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ABSTRACT. We study the exponential dichotomy of an exponentially bounded, strongly
continuous cocycle over a continuous flow on a locally compact metric space © acting on
a Banach space X. Our main tool is the associated evolution semigroup on Cy(0;X).
We prove that the cocycle has exponential dichotomy if and only if the evolution semi-
group is hyperbolic if and only if the imaginary axis is contained in the resolvent set of
the generator of the evolution semigroup. To show the latter equivalence, we establish
the spectral mapping/annular hull theorem for the evolution semigroup. In addition,
dichotomy is characterized in terms of the hyperbolicity of a family of weighted shift
operators defined on ¢y(Z; X). Here we develop Banach algebra techniques and study
weighted translation algebras that contain the evolution operators. These results imply
that dichotomy persists under small perturbations of the cocycle and of the underly-
ing compact metric space. Also, exponential dichotomy follows from pointwise discrete
dichotomies with uniform constants. Finally, we extend to our situation the classical
Perron theorem which says that dichotomy is equivalent to the existence and uniqueness
of bounded, continuous, mild solutions to the inhomogeneous equation.

1. INTRODUCTION

Exponential dichotomy of cocycles and nonautonomous Cauchy problems is a classi-
cal and well-studied subject, see [13, 14, 17, 18, 30, 35, 42, 43] and the literature cited
therein. Recently, important contributions were made in the infinite dimensional case,
see [10, 11, 12, 28, 44], and in the applications, [46, 47]. In this paper we continue the
investigation, begun in [21, 25], of the dichotomy of cocycles by means of the so-called
evolution semigroup.

Let {¢'}1er be a continuous flow on a locally compact metric space © and let {®'}cp,
be an exponentially bounded, strongly continuous cocycle over {p'} with values in the
set £(X) of bounded linear operators on a Banach space X. Cocycles arise, for instance,
as solution operators for variational equations

i(t) = A(g'0)u(t)

with possibly unbounded operators A(f), see e.g. [21, 42, 44]. On the space F = Cy(0; X)
of continuous functions f : © — X vanishing at infinity endowed with the sup-norm, we
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define the evolution semigroup {E'}ier, by
(E'f)(0) = ' (p7'0) f(p'0) for 0 €0O,t>0, feF. (1.1)

The semigroup {E'} is strongly continuous on Cy(0; X). Its generator is denoted by T.

We briefly review the history of the subject before we outline the results and methods
presented in the current paper. Starting with the pioneering paper [31] by J. Mather,
spectral properties of evolution semigroups have been used to characterize exponential
dichotomy of the underlying cocycle. In fact, for the finite dimensional case dim X < oo
and compact ©, the following Dichotomy Theorem is contained in [31]:

{®'} has exponential dichotomy on © if and only if {E*} is hyperbolic;

that is, o(E') N'T = ) for the spectrum o(FE') and the unit circle T. Moreover, in the
finite dimensional, compact setting it was proved in [7, 8, 9, 19] that the semigroup {E*}
satisfies the spectral mapping theorem

a(E)\{0} = exp(to(T)) for t>0 (1.2)

provided that the flow {('} is aperiodic (i.e., Int{6 € © : 70 = 0 for some T > 0} = 1),
and the annular hull theorem

(o(E'\{0})- T =exp(to(l))-T  for t>0 (1.3)

with no restrictions on the flow {¢'}. We point out that the spectral mapping theorem
does not hold without the assumption of the aperiodicity of the flow, see [9, Ex. 2.3].
As a consequence, the dichotomy of the cocycle is equivalent to the spectral condition
o(T)NiR = (). An essential step in the proof of these results was a proposition from [29]
known as the Mane Lemma, see also [7, 8, 9]. It says that 1 belongs to the approximate
point spectrum o,,(E') if and only if there exists a point 6y € ©, called the Mare point,
such that sup{|®'(fy)zo| : ¢ € R} is finite for a nonzero vector zg. We stress that,
in general, the Mafie Lemma does not hold in the infinite dimensional or/and locally
compact setting due to the noncompactness of the unit sphere in X or/and © and to the
fact that {®'} is defined only for ¢ > 0.

The operator E' =: E can be expressed as a weighted translation operator £ = aV on
F, where a() = ®'(¢710) and (V f)(0) = f(p'6). An important C*-algebra technique
for the study of weighted translation operators E on the space L?(0; X) was developed
in [1, 2]. In particular, the hyperbolicity of the operator E was related to that of a family
of weighted shift operators my(F) acting on a space of X-valued sequences T = (Z,,)nez
by the rule

WG(E) : (‘rn)nEZ = (q)l(@n_le)zn—l)nez = diag((a(gpne))nez S (mn)nEZ (1'4>

for 6 € ©, where S(x,)nez = (Tn_1)nez.

For compact © and infinite dimensional X, the evolution semigroup (1.1) was considered
in [25] for eventually norm-continuous in 6 cocycles, cf. Section 3.3, and in [40] for strongly
continuous cocycles with invertible values. The proof of the Dichotomy Theorem from
[40] requires just a straightforward modification to work in our setting.

The special case of the translation flow ¢'0 = 0 +t on © = R is well understood
by now, see [4, 5, 20, 22, 34, 36, 37, 39]. Here, the cocycle is given by ®'(0) = U(6 +

t,0) for a strongly continuous evolution family {U(¢, s)}:>s on a Banach space X which
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can be thought as solution operator for the evolution equation w(t) = A(t)u(t) with
unbounded operators A(t). We refer to [45] for applications of the spectral theory of
evolution semigroups to parabolic evolution equations.

In [21] and [24] the general locally compact and infinite dimensional setting was inves-
tigated under the additional and restrictive assumption that the underlying flow {¢*} is
aperiodic. In particular, the spectral mapping theorem (1.2) was established in [21] for
F = Cy(0;X) and in [24] for F = LP(O;X). Also, the following Discrete Dichotomy
Theorem was proved in [21]: The semigroup {E'} is hyperbolic on Cy(0; X) if and only
if o(me(E))NT = () for each 6 € O on the space c¢o(Z; X) of X-valued sequences vanishing
at infinity and

sup ||[z — m(E)] 7| £(eo(zix)) < 00-
2€T,0€0

Via the Dichotomy Theorem, the Discrete Dichotomy Theorem relates “global” dichotomy
of {®'} on © and “pointwise” dichotomies at 6 € ©, cf. [10, 18].

The proof of the Discrete Dichotomy Theorem in [21] required a further development of
the algebraic techniques from [2, 20, 22, 25], see also [16]. Namely, the weighted translation
operator E was “immersed” in the algebra B of operators b € L(Cy(0; X)) of the form

b= aV* with [blli:= Y llaxllecyemy < oo
k=—00 k=—oc0
where a; are the multiplication operators induced by strongly continuous, bounded func-
tions ay : © — L(X). The map 7 : E — my(E) was extended to a representation of B
in L(co(Z; X)). We stress that without the aperiodicity assumption on {'} the algebra
B cannot even be defined. Thus, a generalization to arbitrary flows requires a radical
modification of the method.

In the present paper, we consider evolution semigroups { E*} and cocycles {®'} without
any additional assumptions on {¢'}. We recall necessary background material and prove
the Dichotomy Theorem for strongly continuous cocycles in Section 2. The persistence of
dichotomy under small perturbations of the cocycle follows immediately from this result,
cf. [10].

A modification of the Banach algebra techniques mentioned above is developed in Sec-
tion 3. Here, we replace the algebra B by a certain convolution algebra %B. This allows
to prove the Discrete Dichotomy Theorem. In addition, for § € O, we introduce a family
of strongly continuous semigroups {II} };er, on Cy(R; X) by setting

(ITHh)(s) = D (¢*"O)h(s —t) for seR, t >0, h € Cp(R; X).

Each of the semigroups {II}} is an evolution semigroup in the sense of [20, 37]. If ®*(0) is
the solution operator for the variational equation u(t) = A(¢'0)u(t), then the generator
Iy of {II}} is the closure of the operator h — [—4 + A(¢'6)] h, see [21]. We give an
analogue of the Discrete Dichotomy Theorem for {II}}. As an application, we derive
for eventually norm-continuous in 6 cocycles an infinite dimensional generalization of the
Sacker-Sell Perturbation Theorem [43, Thm. 6] on the semicontinuity of the Sacker-Sell
dynamical spectrum as a function of the underlying compact set ©.

In Section 4, we prove the spectral mapping theorem for aperiodic flows and the an-

nular hull theorem provided that the function of prime periods is strictly separated from
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zero. (In fact, we assume somewhat weaker properties of the flow.) Note that the last
assumption is needed for the Annular Hull Theorem 1.3 if dim X = oco. Counterexamples
are furnished by the identical flow on a singleton and the cocycle given by a semigroup
violating the annular hull theorem, see [33, 34| for such semigroups. We stress that the
annular hull theorem does not hold even for the semigroup related to a first-order pertur-
bation of the two-dimensional wave equation, see [41]. In the proof of the annular hull and
spectral mapping theorems for the evolution semigroups we give an explicit construction
of approximate eigenfunctions for I' supported in a tube along certain trajectories of the
flow. This localization method can be traced as far as to [31]. The idea of our construc-
tion goes back to the finite-dimensional case [7, 8, 9], but uses essentially different infinite
dimensional methods of [20, 37]. The choice of the trajectories is related to the existence
of Mane sequences {0,,} C © which we define in this paper as an infinite dimensional
generalization of the Mafie points mentioned above. It is easy to see that o,,(E)NT # ()
implies the existence of a Mane sequence. As a generalization of the Mane Lemma, we
show that the existence of a Mane sequence implies o,,(E) N'T # @ under an additional
technical condition related to the residual spectrum.

Finally, we characterize in Section 5 the dichotomy of {®'} by the existence and unique-
ness of bounded, continuous solutions to the mild inhomogeneous equation

¢
u(p'0) = ®'(0)u(h) +/ DT (0™0)g(p'0)dO, t >0, 0 €0,
0

in Cy(0; X) or Cp(0; X). In Cy(O; X), this equation is just a reformulation of ['u = —g.
Our result gives an affirmative answer to a question remained unsolved in [23] and can
be regarded as a far-reaching generalization of a classical theorem by O. Perron, see
[13, 14, 23, 27, 32] for further comments and related results.

Acknowledgment. We thank A. Stepin for the suggestion to use e-pseudo orbits which
was crucial in the proof of the perturbation theorem in Subsection 3.3, see [26].

Notation. We denote: T — unit circle in C; D — open unit disc in C; X — Banach space
with norm |- |; £(X) — bounded linear operators on X; £:(X) — bounded linear operators
on X with the strong topology; I — the identity operator; p(A), o(A), 04,(A), 0,.(A) -
resolvent set, spectrum, approximate point spectrum, residual spectrum of A.

2. THE DicHOTOMY THEOREM

We briefly introduce exponential dichotomy of cocycles (see the classical sources [17, 18,
42, 43] and [10, 44]) and evolution semigroups (see [21, 25, 40]), and prove the equivalence
of the exponential dichotomy of a cocycle and the hyperbolicity of the corresponding
evolution semigroup.

2.1. Exponential dichotomy. Let {¢'};cr be a continuous flow on a locally compact
metric space ©; that is, the map R x © > (¢,0) — ¢'0 € © is continuous and ¢'*70 =
0 (¢70), p°0 = 0 for all t,7 € R and § € ©. Let {®'};>0 be an exponentially bounded,
strongly continuous cocycle over {¢'}icr. This means that the map Ry x © 3 (¢,0) —
P'(h) € L(X) is strongly continuous, ||P*(0)|] < Ne¥t fort > 0, § € O, and some constants
N and w, and the following cocycle property holds:

PH7(0) = B (¢"0)P™(0) and ®°(9) =1 for t,7>0and € O. (2.1)
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We will also consider cocycles for discrete time t € N which are defined analogously.
Cocycles {®'},> are in one-to-one correspondence with continuous linear skew-product

flows (LSPF) {@'};>0 defined by
PO xX 50xX:(0,z)— (0,8 (0)x) for t>0.

Therefore, all assertions below concerning cocycles can be reformulated in terms of the
corresponding linear skew-product flows.

Definition 2.1. The cocycle {®'};>0 has exponential dichotomy on © if there exists a
bounded, strongly continuous, projection valued function P : © — L (X) satisfying
(a) P(p'0)®"(0) = ©"(6)P(6),
(b) @?ﬁ(@) is invertible as an operator from ImQ(#) to ImQ(p'8) (with inverse
O, ('),
(c) there exist constants f > 0 and M = M(5) > 0 such that
15O < Me™ and  [|[@G(0)] '] < Me™

for all ® € © and t > 0. The function P(-) is called dichotomy projection and the
constants 3, M are the dichotomy constants.

Here and below, ®%(0) and @ (6) denote the restrictions ®*(0)P(0) : Im P(0) —
Im P('0) and ®*(0)Q(0) : Im Q(0) — Im Q(¢'0), respectively, and we set Q = I — P for
a projection P. Notice that ®*(6)Q(0) is strongly continuous on R x © and satisfies (2.1)
with I replaced by Q(#). Further, we define dichotomy along single orbits.

