ALMOST PERIODICITY OF INHOMOGENEOUS PARABOLIC
EVOLUTION EQUATIONS

LAHCEN MANIAR AND ROLAND SCHNAUBELT

ABSTRACT. We show the (asymptotic) almost periodicity of the bounded solution to
the parabolic evolution equation u’(t) = A(t)u(t) + f(¢) on R (on Ry ) assuming that the
linear operators A(t) satisfy the ‘Acquistapace—Terreni’ conditions, that the evolution
family generated by A(-) has an exponential dichotomy, and that R(w, A(:)) and f are
(asymptotically) almost periodic.

1. INTRODUCTION

In the present work we investigate the almost periodicity of the solutions to the para-
bolic inhomogeneous evolution equations

u'(t) = A(t)u(t) + f(t), teR, (1.1)
u'(t) = A(t)u(t) + f(t), t>0, u(0) = =, (1.2)

in a Banach space X. It is assumed that the linear operators A(t) satisfy the
‘Acquistapace—Terreni’ conditions, that the evolution family U solving the homogeneous
problem has an exponential dichotomy, and that the functions ¢ — R(w, A(t)), for an
w > 0, and f are almost periodic (compare Section 2). In Theorem 4.5 we show that then
the unique bounded mild solution v : R — X of (1.1) is almost periodic. This fact is a
consequence of the almost periodicity of Green’s function corresponding to U, established
also in Theorem 4.5. In Theorem 5.4 we prove the analogous results for (1.2) on R in the
context of asymptotic almost periodicity imposing a necessary compatibility condition on
x and f.

The almost periodicity of inhomogeneous problems has been studied by many authors
in the autonomous case, where A(t) = A, and in the periodic case, where A(t) = A(t+p),
see [3], [4], [6], [11], [12], [16], [21], and the references therein. Equations with almost
periodic A(+) are treated in, e.g., [8] and [10] for X = C" and in [13] for a certain class of
parabolic problems, see also [5], [15], [17]. For general evolution families U (but subject
to an extra condition not assumed here), it is shown in [14] that U has an exponential
dichotomy with an almost periodic Green’s function if and only if there is a unique almost
periodic mild solution u of (1.1) for each almost periodic f, see also [8, Prop.8.3]. Our
main theorems extend [8, Prop.8.4], [10, Thm.7.7], and [13, p.240], and complement [14,
Thm.5.3] in the case of parabolic evolution equations. The initial value problem (1.2) was
not studied in [8], [10], [13], and [14] in the context of asymptotic almost periodicity.
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Our strategy is similar to Henry’s approach in [13, §7.6] who derived the almost peri-
odicity of Green’s function I' corresponding to U (and thus of the dichotomy projections
P(-)) from a formula for I'(t + 7,5 + 7) — I'(¢, s) (compare (4.2)). In the context of [13],
this equation allows to verify Bohr’s definition of almost periodicity by straightforward
estimates in operator norm if 7 is a pseudo period of A(-). However, in the present more
general situation one obtains such a formula only on a subspace of X so that one cannot
proceed in this way. To overcome this difficulty, we employ Yosida approximations. This
requires some preparations given in Section 3 and a somewhat delicate limiting process
presented in Section 4. We point out that we can not estimate the relevant quantities for
the approximating problems independently of n, cf. Lemma 4.1. The almost periodicity
of the mild solution u of (1.1) then follows from the standard formula (2.11) which ex-
presses u in terms of I', see Theorem 4.5. We also give a straightforward application to
a second order parabolic equation. The initial value problem (1.2) is treated in Section 5
by essentially the same methods.

In the next section we collect several concepts and preliminary results. We refer to [9]
for unexplained notation. By ¢ = ¢(«, 3, - - - ) we denote a generic constant only depending
on the constants in the hypotheses involved and the quantities o, 3, - - -.

2. PREREQUISITES

Let X be a Banach space. A set U = {U(t,s) : t > s, t,s € R} of bounded linear
operators on X is called an evolution family if

(E1) U(t,s) =U(t,r)U(r,s) and U(s,s) = I for t > r > s and

(E2) (t,s) — U(t, s) is strongly continuous for ¢ > s.

We say that an evolution family U has an exponential dichotomy (or is hyperbolic) if

there are projections P(t), t € R, being uniformly bounded and strongly continuous in ¢
and constants > 0 and N > 1 such that

(a) U(t, s)P(s) = P(t)U(t, s),

(b) the restriction Ug(t,s) : Q(s)X — Q(t)X of U(t,s) is invertible (and we set

UQ(S, t) = UQ(t, S)_l),

() Ut s)P(s)[| < Ne®t=*) and ||Ug(s,)Q(t)]] < Ne (=)
for t > s and t,s € R. Here and below we let () = I — P for a projection P. Exponential
dichotomy is a classical concept in the study of the long—term behaviour of evolution
equations, see e.g. [7], [8], [9], [13], [15]. If U is hyperbolic, then the operator family

Ult,s)P(s), t>s, t,s €R,
L(t,s) =
—Ug(t,s)Q(s), t<s, t,seR,
is called Green’s function corresponding to U and P(-). If P(t) = I for t € R, then U
is exponentially stable. The evolution family is called exponentially bounded if there are
constants M > 0 and v € R such that ||U(t,s)| < Me"*=*) for t > s. For computations
involving Green’s function it is useful to observe that
(t,s) — Uglt, s)Q(s) is strongly continuous for ¢, s € R, ¢ # s,
Ug(t,s)Q(s) = Ug(t,r)Uq(r,s)Q(s) for t,r,s € R,
cf. [9, Lemma VI1.9.17].



