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Abstract. For a positive, strongly continuous evolution family ¢/ on LP(2)
and a positive, measurable, time dependent potential V'(-) we construct a
corresponding absorption evolution family Uy by a procedure introduced
by J. Voigt, [24, 25], in the autonomous case. We give sufficient conditions
on U and V such that Uy is strongly continuous and satisfies variation of
constants formulas. For an evolution family ¢ on L'(IRY) satisfying upper
and lower Gaussian estimates exponential stability of Uy is characterized
by a condition on the size of V extending recent results by W. Arendt
and C.J.K. Batty, [2, 3, 6], in the autonomous case and by D. Daners,
M. Hieber, P. Koch Medina, and S. Merino, [8, 12], in the time periodic
case. An application to a second order parabolic equation with real coef-
ficients and singular potential is given.

1 Introduction

In the present paper we prove the existence of mild solutions u for a non-—
autonomous diffusion equation with absorption on X = LP(IRN ), 1 <p< oo,
given by
Gu®) = Xpimi Dr(au(t)Diu(t)) = V(tu(t),
u(s) = =, t>s>0.

(1.1)

Here we assume ay; € L=(IR, x IRY,IR), uniform ellipticity of the differential
operator and that the potential 0 < V € L}, (IR, L}, (IRY)) is growing at infinity
less than ea\£|27 a > 0. Further, for p = 1 and a large class of potentials we
characterize exponential stability of the solutions of (1.1) by a condition on the
size of V. All this is part of Section 5 and follows from our investigations of the
following more general situation.

Consider X = LP(Q2) for a o-finite measure space (2,u) and 1 < p < oo.
For I € {[a,b],[a,0),R} set D = D; := {(t,s) € I*? : t > s}. Let U =
(U(t,5))sep S L(X) be a strongly continuous evolution family of positive
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operators on X (see Section 2 for this notion). At first, in Section 2, it is shown
for potentials V' € L>(I x Q) that there is a unique strongly continuous evolution
family Uy = (Uy (1, 5))s)ep satisfying the variation of constants formula

Ut )0 = Ult. e — [ Ut V(U (7, $)a dr (1.2)

for (t,s) € D and = € X. Following a procedure introduced by J. Voigt, [24, 25],
in the autonomous case, we then construct the so-called absorption evolution
famaly Uy for arbitrary measurable 0 < V' : I x{)2 — IR in Section 3. The operators
Uy (t,s) are defined as the strong limit of the operators U, (t,s) determined by
(1.2) where V is replaced by the truncated potential V' A nll. We prove that
Uy is strongly continuous and that (1.2) holds if V' satisfies the integrability
condition mentioned above and U satisfies an upper Gaussian estimate, that is,
0 < U(t,s) < Me**=92 for (t,s) € D and constants M,a > 0. Here, Q is
an open subset of RV, (e2)i>0 is the semigroup generated by the Laplacian on
LP(RY), and LP(Q) is embedded in LP(IR"™) by extending functions by 0. The
lower Gaussian estimate is defined analogously.

In Section 4 we investigate for Q = IRY the asymptotic behaviour of Uy. If
Ult,s) = e % and 0 < V(t) = Vy € LY(IRY) + L*(IRY), then exponential sta-
bility of Uy was characterized by W. Arendt and C.J.K. Batty, [3], by a condition
on the size of V. (See [2] and [6] for further results in the autonomous case.)
For p = 1 this characterization was extended to the periodic case by D. Daners,
M. Hieber, P. Koch Medina, and S. Merino, [8], [12]. We generalize these results
to positive evolution families satisfying Gaussian estimates.

Finally, in the last section we apply our results to the diffusion equation (1.1).
Here, U is given by the weak fundamental solution of (1.1) with V' = 0. Due to
(1.2) we can interpret t — Uy (¢, s)z as a mild solution of (1.1). We point out that
for measurable coefficients and singular potentials we cannot expect to obtain a
differentiable solution of (1.1).

2 Bounded perturbations

In this section we study bounded perturbations of evolution families on arbitrary
Banach spaces X. Let I € {[a,],[a,00), R} and D = D; :={(t,s) € [* : t > s}.
A family U = (U(t,s))us)ep of bounded operators on X is called an evolution
family if U(s,s) = Id and U(t,s) = U(t,r)U(r,s) for t > r > s. We say that U
is strongly continuous if the mapping D > (t,s) — U(t, s) is strongly continuous.
The exponential growth bound w(U) of U is defined by

w(U) = inf{w € R : there is M,, > 1 with ||U(t, s)|| < M, e~ for (¢,s) € D}.
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The evolution family U is called exponentially bounded if w(U) < oo, and U is
exzponentially stable if w(U) < 0.

In the sequel we make use of the following “truncation—extension” procedure.
Let U be a strongly continuous evolution family with index set D;. Set I, =
lan, b,] := I N[—n,n] for n € N. Then we define

1d, t>s>b, or a, >t>s,
Un(t,s) = , ,
{ U(min{t, b, }, max{s,a,}), otherwise,
cf. [16]. Clearly, U, is a strongly continuous evolution family with index
set Dgr. Moreover, due to the principle of uniform boundedness we obtain

Sup(t,s)ED[R ”Un(tv S)” < 00.
For an exponentially bounded, strongly continuous evolution family U with

(2.1)

index set D we define an operator 7'(t) on the Bochner—Lebesgue space E =
LY(IR, X) by setting

T f=U(, —t)f(-—1t), fe€E, t>0.

One can easily see that 7 = (T'(t))i>0 is a Co—semigroup on E, cf. [22]. We
call T the evolution semigroup associated with U. Its generator is denoted by
(G, D(@G)). For further information concerning this approach we refer to [14, 15,
16, 17, 18, 19, 21, 22, 23] and the references therein.