Definition 2.2. The cocycle {®'}icx, has exponential dichotomy (over K = R or Z) at
a point 6y € © if there are uniformly bounded projections P, € L(X) for T € K which
depend strongly continuous on 7 if K =R and satisfy

(a) Pryt®'(0700) = @' (700) P,

(b) @G (™00 is invertible from Tm Q- to Tm Qryy,

(c) there ezist constants 5 = 5(6p) > 0 and M = M(B) > 0 such that

D5 (700)|| < Me™™ and  |[[@4(¢700)] || < Me™™
fort, T € K andt > 0.

Clearly, dichotomy on © implies dichotomy at 6y. If Im Q(f) and Im Q (') are finite
dimensional, then (b) and the second estimate in (c) follow from
19" (0)z| > & e”|z| for z €ImQ(h), t > 0.
If each operator ®(0) is invertible, exponential dichotomy at 6 is equivalent to the
existence of a projection P such that
19 (60) P27 (60)] || < Me™P7D, £ > 7,
1 (60) Q™ (6o)] M| < Me P70, t <,
cf. [40]. Then one has P, = ®7(0)P,[®7(#)]~'. This is the classical definition of expo-

nential dichotomy, see [13, 14, 42]. We also recall the analogous concept for a single
operator.

Definition 2.3. A operator E € L(X) is called hyperbolic if o(E) N'T = ().
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Observe that the powers { E™},cn or a semigroup {E'};>o have exponential dichotomy
if and only if £/ or E% for some t, > 0 are hyperbolic, respectively. In this case, the
dichotomy projection is given by the Riesz projection

1
P=— [ (M- E)"d\

211 T

We denote by Ep, = E'P and Ej, = E'Q the restriction to the stable and the unstable sub-
space, Im P and Im @), respectively; and analogously for the generator of the semigroup,
of. [33, A-III].

For an exponentially bounded, strongly continuous cocycle {®'} and A € C, we define
the rescaled cocycle @ (0) = e~ ®!(f) and the rescaled linear skew-product flow

A\ (0, 2) = (010, e MO (0)) for 0 €0, z€X,t>0.
Note that the cocycle ® corresponds to the equation u(t) = [A(¢'0) — Nu(t).

Definition 2.4. The dynamical (or Sacker-Sell) spectrum ¥ is defined by
S ={\NeR| {®}is0 does not have exponential dichotomy}.

2.2. Evolution semigroups. By F = Cy(0; X) we denote the space of continuous func-
tions f : © — X vanishing at infinity endowed with the sup-norm. For a cocycle {®'};>o,
we introduce on Cy(0; X) the evolution semigroup {E"}i>o by setting

(E'£)(0) = D' (o7 '0) f(¢7'0) for 0€0O,t>0, feCy(6;X).
One checks the following simple fact, cf. [21, Thm. 2.1], [40, Prop. 3].

Proposition 2.5. {E'}~q is a strongly continuous semigroup on Co(0; X) if and only if
{®'}>0 is an exponentially bounded, strongly continuous cocycle.

The following result is due to R. Rau, [40, Lemma 7], see [2, 20, 21, 25, 36| for earlier
and different versions.

Theorem 2.6 (Spectral Projection Theorem). Let {®'};~o be an exponentially bounded,
strongly continuous cocycle over a continuous flow {¢'}er on ©. If the induced evolution
semigroup {E'} is hyperbolic on Cy(©; X), then there exists a bounded, strongly continu-
ous, projection valued function P : © — LX) such that the Riesz projection P for E'
corresponding to o(E') N D is given by the formula (Pf)(0) = P(0)f(6) for 6 € © and
feC(e;X).

The idea of the proof is to check, see Lemma 3.2 in [20], that P commutes with the
multiplication operators induced by continuous, bounded functions xy : ©® — R. This
allows to define P(6p)x = (Pf)(6) for §y € © and = € X, where f € C5(0;X) is an
arbitrary function such that f(6y) = x.

We now come to the first main result; our proof is a modification of [40, Thm. 10,12].

Theorem 2.7 (Dichotomy Theorem). Let {®'};>q be an exponentially bounded, strongly
continuous cocycle over a continuous flow {p'}i>0 on a locally compact metric space ©,
and let {E'};>¢ be the induced evolution semigroup on Co(0; X). Then the cocycle has
exponential dichotomy on © if and only if the evolution semigroup is hyperbolic. In this

case, the Riesz projection P corresponding to the spectral set o(E*)ND and the dichotomy
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projection P : © — L (X) of {®'} are related by (Pf)(8) = P(0)f(0) for 6 € © and
f € Co(0;X).

Proof. (1) Assume that {®'} has exponential dichotomy with projections P(#). Define
P = P(-) on Cy(0;X). Then PE' = E'P by (a) in Definition 2.1. The inequality
IEb || ccoeix)) < Me " follows from the first inequality in (c). Also, Ef, on Im Q has
the inverse (R'f)(6) = [®4(0)] " f('0). Now, (c) yields [|[[ES] " |cco@:ix)) < Me™?" for
t > 0. This means that {E'} is hyperbolic.

(2) Assume that {E'} is hyperbolic with Riesz projection P. The Spectral Projection
Theorem 2.6 shows that (Pf)(#) = P(#)f(#) for some bounded, strongly continuous,
projection valued function P : © — £,(X). Since P is the Riesz projection for E*, Efg is
invertible on Im @ and there exist constants § > 0 and M > 0 such that

1Ep |l cicoe:x)) < Me™, >0, (2.2)
1EGQf oo > 37 1@ lloe, £ > 0. (2.3)
Clearly, (a) in Definition 2.1 holds. Let § € © and « € X. Take a function f € Cy(0; X)
such that f(0) = x and || f||cc = |z|. Using (2.2), we obtain
1% (0)z] < [|P5() (oo = | Ebflloo < Me ™| flloo = Me "z

which gives the first inequality in (c). To prove (b), fix t > 0, 8 € ©, and z € Im Q(0).
Recall that for any f € Im Q we have [|Ef, fllc = supsee [P6(0)f(0)]. For any ¢ > 0
choose f € Im Q such that f(0) = x and || Ef flle < [®'(0)z] + . This function can be
chosen as f = yx where y is a continuous bump-function with y(6) = 1 and a sufficiently
small support. Then (2.3) implies

1€z < 55e”ll flloo < 1EGflloo < |21 ()z] + e,

and hence

|<I>'é2(9)x| > %eﬁtm. (2.4)
In particular, the operator ®¢(6) : Im Q(6) — Im Q(¢'0) is injective. To see that it is
surjective, take y € Im Q(¢'0). For a continuous, compactly supported function « : © —
[0,1] with a(¢'0) = 1, set f = a(-)Q(-)y. Then f € Im Q. Since E, is invertible on Im Q,
there exists g € Im Q such that E'Qg = f For z := g(6) € Im Q(fy), this gives

O (0)r = 4(0)g(0) = f(¢'0) = a(P'0)Q(L'0)y = y.

Thus, (b) in Definition 2.1 holds. Together with (2.4) this establishes the second inequality
in (c) of this definition. O

Corollary 2.8. The dichotomy projection is uniquely determined by Definition 2.1(a)-
(c)-

Theorem 2.7 combined with the argument used in part (1) of its proof shows that the
existence of a dichotomy over R and Z for the cocycle {®'} are equivalent:

Corollary 2.9. Given a cocycle {®'},>¢ the following assertions are equivalent:

(1) {®'}i>0 has an exponential dichotomy over R;
(2) the discrete time cocycle {®'}ien has dichotomy.
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The Dichotomy Theorem 2.7 relates our approach with the Sacker-Sell spectral theory,
[43], for infinite dimensional cocycles or linear skew-product flows. In fact, by rescaling
one obtains

% = log|o(E") \ {0},
cf. [25, 40]. One can also derive robustness of dichotomy from Theorem 2.7, see also
(10, 12, 13, 14, 18, 21, 22, 30, 45]. We present the following result in this direction.

Corollary 2.10. Assume that the exponentially bounded, strongly continuous cocycle
{®'}>0 has exponential dichotomy. There exists € > 0 such that every exponentially
bounded, strongly continuous cocycle {¥'};>q with

sup [|°(0) — W' (0) | cix) < &
0cO
for some t > 0 also has exponential dichotomy.

Proof. Let {E'} and {F'} denote the evolution semigroups induced by {®'} and {¥'},
respectively. Assume that

sup [9(6) = W(0)]lcc) < nf IO — B = e
9O A€T
Then, using A — F' = [1 — (F' — EY)(\A — EY)7'] (A — E') and
IE" = F'llzicoeix)) = sup 12°(8) — T (0) ]| (x).
we derive that F*, and hence {¥'}, has exponential dichotomy. O

3. GLOBAL AND POINTWISE DICHOTOMIES

We now want to characterize the (global) dichotomy of {®'} on © by the (local) di-
chotomy at each 6, € © with uniform dichotomy constants. To that purpose, we develop
Banach algebra techniques which allow one to describe the dichotomy of {®*} (or, equiv-
alently, the hyperbolicity of {E'}) in terms of the hyperbolicity of the discrete operators
mo(E) on ¢o(Z; X) defined in (1.4).

3.1. Weighted translation algebras. For a continuous flow {¢'};cr on a locally com-
pact metric space O, let us define the translation group (V'f)(0) = f(¢7'0) for t € R
on the space Cy(0; X). Set a,(0) = ®'(¢7'0) for t > 0, 6 € O, and an exponentially
bounded, strongly continuous cocycle {®'};5q over {¢'}cr. We abbreviate V. = V1
E=FE' o= & =0

We denote by 2 = C,(0; L,(X)) the algebra of bounded, strongly continuous, operator
valued functions a = a(-) on © with the sup-norm ||allg = ||a|lc = supyee ||a(8)]z(x) and
point-wise multiplication. Clearly, 2 can be isometrically identified with the subalgebra 2
of L(Cy(O; X)) which contains the multiplication operators (denoted simply by a) given
by (af)(0) = a(0)f(0) for 6 € © and [ € C(O; X).

Let B denote the set of all sequences (ag)rez with entries a;, € 2 satisfying (||ax|lg)rez €
(Y(Z). Equipped with the norm

ezl = llaellg= D supflax(®)lleex),

k=—o00 k=—o00 S
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B is a Banach space. For I/ = (a/)nez and 0" = (a”)nez in B, we define b := ¥ 1" by
b= (an)nez and a,(0) = 3,5 aj(0)al_.(¢7"0) for € © and n € Z. Notice that

lan (@)l 2y < D11 181

The function 6 +— a;.(0)a”_, (p~%0)z is continuous for x € X and k,n € Z. We have

[an(61) = an(02))z] < Y |lag(61)an_(97%601) — ar(62)a), 4 (™ "02)] |

|k|I<N

+ 22l 10"l ) llaillos

|k|>N

for 61,0, € © and N € N. Thus a, € 2. We further estimate

Ib]l, < L e lalloc Nl —lloo < 10112 118112
k n

Therefore, (B, *, || -||1) is a Banach algebra with the unit element é = e ® d,,0. Here and
below, e(0) = Ix for € © and 0, is the Kronecker delta. In other words, é = (e,,) where
eo =1 and e, =0 for n # 0.

To relate the algebra B with £(Cy(©; X))), we introduce the (algebra) homomorphism

p:B = L(C(0; X)) : b= (ar)rez — i apV*. (3.1)

k=—00

Clearly, p(é) = I and ||p(b N ezco@:x)) < |b]|1 . We stress that, in general, p is not injective.
As an example, let ¢'0 = 6 for all § € ©. Then, V = I and each a € A C L(Cy(6; X))
can be represented as
= %a%—%aVz %a+§av etc.
However, p is injective provided that ¢ is aperiodic, i.e., the set of aperiodic points for ¢
is dense in ©. Assuming, for a moment, the aperiodicity of ¢, let 8 be the subspace of
L(Cy(0; X)) containing the operators of the form
b= Z ayV* where a, €A and |, := Z l|lak|la < oo. (3.2)
k=—00 k=—00

For aperiodic ¢, it was proved in Prop. 2.14 and 2.15 of [21] that the representation
b € B asin (3.2) is unique and that (B, || - ||1) is a Banach algebra (with respect to the
composition of operators). Thus, p : B — B is an isomorphism if ¢ is aperiodic.

