem 4.11 in [9], u|Ui is contained in

H™3(U.) and satisfies — div(eVu) = f — div F almost everywhere in U.. Applying 97

loc
leads to

£330°u= - f+divF+ R,
where
3 3
R=0" Z a-j&-ju + Z 8¢5ijaju

=1, 1,j=1

i+5<6
contains only terms with derivatives 0"u with || < m + 3 and v; < j. We can now
use that e33(z) > n > 0 for all € U and the induction assumption to obtain 85u|V €

+

L*(Vy) and
4
H86U|V+HL2(V+) + Haﬁu’\/_HLQ(V,) S Os(,r),s (||f||Hm+1(U) + ||F||Hm+2(U) + HuHHl(U))

for some constant C = C§4)(||5||cm+2(U) ,m~1) > 0 nondecreasing in l[ellgm+2(r) and nt
This completes the induction on j, and we conclude v € H™3(V) and

lellnssy < OS2 (1 lemss ) + IFlyemsngery + Nl o)
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for some constant Cl. = C§5)(||5||cm+2(U) ,n~") > 0 nondecreasing in ||e[|m2¢) and

n~!, finishing the proof. 0

We need similar statements for a neighbourhood of a point on the boundary 0G, both
for Dirichlet and Neumann boundary conditions. After a coordinate transform, we can
assume the intersection of the neighbourhood with GG to be a half-ball. In the case of
Neumann boundary conditions, we can assume u to vanish near the curved part of the
half-ball, since this is true for the localized functions used in the proof of Proposition 3.5.

Lemma 3.3. Let 0 < s <7, Uy .= B(0,r)N{x3 >0} CR3 V, .= B(0,s)N{z3 >0} C
R3, e € CHUL)¥® be symmetric and satisfy (e(x)€) - & > n |? for allz € Uy, € € R?
and some constant n > 0. Let f € L*(Uy), F € HY (U, )3, and assume that one of the
following two conditions is true.

a) The function u € Hy(U,) satisfies

/U(6Vu)-Vg0dx:/ (fp+F Vo) dx (3.19)

Ut
for all p € H}(U,).
b) The functionu € H' (U, ) satisfiesu =0 on Uy \Vy and (3.19) for all o € H'(U,).

Then w € H*(V) and there exists a constant C' = C([lellgay,y,n~" 7, 8) > 0 nonde-
creasing in ||el|c1 ) and n~" such that

||u||H2(V+) <C <||f||L2(U+) + ||FHH1(U+) + ||u||H1(U+)>
holds.

Proof. The proof is basically the same as for Lemma 3.1. Weset W, = B (O, %) N{x3 >
0} and choose a function ¢ € C>°(R3) with ¢ =1 on V; and supp¢ C W,. Let £ € {1,2}
and ¢ be defined by (3.4). In the first case of the statement, both u and ¢ are contained
in H}(U,), while in the second case, they are only elements of H'(U,). We insert ¢
into (3.19). In both cases, we obtain A = B with A and B given by (3.5). The estimates
for A and B now work the in same way as in the proof of Lemma 3.1, the only difference
being that (3.13) is replaced by

]

2
/ DI di < CO F 20

Wy
As for Lemma 3.2, an induction argument can be used to obtain higher regularity of

the solution under appropriate assumptions.

Lemma 3.4. Let k € Ny, 0 < s <r, Uy == B(0,r)N{x3 > 0} CR? V. = B(0,s)N
{z3 > 0} C R & € CH(UL)>? be symmetric and satisfy (e(z)€) - € > n & for all
v € Uy, £ € R® and some constant n > 0. Let f € H*(U,), F € H*Y(U,)?, and
assume that one the following two conditions is true.

14



a) The function v € H}(Uy) satisfies (3.19) for all p € HY(Uy).

b) The functionu € H (Uy) satisfiesu = 0 on Uy \V, and (3.19) for all p € H'(U,).
Then u € H*"2(V,) and there exists a constant C = C(k, lell grsr o,y ,nhrs) >0
nondecreasing in ||| i1,y and n~! such that

el ssqvy < C (1 iy + 1B sy + el o)
holds.