Denote by L{2.(I,Ls(X)) the space of a.e. defined, strongly measurable,
operator—valued functions B(-) (i.e., B(+)x is strongly measurable for all z € X)
such that B(-) is essentially bounded on compact intervals in I C IR. Further,
let L>(I,Ls(X)) be the subspace of a.e. defined, essentially bounded functions
B(:). We stress that the operators B(t) are defined for ¢ € I \ N, where the
null set NV only depends on B(:). Observe that B(-) € L*(I,Ls(X)) induces a
bounded multiplication operator B on E by setting Bf := B(-)f(-), f € E, and
I1BIl < ||B(+)|loo - With x4 we denote the characteristic function of a set A.

We now obtain a result on bounded perturbations of evolution families by
means of standard perturbation theory for Cy—semigroups applied to the evolution
semigroup 7 on E. Perturbations by strongly continuous B(-) were studied in
[15] and [17] with the same approach. Other versions of Theorem 2.1 based on
the Dyson—Phillips expansion are contained in [7, Ch. 2,9].

Theorem 2.1. Let U = (U(t,5))s)ep be a strongly continuous evolution family
on a Banach space X. Let B(-) € LS.(1,Ls(X)). Then there is a strongly

loc
continuous evolution family Ug = (Up(t, s))wsjep on X satisfying

Up(t,s)e = Ult,s)z+ /:U(t,T)B(T)UB(T,s)xdT, (2.2)

Up(t,s)e = U(t,s)z+ /:UB<t,T)B(T)U(T,s)xdT (2.3)
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forx € X and (t,s) € D. Moreover, if V = (V(t,5))us)ep is a family of bounded
operators which is strongly continuous with respect to t and satisfies (2.2), then

V:Z/{B.

Proof. Set [, := I N[—n,n| and let B,(-) := x1, B(-), n € IN. We consider the
bounded, strongly continuous evolution family ¢,, with index set D as defined in
(2.1). Let 7, be the associated evolution semigroup on F = L'(IR, X') with gen-
erator (G, D(G,)). As observed above, B, (-) induces a bounded multiplication
operator B, on E. Thus by [20], Thm. 3.1.1, Prop. 3.1.2, the perturbed operator
Gn = G, + B, with domain D(G,, 5) = D(G,,) generates a Cy—semigroup 7,, 5
on F satisfying

Tut)f = TS+ [ T(t = )BTy p(7) £ dr, (2.4)
T.5(t)f = T,(t)f+ /Ot T 5(t —7)B,T,(7)f dr (2.5)

for f € E and t > 0. From [21, Thm. 3.4] it follows that 7, 5 is an evolution
semigroup induced by a strongly continuous evolution family U, p on X. Using
[18, Thm. 4.2] we derive from (2.4) and (2.5)

Unp(t,s)x = U(t,s)l’—i-/:U(t,T)B(T)UmB(T,S)ZL'dT, (2.6)
Unp(t,s)x = Ult, s)m+/: Unp(t, 7)B(T)U(T, s)z dr, (2.7)

respectively, for z € X and (t,s) € D with t,s € [-n, n]. A standard application
of Gronwall’s inequality shows that Ug(t,s) := U, g(t,s) for (t,s) € D; with
t,s € [-n,n] is a (well-defined) strongly continuous evolution family U which
satisfies the assertions. 0

We now apply the above result to the following situation. Consider X = L?(f2)
for a o—finite measure space (£, ) and 1 < p < oco. Assume that the evolution
family U on X is positive, that is, U(t,s)x > 0 for (t,s) € D and 0 < z € X.
Let V€ L*>(I x Q). Then the function V (¢,-) : £ — V(¢,€) is measurable and
bounded for a.e. t € I. So V' induces bounded multiplication operators V() on
X with ||[V(#)]] <||V||eo for a.e. t € 1.

Lemma 2.2. Let V € L>®(I x Q) and X = LP(Q), 1 < p < co. Then V(-) €
L>(1,Ly(X)).

Proof. By the preceeding observations we only have to show that t — V(¢)z is
strongly measurable for x € X. There exist uniformly bounded, simple functions
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V,, converging to V pointwise a.e. as n — oo. Hence, for a.e. t € I we have
Va(t,-) — V(t,-) pointwise a.e.. By the dominated convergence theorem V,,(¢)z
converges to V(t)x in X as n — oo for a.e. t € I and each z € X. Moreover, it is
easily seen that the mapping ¢ — V,,(t)x is strongly measurable. This yields the
assertion. O

Proposition 2.3. Let U = (U(t,s))ws)ep be a strongly continuous evolution
family on X = LP(Q), 1 < p < co. Let V € L>®(I x Q). Then the following
assertions hold:

(a) There is a strongly continuous evolution family Uy = (Uy(t,5))t.s)ep on X
satisfying

t
Uy(t,s)r = U(t,s)x—/ U(t, )V (r)Uy(r,s)xdr, (2.8)
t
Uy(t,s)e = U(t,s)a — / Uy (£, 7)V (1)U (7, s)z dr (2.9)
forz € X and (t,s) € D. Moreover, Uy is uniquely determined by (2.8).

(b) If V, € L>®(I x Q) with |Va]lee < C and V,, — V' pointwise a.e., then
Uy, (t,s) converges strongly to Uy (t,s) as n — oo for each (t,s) € D.

(¢) IfU is positive and 0 <V <V for Ve L®(I x Q), then
0 < e MWl (¢ s) <Uy(t,s) < Up(t,s) < Ult,s) (2.10)
for (t,s) € D.