Going back to a not necessarily aperiodic flow ¢, let ® C L(cy(Z; X)) be the algebra
of all bounded diagonal operators d = diag(d™),cz. Define

C:={D= ) dS" € L(co(Z;X)):d €D, ||D|¢ := Z k]| £(eo(z:x)) < 00},

k=—o00 k=—o00

where S : (2,)nez — (Tn_1)nez is the shift operator on ¢o(Z; X). The representation of
D€ ¢€as D =>"d,S* is unique since, for mg,ng € Z and x € X with |z| = 1, one has

1Dltctzixn = 1D(@ @ dnn)leozin = | 3, diag(@d oz (@ @ dumsino ez

> | Zk d/(ﬁmO)‘T 5m0*k7n0‘ |d£s?>0)”0 ‘
9
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We further need, for each # € ©, the map

#9 B — L{co(Z: X)) : b= (ar)nez — Y diaglap("0)]nez S*. (3.3)

k=—o00

Observe that 7y : B — ¢ and

I76(b)lle = Z | diag(ar(©"0))nezlle(eo@:x))

k=—00
= > supsup (") = S Jarle = Il
k=—oc0 " k=—o00

Also, we compute for b = b’ % b’

7%9(5) = Z diag(z (") ag_( n_le)) S*

k=—o00 l=—00 nez

— Z diag(a)(0"0))nez S'S™ Z diag(a_;(©"7'0))nez Sk]

l=— k=—00

= Z diag(a;(¢"0))nez S' Z diag(ay_,(#"0))nez Skl]

l=—00 k=—o00

= Fo(B') - 7o (D).
As a result, 7y is a continuous homomorphism. Its importance relies on the following fact.
Proposition 3.1. (), ker 7y = {0}.
Proof. Assume that 7g(b) = 0 for all € © and some b = (a,)nez € B. This means that
0 = 7g(b) = Z diag(a(¢"0))nez S* € €

for 6 € ©. Since the representation D = ), dlag(d )S ¥ for D € € is unique, we conclude
that ax("8) = 0 for each k,n € Z and # € ©. Thus, b= 0 in B. O

For a € 2, we define the operator b = I —aV € L(Cy(O;X)) and the sequence
b= (ak)rez € B by ag = e, a; = —a, and a; = 0 otherwise. Then p(lA)) =1—aV =0bby
(3.1). Also, given b = I—aV, we introduce for each 6 € © the operator my(b) € L(co(Z; X))
by the rule

7o(b) = mp(I — aV') := I — diag(a(¢"0))nezS. (3.4)
To relate these concepts to the evolution semigroup {E'} on Cy(©; X) induced by the
cocycle {®'}, we remark that the operator I — E' is of the form b =1 — F = [ —aV with
a(f) = ®(p10) for § € ©. We can now give a sufficient condition for the invertibility of
I — FE in terms of the operators my(b).

Theorem 3.2. Let b=1—aV fora € 2A. Assume that my(b) is invertible in L(co(Z; X))
for each 0 € © and that there exists a constant B > 0 such that

1ma(0)] N eeozxy < B forall 6 € 0. (3.5)

Then b= exists in L(Co(0; X)).
10



Proof. Let b = (ar)rez € B be given by a9 = I, a; = —a, and a, = 0 for k # 0,1. The
definitions (3.3) and (3.4) yield

7o(b) = mp(b)  for 0 € O. (3.6)

Also, p(b) = b by (3.1). Setting do(6) = I, d1(0) = diag(a(¢™0))nez, and di(0) = 0 for
k# 1,2 and 6§ € ©, we see that

#o(b) = Zk de(9)S* € €.

Next, we show that the inverse of 74(b) also belongs to €. The proof of this fact is close
to that of Lemma 1.6 in [22].

Proposition 3.3. Under the assumptions of Theorem 8.2, the operator [wg(h)]™ =
[79(D)] ™" belongs to € for each 6 € ©; that is,

o (B)] 7t = D Ci(0)S*  where Ci(0) = diag(Cy(0))nez  satisfies (3.7)
k=—00

> sup | Cr(B)| ceo(zex)) < oo (3.8)

b —oo 0cO

~

Proof of Proposition 3.3. Set Dy = my(b) = I — diag(a(¢"0))nezS. Assumption (3.5) and
identity (3.6) yield

sup || < B. (3.9)

00
For v > 0, we define the operator

Dy(v) = I — diag(e?I"=1"=Wq (")) ez S
on ¢o(Z; X). Note that Dy(v) = J; Dy, for J, = diag(e™"),cz. Clearly,
1Do = Do(7) || (o (z:x)) < max{[l — e, [1 =€} [lafla =0
as v — 0. Choose 7y such that
q := Bmax{|1 — |} |la|la < 1.

Then ||Dy — Do(7)] - ||1Dyt]| < g for all § € © and 0 < v < 7. Since Dy is invertible
in L(co(Z; X)), we conclude that Dy(y) is invertible and ||[Dg(7)] || < R := % for all
0<vy<vandfeO.

Consider D, ' as an operator matrix D,' = [Cy;(0)]x jez, where Cy;(0) € L(X) are
defined for x € X by

Cj(0)z == (Dg (7)) for Tj = (§jn)nez.
From Dy(vy)™! = J7_1D9_1J7 we derive Dy(y)~! = [e? KD Oy (0)]1 jez. Now,
R > || Do(y) Ml eteotziyy = €PN Cr(0) 2y
for k,j € Z yields
1Cro(@)|lexy < Re ™ for €O and k€ Z.
Observe that, for every j, k,m € Z, one has

Dymg = S™™DpS™ and  C(9™0) = Chim s 4m(0). (3.10)
11



In particular, from Ci iy, m(6) = Cro(¢™0) it follows that
|Chtmm ()| cx) < Re™™ for k,m e Z and 6 € ©. (3.11)

So we can write D;l as

;1= D0 On0)S =) diag(CL(0))nceS"

for C"(0) = Cy_i(6), and we estimate
ZsupHC’k M zeozx) —ZsupsupHCnn KO cix) < ZR&‘”'M < 00. O
kez 9 kez, €0 el kez

To conclude the proof of Theorem 3.2 we need the following fact.
Claim 1. 0 — C’,EO)(H), see (3.7), is a continuous, bounded function from © to L(X)

with
ZSUP 1C7(0)]]2x)

wez ?

We finish the proof of the theorem and show Claim 1 later. First, notice that (3.10)

implies
Ci"(0) = Crns(0) = Co_i(¢"0) = C" (¢"0) (3.12)

for k,n € Z and 6 € ©. The sequence d = (C,S,O))kez belongs to B by Claim 1. Thus, we
can apply to d the homomorphism p : B — £(Cy(0; X)). Let d = p(d). We want to show
that db =bd = 1.

Consider the sequence 7 = dxb—¢é € B. Fix 6 € © and apply 7y : B — €. Using
(3.3), (3.12), and Proposition 3.3, we compute

() = 7o(d) - 7o6) — 1 = [ 3, dia(CYY (¢0))sez 8] - 70l) ~ 1
= |32, diag(CL(0))nez S*| - 7o(b) — 1
- [Zk ck(e)sk] g(B) — I = 0.
Since 6 € © was arbitrary, Proposition 3.1 shows that 7 = 0 in B. As a consequence,
0=p(f) =p(dxb—¢é)=p(d) pb) —T=d b—1I.

Similarly, one obtains 0 = bd — I, and the theorem is proved.
Proof of Claim 1. Let k € Z, x € X, and 0y € ©. Define & = (z,,) € ¢o(Z; X) by z,, = x
if n = —k and x,, = 0 if n # —k. Then, for every 6§ € O,

> [c6) - o] =

l=—00

C(0) = 0 (B0 | =

<sup |37, [0) - i@

(s -coa),, )l

— || (1B = R0 (B)) ") 2 0(Z:X)

< || (D) Lleo(@X)) HWO(B) ~ bl way 1)
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where 7 := [y, (D)]'Z € ¢(Z; X). Tt is easy to see that
©360— W@(b) S [,S(C()(Z;X))

is (strongly!) continuous. So (3.13) and (3.9) imply the strong continuity of 6 — C’,go)(Q) €
L(X). (From (3.12) and (3.8) we derive

>_sup G (6) ec) = D_supsup [ (2"0) e = D sup [ Cu0) encziy) < o0,
kez ? kez 9 kez ?
and Claim 1 is proved. O

Remark 3.4. Assume that ¢ is aperiodic. Then, p : B — B is an isomorphism and
7o = Tgo p~'. The proof of Theorem 3.2 shows that in this case b~' belongs to 9B, cf. [21,
Lemma 4.4]. &

In the course of the proof of Theorem 3.2 we showed that for b = I —aV the element b is
invertible in B under condition (3.5). Its inverse is given by d = (C’,go)) kez. Later, dealing
with eventually norm-continuous in 6 cocycles, we will need the following refinement of
this fact. Let pomm be the closed subalgebra Cy(0; L(X ) of 2 of all norm continuous,
bounded, operator valued functions a : © — L(X). Let B o denote the corresponding
closed subalgebra of B, that is, Bom = {(ar)kez € B :a € anorm}

Corollary 3.5. Assume that a € Cy(0; L(X)) is norm continuous. If the conditions of
Theorem 3.2 hold, then d=0b"! belongs to %norm

Proof. We have to check that § — C’,EO)(H) € L(X) is norm continuous (cf. Claim 1 in
the proof of Theorem 3.2). Fix k € Z. Recall the estimate (3.13)

[C(0) — C (09))x] < B [[700, (5) — 7t0(B)]llco(z: )
for € X and the constant B given in (3.5), and
7 = [e, (b)) T = Z diag(C™ (00))nez 'z = (CL,(00)2)nez = (Coup(00)2)nez,
l=—00

where T = §,,_; ®  and we have used (3.12). The inequality (3.11) yields ||C,, x(6o)|| <
Re™"=H for n € Z. Fix ¢ > 0 and take N = N, such that Re™""* < ¢ for |n| > N.
Using the continuity of @ : © — £(X), choose 6 > 0 such that

la(¢"0) — a(¢"0o)||z(x) <€ provided |n| <N and d(6,6,) < 0.
For d(0,60y) < 9, we now conclude that

76 (b) — 7o (5)]5]l o z:)
< max{ sup |[a(¢"0) — a(¢"0)]Cnx(00)z|, sup |[a(p"0) — a(p"00)]|Cpi(fo)x|}

In|<N |n|>N
< emax{R, 22113 a(0)|lzcx)} |l O
€
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3.2. Discrete Dichotomy Theorem. The algebraic method developed above now en-
ables us to prove the main result of this section. This result connects global dichotomy
on O as defined in Definition 2.1, dichotomy at points § € © as defined in Definition 2.2,
the hyperbolicity of the operator given by (Ef)(0) = ®(p10)f(p10) on Cy(6; X), and
the hyperbolicity of the operators mg(FE) = diag(®(¢"10))nez S on ¢o(Z; X).

We start with some elementary facts. First, observe that

mo(E)* = mp(E*) = diag(®" (0" *0)) ez S" (3.14)

for k € N and 0 € ©. We set ||T]|ey = inf{||Ty| : ||y|]| = 1} for a bounded operator T'
on a Banach space Y. Observe that the operator my(E) is also defined on ¢*°(Z, X), the
space of bounded sequences endowed with the sup-norm.

Proposition 3.6. Let z € T and 0 € ©. We have ||[I — mp(E)|le = ||2I — 7o(E)]s
on co(Z; X) or {°(Z,X). Further, the spectrum o(mg(E)) in co(Z; X) or (°(Z,X) is
invariant with respect to rotations centered at the origin, and if o(mwe(E)) N'T = 0, then

1(F = 7o (E)) I = [I(21 — mo(E)) "

Proof. Define L¢ = diag(e™™),cz on c¢o(Z; X) or (*(Z,X) for £ € R. Then L¢ is an
invertible isometry on both spaces. So the identity

L¢ [z — my(E)] Lgl = 21 — e “ diag(®(¢" '0))nezS = e (2e*1 — my(E))
implies the result. U

Recall that due to Corollary 2.9 the dichotomies of a cocycle for continuous and discrete
times are equivalent. Thus, we can work with discrete time.

Theorem 3.7 (Discrete Dichotomy Theorem). Let ¢ : © — O be a homeomorphism on a
locally compact metric space © and let {®}cn with ®1 = & € Cy(0; L,(X)) be a discrete
time cocycle over @. The following assertions are equivalent.

(a) {®'} has exponential dichotomy on © over Z.

(b) {®'} has exponential dichotomy over Z at each point 8 € © with dichotomy con-
stants $(0) > >0 and M(B(0)) < M.