Let U be an exponentially bounded evolution family on X. It is a well known and
important fact that the exponential dichotomy of U persists under small perturbations,
see e.g. [7], [8], [9, §VI.9], [13], [20]. Our approach also relies on this property. More
precisely, we will use Proposition 2.1 below which is a refinement of [19, Prop.2.3]. This
result is based on a characterization of exponential dichotomy by means of the evolution
Semigroup

(Tu(t)f) (s) :=Uls,s =t)f(s =1), t=20,s€R, feCo(R,X),

on Cy(R, X) (the space of continuous functions vanishing at infinity). Note that Ty is an
exponentially bounded semigroup being strongly continuous on (0, c0), but not necessarily
at t = 0. We then have

U has exponential dichotomy <= I — Ty(1) is invertible, (2.1)

see the equivalence (a)<(b) in [9, Thm.VI.9.18] or [7, §3.2.3] and the references therein.
There it is also shown that then Ty is hyperbolic and that the dichotomy projections of

U are given by
1
P()=— R\, Ty (1)) dA. 2.2
0= 57 ] FOT(D) (22)
To be precise, in these works it is assumed that (¢, s) — U(t, s) is strongly continuous for
t > s (and not only for £ > s as in our paper), but for the proof of the above mentioned

facts this does not matter, see [20].

Proposition 2.1. Let U and V' be evolution families with ||U(t, s)||, |V (¢, s)|| < Me =9
for t > s. Assume that U has an exponential dichotomy with projections Py(s) and
constants N,0 > 0 and that

g:=sup||lU(s+1,8) = V(s+1,9) < (1——675)2.
seR ’ T 8N?
Then V' has an exponential dichotomy with projections Py(s) and constants 0 < §' <
—log(2gN + %) and N', where N’ only depends on M,~, N,d,8'. Moreover,
16N?
3(1—e9)2’

(2.3)

| Pu(t) — Pr(t)] < g (2.4)

Proof. The result is a consequence of [19, Prop.2.3] and its proof except for the uniformity
of N'. Equations (2.6) and (2.7) of [19] combined with (2.3) yield

8N
R(1,Ty(1)| £ ———.
H ( ) V( ))H = 3(1—6_5)
The uniformity of N’ thus follows from the next lemma (a variant of [18, Lem.4]). O
Lemma 2.2. Let U be an evolution family on a Banach space X such that ||U(t,s)|| <

Me't=9) t > s, and |R(1,Ty(1))|| < C for the evolution semigroup Ty (-) on Co(R, X).
Then U has an exponential dichotomy with constants N,6 > 0 depending only on M, ~, C'.

Proof. We first recall that if A € p(Ty7(1)), then Ae®® € p(Ty(1)) and ||R(Ae®, Ty (1) =
| R\, Ty (1))||, where £ € R and A € C, see [7, (3.8)] or [9, p.483]. This fact implies
C

IRA Tyl < €= =53y
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for [A| = e® and 0 < |a| < 6 < log(1+ %). By (2.1) and a simple rescaling argument, we
obtain the exponential dichotomy of U for every exponent 0 < § < log(1+ %) Fix such a
0. If the result were false, then there would exist evolution families U,, on Banach spaces
X, satisfying the asumptions, real numbers ¢, and s,, and elements x,, € X,, such that
|z,|| = 1 and
et =snl |D, (£, $0) 20| — 00 as n — oo, (2.6)
where '), is Green’s function of U,. By assumption and (2.2), the projections P,(t) are
uniformly bounded for ¢ € R and n € N. Hence the operators I',,(¢,s), s <t < s+ 1,
n € N, are also uniformly bounded. Thus we have either ¢, > s, + 1 or ¢, < s, in (2.6).
In the first case, we write ¢, = s, + k, + 7, for k, € N and 7, € (0,1]. Otherwise,
t, = Sn—k,+m, for k, € Nand 7, € (0, 1]. Take continuous functions ¢, with 0 < ¢, <1,
Supp @n C (Sn + 3, 8n + 3T”) and @, (t, F k,) = 1 (here t,, — k,, is used in the first case,
and t, + k,, in the second). Set A = ¥ and f,(s) = ™67, (5) U, (s, sp)Tn. (We let
Ul(t,s) :=0 for t <s.) Using [9, (VI1.9.4)] in the second inequality, we compute

o0

[R(\, T, (1 ZAﬂl Zﬂl k)71 Qu () ful (t)

o

= AU (b, — k) Pa(tn — k) fultn — k)
k=0

=Y Nt tn + E)Qultn + k) f(tn + )

= Z ei‘s(kﬂ)eié(tn_k_s”)cpn(tn — k)Up(tn, sn)Pu(sn)xy,

— i e PO e Unth=sn) (1, 4+ k) Up o (tny 50) Qn(S0) 20
Here exactly one term does not vanish, namely k = k, in the first sum if ¢, > s, and
k = k,, in the second sum if ¢,, < s,,. Therefore
R\, Ty, (1)) fu(tn) = et T (4, s,) 2,
and the assumptions and (2.5) imply
e~ =50 1Ty )l < IRV Tis, (1) falloe < CMER),
This estimate contradicts (2.6). O