Proof. The proof is analogous to the one of Lemma 3.2: We prove inductively u €
H™2(V,) and the corresponding estimate for m € {0,...,k}. The case m = 0 is
Lemma 3.3. So let m < k and assume that the claim holds for m instead of k. We set
W, = B(0,t) N {z5 > 0} for some ¢t = &= and have u € H™**(W,) as well as

[ull e,y < Crmeen <||f||Hm(U+) FF msr ) + ||u||H1(U+)>
for some constant Cy ¢y = Crne (M, €]l gmir g,y » ") > 0 nondecreasing in ||| 1y,
and n~ L.

a) We start with the first case. Let ¢ € C°(W,) and a € N3 with |a] = m + 1 and
ag = 0. We define ¢, u, f and F as in the proof of Lemma 3.2 and obtain

/ (eVu)-Veodr = / <f§5+ F- V{é) dz. (3.20)
Wy Wy
Lemma 3.3 yields u € H?*(V,) and

il sy < O (17 sy * W sy + )

for some constant CL}) = C'g(,l,7)(||5||01(U+) ,n~ ) > 0 nondecreasing in lell o1, ) and n!
It follows 0°u € L2(V, ) with

107l vy < Ly (I imss ey + IF gz + Nl )
for all 3 € N3 with |[f] = m + 3 and 83 € {0,1,2} and some constant o, =
i .(m, l€llgm+2(r,y »m~") > 0 nondecreasing in ||| gm+z(y, ) and 77", As in the proof

of Lemma 3.2, an induction over 83 € {0,...,m + 3}, using that ¢ is uniformly positive
definite, leads to u € H™3(V,) with

lellyonssrry < Oy (1 lyamo sy + 1P lgmoaersy + Il )
for some constant C’,(,i)g,n = Cf(ri)sm(||5||cm+1,1((]+) ,m~1) > 0 nondecreasing in lellgmrayy

and n~!
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b) The second case works in the same way, but instead of ¢ € C®(W,), we take
peCW,) = {1/J|W | (VNS CSO(R?’)}. Due to ag = 0 and the assumption that u =0
+

on U, \ Vi, no boundary integrals appear in the derivation of (3.20). Since C>*(W,) is
dense in H'(W ) by Theorem 3.6 in [17], equation (3.20) holds for all € H'(W,) and
we can use the second case of Lemma 3.3 to obtain u € H?(V, ) with the corresponding
estimate. The rest of the proof is the same as in case a). O]

We now consider the the transmission problems (2.5) and (2.8) for the case g = 0 and
h = 0. Under appropriate assumptions on the domain, € and f, weak solutions have
additional regularity.

Proposition 3.5. Let k € No, 7 > 0, X and 0G be of class C*** and e € Ci*'. Let
f € HF and one the following two conditions be true.

a) The function u € H}(G) satisfies
/(5Vu) -Vepdr = / fedz (3.21)
e e

for all p € H(G).
b) The function u € H'(G) satisfies (3.21) for all p € H'(G).

Then u € H*? and there exists a constant C = C'(k, ||e||or+1,m 1, G) > 0 nondecreasing
in |le]|prrr and n™t such that

lullpess < C (1F s + ol i)
holds.

Proof. We first show u € H? and a corresponding estimate and perform an iteration
argument at the end.

1) (Regularity near the boundary) Let 2° € OG. Then there exists a radius R > 0
and a function v € C*¥*2(R? R) such that B(z°, R) N Y = () and - possibly after an
orthogonal transformation of the coordinate system - it holds

GNB( R) = {:1: € B(2°, R) ‘ T3 > ’Y(.’]Z‘l,SUQ)} )

We now perform a coordinate transform from z to y = ®(x) in order to “fatten” the
boundary 0G: Let ®, ¥ : R? — R? be defined by

Ty — x? Y1+ $(1)
P(r) = T — 338 ;o Y(y) = Yo + 5138
x3 — (w1, 12) ys +v(y1 + 29, yo + 29)