(c) m(E) is hyperbolic on co(Z; X) for each 0 € © and

supsup ||[21 — mo(E)] | £(eo(zix)) < 00-
2€T 6cO

(d) E is hyperbolic on Cy(0; X).
If (a)-(d) hold, let P(-) be the dichotomy projection for {®'} on O, let P,,n € Z, be the
family of the dichotomy projections for {®'} at 6 € ©, let pg € L(co(Z; X)), 0 € ©, be the
Riesz projection for mg(E) on co(Z; X) that corresponds to o(mg(E))ND, and let P be the
Riesz projection for E on Cy(©; X) that corresponds to o(E) ND. Then,

P=P(), P.=P"0), and py=diag(Po)nez.
Proof. (a) = (

tions P(-) €
projections P,

). Let {®'};>0 have exponential dichotomy for discrete time with projec-
(
and M(B(0)) = M

; L5(X)) and constants 8, M > 0, see Definition 2.1. For 6 € O, the
P(¢"0), n € Z, clearly satisfy Definition 2.2 with constants 5(0) =
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(b) = (c¢) Fix 6 € ©. Let P,,n € Z, be the family of dichotomy projections for {®*}
at 0 as in Definition 2.2. Define py = diag(P,)nez on ¢o(Z; X). By (a) in Definition 2.2,
we have pymy(E) = mp(E)pg. The identity (3.14) and Definition 2.2(b) imply that

(7T9(E)p9)k = diag(@k(gpn_kQ)Pn_k)nEZ Sk and

(mo(E)gp) ™" = diag([@5(¢"0)Qu] ez 5™ = diag(®5" (9" 0)Quir)nez S,
for k € N. Thus, the estimates in Definition 2.2(c) give

(7o (E)po)* [l cieozixy < Me ™™ and  [[(7a(E)gs) ™"l cieo(zxy < M e,

As a result, mg(E) is hyperbolic and (z,0) — ||[2] — m9(E)] | £(co(z:x)) s bounded.

(c) = (d). For every z € T, apply Theorem 3.2 to b = I —aV, where a(f) = z71®(p16)
and (Vf)(0) = f(p 1) for 6 € ©.

(d) = (a) and P = P(+) can be shown exactly as Theorem 2.7. O

One can improve the equivalence (b)<(c) as follows.

Corollary 3.8. The cocycle {®'}1en has exponential dichotomy at 6 € © over Z if and
only if mo(E) is hyperbolic on co(Z; X).

Proof. Necessity was proved, in fact, in Theorem 3.7 (b)=-(c). So let my(E) be hyperbolic.
As in [20, Lemma 3.2], we see that pgx = xpyg for every x = (x,) € (*°(Z). By arguments
similar to those used in the proof of [40, Lemma 7], one obtains that py, = diag(P,),ez for
a family of uniformly bounded projections P, € L(X), n € Z. From pyma(E) = mo(E)pe
we derive (a) in Definition 2.2. Further, ®*(©"7%0) : Im Q,,_, — Im Q,, is surjective due
to (3.14) and the surjectivity of mg(E)* on Im gy. Finally, the estimates in (c) follow as in
the proof of Theorem 2.7. U

In addition, for the case K = R, we can characterize pointwise dichotomy of the cocycle

by means of evolution semigroups along trajectories, {II5}i>0 on Cy(R; X), which are
defined by

(ITHh)(s) = ®* (" "O)h(s —t), s€R, t >0, h € Cy(R; X),

for each 6 € ©, cf. Theorem 5.9 of [21]. Since {®'} is an exponentially bounded, strongly
continuous cocycle, the operators Uy(s,7) := ®°7(¢70), s > 7, yield an exponentially
bounded, strongly continuous evolution family, see [21, p.110]. In particular, (IThh)(s) =
Ug(s,s — t)h(s — t) and {II,} is an evolution semigroup on Cy(R; X), see [20, 37] for
the definitions. By the results in [20, 36, 39|, the evolution family {Uy(s,7)}s>, has
exponential dichotomy on R if and only if {II}};>0 is hyperbolic if and only if T’y is
invertible. But dichotomy of {Up(s, 7)}s>» means exactly the dichotomy of {®'},~q at 6
over R. The next result now follows from the Dichotomy Theorem 2.7 and the techniques
used in the proof of Theorem 5.9 of [21].

Theorem 3.9. The following assertions are equivalent for an exponentially bounded,
strongly continuous cocycle {®'};>¢ over a continuous flow {¢'}ier on O.

(a) {®'}i>0 has exponential dichotomy on ©.
(b) o(Il}) NT =0 for each 6 € © and

supsup [z — IIg] || cicomix)) < oo
z€T #cO
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(c) o(Ty) NiR = O for each O € © and

supsup [|[i€ — To] ™ £y msx)) < 00
¢ER 0€O

(d) {®'}i>0 has exponential dichotomy over R at each point 6 € © with dichotomy
constants (8) > >0 and M(B(0)) < M.

Moreover, the Riesz projection P for the operator E, the Riesz projection py for the
operator 11y, the dichotomy projection P(-) for the dichotomy of {®'} on ©, and the
dichotomy projections {P’},cr for the dichotomy of {®'} at a point 6 € © are related as
follows:

P=P(), Pl =P0), (ph)(r)=Ph(1), h e Co(R; X).

3.3. Perturbation theorem. In this subsection we give an infinite-dimensional general-
ization of the Sacker-Sell Perturbation Theorem (see Theorem 6 in [43]) which establishes
the semicontinuity of the dynamical spectrum as a function of ©. To this end, we assume
that © is a compact metric space and that the cocycle {®'} is eventually norm continuous
in #. This means (cf. [33, p. 38]) that for some ¢ty > 0 the map © > 0 — d™(0) € L(X)
is continuous in operator norm. By rescaling the time, we can assume that ty = 1. Also,
we work with discrete time ¢t € N. We start with a preliminary fact.

Proposition 3.10. Assume that © > 0 — ®1(0) € L(X) is norm continuous. If
o(E)NT = 0, then {®"},.en has exponential dichotomy with a norm continuous dichotomy
projection P(-).

Proof. Assume that F is hyperbolic. By the Discrete Dichotomy Theorem 3.7 we know
that the Riesz projection py for my(E) = mg(aV') is given by py = diag(P(¢"0))nez. Notice
that a = ot € 9~1norm, see the notations before Corollary 3.5. Define @ = (ay,)nez €
%norm by a1 = a and a, = 0 otherwise. Let l;z = ¢ — 27 for z € T. Recall that
79(b.) = mp(I — 27 1aV) = I — 2~ 'my(E) by (3.6). The Discrete Dichotomy Theorem 3.7
yields

(I = 27" 7(E)) M 2eo@x)y < C forall 6 €O andzeT.

Applying Corollary 3.5 to b, I — z7'aV, we see that for each z € T the element

zé — a € B o 1s invertible in %norm. Define the idempotent p in the algebra %norm by
1
]3 = % T(Zé — d)_le.
Since 7y : B — € is a continuous homomorphism for all § € ©, we obtain
1 1
To(p) = 7 /TfTe([Zé —a] ™) dz = Sy T[Z[ —mo(aV)] ™" dz = py
for every 6 € ©. On the order hand, let p = (Py)gez for Py € porm. Then we have

0 = 79(p) — po = 7o(Fo) —po + Y _ mo(Py)S"
k#0
by the definition (3.3) of Ty and my(Px) = diag[Px(¢"0)],. Since the representation of
7o(D) — ps € € as a series in powers of S is unique, we conclude that my(Fy) = py and
mo(Pr) = 0 for k # 0 and each § € ©. So Proposition 3.1 yields P, = 0 for k£ # 0, and

hence P = Py € Apormn (use the sequence (0,0P%)n € ‘3) O
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Let I be the set of all closed, p-invariant subsets of ©. For fixed ©g € K and the
metric d(-,-) on O, define

diste,(©1) = sup inf d(6y,0;) for ©; € K.

01€0, 90€60

Further, denote by ¥(0;) = 2({¢"|©; x X}) the Sacker-Sell dynamical spectrum, see
Definition 2.4, for the cocycle {®"}, ey restricted on ©4, that is, for {®"},ey = {P"(0) :
n €N, 0 € O}, or for the linear skew-product flow {¢"} restricted to ©; x X. The next
result implies the upper semicontinuity of the function ©; — 3(0;) on K.

Theorem 3.11 (Perturbation Theorem). Let {®'}ez, with @' = @ € C,(0; L(X)) be
a discrete time cocycle over a homeomorphism ¢ on a compact metric space ©. Assume
that {®'}ien has exponential dichotomy on the set ©g € K in the sense of Definition
2.1. There exists 0, > 0 such that the cocycle {®'},en has exponential dichotomy on each
O, € K with the property

diste,(©1) <0 for some § € (0,9,). (3.15)

The proof of the theorem uses nothing but elementary calculations with Neumann series
and the Discrete Dichotomy Theorem. Let us sketch our argument. For € > 0, a sequence
0 = {0, }nez C O is called e-pseudo-orbit for ¢ if d(p0,,0,,1) < € for all n € Z. As an
analogue to the operators my(E), we define the operator Ty : (z,)nez — (P(0n—1)Tn_1)nez
on cy(Z; X) for every e-pseudo-orbit 8 = {6, } ez C Op.

Assuming that {®'} has exponential dichotomy on 6, we will show that for sufficiently
small ¢ the operators I — T are invertible on c¢y(Z, X) with uniformly bounded norms
(I — Ty)7| for all e-pseudo-orbits § C ©y. Fix § € ©; and choose an e-pseudo-orbit
0 = {0,} C O such that d(f,, "0) is small for each n € Z. We use the continuity of ®(-)
to show that for this choice of {6,} the norm ||y (E) — Tj]| £(co(z;x)) is small for sufficiently
small € > 0. Since I — Ty is invertible for § C Oy, we conclude that I —m(E) is invertible
and ||(I —m(E))™!|| < C for each § € ©,. Hence, {®'} has exponential dichotomy on 6,
by the Discrete Dichotomy Theorem.

Proof. Assume that {®'} has exponential dichotomy on ©y € K with projection P(-) and
constants M, . Set ¢ = maxgee,{||P(#)]],1}. Choose v > 0 such that

v< A (3.16)

Fix N € N such that Me Y < 7. Set ¢ = ¢ and V() = V¥ (0). We derive for all
0 e @0 that

W(0)P(6) = P(v0)¥(0), (3.17)

Uo(0) : ImQ(8) — Im Q(10) is invertible, (3.18)
Wp(O)] <, (3.19)

g @) <. (3.20)
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Recall that P(-) and ¥(-) are norm-continuous and 0y and © are compact. Fix e, > 0
such that for every € € (0,¢,) the following inequalities hold:

SUPg(6,n)<e, 0,70 [W(0) —W(n)| < 3/16, (3.21)
SUDg (g, <z, o.nc00 I1(0) — P(n)|| < m, (3.22)
C SUDg (g, <e, 0,500 I17(0) — P(n)|| - maxgeo [[W(0)]| < 3/8. (3.23)

For a sequence 6 = {0, }ncz C ©p, we define by
Ty : (2n) = (V(On1)zn), By = diag {P(0n)}, Qp=1—F; pg= diag {P(¢b_1)}
operators on ¢y(Z; X). Then (3.17) implies
TP = pgTy and  T5Qq = (I — pg)T. (3.24)
The following lemma shows that exponential dichotomy, (3.17)-(3.20), implies the in-
vertibility of I —Tj for every e-pseudo-orbit @ for ¢ in ©, where ¢ is given by (3.21)(3.23).

Lemma 3.12. Let 0 = {0,,} C ©¢ be an e-pseudo-orbit for 1, where ¢ satisfies (3.21)-
(3.23). Then I — Ty is invertible on co(Z, X) and

I —T5) 7' < 5 (3.25)

We prove the lemma later and finish the proof of Theorem 3.11 first. Fix ¢ satisfying
(3.21)-(3.23). Fix 0* < ¢/4 such that d(0,¢n) < £/2 as soon as d(0,n) < 20*. Let § < §*
and let ©; € K satisfy (3.15). For § € ©,, define the operator Ty := m(EY) : (z,)

(\If(lbn_le)$n,1).
For a given § € © and each n € Z, we use (3.15) to find 6,, € O such that d(0,,¥"0) <
2. The sequence 0 = {6,} C Oy is an e-pseudo-orbit for 1) because of

(O, V0n1) < d(0n,¥"0) + d(W(¥"70), Y(0n-1)) <20 +/2 <.
Thus, Lemma 3.12 can be applied to I — Tj yielding ||(I — T5)~!|| < 8/3. Also,
ITo = Tol = sup |[¢(v"0) = W(0h)[| < sup V() = V(n)]| < 3/16 (3.26)
ne

d(9,n)<e

by (3.21). Then the operator
I=Ty=1-T;—(Ty—Tp) = (I = Ty) [ = (I = T)"(Ty — Tj)]
is invertible by (3.25) and (3.26). Moreover, the usual estimate of the Neumann series
implies ||(I —Ty)7'|| < 16/3.
As a consequence of the Discrete Dichotomy Theorem, E¥ is hyperbolic on Cy(01; X).

Hence, E is hyperbolic on Cy(©1; X), and {®"} has exponential dichotomy on ©; by the
Discrete Dichotomy Theorem. 0

Proof of Lemma 3.12. In the decomposition ¢o(Z, X) = Im Py & Im @5, we represent Tj
as T = A+ B by

A [ Rl 0
0 QaTyQq

We prove the lemma in four steps.