In the present work we study operators A(t) on X subject to the following hypotheses.
(H1) There is an w > 0 such that the operators A(t), t € R, satisfy ¥, U {0} C
p(‘A(t) _w)a ||R()‘7A(t) )H < 1+|)\| and
I(A(t) —w)R(X, A(t) — w) [R(w, A(t)) — R(w, A(s))]I| < L[t — s|* [A]™"

for t,s € R, A € ¥y := {A € C\ {0} : [argA\| < ¢}, and constants ¢ € (F,7),

L,K >0, and p,v € (0,1] with p+v > 1.
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This assumption was introduced by P. Acquistapace and B. Terreni in [2] (for w = 0). It
implies that there exists a unique evolution family U on X such that (¢,s) — U(t,s) €
L(X) is continuous for t > s, U(-, s) € C*((s,00), L(X)), &,U(t,s) = A(t)U(t,s), and

IA@®FU(E )] < C(t—s)7F, (2.7)
AUt s) R(w, A(s))|| < C, (2.8)
Ut s)(w = A(9))"2]| < C(n—a)™ " (t—5)"" ] (2.9)

for0 <t—s <1, k=010<a < pu € D(w— A(s))*), and a constant C
depending only on the constants in (H1). Moreover, 97U (t,s)x = —U(t,s)A(s)x for
t>sand x € D(A(s)) with A(s)x € D(A(s)). This follows by an obvious rescaling from
[1, Thm.2.3] and [23, Thm.2.1], see also [2], [22]. We say that A(-) generates U. Note
that U is exponentially bounded by (2.7) with & = 0. We further suppose that

(H2) the evolution family U generated by A(-) has an exponential dichotomy with con-
stants IV, > 0, dichotomy projections P(t), t € R, and Green’s function T'.

We point out that it is quite difficult to find conditions on A(-) implying (H2). Such
results are usually based on (2.1) and variants of it, see [8], [10], [13], [15], [18], [19], [20].

Assume that (H1) and (H2) hold and that f : R — X is bounded and continuous. A
classical solution of (1.1) is a function u € C*(R, X) satisfying u(t) € D(A(t)) for t € R
and (1.1). It is known that then

u(t) =U(t, s)u(s) + /t Ult,7)f(r)dr  forall t>s, (2.10)

see [1, Prop.3.2, 5.1]. On the other hand, there is a unique bounded continuous function
satisfying (2.10), namely

u(t):/RF(t,T)f(T)dT, {eR, (2.11)

see e.g. (the proof of) [7, Thm.4.28]. We call the function u given by (2.11) the mild
solution of (1.1). Observe that the mild solution is a classical one if, for instance, f is
Hoélder continuous due to [2, Thm.6.3] and (2.10).

It remains to introduce the concept of almost periodicity, see e.g. [4], [10], [15], [16].
The next definition due to H.Bohr is the most convenient one for our purposes.

Definition 2.3. Let Y be a Banach space and g : R — 'Y be continuous. A number 7 € R
is an e-almost period of g if ||g(t + 7) — g(t)|| < € holds for all t € R and some € > 0.
The function g is called almost periodic if for every e > 0 there exist a set P(e) C R
of e-pseudo periods of g and a number ((e) > 0 such that each interval (a,a + ((¢)),
a € R, contains an 7 = 1. € P(€). The space of almost periodic functions is denoted by

AP(R,Y).

We recall that AP(R,Y) is a closed subspace of the space of bounded and uniformly
continuous functions, see [15, Chap.1]. Our last assumption reads as follows.

(H3) R(w, A(+)) € AP(R, L(X)) with pseudo periods 7 = 7. belonging to sets P(e, A).

It is not difficult to verify that then R(w', A(:)) € AP(R, L(X)) if o' > w.
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3. YOSIDA APPROXIMATIONS

Assume that (H1) holds and define the Yosida opproximations A, (t) = nA(t)R(n, A(t))

of A(t) for n > w and t € R. These operators generate an evolution family U, on X.
We want to show that A, (-) satisfies the same assumptions as A(-). The elementary (but
tedious) proof of the next result is omitted, cf. [2, Lem.4.2] or [22, Prop.2.1].
Lemma 3.1. Assume that (H1) holds. Fiz " > w and ¢' € (5,¢). Then there are
constants ng > w, L' > L, and K' > K (only depending on the constants in (H1), W', and
@' ) such that the operators A, (t), t € R, satisfy (H1) with constants K',¢',', L', p,v for
all m > nyg.

Since (H1), (H2), and (H3) still hold for A(-) with constants K', L', w’, ¢/, we can assume
that A(-) and A,(+) satisfy (H1) with the same constants, denoted by K, L,w, ¢.

Lemma 3.2. If (H1) and (HS3) hold, then there is a number m; > ng such that
R(w,A,(-)) € AP(R,L(X)) for n > ny, with pseudo periods belonging to P(e/k, A),
where k := 2+ 4K.