Then we have ®(2°) = 0 and ®, ¥ € C*2(R3, R?) satisfy & = U1 as well as det &’ =
det ' = 1. It is possible to find a radius r > 0 such that U, = B(0,r) N {ys > 0}
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is contained in ®(G N B(z° R)). We choose some s € (0,r) and set V = B(0,s),
Vi =Vn{ys >0}, Uy =V(U;), V:=U(V)and V, = ¥U(V,). We note that V' is an
open neighbourhood of 2° and set

Ei) = ens(V(Y)0,P: (V(y)) 0., (T (y))

for all 4,j € {1,2,3} and all y € (7+. The symmetric matrix € is contained in the space
CkHl (U )3X3 with [|€]|grrr i, < clle]lgrsr for some constant ¢ = ¢(G) > 0 and for any

y € U, and £ € R3, we have
(Ew)E) €= (=(¥W)x) - x = nlxl* = en e’

where x = ®'(¥(y))"¢ and ¢ = ¢(G) > 0. Let § € C(R?) with supp# C V and define
v = Ou. We treat the two cases from the statement of the theorem separately.
a) In the first case, the function v is an element of Hj (U, ) and satisfies

/U (eVv) - Vedr = / (9p +F-Vy) do (3.22)

Ut
for all p € H}(U,), where
g=0f—(eVu)-VOe L*(U,), F:=ueVoec H(U,)". (3.23)

This follows from (3.21) and the product rule. Let ¢ € HE(U,). We define o(z) =
@(®(z)) for all z € Uy and v(y) = v(¥(y)) for all y € U,. By Theorem 4.1 in [17], we
have (s Hi(Uy) and v € Hl(U+) We further define § and F on U, by g9(y) = g(\lf(y))
and Fy(y) = F(U(y)) - VP (¥(y)), i =1,2,3. It holds § € LA(U,) and F € HY(U,)>.
Using the chain rule, & (¥(y)) = (¥'(y )7 and the transformation rule, we obtain

/ﬁ+(§va).v@dy=/lj+(svv).de:/ (00 + F V) du

U+
~ [ (+F-v5) .
Ut
Lemma 3.3 now implies v € H? (‘Zr) and the estimate
7025y < Com (1812 + 1Fllgnga,, + 18l )

for some constant C.,, = Ce,(|€]lcr , 7", 7, 8) > 0 nondecreasing in ||e[|,n and 7', We
deduce v € H*(V,) and

Follisyy < Cona (Il + Ml
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for some constant C. , ¢ = C. (/€| n ! G) > 0 nondecreasing in |||, and 7!, see
Theorem 4.1 in [17].
b) In the second case, v € H'(U,) satisfies (3.22) for all p € H'(U, ), where g and F

are again given by (3.23). Let ¢ € H'(U,). We define ¢, v and g and F as in Case a).

Then we have ¢ € H'(U,), © € H'(U,), § € L2(U,), F € HY(U,)?. As above, we
obtain

| €0 -Veay= [ (35+F V) dy.
U U,

Again, Lemma 3.3 implies v € H?(V,) and the estimate

170l < Cen (1) + 1 Fll iz, + 1l

for some constant 557,] = 55,77(H5HCI ,n~ ') > 0 nondecreasing in ||g||.. and ™. Therefore
we have v € H*(V,) and

lolmsryy < Cong (1 laey + Nl

for some constant C., ¢ = Ce, c(|leller ") > 0 nondecreasing in |je]|,, and ™.

2) (Regularity near the interface) Now let 2° € ¥. Since dist(2,0G) > 0, we can
find a radius R > 0 such that B(z° R) N dG = ) and - possibly after an orthogonal
transformation of the coordinate system - we have

G1N B2, R) = {z € B(z",R) | 5 > y(z1,22) } ,
Gy N B2, R) = {z € B(z",R) | x5 < y(z1,22) } ,

where 7 € C*2(R? R?). We define ® and ¥ as in Step 1) and find a radius r > 0 such

that U := B(0,r) is contained in ®(G N B(z, R)). We set U := ¥ (U),

U, =Un{y; >0}, U_.:==Un{y; <0},
Uy = 9(U,), Uy = W(U.)

and note that U; = U NG, for i = 1,2. Additionally, let s € (0,r) and set V= B(0, s),