0 PTyQq

QaTsFs 0 (8.21)

| md -
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Step 1. We show that
max{[| P T3P, || [QaT3Qa] " |1} < 1/8. (3.28)
First, (3.16) and (3.19) imply
1FoToFgll = sup |[P(0n) ¥ (0n 1) P(On-)| < ey < 1/16.
ne

Further, by (3.24) one has

QiT3Qq = Qa(I — pg) - (I — pg)T5Qs. (3.29)
The operator (I — pg)T3Q5 - ImQz — Im (I — pg) is invertible by (3.18) and (3.20), and
(I — p)T3Q5) " Il = Sup 195" (0a)]] < . (3.30)

To prove that Qz(I — pg) : Im (I — ps) — Im Q) is invertible, we consider the operator
R:=1—(F;—Qg)(Ps — pg) = Qa(I — pg) + Fips
on ¢o(Z, X) and its decomposition
R: Imp;® Im (I —pg) = Im P; & ImQyp;
Py } ) ) Pyps 0
R = R |pg, I — pg| = .
{ Qg P 2 0 QI —pg)
Since § = {#,,} is an e-pseudo-orbit for ¢, the inequality (3.22) yields
1(Fy — Q) (5 — pg) | < (14 20)[| P — pgl| = (1 4 2¢) SUIZ)HP(Qn) — P(0,1)|| < 1/2.
ne
Therefore, R is invertible and, hence, Qz(I — pg) is invertible with ||[Qg(I — pg)] || <
|R7'|| < 2. This estimate together with (3.29)-(3.30) and (3.16) gives || [Q3T5Q5] " || <

2y < 1/8.
Step 2. We show that I — A is invertible, and

(1 — A <4/3. (3.31)
The inequality (3.28) implies that the operators
Py — PiT;P; and Q5 — Qi13Q5 = —QgT3Q4 (Qs — (QaT3Q5) ")

are invertible on Im P; and Im @), respectively. Then
(I =A)" = (P — FT;Pp) " @ (Q5 — QaT5Q8)” Z BTy F)t & — Z Qal5Qq)”
k=0 k=1
As a result, ||[(I — A)7t| < 4/3.
Step 3. We estimate || B|| = max{|| P;T5Qsl|, ||QsT5P;||}- By (3.24),
Pi15Q5 = Fy(Py — pg)Ty  and  QpT555 = (pg — Py)paTs.

We also have [[Fl| < ¢, [Ipsll < ¢, (|5 — Fyll < supgee< 1P0) = Pl T3] <
supgee ||¥(0)||. Thus, (3.23) yields
1Bl < ¢ sup [P(0) = Pl -sup [L(O)]] <3/8. (3.32)
€

d(0,m)<e
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Step 4. We use (3.31) and (3.32) to finish the proof. Indeed, ||(/ — A)"'B|| <  and
I(7 = Tp) M = (T = A)I — (I = A)~'B]"|
< =A) N — T =A) B <8/3. O
We conclude this section with a typical application of Perturbation Theorem 3.11.
This theorem proves the roughness of dichotomy with respect to the perturbations which
are small in the metric on C'(R; £(X)) (with the topology of uniform convergence on

compacta) versus the norm on Cy(R; £(X)), compare [43, §5].
Consider a variational equation

a(t) = [A+ B(¢'0)u(t), (3.33)

where A is a generator of a strongly continuous semigroup on X and B is a bounded
function such that

© 30— B(p"0) € C(R; £L(X)) is continuous. (3.34)
This means that

SUE HB(@tel) - B(%Dt(%)HE(X) —0 as 0, — 0,
te

for each compact set K C R. Assume that (3.33) has exponential dichotomy at a point
0y € ©. Perturbation Theorem 3.11 implies that there exists an € > 0 such that (3.33)
has dichotomy for each § € © with the property that the orbits O(f) and O(6) satisfy
distm(m) < e. Indeed, the cocycle {®!(0)} for (3.33) satisfies

¢
() = ez + / eIAB(OTO)DT(0)x dr, = € X,
0

see [10, Thm. 5.1]. Using Grownwall inequality, boundedness of B, and condition (3.34),
one checks that © 3 6 — ®'() € £(X) is norm continuous.

4. ANNULAR HULL AND SPECTRAL MAPPING THEOREMS

We now want to characterize the exponential dichotomy of the cocycle {®'};>o by the
spectrum of the generator I' of the corresponding evolution semigroup {E'};>q on the
space F = (Cy(0; X). To that purpose, we prove the spectral mapping and annular hull
theorems for {E'};50. Assuming o,,(E) N'T # (), we give an explicit construction of
approximate eigenfunctions for I". These approximate eigenfunctions are supported in
flow boxes selected to contain Mane sequences for {®"},ecz, . Throughout, {®'};>¢ is an
exponentially bounded, strongly continuous cocycle over a continuous flow {p'};cr on a
locally compact metric space ©.

Definition 4.1. A sequence {60,,}5°_, C © is called Mane sequence if there exist constants
C, ¢ > 0 and vectors x,, € X such that

| D" (0,n)Tm| > ¢ and (4.1)

|D*(0,)2m| < C for k=0,1,...,2m. (4.2)
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We first discuss this concept, see also Corollary 4.12 and 4.13. Assume, for a moment,
that {®"},cz is a cocycle with invertible values and that 6, is a Mane point, i.e., there
exists a nonzero vector xq such that C' := sup{|®"(6y)xo| : n € Z} < 00, see the Introduc-

tion. We claim that 6,, = ¢~™6, form a Mane sequence with vectors x,, = ®~™(fy)xo.
Indeed,

[P (0,) T | = [P™ (@ ™bp) P (0g)xo| = |x0| =: ¢ >0 and

[ (O )| = |@* (™™ 00) ™" (6)0| = |2~ (60)x0] < C
for k € Z. Thus, Definition 4.1 extends the notion of a Mafie point to the non-invertible
case.

Going back to the situation of a cocycle with possibly noninvertible values, we remark
the following.

Proposition 4.2. If {®'},cy has exponential dichotomy on ©, then there are no Marie
sequences in ©.

Proof. Suppose, in the contrary, that {6,,}7° is a Mane sequence with the corresponding
vectors x,,,. Decompose z,,, = x + z¥, where z7 € Im P(6,,) and 2 € ImQ(0,,). Let
Ym = P (O) T, 3, = D" (0n) 2, and y, = ™(0,,)zl,. Using dichotomy and (4.2) with
k =2m and k = m, we estimate
(Y| < Me™ 7™ |@F (0™ O,y | < Me™P M {| DX (G,0) 2| + |OF (™ )|}
< Me PO+ Me P (Jym| + |yp|)} < Me™™™{C + Me™"™(C + |y}
Thus, for sufficiently large m, we have

C + MCePm
Y| < Me™Pm 1 o2 625 — 0 as m — o0.
J— e— m

Together with (4.1) and (4.2) with & = m, this implies |y3,| € [¢/2, 2C] for large m. Since

@' has exponential dichotomy, we conclude

g <yl = 197 (O )y, | < Me™™[ay, | and 20 > [yp| = |7 (O )ay,| > M1 |y .

Hence, |25 | — oo and |z | — 0 as m — oco. This contradicts (4.2) with k = 0. O

We now give sufficient conditions for the existence of a Mane sequence, cf. [8, 29|, using
the following refinement of Theorem 3.7 (¢)=-(d).

Lemma 4.3. Assume there exists a constant ¢ > 0 such that
|1 — mo(E)epoz;x) > ¢ forall 6 € O.
Then we have ||zI — Elle 7 > ¢ for all z € T.

Proof. Let f € F and z € T. Notice that for each # € © the sequence Zy := (f(©"0))rez
is bounded. The assumption and Proposition 3.6 yield

|2f — Ef|l7 = sup|2f(0) — @ (¢7'0) f(¢7'0)| = supsup |zf(©"0) — @ ("10) f("10)]
beo €0 ke

= sup |[z] — mp(E)]Tg|| ¢ (z;x) = ¢ sup [|Tg|le=(z;:x) = || fll#- O
0cO 0cO
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Proposition 4.4. A Mane sequence {0,,}3° exists provided one of the following conditions
holds.

(a) infge@ ||I - 7T9(E)||.7£oo =0.
(b) 0up(E)N'T #0.

Proof. In view of Lemma 4.3, it suffices to consider (a). Since {®'} is exponentially
bounded, N := supy ||mg(E)] is finite. Fix m € N and let ¢ := (4 Z?Zo N¥)~1 By the
assumption, there exists o,, € © and 7™ = (yl(m))lez € (>*(Z; X) such that ||7™ |, =1
and ||[I — 75, (E)]7"™]|s < €. Hence,

L < [ (E)FG ™ e zixy < 2 for k=0,1,...2m.

For a fixed k € {0,1,...,2m}, we have

(m) (m)
1—

[T (BN G 10 z,5) = sup 1k (o) y | = sup 1Dk (™0 )y .

Select I such that 1 < [®™ (" ™0y, y'™ | Note that |®*(¢!™0,,)y\™ | < 2 holds for
k = 0,1,...2m. Therefore, 6,, :== ¢'"™0,, is a Maiie sequence with the vectors z,, :=

In the construction of the approximate eigenfunctions we will use some basic facts
concerning the period function and flow boxes, or tubes.

A point 6 € O is called periodic with respect to the flow {('}icr if 70 = 6 for some
T > 0, and aperiodic if there is no such T'. The prime period functionp : © — RU{oco} is
defined as p(0) = inf{T > 0 : 70 = 0} for periodic points 6 and p(f) = oo for aperiodic
0. Further, set

B(©) = {60 € O : p is bounded in a neighborhood of #} and
BC(©) = {60 € B(©) : p is continuous at 6}.

Also, we denote by O(6) = {¢'0 : t € R} the orbit through § € ©. The following result
is taken from [6, Thm. IV.2.11].

Lemma 4.5. Let {¢'}ier be a continuous flow on a locally compact, metric space © with
prime period function p. Suppose that 0y € © and T are such that 0 < 1 < p(6y)/4. Then
there exists an open set U and a set ¥ such that 6y € X C U, the closure U is compact,
and for each 6 € U there exists a unique number t = t(0) in (—7,7) such that the point

o := ¢ '0 belongs to ©.. Moreover, the map 6 — t(0) is continuous on U.
The set U as in Lemma 4.5 is called flow-boz of length T with cross-section ¥ at 6y € ©.

Lemma 4.6. For a continuous flow {¢'}ier on a locally compact metric space © with
prime period function p, we have

(a) p is lower semicontinuous, in particular, the set {6 : p(0) < d} is closed for each
d>0;

(b) the points of continuity of p are dense in O;

(c) for 6y € BC(O) with p(6y) > 0, there exists a relatively compact, open set U
and a set ¥ 3 6y such that O(6)) C U C BC(O), for § € U there is unique
t=1t(0) € [0,p(0)) with ¢~ € 3, and U > 0 — t(0) is continuous.
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Proof. Assertion (a) is shown in [3, p.314]. The second assertion follows from (a) and [15,
pp-87]. To show (c), we use Lemma 4.5 to find a relatively compact, open flow box Uy at
6y of length 7 € (0,p(0y)/4) with cross section ¥, such that § — ¢(0) is continuous, the
function p takes values in (3p(6y)/4,5p(6p)/4) on Uy, and

O(0o) N 2o = {0} (4.3)

Let ¥; be a relatively open subset of ¥ containing 6, such that ¥; C Uy. We claim that
O(6p) has an open neighborhood U C Uy satisfying

for all @ € YU the set O(F) N3, contains exactly one element. (4.4)

Suppose that no such neighborhood exists. Then there were points 6,, converging to a
point ¢'fy for some 0 < t < p(bp) such that O(6,,) N X, is empty or contains more than one
element. But, since p~'6,, — 6y, we obtain ¢~ '6,, € Uy and, hence, points o, € O(6,,) N3,
for large n. Moreover, t(¢'0,) — t(fy) = 0 so that o, — 6. In particular, o, € X; for
large n. Then there must exist o/, = p*"0,, € ¥; for some s,, with

O<T§8n§p(0n)—7'<p(90)—%

and n sufficiently large, where we have used the continuity of p at #y. Taking a subse-
quence, we may assume that s,, — s so that

U;L—>30590€§1CU0.

Again by the continuity of (), we derive p*0y € 3. Due to (4.3), this yields ¢*6y = 6.
But this contradicts 0 < s < p(fp), and so there exists a neighborhood U of O(f)
satisfying (4.4).

[t remains to show the continuity of p(-) and #(-) on U. So let 6,, — 6 in U. Suppose
that p(6,,) does not converge to p(6). But, p(6,) — po for a subsequence, and so 6, =
P0G, — P, Hence, py = kp(f) for k # 1. This is impossible since p(#),py €
[3p(60)/4, 5p(0)/4]. Further, "0, — ©"0 in Uy for some r and sufficiently large n. This
yields the continuity of 6 — ¢(0) on U. O

Recall that T" denotes the infinitesimal generator of the evolution semigroup { E*};>o on
F = Cy(0; X) defined by formula (1.1). Our next goal is to construct the approximate
eigenfunctions for I' on F for a given Mane sequence. We first treat the case that the
Maiie sequence consists of aperiodic points.

Lemma 4.7. Assume {0,,}3° is a Mane sequence such that 0,, ¢ B(©) or p(6,,) —
o0o. Then, for each & € R, there exist functions f, € D(I') with ||fu|lc = 1 such that
(i€ = T) fulloo = 0 as n — oo.