Proof. Assertion (a) follows from Lemma 2.2 and Theorem 2.1. Let V,, be as in
(b). As in the proof of Lemma 2.2 one shows that for a.e. t € I the multiplication
operators V,,(t) converge strongly to V'(t) as n — oo. Fix (t,s) € D and z € X.
Then (2.8) yields

Uy(t,s)x — Uy, (t,s)z = /St Ut,7)(Vo(r) = V(7))Uy (T, s)x dr
_ / Ut )V (r) (U (7, 8)2 — U (7, 5)2) dr-

The first integral tends to 0 as n — oo due to Lebesgue’s theorem. Hence, for
each € > 0 there is an N, € IN such that

t
Uy (t,s)x — Uy, (t,s)x|| <e+ CM/ WUy (7, s)x — Uy, (7, s)x|| dr



for n > N, where M := sup;>.~, [|U(t, 7)||. So Gronwall’s inequality implies (b).
We consider the bounded, strongly continuous evolution family U, with in-
dex set DR as defined in (2.1). Due to (a) there exists a perturbed evolution
family (U,)yv. Let 7, resp. (7,)v, be the associated evolution semigroup on
E = L'(IR, X). Since V induces a bounded operator on E, the Trotter product
formula, [20, Cor. 3.5.5], yields
(Tv(t)f = lim (T, (L) =")" f

m—00

for f € E. For 0 < V <V and positive U we derive
0 < e WVl T () < (o) (t) < (Tn)p (1) < Tu(t). (2.11)

Observe that U,(t,s) = U(t,s) and (Uy,)v(t,s) = Uy(t,s) for (t,s) € D with
t,s € [-n,n]. Thus due to the strong continuity of U, Uy, Uy, assertion (c)
follows from (2.11). O

3 Absorption evolution families

We now consider a positive, strongly continuous evolution family U =
(U(t,5))@sep on X = LP(Q), 1 < p < oo, and a positive, measurable func-
tion V:IxQ —1R. Set VW :=nll AV, n € N, where 1 denotes the constant
function 1. Then 0 < V™ € L>°(I x Q) and V™ 1 V. Let U, be the evolution
family corresponding to & and V™ as obtained in Proposition 2.3. By (2.10)
we have 0 < U,(t,s)z < Upny(t,s)r < U(t,s)z for n > m, 0 < z € X, and
(t,s) € D. Therefore we can define a bounded operator Uy (¢, s) on X by setting
Uy (t,s)z := lim, o Uy,(t,s)z, (t,s) € D. We first collect several properties of
the family Uy = (Uy (¢, 9)).s)eD -

Lemma 3.1. Let U be a positive, strongly continuous evolution family on X =
LP(Q), 1 < p < oo, andlet V,V : I xQ — TR be measurable such that0 <V < V.
Define Uy on X as above. Then the following assertions hold:

(a) 0 < Uy(t,s) < Up(t,s) <Ul(t,s) for (t,s) € D.

(b) Uy is a strongly measurable evolution family on X, i.e., the mapping
(t,s) — Uy(t, s)x is strongly measurable for each x € X.

(c) If V, : I x Q — IR is measurable such that 0 < V,, <V and V,, —» V
pointwise a.e. as n — 00, then Uy, (t,s) converges strongly to Uy(t,s) for
(t,s) € D.



Proof. Assertion (a) is clear from the definition and (2.10). Since U, is a strongly
continuous evolution family, assertion (b) follows from the strong convergence of
Un(t,s) to Uy(t,s) as n — oo. Consider V, as in (c). Let V™ = mI AV and
VM = mlI AV, for n,m € IN. We have 0 < V(™ < V™ ¢ [*(] x Q) and
Vn(m) — V™ pointwise a.e. as n — oo. Hence, by Proposition 2.3(b) the operator
Uy m) (t,s) converges strongly to U, (t,s) as n — oo for (¢,s) € D. On the other
hand, V(™ <V, yields Uy, (t,s) < Uym (¢, s) for n,m € IN and (t,s) € D. Thus

Uy(t,s)x < lim inf Uy, (t,s)x <limsup Uy, (t,s)z < Jim Uy om) (t,s)r = Upn(t,s)z

n—oo

for0 <z e X, (t,s) € D, and m € IN. Now (c) follows by letting m — oco. U

As a consequence, the evolution family Uy, depends only on &/ and V' and not on
a particular approximating sequence (V,,) (satisfying 0 < V,, < V). The following
definition generalizes Voigt’s notion of an absorption semigroup (if V' > 0), see
[24], [25].

Definition 3.2. Let 0 <V : IxQ — IR be measurable and letU = (U(t, s))w,s)ep
be a positive, strongly continuous evolution family on X = LP(Q2), 1 < p < co.
Then the evolution family Uy on X as defined above is called the absorption
evolution family corresponding to U and V.

We stress that in general Uy is not strongly continuous and there may exist
(t,s) € D such that (2.8) fails. For instance, consider X = C, I =R, U(t,s) =
1, and V(t) = 1, yielding Uy (t,s) = exp(— [; V(7)dr), t > s > 0, see also [25,
Ex. 4.1]. However, in a more specific situation we can show strong continuity and
variation of constants formulas for Uy, .

For the next result we recall that a subspace Y of X = LP(£) is called an ideal
in XifreX,0<yeVY,and |z| <y imply x € Y. Further, we refer to [9,
pp.52] for the definition of the Pettis—integral. If V' : I x Q@ — C is measurable
we denote by (V(t), D(V(t))), t € I, the induced multiplication operators on X
with maximal domain.

Theorem 3.3. Let U = (U(t,5))ws)ep be a positive, strongly continuous evolu-
tion family on X = LP(Q), 1 < p < o0, and let V : I x Q — TR be positive and
measurable. Consider a dense ideal Y in X.

(a) Assume that for s € I and a.e. t € I with t > s we have U(t,s)Y C
D(V(t)), and

fory €Y and [c,d) C D thereis 1 € L'[c,d] with |[V()U(,8)yll, < v
(3.1)



on [s,d] for all s € [c,d]. Then, Uy(t,s)Y C D(V(t)) for s € I and a.e.
I 5t > s and Uy satisfies (2.8) and (2.9) for (t,s) € D and x € Y.
In addition, suppose that the mapping s — V()U(t,s)y is continuous for
yeY,ae tel, and s € (—oo,t)N 1. Then Uy is strongly continuous.

(b) Assume U(t,s)X C D(V(t)) for s € I and a.e. t € I with t > s and
that (3.1) holds. Then Uy is strongly contiuous. Moreover, Uy (t,s)X C
D(V(t)) fors e I and a.e. I 5t > s, and (2.8) and (2.9) hold for (t,s) € D
and x € X, where the integrals are Pettis-integrals if p > 1.