V= U(V) and
Voi=Vn{ys >0}, Vo=Vn{y <0},
Vi=w(V,), Vo= (V).
Let 6 € C°(R?) with suppd C V and set v := fu € Hg(U). Using (3.21), we obtain

/U(stv)-Vgodx:/U(ggoJrF-Vgo) dz

for all ¢ € H}(U), where
g=0f—(eVu)-VO0 € L*(U), F:=ueVlec L*(U)>.
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—\ 3%X3
o c Ck+1 (Gz)

U € H(U;)3 for i = 1,2 and the estimate
IE N 0y + 1F Ny < e Mull e
for c. = c||e[|o1 with a constant ¢ > 0. Let ¢ € H(U) and let ¢, &, ¥, § and F be defined
as in Step 1). Then we have ¢ € H}(U), ?5|[7i S Ck“((N]i), v e HYU), g € L2(D),
F € L2(U)? and ﬁ|g € HY(Uy)3. As in Step 1), we deduce
+

/ﬁ(»?W)-V@’dysz(er)-desz(ng-w) dx:[(§¢+ﬁ-v¢) dy .

U

Again, € is symmetric and uniformly positive definite on U. Lemma 3.1 therefore yields
U|V € HZ(Vi) and a positive constant C., ¢ = Cm,g(Heﬂcl ,n~ ', G) nondecreasing in

lellr and ! such that

ot IF
H\(Uy)

ol + Pl < Cone (s + [ s+ Tl

holds.

,, € H*(V;) for i =1,2 and

[olr20t) + 102y < Come (1112 + el )

and some constant C., ¢ = C:, ¢(|[e]l¢r s n", G) > 0 nondecreasing in [|]|,, and n~*

3) (Regularity in the interior) Let ¢ € {1,2}, 2° € G; and r > 0 such that U =
B(z% 1) C G;. We choose some s € (0,7), set V := B(z2°, s), choose a test function
6 € C>*(R?) with suppf C V and define v == fu € H}(U). Using (3.21) and the
divergence theorem, we obtain

/U(5Vv)-Vgoda::/U(gg0+F-Vgo) dz

for all p € H}(U), where g € L*(U) and F € H'(U) are defined as in (3.23). Theorem 4.9
in [9] now implies v € H*(V') and

1ol < Co (19020 + 1Pl oy + o) < Co (Il 2y + Nl

for positive constants C. ¢ = 557g(]|5|\cl ,G) and C. ¢ = C.(|lellgr , G).

4) (Localization) We cover the compact set G by a finite number of open sets V from
Steps 1)-3): GCV,uU---U Viiriman, where Vi, ... Vi and Vi +1,..., Vg, are as
in Step 3) and are contained in G respectively Gy, while Vi1, ..., Vkipiar are as in
Step 2) and cover X, and Vi 441, - -+, Vkir+mn are as in Step 1) and cover 0G. Let
0; € C>(R?),je{l,...,J}, J =K+ L+M+N, be a corresponding partition of unity,
i.e., supp#; C V; and ZK+L+M+N9- =1on G. We set v; = 6;u for j € {1,...,J}
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and Viyrimi = Vikirem NG for m € {1,..., M} and i € {1,2}. Since u = Zj 1
suppv; € V; and

K M
G C (U Vk) U <U VK+L+m,1> ;
k=1 m=1

L M N
Gy C (U VK+Z> U (U VK+L+m,2> U <U VK+M+L+n> ;
/=1 m=1 n=1

the claim for the case k = 0 follows from Steps 1)-3). (Note that in this step we can fix
r and s above for each V; only depending on G.)

5) (Iteration) If k > 1, we can iterate the above steps: Let m € {0,...,k — 1} and u
be contained in H™*? with

ullponss < Conein (I e + Nl

vj,

for some constant Cy, cncc = Cren.c(m, ||€]lgmsr ,n7 1, G) > 0 nondecreasing in ||| m1
and n~'. Then we see that in both cases of Step 1), the functions g and F satisfy
g < Hm+1(U+), F c Hm+2<U+) and

gl mes oy < Ch EG(HfHHm% Nl ez

HF”Hm+2 Wy S ) m,e,G Hu”Hm+2(U+)

for some constant Cs(lc); = C(l)E a(m, ||ellgmsz , G) > 0 nondecreasing in ||| pms2. Then we

m,ge,

can use Lemma 3.4 instead of Lemma 3.3 to obtain

[l smssiray < Ot (1F e + s
for the function v from Step 1) and c e 5&,)5,77,(;(7”7 lellgmsz st G) > 0 nonde-
creasing in ||e]| me and !