Proof. Without loss of generality, we assume that p(6,,) — oo as m — oo. Denote
n = min{m, [1p(0,,)]}, where [-] is the integer part. Note that n > 0 for sufficiently
large m. Set o9 = ¢™(0,,) and x = ®™"(0,,)x,,. By the assumption there are constants
C,c¢ > 0 such that ¢ < [®™(0,,)2,,| and |®%(0,,)z,,| < C for k = 0,1,...,2m. This implies
that

0<c<|®"(¢p "og)z| and |®F(p"og)z| < C for k=0,1,...,2n. (4.5)
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Using Lemma 4.5, we find an open flow box U of length n at oy with cross-section ¥ 3 oy
such that

(¢ 0)s — B (p"op)a| <1 for 0<t<mand o €Y. (46)

For fixed n, choose “bump”-functions § € C(U) with 0 < 5 < 1, f(0g) = 1, and compact
support and v € C*(R) with 0 < v < 1, suppy C (0,2n), v(n) = 1, and |||« < 2/n.
For £ € R, define

fa(0) = e “B(0)y (1)@ (¢ "0)x if 0 =¢" "o €U with t€ (0,2n), 0 €%, (4.7)
and f,(0) = 0if @ ¢ U. Clearly, f, € F and || folloc > |fn(00)| > ¢ > 0 by (4.5). For
h > 0 so small that v = 0 on [2n — h, 2n], one has

(E"f2)(0) = e M B3(0)y(t — h)@'(p"0)x
for 0 = ¢""o € U and (E"f,)(0) = 0 for 6 ¢ U. Thus, f, € D(I') and

(T fa)(0) — i€ fu(0) = =/ () B(0)e ™' @' (9 o)z (4.8)
for 6 = ¢ "o with t € (0,2n) and ¢ € ¥ and (I'f,)(0) = 0 for 6§ ¢ U. Let N =
sup{||®7(0)|| : 7 € [0,1],0 € ©}. Then (4.6) and (4.5) imply

2N(C+1)

. ON .
— —_— -n < - 7
IT fro — i€ fulloo < - k:r(rigy?gnlé (¢ "0)z| < - ]

If the Mane sequence consists of periodic points, we will make use of the following fact.

Lemma 4.8. Assume there is a sequence {0,,} C BC(©) with 0 < dy < p(0,,) < dy and
Ty € X such that |z, = 1 and |[z — &P (0,,)]2,| — 0 as m — oo for some z € T.
Then there exist £ € R and f, € D(I') such that || fullee = 1 and ||(i§ —T') fulleo — 0 as
n — oo.

Proof. We may assume that z = e = e’ 7P and p(0n) — po € [do, d1]. Set & =n/po.
By Proposition 4.6, there exist open tubular neighborhoods U,, of 8,, with sections ¥, 3 6,
such that on U, the function p is continuous and takes values in [dy/2, 2d;] and

|z, — e PP (g)z,| - 0 for o €%, asn — oo, (4.9)

Take a continuous “bump”-function 5 : U,, — [0, 1] with 8(6,) = 1 and compact support.
Choose a function o € €0, 1] satisfying 0 < a <1, a=0o0n [0,1/3], « = 1 on [2/3,1],
and [|o/[|s < 4. Define
Fal0) = e 3(0)@"(0)[a(t/p(0))an + (1 = alt/p(0)))e 0" (g)z,] (4.10)
for 0 = plo € U,,, where 0 € ¥, and 0 < t < p(0), and f,(0) = 0 for § ¢ U,,. Clearly,
fn € F with
1 falloo = 1fa(0a)] = 197 (B)ara| > 1/2

for large n. For 0 < h < dy/6, we compute

p(o)
e €=M 3 (5) B (0)e PO PP (), t<h,
24
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for 6 = ¢'o € U, and (E"f,)(0) = 0 otherwise. (Write "0 = ©PO+="5 if § € U, and
t —h <0.) Thus, f, € D(I') and

D fa(0) — i€ £u(6) = —e‘iftﬁ(a)ﬁa’(ﬁ)@(a)m — e OP O (o), (411)

for 6 = p'o € U, and zero otherwise. Let N = sup{[|®7(0)]| : 6 € ©,0 < 7 < 2d;}.
Finally we obtain

8N -
(T = i&) fall < dy |z, — e PO (), | — 0

as n — oo thanks to (4.9). O

We are now in the position to prove the annular hull theorem and the spectral mapping
theorem for the evolution semigroup

(E'f)(0) = D' (¢7'0)f(¢7'0) on F =Co(;X)
with generator I'. The spectral mapping theorem says that
o(E"\{0} = expto(l') for t > 0. (4.12)

In general, this result does not hold if ' is not aperiodic, see e.g. [9, Ex. 2.3]. The annular
hull theorem states that

expto(l') C o(E")\{0} C H(expto(T)) for t >0,

where H(-) is the annular hull of the set (-), that is, the union of all circles centered at the
origin that intersect the set (-). In other words, the annular hull theorem can be written
as

T (o(E"\{0}) =T -expto(l') for t>0. (4.13)

Observe that the annular hull theorem can be violated if there are fixed points. Indeed,
for the one-point set © = {#} and identical flow ¢!(f) = @ define a cocycle ®¢(9) = e!4
for a strongly continuous semigroup {e!4} on X which does not satisfy the annular hull
theorem (see [33, A-III] for examples). Clearly, in this case (4.13) does not hold for the
corresponding evolution semigroup.

Theorem 4.9 (Spectral Mapping/Annular Hull Theorem). Let {E'}i>o be the evolu-
tion semigroup on F = Cy(©; X) with generator T' induced by an exponentially bounded,
strongly continuous cocycle {®'}er, over a continuous flow {¢p'}er on a locally compact
metric space ©, and let p be the function of prime periods for {©'}.

(a) If B(©) = 0, then o(T') is invariant with respect to vertical translations, o(E")
15 wnvariant with respect to rotations centered at zero, and the spectral mapping
theorem (4.12) holds.

(b) If p(0) > dy > 0 for all 0 € B(O©), then the annular hull theorem (4.13) holds.

Proof. By virtue of the spectral inclusion theorem and the spectral mapping theorem
for the residual spectrum, see e.g. [33, A-II1.6], and a standard rescaling, (4.13) holds
provided that

0p(E)NT # 0 implies o(I') NiR # ()
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for E = E'. So let z € 0,,(F)NT. By Proposition 4.4, there exists a Mare sequence
{0,,} in ©. We have to consider two cases:

Aperiodic Case: there is a subsequence with 6,, ¢ B(©) or p(6,,) — 0o as m — 00;
Periodic Case: 6, € B(©) and p(f,,) < d; for a constant d .

In the aperiodic case, Lemma 4.7 shows that iR C 0,,(I') which implies (4.12). The
other assertions in (a) then follow from the spectral inclusion theorem [33, A-I11.6.2] and
0o(I) C a4p(T).

In the periodic case, using Lemma 4.6, we may and will assume that 6,, € Q := {0 €
BC(O) : dy < p(f) < di}. The set Q is a p'-invariant and locally compact metric space by
Lemma 4.6. On €, we define a new flow {¢'};cr by ¥4(0) = ¢ (9) and a new cocycle
{U}er, over {¢'} by W(0) = &) (0). Recall that 6 — p(6) is continuous on BC(O).
Clearly, {¢'} is continuous and {¥'} is strongly continuous and exponentially bounded
on €. So there exists the induced evolution semigroup {F%} on Cy(Q; X). Let Ey = Ej,.
We stress that (Eyf)(0) = &9 () f(0) for f € Cp(2; X) and 6 € Q. The following fact
is stated as a separate lemma for later use.

Lemma 4.10. Let ) be as defined above. Assume that o(®*@(0))NT = 0 for each 6 € Q
and

sup [|[2I — ") || x) < 0o for all z € T.
0eq)

Then {®'} has exponential dichotomy on €.

Proof of Lemma 4.10. The assumptions imply o(Ey) N'T = (), where
(21 — By) ' f(8) = [z — @D (0)] ' f(0)

for 0 € Q, z € T, and f € Cy(2; X). An application of the Dichotomy Theorem 2.7 to
{Ey} shows that the cocycle {¥'} has exponential dichotomy on € with the dichotomy
projection P(-) and the dichotomy constants 3, M > 0. Therefore, the cocycle {®'} has
exponential dichotomy on Q with P(-), 5/dy, and M. O

Since {2 contains a Mafie sequence, the cocycle {®'} does not have exponential di-
chotomy on € due to Proposition 4.2. Therefore the assumptions in Lemma 4.10 cannot
be satisfied. This means that either

(1) ||zI — ®P)(8,)||e.x — 0 for some z € T and 6,, € 2  or
(2) there exist z € T, 6y € Q,y € X, and § > 0 such that [zz — &P (0y)z — y| > §
for all z € X.

In case (1), Lemma 4.8 implies 0,,(I") NiR # 0. In case (2), take a function g € Cy(0; X)
such that g(6y) = y. For all f € Cy(©; X), we have

l2f — B f — glloc = |2f(60) — @) f(60) — y| = o;

that is, z € o,(EP))NT. Hence, o,(I')NiR # @ by the spectral mapping theorem for the
residual spectrum [33, A-II1.6.3]. Altogether, we have established (b) in Theorem 4.9. [

Combining the above result with the Dichotomy Theorem 2.7, we obtain the following.
26



Corollary 4.11. Let {®'}er, be an exponentially bounded, strongly continuous cocycle
{®'}er, over a continuous flow {¢'}er on a locally compact metric space ©, let p(0) >
do > 0 for all 0 € B(O), and let T be the generator of the induced evolution semigroup on
Co(0; X). Then the cocycle has exponential dichotomy on © if and only if iR C p(T'). If
B(©) = 0, then these conditions are equivalent to p(I') NiR # (.

We have seen in Proposition 4.4 that the condition o,,(E)NT # @) implies the existence
of a Mane sequence. We can now give two results in the opposite direction.

Corollary 4.12. Assume that o,.(E)N'T = 0. Then, o4,(E) N'T # O if and only if there
exists a Mane sequence {6,,}5°.

Proof. If 0,,(E) N'T # 0, then a Mane sequence exists by Proposition 4.4. If a Marfie
sequence exists, then o(E) N'T # () by Proposition 4.2 and Dichotomy Theorem 2.7. So
the assumption, o,.(F) N'T = (), implies the result. O

Corollary 4.13. Assume that {0,,}° is a Mane sequence.

(a) If the aperiodic case holds for {0,}3°, that is, there is a subsequence such that

O & B(©) or p(B,,) — 0o as m — oo, then T C 0,,(E).

(b) If the periodic case holds for {0,,}°, that is, 0, € Q = {0 € BC(0) : dy <
p(0) < di} for some constant dy, and if o, (PP (O)NT = O for all § € Q, then
oap(E)NT # 0.

Proof. In the aperiodic case (a), one has iR C o,,(I") for the generator I' of the evolution
semigroup {E'} on Cy(0; X) by Lemma 4.7. So the spectral inclusion theorem yields
T C oup(E).

In the periodic case (b), the cocycle {®'} does not have exponential dichotomy on € by
Proposition 4.2. Therefore, the assumptions of Lemma 4.10 do not hold. Since we have
assumed o,.(®P?) () N'T = @ for all § € Q, we conclude that ||z] — ®PE) (0|, x — 0
for some z € T and 6,, € 2. Lemma 4.8 implies i{ € 0,,(I") for some ¢ € R, and hence
0ap(E)NT # 0 by the spectral inclusion theorem. O

5. DICHOTOMY AND MILD SOLUTIONS

In the sequel, we relate dichotomy of the cocycle {®'} or the linear skew-product flow
{¢'} on © x X to the existence and uniqueness of the solution u for the mild form of
the inhomogeneous variational equation (¢'0) = (A(p'0) — Nu(p') + g(¢©'0). Recall
that ®%(0) = e M®!(9) for A € C, ¢t > 0, and § € ©. Consider the mild inhomogeneous

equation
t

w('0) = B (B)u(0) + /0 BT () g(e70) dr, >0, 0€ 0, (5.1)

on Cy(0; X) or Cy(O; X), the space of bounded, continuous functions f : © — X endowed
with the sup-norm.

Definition 5.1. Let F € {Cy(0;X),Cp(0; X)} and X € C. We say that condition
(My, F) holds if for each g € F there exists a unique u € F satisfying (5.1).

If the condition (M), F) holds for some A € C, then we can define a linear operator
Ry : g — w on F that recovers the unique solution u of (5.1) for a given g. This mapping

is, in fact, continuous.
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Lemma 5.2. If condition (M, F) holds for some X\ € C and F € {Co(0; X), Cp(0; X)},
then Ry is bounded on JF.