Proof. (a): From 0 < Uy (t,s) < U(t,s) it follows that Uy (t,s)Y C D(V(t))
for s € I and a.e. I 5t > s. Consider the absorption evolution family U,
corresponding to V™ = nlI AV, n € IN. Using the dominated convergence
theorem, we derive

lim V() U, (L, s)y = V() Uy (t, s)y (3.2)

n—oo

foryeY,sel, and a.e. [ 5t > s. Further, by Proposition 2.3 we have
Unt,s)y = Ult,s)y — /:U(t,T)V(n)(T)Un(T, s)ydr, (3.3)
Unt.s)y = Ultshy— [ ULt VO (DU (7, 8)y dr (3.4)
For y € Y and (¢,s) € D we set

falr) = UV U, 8)y,  f(r) = Ut,7)V(r)Uv(7,5)y,
gn(T) = Unlt,)VO(D)U(T,8)y, g(r) = Uy(t,))V(T)U(7,5)y

for a.e. 7 € (s,t] and n € IN. Then (3.1) yields || f.(:)[lp; [[gn()|l, < ¢ for a
function ¢ € L'[s, t]. Further, by (3.2) we obtain f,,(7) — f(7) and g,(7) — g(7)
in X for a.e. 7 € (s,t]. Consequently, for y € Y equations (2.8) and (2.9) follow
from (3.3) and (3.4), respectively, due to Lebesgue’s theorem.

To prove strong continuity of Uy it suffices to show that D > (¢,s) —
Uy(t,s)y € X is continuous for y € Y. By (3.1) and the strong continuity

of U we see that the mapping
t
£ / Ut, 7V (r)Up(r,s)ydr € X,  t>s,

is continuous for each s € I. Thus (2.8) implies that ¢t — Uy (¢,s) is strongly
continuous for t > s. Because of (2.9) it remains to show the continuity of the
mapping
t
o (1,5) H/ Uy (t, )V (1)U (7, s)y dr € X.

8



By (3.1) this is clear at points (tg,%p). So let ¢ > s. By the assumption and the
strong continuity of Uy (-, s), the mapping D > (t,s) — Uy(t,7)V(T)U(T, s)y is
continuous for a.e. 7 € (s,t). Then we can derive the continuity of ® by using
(3.1).

(b): From the assumption we infer that Uy (t,s)X C D(V(t)) for s € I and a.e.
I>t>s. Thus, V(t)U(t,s) and V(t)Uy(t, s) are everywhere defined and hence
bounded for s € [ and a.e. I 3t > s. Since V(t)U(t,s) = V()U(t,r)U(r,s)
for t > r > s this implies strong continuity of s — V(¢)U(t, s) and, due to (a),
the first assertion in (b) follows. Further, for 0 < z € X there is an increasing
sequence (y,) C Y, converging to xz. By (a) we have

U(t, s)gn — Uy (t, $)yn = /tU@,T)V(T)UV(T,s)yndT: /h ) dr(3.5)

U(t, 8)yn — Uy (L, 8)yn = /:Uv(t,T)V(T)U(T,5>yndT — /k: () dr (3.6)

S

for (t,s) € D. Then h,(7) and k,(7) converge in X monotonically to h(7) :=
U(t, )V(1)Uy (T, s)x and k() := Uy (t, 7)V(7)U(T, )z, respectively, for a.e. 7 €
(s,t]. In particular, h and k are strongly measurable. Moreover, let 0 < 2’ €
X'. The positive functions (h,(-),z") and (k,(-),2’) converge monotonically to
(h(-),z) and (k(-),z’) as n — oo, respectively. On the other hand,

/ hp(T)dr — U(t,s)x — Uy(t,s)xr and / kn(T)dr — Ul(t,s)x — Uy (t,s)x

in X by (3.5) and (3.6), respectively. By the monotone convergence theorem we
obtain that (h(-),z’) and (k(-),2’) are integrable and

(U(t,s)r — Uy(t,s)z,z"y = /:(/1(7'), Z')ydr = /:(k;(T), 2’y dr.

If p =1 we can choose 2/ = 1. Since ||z|; = (2, 1) for each 0 < 2z € L*(Q),
the functions h and k are Bochner integrable, and (2.8) and (2.9) hold for each
r € L'(Q) with Bochner integrals. For 1 < p < oo the functions h and k are
Pettis integrable, and (2.8) and (2.9) hold for each z € LP(Q2), 1 < p < oo, where
the integrals are Pettis integrals. ]

Corollary 3.4. Let U be a positive, strongly continuous evolution family on X =
LP(Q), 1 < p <oo. Let 0 <V e LL.(I,L>®()). Then the conclusions of
Theorem 3.3 hold for Y = X.

In order to obtain further sufficient conditions for (3.1) we now introduce the
concept of a Gaussian estimate. Let  be an open subset of IRY. We identify
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X = LP(Q) with a subspace of LP(IRY) by extending functions by 0. Consider
the semigroup (e');50 generated by the Laplacian on LP(IRY), 1 < p < co. It is
known that e’*z = K, * x, where K,(£) = (4mt)~N/? exp(—%)7 t>0,¢eRY, s
the Gaussian kernel. A positive evolution family U = (U(t, s)),s)ep on X is said
to satisfy an upper Gaussian estimate if there are constants M, a > 0 such that

0<U(t,s)x < Melt=9)2g

for 0 < x € LP(Q). In Section 5 we consider examples for evolution families
satisfying an upper Gaussian estimate. We now easily derive the following result.

Corollary 3.5. Let Q C IRY be open and let X = LP(Q), 1 < p < oo. Let
U be a positive, strongly continuous evolution family on X satisfying an upper
Gaussian estimate. Let V =V, 4+ Vo + V3, where 0 <V € L}, (I,X), 0 < V5 €
Li (I, L)), 0 < V3 e L®(I x Q). Then the conclusions of Theorem 3.3 hold

loc

forY = X N L>®(Q).