Proof. Let 7 > 0 and t € R. We first observe that

R\ A1) = 5t (n — AR AM) = Ghp RS AM) + x5 (3.1

if n > ny and |arg(A —w)| < ¢. Equation (3.1) yields

7’L2

R@LAAt+ﬂ)—R@4AJ®):<w+nP(R<

2 UJ2

wn

w+n’A(t+T)> B R(wufn’A(t)))

= mR(w, A(t + T)) |:1 —

—@:?ﬁm%A@ﬂy-

M%A@+ﬂﬂ4

w+n

Z_MMA@M_i (3.2)

w

where we have used that

2 w? K wK

MMA@»H< <iZ <

Hw

1
w+n T wH+nl4w n 2

for n > ny := max{ng, 20K} and s € R. In particular,

Hh—wianA@w_1§2. (3.3)
Hence, (3.2) implies
[R(w,An(t + 7)) = R(w, Au(0))]
< 2|[R(w, A(t + 7)) — R(w, A(1))]]
+T§zHb—wfnm%A@+ﬂﬂ4—[L—wi:PM%A@HA
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Employing (3.3) again, we obtain

2 2

H 1- w“i R, A(t + )] . = w‘i nR(w,A(t))]_l
<l s ][~ o]

< Aw [[B(w, At + 7)) = R(w, A(1))]-
Putting everything together, we arrive at
[R(w, An(t + 7)) = R(w, Ax ()| < 2+ 4K) | R(w, A(t + 7)) — R(w, A(1))[|  (34)
for n > ny and t € R. The assertion thus follows from (H3). O

In order to see that A,(-) satisfies also (H2), we need the following result which is of
interest in itself. For w = 0 it is shown in [5, Prop.4.4] (note that our result does not
simply follow by rescaling). We give here a different, more elementary proof leading to a
different rate of convergence.

Proposition 3.3. Let (H1) hold and fix 0 < ty < ti;. Then ||U(t,s) — Uy(t,s)| <
c(t,)n=? for 0 <ty < t—s5 < t;, n > nyty) := max{no,taQ/“}, and any 0 < 6 <
min{p/2,1—pu/2, p(p+v—1)/2}. Moreover, ||(U(t,s)—U,(t,s))R(w, A(s))|| < c(t1,a)n™®
for0<t—s<ty, n>ng, and o € (0, ).

Proof. Let 0 < h <tgand 0 <ty <t — s <t;. Then we have
U(t,s) = Uy(t,s) = (U(t,s+ h) — Uy(t,s + h))U(s + h,s) — Uy,(t,s + h)
U(s + h,s) — A hAS) _ hdn(s) 4 hAn(s) 17 (s 4 D s)]
=: 51 — Ss. (3.5)
Due to Lemma 4.3 in [2] and equation (2.6) and Lemma 2.2 in [1], we obtain
1821 < e(tr) (B + (hn) ™). (3.6)

The other term can be transformed into

S = / Un(t,o)(A(o) — An(0))U(0, s) do

+h

= /+h Un(t, 0)(w — An(0))(w — An(0)) " *((A(0) —w) ™" = (Au(0) —w) ™)
- (A(o) —w)U(o, s) do.
where « € (0, pt). The estimates (2.7), (2.9), and

1(An(0) —w) ™ = (Al0) — w) M| = | 5 A) R(2, Al0) A(0) R(w, A(0)) | <
I(w = An(0)) || < ellw = An(o) | < en' ™
(use the moment inequality [9, Thm.II.5.38] in the second line) lead to
[1S1]] < e(ti, @) b in~2, (3.8)
Combining (3.5), (3.6), and (3.8), we deduce

UL, s) = Un(t, )| < cltr, ) (nh)™" + A7+ 77,
7



The first assertion now follows if we set h := n™#/2. The second one can be shown using
the formula

(U(t,5) = Ut DR A) = [ Unlt.0)(w — 44(0))*(w — Ayfo))
((A(0) —w) ™" = (Au(0) —w))(A(0) = w)U(0, 5)R(w, A(s)) do,
and the estimates (2.9), (3.7), and (2.8). O
Propositions 2.1 and 3.3 immediately imply that A, () fulfills also (H2).

Corollary 3.4. Let (H1) and (H2) hold. Then there is a number ny > no(1l) such
that U, has an exponential dichotomy for n > ng with constants 6’ € (0,d) and N’ =
N'(8") independent of n. Moreover, the dichotomy projections P,(t) of U, satisfy || P, (t) —
Pt)|| < c(@)n=? fort € R, where § € (0,1) and ny(1) are given by Proposition 3.3.

4. MAIN RESULTS FOR EQUATIONS ON R

We first establish the almost periodicity of Green’s function I',, for the evolution family
U, generated by the Yosida approximation A, (-).