Proof. Thanks to the Closed Graph Theorem, it suffices to show the closedness of R).
Take g,,g,u € F such that g, — ¢ and w, := Ryg, — u in F. Since (5.1) holds for w,
and g,, we have that u = R)g:

u(6) = lim un(9) = lim [‘Pi(sﬁ@)un(w‘t@) + /0 YT (07 ) gu( 7 10) dr

n—oo n—oo
t
— (o O)u(p0) + / B (57 0)g(o™0) dr.
0
U]

First, we show by a standard argument that the exponential dichotomy of {®*} implies
(My, F). Here we do not need to assume that the cocycle is exponentially bounded.

Proposition 5.3. Let {®'},cr, be a strongly continuous cocycle {®'}er, over a contin-
uous flow {@'}er on a locally compact metric space ©. Assume that {®'} has exponential
dichotomy on ©. Then condition (M, F) holds for F = Cy(0; X) or Cy(0; X) and for
all X = i€ € iR.

Proof. 1If {®'} has exponential dichotomy, then {®{} with A = i{ € iR also has it, so
it is enough to prove the theorem for A = 0. Let P(-) be the dichotomy projection and
M, B > 0 be the dichotomy constants from Definition 2.1. Define Green’s function G(0,t)
by

p(0) = A6 P(6), t>0,0€0,
GW):{ — L (0) = — [0 (¢'0)Q(¢'0)] 7}, t<0, €O,

Clearly, ||G(0,t)|| < Me=? and (0,t) +— G(,t) is strongly continuous on © x (R\{0}).
Moreover, Green’s operator GG defined by

(Gf)(0) = /OO Gl 70, 7)f(¢770)dr for f € Fand 0 € ©

—00

is a bounded operator on Co(0; X) and C,(0; X). To see that G indeed maps Cy(0; X)
into Cp(0; X), fix f € Cp(0; X) having support in a compact subset K of O, and let
0, ¢ K tend to co. Set

tn:=sup{t >0:¢"(0,) ¢ K forall 7e&l[—tt]}.

Suppose that ¢, < T < oo. Then there exists 7, € [=T,T] such that ¢™6, € K for
n € N. This means that 0,, € U\TIST ¢"(K), a contradiction. As a result, t,, — oo and

(G'f)(0,) — 0 due to the estimate |G (6, 7)| < Me P!,
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Let u = Gg for g € F. We compute
u(p'0) — @' (0)u(0)

= /0 ) 7 ("TO)P(¢" T 0)g(¢"TO) dT — '(0) /0 ) (o "O)P(p "0)g(p7T0) dr

— [ a0 0+ 86) [ @000 dr

—00 —0o0

— / T (pTO)P(p70)g(pT0)dT — / T (PTO)P(70)g(¢70) dr

—00 —00

- /t ) 57T (¢"0)Q(¢70)g(p70) dr + /0 ) 57 (¢70)Q(p"0)g(70) dr

- / (7 0) P(70)g(270) d + / (T 0)Q(70)g(6) dr

= /0 DT (070)g(¢0)dr

for t > 0 and € ©. This proves that u = Gyg satisfies (5.1) with A = 0.
To show uniqueness, take g = 0 and let u € F satisfy u(¢'0) = ®*(0)u(f) for § € ©
and ¢ > 0. Since {®'} has exponential dichotomy, we have

P(0)u(f) = ®p(e ") P(p~"O)ulp™'0) and  Q(O)u(f) =[P4 (0)] ' Q(¢'0)u(4'0)
for t > 0 and 6 € ©. Thus, the estimates
[PO)u(®)] < Me™[|uflo and  |QO)u(0)] < Me™ull
imply u = 0. 0
We now address the converse of Proposition 5.3. In the case F = Cy(0; X), the result

is an easy consequence of Corollary 4.11.

Theorem 5.4. Let {®'},cr, be an exponentially bounded, strongly continuous cocycle
over a continuous flow {@' her on a locally compact metric space ©.
(a) Assume that p(6) > dy > 0 for all 8 € B(©). If condition (My,Cy(0; X)) holds
for all N = i€ € iR, then {®'} has exponential dichotomy on ©.
(b) Assume that B(©) = 0. If condition (My,Co(0; X)) holds, then {®'} has expo-

nential dichotomy on ©.

Proof. Due to Corollary 4.11, we only have to show that iR C p(I') in case (a) and
0 € p(I') in case (b). Fix g € Cyp(0;X). By the assumption, there exists the function
u= Ryg € Cy(0; X). Applying E" in (5.1), we obtain

e M (E"u)(0) = DY (o "0)u(e™"0) = u(0) — /0 YT (7 "0)g (7 "0) dr-
Therefore,
He M B 0®) )] =~ | 8300 o

and we conclude that u € D(I') and (A — I')u = g. This means that A — I" is surjective

for all A € iR in case (a) and for A = 0 in case (b).
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If (T'— A)u =0, then e ME' = u or u(¢'0) = &, (0)u(f) for 6 € © and ¢t > 0. So
the uniqueness part of the condition (M,,Cy(0; X)) implies the injectivity of A — T" for
all A € iR in case (a) and for A = 0 in case (b). O

The case F = Cy(0; X)) cannot be reduced to the results of the previous sections since
the evolution semigroup is not strongly continuous on Cy(©; X). Instead, we use the
discrete operators mp(FE). We start with two preliminary lemmas. The first one can be
proved exactly as [20, Lemma 2.4].

Lemma 5.5. Assume that 0 € © satisfies 0 = 0. Then, my(E) is hyperbolic on co(Z; X)
if and only if ®1(0) is hyperbolic on X. Moreover, if 1 & 0,,(m9(E)), then 0,,(®(0))NT =
0.

Lemma 5.6. Assume that condition (My,F) holds for F € {Cy(0;X),Cy(0; X)} and
some A € C. Then, for each periodic point 6y € © with p(fy) > 0, the operator e (%) —
P (0y) is surjective in X.

Proof. Fix y € X. Take g € C([0,p(6y)];R) such that 5(0) =0, 5(p(6y)) = 1/p(6h), and
féj(%) B(7)dT = 1. On the orbit O(fy) define
g(goTHO) = 5(7’)@;(00)y =+ [@ _ B(T)] ®§(90)+T(00)y.

The function ¢ is continuous on O(6y). Extend g on © continuously to a function g € F
with a compact support. Let u = Ry,g. Observe that

(I)Z;\(GO)—T (@790)®§(90)+T(90) = @2};(60) (90) .

Using this fact, (5.1), and f(f(g())[p(éo) — B(7)]dT = 0, one obtains

(@) = u(f) = D5 (Bo)u(6o) + D5 (8y)y.
For 2 = u(6y), we get
z — e PO (f)z = e AP P )y,
Therefore, [e*(%) — dPE0) ()] (e %) (2 4 y)) = y. -

Theorem 5.7. Let {®'}er, be an exponentially bounded, strongly continuous cocycle
over a continuous flow {¢'her on a locally compact metric space ©.

(a) Assume that p(0) > do > 0 for all 0 € B(6). If condition (M, Cy(©, X)) holds for
all X = i€ € iR, then {®'} has exponential dichotomy on ©.

(b) Assume that B(©) = (). If condition (My, Cy(©; X)) holds, then {®'} has exponen-
tial dichotomy on ©.

Proof. We will show that I — mg(FE) is invertible in £(¢o(Z; X)) and
||(I — WO(E))_1||L(CO(Z;X)) < (C for 0€06. (52)

Then the theorem follows from the Discrete Dichotomy Theorem 3.7 and Proposition 3.6.
Step I. We prove that

infae@ ||] — WQ(E)H.,C()(Z;X) > 0. (53)
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Suppose (5.3) does not hold; that is, suppose that

infpee [[1 — 7o (E)|0,co(z;x) = 0. (5.4)

By Proposition 4.4, there exists a Mane sequence {f,,} in ©. We consider separately the
aperiodic and the periodic cases.

(1) Assume that there is a subsequence with p(6,,) — oo or 6,, ¢ B(©). An application
of Lemma 4.7 gives f,, € D(I") such that || f,,||oc = 1 but I'f,, — 0, where I" is the generator
of the corresponding evolution semigroup on Cy(©; X). Recall that the functions f,, are
given explicitly by (4.7) while I'f,, is computed in (4.8). Using (5.1), it is easy to verify
that RoI'f,, = —f,. This contradicts the continuity of Ry shown in Lemma 5.2.

(2) It remains to consider the case 6, € Q = {0 € BC(O) : dy < p(#) < d;} for some
d; (use Proposition 4.6). We claim that there is a constant ¢ such that

21 — DO ()]l > ¢ > 0 (5.5)

for 6 € Q and z € T. We postpone the proof of this claim. Combining (5.5), the
assumptions in part (a), and Lemma 5.6, we can verify the assumptions of Lemma 4.10.
But the conclusion of Lemma 4.10 contradicts (5.4) by virtue of the Discrete Dichotomy
Theorem.

To prove (5.5), suppose that inf{||zI — ®"@(0)|l.x : § € Q} = 0 for some z € T. Then
the conclusion of Lemma 4.8 hold, that is, there is a sequence of functions f, € D(I")
given by (4.10) such that || f,]l > 1/2 and |[(T' — ) fu|lco — 0 for some & € R, see (4.11).
Set g, =I'f,—i&f, and A = ¢£. In the next lemma, we show that f,, = —R)g,. But this is
impossible since R, is a bounded operator on Cy(0; X) due to condition (M, Cy(0; X))
and Lemma 5.2.

Lemma 5.8. The functions f, defined in (4.10) and g, = (I' — i&) f,, defined in (4.11)
satisfy fn, = —Rxgn; that is, fort > 0 and 0 € © one has

Ful('6) — DL(0)£1(0) = — / DL (0)ga(¢70) dr. (5.6)

Proof of Lemma 5.8. Recall that f, and g, are supported in U, = {¢°c : 0 < s <
p(o),0 € £}, see (4.10) and (4.11). Fix 6 = p°c € U, and t > 0.
First, assume that s + ¢ < p(co). Then, by (4.10),

ful@'0) — 5 (0) £a(0) = fu(" o) — e (9%0) ful"0)
= B(0)01(0) [a(£5) (20 — 1 wa) + WU (o) |

p(o)
~ B(0)2(0) [aly) (o — @472, + 47 (o),
= 5()B(0) [al 55) — al)] (o0 - )
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On the other hand, (4.11) yields

t
- / L T(070)gn(070) dr
0

— B0) / BT ()L (0) [ — L (o))

t
= B(0)@L (o) (n — B, /0 ol (22) T

and (5.6) holds.
Second, assume that s+t € [kp(o), (k + 1)p(o)) for k =1,2,.... Now, ¢'0 = p'T50 =
57k g where t + s — kp(o) € [0,p(c)). The LHS of (5.6) can be written as

s—kp(o s—kp(o 5— o
Bo) @ (o) a(HE ) 1, — B (0)2,] + B(o) 0T (o)
— B(0) BT () — Blo) D (0) ) [ — @?§”><a>xny
We split the mtegral on the RHS of (5.6) in three integrals and compute

p(o)—s
- [ a0 ar
0

p(o)—s
=50) [ e
= 8(0) (1= aly)) @4 (0)ww — ¥ ()]

since a(1) = 1 by the choice of a. Further,

kp(o)—s .
- [ e oo ar

VLT (") B (0) [, — L7 (o)) dr

p(o)—s
k-1 4 o
B /B(O—) ( +1)p( ) 1 a/(s—‘,-T—fp(O')) @ 7'( s+T7— (p(g) )@S‘FT*&D(O’) (U)
B ) o) P(0) P(©) ie \¥ it
(=1 g)=s

N — R (0)z,) dr
= Bo) @ T (o) — @ ()],
where we have used «(0) =0, a(1) =

t
- / LT (70)gn(@70) dr
k

p(o)—s

t

T+s—kp(o 7/ T4s—kp(o T4+s—kp(o o

:5<">/k ) (O o), — )
plo

= B(0) Dl (0) (D [, — @1 ().

p(o)

=1, and the cocycle property. Finally,

The lemma follows by combining these identities. O

As a result, (5.3) is verified.
Step II. Next, we prove that I — my,(F) is invertible on c¢o(Z; X) for each 6y € ©.
Together with (5.3), this implies (5.2) and so the theorem is established. We distinguish

between three cases.
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(1) Assume that p(6y) = co. For v > 0, we define the operator
D(y) : (xx) = (x), — e T FFDQN (51 00) 2 y)
on ¢o(Z; X). Notice that
D(v) — D(0)=1—mp(E) in L(co(Z;X)) as v— 0. (5.7)
By (5.3), this implies that there exist constants ¢,y > 0 such that
[D(Y)leco(z:x) > ¢ forall 0<v <. (5.8)

Take g = (yx) € co(Z; X) with y, = 0 for |k| > n = n(y). Choose a function o € C(R)
with suppa C (0,1) and [, a(7)dr =1. Form=n+1,n+2,--- and 0 < v < 7, define

Gm(900) = at — k + 1) @FH (1) gy
fort € [k—1,k) and k = —m+1,...,m. We can extend g, to a function g,, € C(0; X)
with compact support and

[gmllec < leflc sup [ @7(O)]| €™ (|7l -
0<7<1,0€0

Condition (Mo, Cy(0; X)) yields the function w,, = Ryg,, € Cp(0; X), that is, one has
1

Um(QOon) — él(gok_leo)um(wk_lﬁo) +/ (I)I—T<¢T+k—100)g(¢r+k—190) dr
0

— @1(@k_1(90)um(g0k_190) + <I>1(g0k_190)67|k_1|yk,1
for k= —m+1,...,m. Set vy, = (Um(©0y) + e ¥lyp ) ez € €°(Z; X) and

Tm = (Tmk)kez = (I — 7oy (E)) Uy — <€7|k|yk)kez

for m > n. Then, (rm)rez € (°(Z; X) and r,,, = 0 for |k] < m. Since y, = 0 for |k| > n,
we obtain

HTMHOO < HI - 7TGo(E)HLZ(ZO"(Z;X)) |t |loe < ||I - 790(E)|| HROH HgmHoo <C,

where C' depends on ¢ but not on m and « € [0,7]. Further, (e "%, 1)rez € co(Z; X)
and

ID(y) (e vmi)kez = Flloo = 1(e”™(1 = 760 (E))vmli)kez — lloo

= sup [e Ky | < Cem
keZ
for m > n. As a consequence, D() has dense range on ¢y(Z; X) and is invertible by (5.8).
Now, (5.7) implies the invertibility of I — my,(E) on ¢(Z; X) in case (1).