Proof. Observe that the Gaussian estimate and Young’s inequality yield
\U(t,s)x] < MKqq—g * |z| € Y C D(V(t)) for t > s and z € X. In partic-
ular, [|U(t, s)yllec < Mly||e and

IV@OUE s)yll, < MVl [ylloe + [1V2(E)lso Wllp + [[Valloo 1yll)

foryeY =XNL*®Q) and (¢,s) € D. O

The assumptions of part (a) and (b) of Theorem 3.3 can be checked for a much
larger class of potentials V. For simplicity we concentrate on the case = IRV,
By A we denote the Lebesgue measure on IRY. We set £,(€) := el

Corollary 3.6. Let X = LP(RY), 1 < p < oo. Let U be a positive, strongly
continuous evolution family on X satisfying an upper Gaussian estimate. Let
0<V LI, LP(IRY, e, \) for all > 0. Then the conclusions of Theorem 3.3

loc

(a) and (b) hold for Y = {y € L*(R") : y has compact support}.

Proof. Fix y € Y and d > 0. Consider ¢t,s € I with d >t —s > 0. Set
K := suppy. Choose a ball B of radius r such that dist(¢, K) > 1 for £ ¢ B.
Further, observe that the Gaussian kernel K, satisfies

N
2

Km—(g) S 2 67% KQaT(g) (37>

for a > 0, 7 > 0, and |¢| > 1. Then, by using the Gaussian estimate and (3.7)
we compute

IV@OUE, s)yll
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< M [ Ve ([ Kue o€ —nlyldn) de

< Myl ([ vieerds+ [ vieereFe i ([ Kuwg€-ndn) i)
< Myl (l mB)+A<K>p<4m<t—s>>-%‘m [ Vi epe e
< (VO + [, VEore 5 &)

< G (IVOnm + [V —af""ds)

< GV, g

for a.e. ¢t and constants C, o > 0 depending on y and d. This establishes (3.1).

Next, notice that for each sequence (s,) C [ with s, < t and s, — s
there is a subsequence (s, ) such that V(¢)U(t, sy, )y converges to V(¢)U(t,s)y
pointwise a.e.. Hence, by Lebesgue’s theorem, for showing the continuity of
s — V(t)U(t, s)y it suffices to find z € X such that

z€ D(V(t)) forae. tel and |U(t,r)y| <z for 0<t—r<2d. (3.8)

Clearly, by the Gaussian estimate we have |U(t,7)y| (&) < M||y|l« for &€ € RY.
Moreover, for £ ¢ B we infer from (3.7) that

N 1
U €) < M2% ylae 0 [ Kaupy(€ —m)d
l¢=n)?

N _N __1 _
< M2¥ |yl Ban(t — )" F e w0 / e~ d
K

_Ugl=n)?
< Oyl AU e 100 =2 p(€)
for some constant C' > 0. Setting z(§) := M|yl for € € B and z(§) := (&) for
¢ ¢ B yields (3.8) for a.e. t € I. O

4 Exponential stability

In this section we assume that I is unbounded, Q = IR, and U is positive. If
U satisfies an upper Gaussian estimate, then the absorption evolution family Uy,
is uniformly bounded since 0 < Uy (t,s) < U(t,s). So the question arises under
which conditions on V' the evolution family Uy is exponentially stable. For this
we introduce the following notion. Let B(&,r) := {n € RN : |¢ —n| < r}.

11
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Definition 4.1. Let 0 <V € L}, .(I x RY) and t > 0. We say that V belongs

loc
to the class & if there are constants ¢,r > 0 such that

s+t
/ /( )V(Tﬂl)d??dTZc forall sel, ¢ RN (4.1)
s B(&,r

This definition generalizes a concept introduced by W. Arendt and C.J.K. Batty
for time independent potentials and by D. Daners and P. Koch—Medina for time
periodic potentials; see [3, Prop. 1.4] and [§].

We begin with some preparations. We first give a sufficient condition for (4.1).

Lemma 4.2. Let 0 <V € L} (I x RY). Let ¢,r,t > 0 and m > 0 be constants

such that ot
V(r,n)dndr > c
/s /B(m (1,m) dn

fors eI and € € RN\ A, where A, CTRY is measurable and M\(A,) < m. Then
Veg&.

Proof. Without loss of generality let m > 0. Set ry := 7+ (2m)~¥ A(B(0,1))"~.
Fix ¢ € RY and s € I. Then there is a vector £(s) € R \ A, with |[¢ — £(s)] <
ry — 1. (Otherwise, B(§,m —r) C A, and hence m > A(A;) > 2m, which is a
contradiction.) Thus

s+t s+t
/ / V(r,n)dndr > / / V(r,n)dndr > c.
s B(&,r1) s B(&(s),r)

So (4.1) is satisfied with constants t, ¢,r; > 0. O

The following characterization of exponential stability of an evolution family
can easily be shown by using that ||T|| = ||T'1||o for 0 < T € L(L*(Q)), where
Il denotes the constant function 1.

Lemma 4.3. Let U be a positive, exponentially bounded evolution family on
LY (). Then U is exponentially stable if and only if there are constants to > 0
and § < 1 such that U(s + to,s)'T < 61 for all s € I. In this case, § > 0 can be
chosen arbitrarily small.

A positive evolution family ¢ on LP(IRY) is said to satisfy a lower Gaussian
estimate if there are constants M, a > 0 such that

Ult,s) > M =94

for (t,s) € D. For p = 1 this implies U(t,s)'l > M. Moreover, U is called
submarkovian if p =1 and U(t, s)'l < 1 for (¢,s) € D. Further, we use the space

12



Li,..(I xIRY) of uniformly locally integrable functions f endowed with the norm
s+1
Flhoea = sup [ [ () ddr.
sel ¢cRN

Notice that a different choice of constants in the integrals, say t,r > 0 instead of
1, yields an equivalent norm.

In Theorem 4.4 and 4.6 we present for X = L'(IR") necessary and sufficient
conditions on ¢ and V such that the absorption evolution family i, is exponen-
tially stable. The case X = LP(IRY) is considered afterwards.

Theorem 4.4. Let U be a submarkovian, strongly continuous evolution fam-
ily on X = LY(IRY) satisfying a lower Gaussian estimate. Let 0 < V €
1

L
Le(I x RN), . IfV € & for some t > 0, then Uy is exponentially stable.