Lemma 4.1. Assume that (H1), (H2), and (H3) hold. Let n > max{ny,ns}, n >0, and
T € P(n/k, A), where ny, n3, and k were given in Section 3. We then have

ICa(t+ 7.5 +7) = Du(t,s)]| < enn?e 2= 1 seRr

Proof. The operators I', (¢, s) exist by Corollary 3.4. It is easy to see that

gn(0) == ( nW(t,o) o+ 7,8+ 7'))

( o)(Ap(c+7)—Ay(o)(oc+ 7,54+ 7)
La(t,0)(An(0) = w)((An(0) —w) ™ = (Au(o +7) —w) ™)
(Ap(o+71)—w)l(oc+T7,54+ 1),

for o £t,s, 7 >0, and n > n3. Hence,
/gn(a)dcr:{fs gn(o da—l—fgn )do + [ gn(0)do, t>s,
R [ gu(o)do + [ gulo)do + [ gu(0)do, t<s,

T (t, 8)Qu(s+ 7))+ P() Tt + 7,5 +7)=Tp(t,s)Pu(s + 1)+ Qu(t)Th(t + 7,8+ 7),
:{Pn(t)Fn(t 754+ 7) = Doty $)Qu(s + 7)+Qn(O)Tn(t + 7,5+ 7)—Tn(t, ) Po(s +7),
=T (t+7,s+71)—-T,(,s).

We have shown that
Lot+7,s+7)—Tu(t,s) = /RFn(t, 0)(An(o) —w) [R(w, Ay(c + 7)) — R(w, A, (0))]
(Ap(o+71)—w)l(oc+ 7,8+ 7)do (4.1)
for s,t € R and n > n3g. Lemma 3.2 and Corollary 3.4 now yield

T (t + 7,5 +7) = Tult, s)]| < enn’® / e~ 1ol o= 5lo—sl gy
R

if also n > ny and 7 € P(n/k, A), which gives the asserted estimate. O
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Lemma 4.2. Assume that (H1) and (H2) hold. Fiz 0 <ty < t; and let 0 > 0, na(ty), and
n3 be given by Proposition 3.3 and Corollary 3.4. Then ||T(t,s) — Tyn(t, s)|| < c(t1,0) n~°
holds for ty < |t — s| < t; and n > max{ns, na(to)}.

Proof. If to <t — s <t;, we write
Loty s) = T(t,s) = (Un(t,s) = U(t,s))Pu(s) + U(t, s)(P(s) — P(s)).

So the assertion is a consequence of Proposition 3.3 and Corollary 3.4. For —t; <t —s <
—tp, we have

['(t,s) = u(t, s) = Uno(t, s)Qn(s) — Ug(t, s)Q(s)
= Uq(t, 5)Q(5)(Qn(s) — Q(s)) + (@n(t) — Q1)) Unq(t, 5)@n(s)
— Uq(t, 5)Q(s)(Un(s,t) = U(s, 1)) Unq(t, s)@n(s)-
Again the asserted estimate follows from Proposition 3.3 and Corollary 3.4. O

Employing (4.1), we extend a formula given on [13, p.240] to the present setting.
Corollary 4.3. Let (H1) and (H2) hold, t,s,7 € R, and x € D((w — A(s))?) for some

B >0 (or x contained in a suitable interpolation space). We then have

Ft+rs+71)r—T(t,s)r = / ['(t,0)(A(0) — w) [R(w, A(c + 7)) — R(w, A(0))]

(Alc+71) —w)(oc+ 7,5+ 7)x do. (4.2)

Proof. We want to obtain (4.2) by taking the limit as n — oo in (4.1) evaluated at
v € D((w— A(s))?). The left hand side converges as required due to Lemma 4.2 and
Corollary 3.4. For r # p, n > n3, and a € (1 — v, ), we write

(P Uu(r. )@ = Aulp)™,  p<r<p+l,
Lo(r, p)(w = An(p))® = q Un(r, p+ D) Pu(p + DUnlp + 1, p)(w — An(p))®, pt1<r,
|~ Uno(r,p+ 1)Qu(p+ DUn(p+ L p)(w — Au(p))®, 1 <p,
(A, (r)UL(r, ) Palp), p<r<p+l,
Au(MTu(r,0) =  An(PUn(r,r — DU, (r — 1, p) Pa(p), pr1<r,
[ —An(N)Un(r,r = DUng(r = 1,p)@n(p)z, 7 <p.

By (the proof of) [22, Prop.3.1] and Lemma 4.2 these terms converge strongly to the
analogous terms without n as n — oco. Using also [22, Prop.2.1], one deduces the pointwise
convergence of the integrand in (4.1). Moreover, we observe that

A (r)Un(r, p) Palp) = An(r)Un(r, p)(w — An(/)))*g<(w — Au(p))’a

~ (@ = Au(P) Unllpsp = )Un(p = 1,P)Qu(p)z ).
Due to (2.7) and [23, Thm.2.1], the norm of the right hand side is smaller than
c(r—=p)"Hl(w = Au(p)) || + |-
The moment inequality, see e.g. [9, Thm.I1.5.38], further yields

l(w = An(p)’zll = | [(w — An(p))(w — A(g))‘l]ﬁ (w—A(p)’z] < cll(w— Alp)’x].



Combining these estimates with (2.9), [22, Prop.2.1], and (2.7), we obtain an integrable,
n-independent bound of the integrand in (4.1) evaluated at z € D((w — A(s))?). The
assertion thus follows from the theorem of dominated convergence. ([l

Though the above formula is quite interesting, the proofs of our main results only use
the two preceding lemmas.