(2) Assume that p(6y) € (0,00). We start with a special case.

(2i) Let p(6p) = 1. Lemma 5.5 and (5.3) yield 04, (®'(0y))N'T = 0. Further, e* — ®1(6,)
is surjective by Lemma 5.6 for all A = i€ € iR in case (a) and for A = 0 in case (b) of the
theorem. Therefore, e* € p(®!()) and the boundary of o(®!(fy)) does not intersect T.
As a result, ®!(6y) is hyperbolic and, by Lemma 5.5, I — 7y, (E) is invertible on co(Z; X).

(2ii) Let p(6y) = T € (0,00). We define the continuous flow ¥'(6) = ¢ (#) and the
exponentially bounded, strongly continuous cocycle U¥() = ®*T(0) over {1)'} on ©. This
cocycle satisfies condition (Myr, C,(0; X)). Also, for the flow {¢)'} one has p,(6y) = 1. An

application of parts (I) and (I1.2.i) to the closed '-invariant set O(6y) and the cocycle
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U shows that the corresponding operators I — my(Ey) are invertible on c(Z; X) and
(I — mg(Fy)) || < C for 6 € O(6y). Therefore W' has exponential dichotomy on O(6)
due to the Discrete Dichotomy Theorem 3.7. Hence, ®' has exponential dichotomy on
O(6p) which implies the invertibility of I — my,(E).

(3) Assume that p(6y) = 0. Then ®!(6y) = e is a strongly continuous semigroup
on X. For y € X, choose g € Cy(0; X) with g(fy) = y. By condition (My,F) (for all
A =i € iR in case (a) and for A = 0 in case (b) of the theorem), there is a function
f € Cy(8; X)) such that f(6y) =: = satisfies

t
Mr — ety = / e(t’T)Ae’\Ty dr.
0

Consequently, © € D(A) and (A — A)x =y, i.e., A ¢ 0,(A). Lemma 5.5 and (5.3) yield
oap(e?)NT = 0. Hence, 0,,(A) NiR = @ by the spectral inclusion theorem. In particular,
A ¢ o(A) and the boundary of o(A) does not intersect i{R. So we infer that o(A)NiR = ()
and, by the spectral mapping theorem for the residual spectrum, o,(e) NT = 0. As a
result, ®!(6y) is hyperbolic. So Lemma 5.5 implies 1 € p(g,(F)). O

We combine the results of this section in the following characterization.

Corollary 5.9. Let {®'},cr, be an exponentially bounded, strongly continuous cocycle
{®'}er, over a continuous flow {p'}ier on a locally compact metric space ©. Let F €
{C(6.X).Co(0, X)}.
(a) Assume that p(6) > dy > 0 for 6 € B(0). Then condition (My,F) holds for all
A =i € iR if and only if {®'} has exponential dichotomy on ©.
(b) Assume that B(©) = 0. Then condition (Mo, F) holds if and only if {®'} has

exponential dichotomy on O.

Note added in proof.

We remark that F. Rabiger [private communication] recently gave a direct proof of the fol-
lowing fact: If B(©) = (), then condition (M, C,(0; X)) implies condition (M, Co(0; X)).
In other words, he proved that g € Cy(0; X) implies Ryg € Cy(©; X) assuming condition
(M, Cy(©; X)). The proof does not use operators my(E). It is based on a characterization
theorem for evolution semigroups and their generators similar to, e. g., Theorem 3.4 in
[38], and on the fact that T'u = —g for u,g € Cy(0; X) if and only if u and g satisfy the
mild integral equation (5.1) with A = 0 (compare Lemma 1.1 in [32]). An indirect proof
of the fact above is contained in our Theorem 5.7.

REFERENCES

[1] A. Antonevich, “Linear Functional Equations. Operator Approach”, Oper. Theory: Adv. Appl. 83,
Birkh&user, Boston/Basel/Berlin, 1996.

[2] A. Antonevich, Two methods for investigating the invertibility of operators from C*-algebras gen-
erated by dynamical systems, Math. USSR-Sb 52 (1985), 1-20.

[3] W. Arendt and G. Greiner, The spectral mapping theorem for one-parameter groups of positive
operators on Cy(X), Semigroup Forum 30 (1984), 297-330.

[4] A. G. Baskakov, Semigroups of difference operators in spectral analysis of linear differential operators,
Funct. Anal. Appl. 30, no. 3 (1996) 149-157.

[5] A. Ben-Artzi, I. Gohberg and M. A. Kaashoek, Invertibility and dichotomy of differential operators
on a half line, J. Dynamics Diff. Eqns. 5 (1993), 1-36.

34



(6]

[28]
[29]
[30]

[31]

N. P. Bhatia and G. P. Szegd, “Stability Theory of Dynamical Systems”, Springer-Verlag, Berlin,
1970.

C. Chicone and R.C. Swanson, The spectrum of the adjoint representation and the hyperbolicity of
dynamical systems, J. Differential Equations 36 (1980), 28-39.

C. Chicone and R.C. Swanson, A generalized Poincaré stability criterion, Proc. Amer. Math. Soc.
81 (1981), 495-500.

C. Chicone and R. Swanson, Spectral theory for linearization of dynamical systems, J. Differential
Equations 40 (1981), 155-167.

S.-N. Chow and H. Leiva, Existence and roughness of the exponential dichotomy for linear skew-
product semiflows in Banach spaces, J. Differential Fquations 120 (1995), 429-477.

S.-N. Chow and H. Leiva, Two definitions of the exponential dichotomy for skew-product semiflow
in Banach spaces, Proc. Amer. Math. Soc. 124 (1996), 1071-1081.

S.-N. Chow and H. Leiva, Unbounded perturbations of the exponential dichotomy for evolution
equations, J. Differential Equations 129 (1996), 509-531.

W.A. Coppel, “Dichotomies in Stability Theory”, Lect. Notes Math. 629, Springer-Verlag, Berlin,
1978.

J. Daleckij and M. Krein, “Stability of Differential Equations in Banach Space”, Amer. Math. Soc.,
Providence RI, 1974.

R. Engelking, “General Topology”, Polish Scientific Publisher, Warszawa, 1977.

D. Hadwin and T. Hoover, Representations of weighted translation algebras, Houston J. Math. 18
(1992), 295-318.

J. Hale, “Asymptotic Behavior of Dissipative Systems”, Math. Surveys Monographs Vol. 25,
Amer. Math. Soc., Providence RI, 1988.

D. Henry, “Geometric Theory of Nonlinear Parabolic Equations”, Lect. Notes Math. 840, Springer-
Verlag, Berlin, 1981.

R. Johnson, Analyticity of spectral subbundles, J. Differential Equations 35 (1980), 366—387.

Y. Latushkin and S. Montgomery-Smith, Evolutionary semigroups and Lyapunov theorems in Ba-
nach spaces, J. Funct. Anal. 127 (1995), 173-197.

Y. Latushkin, S. Montgomery-Smith and T. Randolph, Evolutionary semigroups and dichotomy of
linear skew-product flows on locally compact spaces with Banach fibers, J. Differential Equations
125 (1996), 73-116.

Y. Latushkin and T. Randolph, Dichotomy of differential equations on Banach spaces and an algebra
of weighted composition operators, Integr. Eqns. Oper. Th. 23 (1995), 472-500.

Y. Latushkin, T. Randolph and R. Schnaubelt, Exponential dichotomy and mild solutions of nonau-
tonomous equations in Banach spaces, J. Dynamics Diff. Eqns., 10 (1998) 489-510.

Y. Latushkin and R. Schnaubelt, The spectral mapping theorem for evolution semigroups on LP
associated with strongly continuous cocycles, Semigroup Forum, to appear.

Y. Latushkin and A. M. Stepin, Weighted composition operators and linear extensions of dynamical
systems, Russian Math. Surveys 46 (1992), 95-165.

Y. Latushkin and A. M. Stepin, On the perturbation theorem for the dynamical spectrum, preprint.
B.M. Levitan and V.V. Zhikov, “Almost Periodic Functions and Differential Equations”, Cambridge
Univ. Press, 1982.

L. T. Magalhaes, Persistence and smoothness of hyperbolic invariant manifold for functional differ-
ential equations, SIAM J. Math. Anal. 18 (1987), 670-693.

R. Mane, Quasi-Anosov diffeomorphisms and hyperbolic manifolds, Trans. Amer. Math. Soc. 229
(1977), 351-370.

J. Massera and J. Schaffer, “Linear Differential Equations and Function Spaces”, Academic Press,
New York, 1966.

J. Mather, Characterization of Anosov diffeomorphisms, Indag. Math. 30 (1968), 479-483.

35



32]

[33]
[34]
[35]

[36]

Nguyen van Minh, F. Rabiger and R. Schnaubelt, Exponential stability, exponential expansiveness,
and exponential dichotomy of evolution equations on the half-line, Integr. Eqns. Oper. Th., 32 (1998)
332-353.

R. Nagel (ed.) “One Parameter Semigroups of Positive Operators”, Lect. Notes Math. 1184,
Springer-Verlag, Berlin, 1984.

J.M.A.M. v.Neerven, “The Asymptotic Behavior of Semigroups of Linear Operators,” Operator
Theory Adv. Appl. 88, Birkhduser, Basel, 1996.

K. Palmer, Exponential dichotomy and Fredholm operators, Proc. Amer. Math. Soc. 104 (1988),
149-156.

F. Rébiger and R. Schnaubelt, A spectral characterization of exponentially dichotomic and hyper-
bolic evolution families, Tibinger Berichte zur Funktionalanalysis 3 (1994), 204-221.

F. Rébiger and R. Schnaubelt, The spectral mapping theorem for evolution semigroups on spaces of
vector—valued functions, Semigroup Forum 52 (1996), 225-239.

F. Rébiger, A. Rhandi, R. Schnaubelt, Perturbation and abstract characterization of evolution semi-
groups, J. Math. Anal. Appl. 198 (1996) 516-533.

R. Rau, Hyperbolic evolution semigroups on vector valued function spaces, Semigroup Forum 48
(1994), 107-118.

R. Rau, Hyperbolic linear skew-product semiflows, Z. Anal. und ihre Anwend. 15 (1996), 865-880.
M. Renardy, On the linear stability of hyperbolic PDEs and viscoelastic flows, Z. Angew. Math.
Phys. 45 (1994), 854-865.

R. Sacker and G. Sell, Existence of dichotomies and invariant splitting for linear differential systems
LILIIL, J. Differential Equations 15, 22 (1974,1976), 429-458, 478-522.

R. Sacker and G. Sell, A spectral theory for linear differential systems, J. Differential Equations 27
(1978), 320-358.

R. Sacker and G. Sell, Dichotomies for linear evolutionary equations in Banach spaces, J. Differential
Equations 113 (1994), 17-67.

R. Schnaubelt, Sufficient conditions for exponential stability and dichotomy of evolution equations,
submitted.

W. Shen and Y. Yi, On minimal sets of scalar parabolic equations with skew product structures,
Trans. Amer. Math. Soc. 347 (1995), 4413-4431.

W. Shen and Y. Yi, Almost automorphic and almost periodic dynamics in skew product semiflows,
Memoirs Amer. Math. Soc., 136 (1998), no. 647, 93 pp.

Y. LATUSHKIN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MO
65211, USA.
E-mail address: yuri@math.missouri.edu

R. SCHNAUBELT, MATHEMATISCHES INSTITUT, UNIVERSITAT TUBINGEN, AUF DER MORGENSTELLE
10, 72076 TUBINGEN, GERMANY.
E-mail address: rosc@michelangelo.mathematik.uni-tuebingen.de

36