In Step 2), we analogously have g| € H™\(U;), F| € H™2(U;)? and
s, Ui

lllmesy < Clte (1Al mes iy + Nallmzy) + WF ey < Come Il gmeae

for i+ = 1,2 and some constant CS}E’G = Cﬁ)&G(m, llel|gm+2 » G) > 0 nondecreasing in
l|€|lgm+2- Now we use Lemma 3.2 instead of Lemma 3.1 and get for v from Step 2) the

estimate
2)
[Vl sy + 10l gpmes gy <C% [ f lgmsr + wll
(@)

for some constant C’ e 0(27 (M [|Ell gmve ,n~ 1, G) > 0 nondecreasing in
lellgmso and 7~
For the interior regularity in Step 3), Theorem 4.11 in [9] yields

3
1ol smisy < Com (1 s + Nllnca)
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for v and V from Step 3) and some constant Cv(j,)e,n,G = C’SL%G
nondecreasing in [|€]|pm+e and 1.

The localization from Step 4) then works in the same way and finally yields u € H™*3
with

(m7 ||5||Cm+2 777717 G) >0

ullpenss < Conena (I fllpemss + etz

for some constant 5m75’777g — 5m757nyg(m, lellgm+z , 7™, G) > 0 nondecreasing in
lle]lgm+e and n~t. This completes the proof. O

We can now prove the desired regularity properties for solutions of the transmission
problems (2.5) and (2.8) by reducing the problems to the corresponding ones with ho-
mogeneous data on the interface and boundary and applying Proposition 3.5.
Theorem 3.6. Let k € No, 7 > 0, ¥ and 9G be of class C*™* and ¢ € C*'. Let

f e Ht, g € H*2(X) and h € H*2(0G). Then there exists a constant C =
C(k,|lellorsr , Y, G) nondecreasing in ||| gesr and n~t such that the following two state-
ments hold.

a) Let u be a weak solution of

—div(eVu) = f in Gy,
—div(eVu) = f in Gs,

3.24

u=0 ondG, ( )
[u] =0, [v-(eVu)l =g on %,

meaning that u € Hy(G) satisfies
/(5Vu)-V<,0dx:/fg0dx+/ggoda (3.25)
e G >
for all ¢ € HY(G). Then u € HE? with
lllpss < € (1l + 190 o o, + el )

b) Let u be a weak solution of

—div(eVu) = f  in Gy,

—div(eVu) = f in G,
n-(eVu)=h ondG,

[ul =0, [v-(eVu)l=9g onX,

meaning that u € H'(G) satisfies

/(5Vu) -Veodr = / fodr+ / gpdo +/ ho do (3.26)
¢ G > oG
for all o € HY(G). Then u € H**2 with

lllese < € (1 s+ 19l gee gy + 1ol s oy + Nl )
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Proof. a) We begin with the first case and claim that a = ((ev) - V)flg is well defined

and contained in H**2(X). The normal vector field v can be extended to an open
neighbourhood U of ¥. We set V := U N G;. By choosing U small enough, we can
ensure that there exists a constant ¢ > 0 such that the extension v € C**1(V) satisfies
|7] > c on V. Since ¢ is uniformly positive definite, the function b := (¢v) - v € C*¥*L(V)
satisfies b > nc? > 0 on V. Therefore b=! is well defined and contained in C*+(V)
with [|b= | gwsryy < clllellersn ,n7"), where ¢ is nondecreasing. We now extend g to
g € H*'(V) using Theorem 1.5.1.2 in [11]. Then bg € H**'(V) by Theorem 1.4.1.1
in [11]. Let tr : H*(V) — H*"2(X) denote the trace on . There exists a sequence
(gn) in C° (V) converging to g in H*™(V), which implies b='g,, — b~'g in H*"(V) as
n — 0o. So we conclude
_ 1=\ _ 1 —1~ k421
a=tr(b7'g) —T}Ln;otr(b gn) € H"2(D).