Proposition 4.4. Assume that (H1), (H2), and (H3) hold. Let € >0 and h > 0. Then
IT(t+ 7,5 +7) = T(t,s)|| < ee 3
holds for |t —s| > h and T € P(n/k, A), where k =2+ 4K andn=n(e,h) — 0 ase — 0
and h is fixed.
Proof. Let € > 0 and h > 0 be fixed. Then there is a t. > h such that
ID(t+ 7,5 +7) = T(t,s)]| < ee 3l
for |t — s| > t.. Let h < |t —s| <t.and 7 € P(n/k,A). Lemmas 4.1 and 4.2 show that
IT(t+7,s+71)—T(ts)] < (c(te)e%te n~ + enn?) e~ slt=l

for n > max{ni,na(h),n3}. We now choose first a large n and then a small n > 0
(depending on € and h) in order to obtain the assertion. O

Theorem 4.5. Assume that (H1), (H2), and (H3) hold. Then r — T'(t +r,s + 1)
belongs to AP(R, L(X)) for t,s € R, where we may take the same pseudo periods for
t,s with [t —s| > h > 0. If f € AP(R,X), then the unique bounded mild solution
u= [ T(,s)f(s)ds of (1.1) is almost periodic.

Proof. In Lemma 4.1 we have seen that P,(-) € AP(R, £(X)). Corollary 3.4 then shows
that P(-) € AP(R, £(X)). Thus the first assertion follows from Proposition 4.4. Further,
for 7,h > 0 and t € R, we write

u(t—i-T)—u(t):/F(t+7,s+r)f(5+7')ds—/F(t,s)f(s)ds

R R

:/RF(t—l—T,s—l—T)(f(s—i-T)—f(s))ds—i—/ (C(t+7,s+71)—=T(t,5))f(s)ds

|t—s|>h
+ /lt_s|<h(F(t +7,5+7)—D(t,5)f(s)ds.

For € > 0 let n = n(€, h) be given by Proposition 4.4. Let P(e, A, f) be the set of pseudo
periods for the almost periodic function ¢ — (f(t), R(w, A(t))), cf. [15, p.6]. Taking
T € P(n/k, A, f), we deduce from Proposition 4.4 and (H2) that

Jut +7) —ut)|| < 57 n(Eh) + (5E+AND)|| floo-

for t € R. Given an € > 0, we can take first a small A > 0 and then a small € > 0 such
that ||u(t +7) —u(t)|| <efort € R and 7 € P(n/k, A, f) =: P(e). O

Remark 4.6. For g € AP(R,Y) and A € R the means

1 [t
lim—/ e g(s)ds

t—o0 2t _¢
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exist. They are different from zero for at most countable many A, which are called the
frequencies of g, see e.g. [4, §4.5], [15, §2.3]. The module of g is the smallest additive
subgroup of R containing all frequencies of g. By [15, p.44] (see also [10, Thm.4.5]) and
the proof of Theorem 4.5 the module of the solution u to (1.1) is contained in the joint
module of f and R(w, A(-)) (which is the smallest additive subgroup of R containing the
frequencies of the function ¢ — (f(t), R(w, A(t)))). Similarly, the modules of T'(t+-, s+-),
t # s, are contained in that of R(w, A(+)).

Example 4.7. Consider the parabolic problem

Diu(t,x) = Z Dy ag(t, ) Dyu(t, x) + ao(t, x)u(t,x) + f(t,z), teR, x€Q,

= (4.3)

Z ne(x) ag(t, x) Diu(t,z) =0, teR, x € 09,
k=1
on the time interval R. Here Q C R” is a bounded domain with C?-boundary 9 being
locally on one side of 2, D, = d/dt, Dy = d/dxy, and n(z) is the outer unit normal vector.
We assume that the coefficients satisfy
ar € CL(R,C(Q)) NCy(R,CH(Q) NAP(R, L™(2)), k,l=1,---,n,
ap € CHR, L™(Q)) N Cy(R,C(Q)) N AP(R, L"*(Q))
% < pu < 1, where n/2 is replaced by 1 if n = 1. Moreover, (ay;) is supposed
to be symmetric and real and to satisfy >, an(t,z) yeyi > 7 ly|? for a constant n > 0,
reQ teR, ye R Let

for some

A(t,z,D) = Y Dyan(t,z) Dy + ao(t, ).
k=1
We then define on X = LP(Q2), 1 < p < oo, the operator A(t)p = A(t,-, D)p with domain
D(A(t)) = {p € W?*?(Q) : Y ny(-) an(t,-) Dip = 0 on 09},
k=1

where the boundary condition is understood in the sense of traces if necessary. It is
shown in [22, §4] that A(t), t € R, fulfill (H1) for g and each v € (0,%). Thus there

exists an evolution family U on X solving the Cauchy problem Corresponc%ing to (4.3) for
f = 0. In the same way, one shows that (H3) holds (with the same pseudo periods as
the coefficients). Therefore (4.3) has a unique mild solution u € AP(R, X) provided that
f € AP(R, X) and U has an exponential dichotomy. The solution is classical if, e.g., f is

also Holder continuous in time.

5. MAIN RESULTS FOR EQUATIONS ON R

The arguments and results of the previous sections can be extended to the problem
(1.2) on R;. Here we will concentrate on the necessary modifications for the sake of
brevity. We first introduce the space

AP(R,,)Y):={9: Ry =Y :35g€ AP(R,Y) s.t. g|R; =g}
11



of almost periodic functions on R;. We remark that the function g in the above definition
is uniquely determined, cf. [4, Prop.4.7.1]. The following concept is more important for
our investigations.