Proof. (i) Let V € &, satisfy the above assumptions, where ¢ > 0 is fixed. Then
there are functions 0 < V,, € L=(I x R") converging to V in Lipe.u(I x IRY). Set
Vo=V, AV. Choose ¢,r > 0 as in (4.1). Then

s+t s+t
/ / (r,n)dndr > c—/ /(E )(V(T,n)—Vn(T,n))dndT
s B(&,r
> C_OHV_VTLHZOC,?L)

where C only depends on t and r. Hence, V,, € & for n large enough. We also
have 0 < Uy(t,s) < Uy, (t,s) by Lemma 3.1. As a consequence, it suffices to
consider 0 < V € L*(I x ]RN).

(ii) Now let 0 < V € L*(I x RY). Choose t, > t. By assumption, 1T >
U(t,s)l > M for (t,s) € D. So we derive from (2.9), (2.10), and the lower
Gaussian estimate that

s+t
(x,Uy(s+tg,s)M)y = (x,U(s+ty,s)T) — / O(a:, U(r,s)V(T)Uy(s + to, 7)) dr
- s+t
< (2, 1) — Me oVl / e, Ur, s)'V ()T dr
- s+t ~
< (1) — M2e oIVl / ", ATV ()T dr

for s € [ and 0 < x € X. Also by Fubini’s theorem,
s+to N s+to

[ e vemar = [T (o) [ Koo - mVi(n) dg) dydr
s R

= (o[ Kawole =V n e dedr)

13



Set € := a(to —t) > 0 and choose r > 0 as in (4.1). Then (4.1) yields

[ K=V (n g dedr > /5”0 L., Ko l& =V (7.9 de dr

+to—t
(47rat0)N/2 e =i che,
for s € I and a.e. n € R". Altogether we obtain
(2, Uy (s + to,s)'T) < (1 — che, M2elWVle) (g 1) (4.2)

for all 0 < 2 € LYRY). Hence, Uy(s + to,s)T < 61 for § = 1 —
ke M?e WVl < 1 and s € I. Thus the assertion follows from Lemma 4.3.
O

Remark 4.5 (a) Theorem 4.4 is false if we only require 0 <V € StﬂL}Ow([ X
RY). An example is given in [3], p. 1019, where V(t) = Vy and U(t,s) =
e(t—s)A'

(b) Let V.= Vi + Vo + V3 + Vy, where 0 < Vi € LYI,LYIRY)), 0 <
Vo € LMI,L®(RM)), 0 < V3 € L¥(I x RY), and 0 < V; € {f €
LI, LY(RM)) : f(r,-) = f(r +T,-) for some T > 0}. Consider Vk =
nIA Ve € L% x RY) for k = 1,2,3,4. Then 0 < V,, := Y4 v
converges to V in Li,, (I x RY).

Proof of (b). It suffices to show Vk(n) — Vi in L, for k = 1,2,3,4. This is
clear for Vi and V. Further, for s € I and ¢ € RY

s+1
/ / B(e.1) Vv2 T 7] V (7’ n))dndT < )\( 0 1 /“‘/2 ) ‘/2(71)(7_,.)”006&_'

For a.e. 7 the integrand on the right—hand side equals 0 for n large enough. So
by the dominated convergence theorem the right—-hand side converges to 0 as
n — oco. Finally, for s € I and ¢ € RY

st (n)
[T i = VO dndr < [T Vi) < VIO

Since for a.e. 7 we have V4(n)(7, n) — Vi(r,n) for a.e. n € RY, the integrand on
the right-hand side tends to 0 as n — oo for a.e. 7. By Lebesgue’s theorem the
claim follows. O

14



Theorem 4.6. Let U be a positive, strongly continuous evolution family on X =
LY(IRY) satisfying an upper Gaussian estimate. Assume that there is a constant
d > 0 such that U(t,s)'l > dlI, (t,s) € D. Let V = Vi + Vo + V3, where
0< Wi € Ly (I, LY(IRY)), 0 < Vo € LY(I, L*(IRY)), and 0 < V3 € L¥(I xIRY).
Then exponential stability of Uy implies V € & for some t > 0.

Proof. By Lemma 4.3 there are constants ¢ > 0, 0 < 0 < d such that Uy (s +
t,s)T < 6l for s € I. Fix s € [ and 0 < z € X N L=(IRY). By Corollary 3.5
equation (2.9) holds. Then the assumptions yield

oz, I) > (z,Uy(s+t,s)T)
= (z,U(s+t,s)T) — /:+ (V(nU(r, )z, Uy (t + s, 7)) dr

s+t
> e, )= M2 [ V()5 ) dr. (43)
Since 0 < o € L' N L*>, Fubini’s theorem implies
s+t
/ (V(1)etm=9%2 1) dr
’ s+t
= [T V) [ K&~ maln) dnde dr
s R R
s+t
= /]RN = (1) < / /]RN Kot (& =)V (7,€) d€ d7> dn. (4.4)

From (4.3) and (4.4) we infer

[ K&~ mVir e dedr = C20 (45)
s RN alr=) g , - M? .

for s € I and a.e. n € RY. On the other hand we have

s+t ~
< [T M@ hdr <l = C,

loc,u

[ Ko le = Wilre) dedr

where C' does not depend on s. Thus the measure of the set

A= "ERN:/SH/ Kairo(& = mVi(r &) de dr = 2=0
3 s Sy ’ = 202
is bounded by m := 25 for all s € 1. We set Ve := Vo + Vs. Then (4.5) implies
s+t d B 6
/s v Kalr—s) (€ = MVaolr,§) de dr > -7

for s € I and n € R \ A,. Moreover,
s+e s+e
[ Eaeo € = Va(r @) dgdr < [T (1V() e + Vi) dr

15



for € > 0. By assumption the integral on the right—hand side tends to 0 as ¢ — 0
uniformly in s € I. So we can fix € € (0,¢) such that

s+t d—
| fos o€ = )Vaelm € d dr = T

for s € I and n € RN \ A,. We further compute

d—6 s
o < Lo L Koo = )Vaelr. ) dedr

/s+t/ [ Kor—s)(§ = n)Vioo(7,§) dE dT
g [ L vt
/S+t/ B “al V(= £>d£dr>

s+t
L ( L, vetr o dcar

s+t
+ [Vl + Vall)dr [
s B(0,r)°

o~ 1az 17 df)

for s € I, r > 0, and a.e. n € R \ A,. Thus we can fix a small constant ¢ > 0
and choose r > 0 such that

s+t
/ / o(T,m)dndr > ¢
{7’

for each s € I and a.e. £ € R \ A, where \(A,) < m. Therefore Lemma 4.2
yields V,, € &, and hence V' € &,. O

Notice that potentials V' as considered in Remark 4.5(b) satisfy the assumptions
of Theorem 4.4 and 4.6. As a consequence, the next result follows immediately.