By Theorem 1.5.1.2 in [11], there exists a function w € H*2(G}) such that w), =0,
8,,&5|E = q and

- 1 2
1@l rs2(6n) < Cide lall ot ) < Citnes 19l it s, (3.27)
for some constants C,g’%l,C,gi)m& > 0, where leg,n,Gl = C,S;mgl(k, lellgrsr, 0™t G) is

nondecreasing in ||¢[|o+1 and 77!, and dyw|y, denotes the normal derivative of w on

Y. Since w vanishes on ¥ (in the trace sense), we can extend it by zero to a function
w € HYHG) NHF2. We note that w is constant on ¥, so it holds Vw = vd,w on ¥
which implies [v - (eVw)] = g on ¥. We now set v == u —w € H}(G). Let ¢ € H}(G).
Using the divergence theorem, we obtain from (3.25) the identity

/(SVU) -Vedr = / (f + div(eVw))pdx.
G G

As f+div(eVw) is contained in H*(G), where div(eVw) is uderstood piecewiese, Propo-
sition 3.5 yields v € H**? with

3 .
[ollyssa < CE2 6 (15 + div eVl + 1ol

for some constant Ol(ci),n,a = lg?a),n,G(k’ lellgesr » ™, G) > 0 nondecreasing in ||e]|or+1 and

n~!. Using
Idiv(eVw) [l < CE wllgpra »  Nullye < [0llgge + 1wl
for £ < k + 2 and (3.27), we conclude u € H*? with

5
lullysa < O (1l + 19l s oy + il

where C1Y = 05(4)(H€Hck+1) and 012,55),77,0 = C’]SE)M’G(k:, lellgesr ,n~t, G) are positive con-
stants nondecreasing in ||e||oxs: and 1.
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b) For the second case, we use the same function w to handle g and proceed similarly
for the inhomogeneity h. We find in the same way a function ¢ € H**?(G) with Ay = 0

Ond|,, = (n- (5n))_1h and

6
lallesaey < g 1l sy (3.28)

for some constant C’,E’GE)%G = C’,fg)m’(;(k, ]l s, 71, G) > 0 nondecreasing in ||e||ors: and
n~t. We set

U, = {x e R3 ‘ dist(x,0G) < %} , Uy = {JJ e R3 ‘ dist(z, G) < 2} )

where r := dist(2, 0G) > 0, and choose a cut-off function § € C°(R3) with § = 1 on U;
and 6 = 0 on U,. The function v == u — w — ¢ € H'(G) satisfies for any ¢ € H'(G)
the equation

/(EVU) Vepdr = / (f + div(eVw) + div(eV(0g)))p dz,
¢ ¢

which follows from (3.26) and the properties of w and g. We can now apply the second
part of Proposition 3.5 and conclude in the same way as in Step a) that w is contained
in H**? with

[ullggpr2 < Creme (Hf”%k + ||g||Hk+g + ||h||Hk+g (8G) ™ ||u||H1(G)) ;

where C.c¢ = Crenc(k, |l€lloer ;771 G) > 0 is nondecreasing in ||e||oryr and n~t. O

We can now combine Theorem 3.6 with the calculations of Section 2 to finally prove
Theorem 1.6.

Proof of Theorem 1.6. a) We start with the first case of Theorem 1.6. By Section 2.1,
it suffices to show that a weak solution u of the transmission problem (3.24) with
f = —divV (understood piecewise) and g = [v - V] and the property [ul|y g <

kanG IVI[12() has the additional regularity u € HF2 and satisfies the estimate

[ cliwc IVliss where Gy o = Gl (ks lellgess ,n™", G) > 0 are non-
decreasing in ||e|| ey and 7! for 4 = 1,2. This is a direct consequence of the first case
of Theorem 3.6.

b) The second case of Theorem 1.6 follows analogously, using Section 2.2 and the
second case of Theorem 3.6. O]
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