Definition 5.1. A continuous function g : Ry — Y s called asymptotically almost
periodic if for every € > 0 there exists a set P(e) C Ry and numbers s(e),l(e) > 0
such that each interval (a,a + £(€)), a > 0, contains an T = 7. € P(€) and the estimate
lg(t + 1) — g(t)|| < € holds for all t > s(€) and 7 € P(e). The space of asymptotically
almost periodic functions is denoted by AAP(R.,Y).

Due to e.g. [4, Thm.4.7.5], these spaces are related by the equality
AAPR,,Y)=APR,,Y) ® Co(R,,Y). (5.1)

Evolution families and exponential dichotomy on time intervals [a, c0) are defined by
restricting the definitions on R to parameters ¢, s > a. So we can make the following
assumptions.

(H1") The operators A(t), t > —1, satisfy (H1) for ¢, s > —1.

(H2") The evolution family U generated by A(-) has an exponential dichotomy on [—1, c0)
with projections P(t), t > —1, constants N, > 0, and Green’s function T'.

(H3") R(w, A(:)) € AAP(R,, L(X)) with constants s(e, A) and sets P(e, A).

(We have to involve the interval [—1,00) for technical reasons, see (5.6). Each interval

[b, 00) with b < 0 would do the job.) Assume that (H1’) and (H2’) hold and let f : R, — X

be bounded and continuous. Then the mild solution of (1.2) is given by

u(t) == U(t,0)z + /t Ult,s)f(s)ds, t>0.

This function is a classical solution (i.e., u € C'((0,00), X) N C(Ry, X), u(t) € D(A(t)),
and (1.2) holds for t > 0) if = € D(A(0)) and, e.g., f is Holder continuous, see 5, see [2,
Thm.6.3]. By [1, Prop.3.2,5.1], each classical solution is a mild one if z € D(A(0)).
Writing f(s) = P(s)f(s) + Q(s)f(s), one sees that a mild solution u satisfies

u(t) = U(t,0) (x + /OOO Ug(0,5)Q(s)f(s) ds) + /000 ['(t,s)f(s)ds, t>0. (5.2)

Thus u is bounded if and only if the term in brackets belongs to P(0)X if and only if
Q) =~ [ Ua0.5Q()(5)ds (53)
In this case the mild solution of (1.2) is given by
u(t) =U(t,0)P(0)x + /000 ['(t,s)f(s)ds, t>0. (5.4)

Again we consider the Yosida approximations A, (t), t > 0, and the evolution family U,
generated by A,(-). Lemma 3.1 and Proposition 3.3 clearly hold on R, if we replace (H1)
by (H1’). Since also the estimate (3.4) remains valid for ¢,7 > 0, Lemma 3.2 is still true
if we replace (H1) and (H3) by (H1’) and (H3") and AP(R, £(X)) by AAP(R,, L(X)).

Moreover, we can take s(e, A,) = s(e, A).
12



However, it is not immediate that Corollary 3.4 can be extended to the half line case
because the proof of the perturbation result Proposition 2.1 only works on R. But one
can overcome this obstacle using a suitable extension of U.

Lemma 5.2. Assume that (H1’) and (H2’) hold. Then there is a number nj > ng
such that, for n > nj, the evolution family U, generated by A,(-) has an exponential
dichotomy on Ry with dichotomy projections P,(t) and constants 6’ € (0,0) and N' =
N'(8") independent of n. Moreover, || P,(t) — P(t)|| < en=? fort >0, where § € (0,1) is
a fixed number given by Proposition 3.3.

Proof. Let d > 0, n > ng, and set R = 0Q(0) — dP(0). We define

Ult,s), t>s>0, Unl(t, s), t>s>0,
Ut,s) =< Ut,0e R, t>0>s, Ul(t,s) == Un(t,0)e™*F, t>0>s,
elt=9)R 0>t>s, elt=9)R 0>t>s.

Y

Clearly, U and U¢? satisfy (E1). Observing that e™® = e " P(0) + € Q(0), it is easy to
see that U¢ and U¢ are exponentially bounded independent of d and n and that U¢ has an
exponential dichotomy on R with constants N,§ and projections P4(t) = P(t) for t > 0
and Pi(t) = P(0) for t < 0. Moreover, (t,s) — UZ(t,s) is norm continuous for ¢ > s,
s+ Ud(s+1,5s) is norm continuous from the left for each ¢ > 0, and t — U%(t, s) is norm
continuous from the left for ¢t > s ((E2) only holds for U? if D(A(0)) is dense). As shown
in [20], Proposition 2.1 remains valid under these conditions. To apply this result, we
want to find n% > ng and d,, > 6 such that

JU™ (s 4+ 1,8) = U (s 4 1,s)]| < en™? (5.5)
for s € R, n > nj, and some € > 0. Due to Proposition 3.3, we have

en™? s> -1
1U(s +1,8) = Up(s +1,8)|| < S
0, -1 >s,

for a fixed 6 € (0,1) and n > ny(1/2). If s € (—1,—1/2), then Proposition 3.3 and (2.7)
yield

Us 4+ 1,8) — Ul(s +1,5)|| (5.6)
< (U (s +1,0) = Up(s + 1,0))(R(w, A(0))(w = A(0))U (0, =1)Uqg(—1,0)Q(0)e |
+ [[(U(s +1,0) — Un(s +1,0))P(0)e*||
<cn P +e ¥ <2enf

if we choose a sufficiently large d =: d,,. Thus (5.5) holds for n > ny(1/2) =: nj; and these
d,. The assertions then follow from Proposition 2.1 by restricting U? to R,. U

We can now proceed almost as in the previous section; we only have to take care of
certain additional exponentially decaying terms.