Corollary 4.7. Let V' > 0 be as in Remark 4.5(b). Let U be a submarkovian,
strongly continuous evolution family on L'(IRYN) satisfying an upper and a lower
Gaussian estimate. Then Uy is exponentially stable if and only if V€ & for
some t > 0.

The case X = LP(IRY) is treated by means of the Riesz Thorin interpolation

theorem and the following lemma whose proof relies on an argument due to W.
Arendt, cf. [1, p.1160].
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Lemma 4.8. LetU = (U(t,5))ws)ep be a positive, strongly continuous evolution
family on LP(2), 1 < p < oo, where 2 C RY is open. Assume thatU satisfies an
upper Gaussian estimate. Then for each 1 < r < oo there exists a unique strongly
continuous evolution family U, on L" () which coincides withU on LP(2)NL"(£2).

Proof. Due to the upper Gaussian estimate the restriction of U(t, s), (¢,s) € D,
to LP(2) N L™(2) has a unique bounded extension U, (t,s) to L"(2), 1 <r < oco.
Clearly, U, is a bounded evolution family. For proving strong continuity of U,
it is enough to consider x € LP(Q) N L"(2). So let D > (t,,s,) — (t,s) € D
and set y, := U(t,, sp)x and 2, := M Ky, —s,) * |z|. Observe that it suffices to
show that every subsequence of (y,) has a subsequence which converges in L" to
y = U(t,s)x. Since y, — y in LP we see by passing to a subsequence that y, — y
pointwise a.e.. Taking another subsequence we obtain that ||z, — z,_1]|, < 27"
Let w := Y5520 — 2u—1] + |21]. Then w € L"(IRY). Further, |y,| < 2, < w.
Hence, Lebesgue’s theorem implies 4, — v in L". O

1

Corollary 4.9. Assume 0 < V € L>®(I x IRN)JFLZOC’“. Let U = (U(t,s))ws)ep
be a strongly continuous evolution family on LP(RY), 1 < p < oo, satisfying an
upper and a lower Gaussian estimate. Assume that the induced evolution family
Uy on LNRYN) is submarkovian. If V € & for some t > 0, then the absorption
evolution family Uy on LP(IR™) is exponentially stable.

Proof. By Lemma 4.8 U induces a strongly continuous evolution family i, on
LT(]RN ), 1 < r < oo, satisfying an upper and a lower Gaussian estimate. By
Lemma 3.1 there exists a bounded absorption evolution family U, on L"(IRY).
Choose r € (p,00). By interpolation of Uy v (t, s) and U, v (t,s) we obtain opera-
tors W(t,s) : LP(RY) — LP(IRY), (t,s) € D, which are exponentially stable due
to Theorem 4.4. It remains to show that W (t,s) = U, v (t,s) for (t,s) € D. As
in the proof of Theorem 4.4, it suffices to consider V € L*(I x IR"). Then the
evolution family Uy, 1 < r < oo, is strongly continuous and satisfies (2.8) by
Proposition 2.3. By interpolation, W is strongly continuous and satisfies (2.8),
too. Consequently, Proposition 2.3 implies U,y (t,s) = W (t, s). 0

Remark 4.10 (a) The method of the proofs of Theorem 4.4 and 4.6 also works
for X = BUC(IR™) and potentials V as considered in Theorem 4.4 and 4.6
provided that analogues of the results of Section 2 and 3 can be established,

see [23, §4.5].

(b) In the case of U(t,s) = e~ X = LP(RY), and time independent po-
tentials V (t) = Vi the above characterization was shown by W. Arendt and
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C.J.K. Batty for 0 < Vy € LY(IR™) 4+ L*(IRY) in [3, Thm. 1.2]. For arbi-
trary measurable Vy > 0 similar results of probabilistic nature can be found
in [2], [6]. The characterization was extended by D. Daners and P. Koch
Medina, [8, Thm. 5.1], to the time periodic case for X = BUC(IRY) or
LYIR™). In [12] a generalization to certain periodic evolution families sat-
isfying Gaussian estimates was given. We have used several ideas from

[8].

(c) If U(t,s) = e=92 and V(t) = Vo € L' + L™, then in Corollary 4.9 the
converse also holds, see [2]. We do not know if this is true in the non-
autonomous situation, cf. [8], Remark 5.2.

5 Applications

In this section we study the initial value problem

Dy U(t,g) = Z{C\{lzl Dy, (akl(t7§>Dlu<t7§)) - V(t7§)u(t7§)a

u(s,§) = x(§), t>=s>0, (R,
where 2 € L®(IRY) and D, = 9/0t, D, = 0/0¢, in the sense of distribu-
tions. We further assume ay € L®(IRy x RY,R) for k,l = 1,---,N and
Z,lezl ap(t, Emem > pn|? for n,& € RN, ¢t > 0, and a constant p > 0. For
V = 0 it is known that there is a unique bounded weak solution u of (5.1) (see

(5.1)

e.g. [10] for a definition) which is given by
ut,©) = [ k(s Emadn, £€Q, 1>, (52)

where k : Q = {(t,5,£,7) € RZ x R*™ : t > s} — R is measurable. The kernel
k is called weak fundamental solution. There are constants M, a, M.a > 0 such
that

M K& —n) < k(t,5,6,1) < M Ky (€ — 1) (5.3)
for t > s and a.e. £,7 € RY, where K, t > 0, is the Gaussian kernel. Moreover,
k is Holder continuous uniformly on compact subsets of (), and we have

k(t,s,&n) = /Qk(t,r,f,C)k:(T,s,C,n)dQ and (5.4)

/Nk(t,s,f,n)dn = 1 (5.5)
R

on (). These properties were established by S.D. Eidel’'man and F.O. Porper in
[10, Ch. 5]. (For further results see the paper [5] by D.G. Aronson, the mono-
graphs [11], [13], and the references therein.) We now define

Ult,s)x ::/Qk(t,s,-,n)x(n) dn

18



fort >s>0andz € X = LP(IRY), 1 < p < co. Further, we set U(s, s) := Id for
s > 0. Using the above mentioned properties of k£ we can check the assumptions
on the evolution family U/ we have made in the preceding sections. For X =

BUC(IRY) a similar result can be found in [12].

Lemma 5.1. The above defined family U = (U(t, s))i>s>0 S a positive, strongly
continuous evolution family on X = LP(RN), 1 < p < co. Moreover, U satisfies
an upper and a lower Gaussian estimate and is submarkovian on L'(IRY).

Proof. Since k is measurable and satisfies (5.3), U(t, s) is a bounded operator
on X. By (5.4) and (5.3) U is an evolution family satisfying an upper and a lower
Gaussian estimate. Observe that the weak fundamental solution of the adjoint
problem, cf. [5, p.621], is given by k;(t s,&,m) = k(s,t,n,§) for 0 < t < s and
¢,n € RY, [5, Thm. 10]. Moreover, k satisfies (5.5). Hence, U is (sub-)markovian
on Ll(lRN).

It remains to prove strong continuity of U4. Since U is uniformly bounded, it
suffices to consider 2 € C,(RY). So fix z € C.(IRY) and let (¢,s') — (t,s) in
Dr iy
proof of Corollary 3.6, due to the upper Gaussian estimate there exists y € X
such that |U(t,s")z| <y for 0 < ¢ — s < ¢. Consequently, by the dominated
convergence theorem, we have to show that

We may assume that 0 < ¢t — s, — s’ < ¢ for a constant ¢. As in the

Ut sz (&) = U(t,s)x (§) for ¢ € RY. (5.6)

So let & € RY. At first, consider ¢ > s. We can fix constants d, ¢ > 0 such that
¢ <t—s,t'—s < cand [{| < d. Since k is Holder continuous uniformly in
Q1 ={({t,s,(,n)e@Q:¢c<t—st —s <c¢ || <d nesuppz}, there are
constants C' > 0 and 0 < a < 1 depending on (); such that

UL, s)x (&) — U, s )z (€]

IN

lolloo [ VR(E s €m) = b, S, € m)] d
supp =

< COllzflo A(supp ) (|t = ']" + |5 — '|%). (5.7)
In the case (t,s') — (s,s) we may assume t’ > s’. For a given ¢ > 0, choose

d > 0 such that | —n| < § implies |z(§) — z(n)| < e. Observe that the Gaussian
kernel K, satisfies

52

e_m KQa(t/fS/) (6 - 17)

for ' > s and | —n| > 6 > 0. Then by (5.5) and (5.3) we obtain that

N
2

Kaw—o)(€ =) <2

U ) =2 = | [ kS Em ) - 2(©) dy
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< M Eaean (€ = m)la(n) — ()| dy
< M+ 2MH;1:||OO/ Kaw—s(€ —n)dy
|E—n[>o
< eM 4 2M||z] o 2% eiﬁ:’) /]RN Koawr—sy(§ —m) dn
= 5M+2M||x||002%e‘ﬁ3«>. (5.8)
Now (5.7) and (5.8) yield (5.6). O

A measurable function u : [s,00) x RY — C is called a mild solution of (5.1) if

u(t§) = [ Krematydn— [ [k r eV numn)didr (5.9

holds for a.e. (¢,£). Thanks to Lemma 5.1 we can derive from Corollary 3.6
the existence of a mild solution of (5.1). Moreover, by Corollary 4.7 and 4.9
we find conditions for the exponential stability of such a solution. Recall that

5a(§) = €,Q‘§|2'

Proposition 5.2. Let U be the evolution family on X = LP(RY), 1 < p <
00, as considered in Lemma 5.1. Further, consider a potential 0 < V €
Naso Lioe(Ry, LP(IRN 2, N)). Then there is a strongly continuous absorption evo-
lution family Uy satisfying (2.8) and (2.9) for x € L>®(IRN) with compact support.
For such x, there exists a mild solution u of (5.1) with u(t,-) = Uy (t, s)zx for a.e.
t.

1
If, in addition, 0 <V € L>*(IR; X IRN)+Ll°C’u N & for some t > 0, then Uy (and
hence u) is exponentially stable on X.
If p=1and V > 0 is given as in Remark 4.5(b), then Uy (and hence u) is
exponentially stable on LY(RN) if and only if V € & for some t > 0.

Proof. Due to [4, Lemma 2.2] there is a measurable function u : [s, 00) xIRY — €
such that u(t,-) = Uy (t, s)x. By using [4, Lemma 2.2] we see that (2.8) implies
(5.9). O

We note that in [5, Thm. 3, 10] the existence of a unique bounded weak so-
lution of (5.1) on a bounded interval I was shown under a stronger integrability
assumption on V. Moreover, this weak solution coincides a.e. with the mild
solution obtained above, see [5, Thm. 10].

Finally, we point out that it is possible to derive similar results for uniformly
elliptic operators of second order with smooth real coefficients on bounded do-
mains ) with smooth boundary and Dirichlet boundary conditions. In fact, if
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one defines U on LP(Q2) as in (5.2) (by replacing the fundamental solution by
the Green’s function, cf. e.g. [11], [13]) then it can be shown as in Lemma 5.1

that U is strongly continuous and satisfies an upper Gaussian estimate, see [23,
Lemma 3.4].
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