Proposition 5.3. Assume that (H1’), (H2’), and (H3’) hold. Let ¢ > 0, h > 0, and
|t —s| > h. Then there are numbers n = n(e,h) and 5(€) > s(n, A) such that

ID(t+71,s+71)—T(t,9)| < € e~ 31!
13



forT € P(n/k,A) and t,s > §(¢), where k =2+ 4K and n=n(e,h) — 0 ase — 0 and h
is fized. Moreover, P(-) € AAP(R,, L(X)).

Proof. Let € > 0 and h > 0 be fixed. Let t,s > 0. Then there is a t. > h such that
IT(t+ 7,5 +7) —T(t,8)]| < ee 5l

for |t —s| > t.. For h < |t —s| <t we deduce as in Lemma 4.2 from Proposition 3.3 and
Lemma 5.2 that

IT(t,s) — Th(t, s)|| < c(t., ) n~le 2l (5.7)

if n > max{n},ny(h)}. Using the same function g,, the arguments given in the proof of
Lemma 4.1 lead to

Lo(t+7,s+7) =Tt s) =T,(t,a)T(a+7,s+7) + / gn(0) do

fort,s >a>0and 7 > 0. Takingn >0, 7 € P(n/k, A), and t,s > b > a := s(n, A), this
equality yields as in Lemma 4.1

ITL(t + 7,54+ 7) = Tu(t, s)|| < enn? / e~ G0l e Flo=sl go 4 e T (0) o= T (=)
§ 38
2

< ce‘g‘t_s|(77n2 + e 2 (079, (5.8)

where we use Lemma 5.2. We first choose a sufficiently large n = n(e, h), then a small
n = n(e, h), and finally a large b =: 5(¢) > s(n, A) in order to obtain the asserted estimate
for h < |t — s| <t from (5.7) and (5.8). The last claim is shown as in Theorem 4.5. [

Theorem 5.4. Assume that (H1’), (H2’), and (H3’) hold and that x € X and f €
AAP(R,, L(X)) satisfy (5.3). Then the mild solution u of (1.2) is asymptotically almost
periodic.

Proof. Using (5.4), we write

ut-+7) = ult) = U+ = DUGOPO)+ U+ 70)P() [ U Ps)1(5)ds
N /0°° D(t+ 7,5 +7)(f(s +7) — f(s)) ds
+/OOO(F(t+T,s £ 1) =Tt 8))f(s) ds =t S1 + Sy + Sa + i

for t,7 > 0. Clearly, ||Si]| + [|S2]| < ce™®. Let € > 0 be given and set a := s(e, f). For
t > aand T € P(e, f), the asymptotic almost periodicity of f yields

S3=U(t+1,a+71)Pla+T) /Oa U(a+71,5)P(s)(f(s+7)— f(s))ds

—l—/ooF(t—l—T,s—l—T)(f(s—i-T) — f(s)) ds,

2N? 2N
Hf”oo e~ 0a) +—¢

< —
I8l < = -
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Foré > 0and h > 0, let n = n(€, h) and b := max{5(€), s(e, f)} be given by Proposition 5.3.
Choosing t > b and 7 € P(n/k, A), we deduce from Proposition 5.3 that

Sy = U(t—I—T,b—{—T)P(IH—T)/bU(b+T,s+T)P(s)f(s)ds
b
—U(t,b)P(b)/O U(b,s)P(s)f(s)ds

+/bt_h(r(t+7,s+7)—P(t,s))f(s)ds+/tt+h--~ds+/too---ds,

—h +h
2N? 4
Iull < (S5 4+ = + 4NR) [l

We now take first a small ~ > 0 and € > 0 and then a large $(¢) > b such that ||u(t +
T)—u(t)|| < cefort > 5(e) and 7 € P(n/k, A, f), the joint set of pseudo periods of f and
R(w, A()). 0O

We conclude with some remarks concerning solutions of (1.2) in AP(R;, X). Assume
that (H1), (H2), and (H3) hold and f € AP(R,, X). Let f € AP(R, X) be the extension
of f. By Theorem 4.5 the function

at) = /R T(t,s)f(s)ds, teR, (5.9)

belongs to AP(R, X). Its restriction u € AP(R,, X)) satisfies

0

u(t) = U(t,0) /

—00

U(0,s)P(s)f(s)ds + /000 I'(t,s)f(s)ds, t=>0.

In view of (5.2) this function is a mild solution of (1.2) with the initial value

r=1(0) = /RF(O, s)f(s)ds. (5.10)

(Note that (5.10) implies (5.3).)
Conversely, if u € AP(R, X) is a mild solution of (1.2), then it is given by (5.4). The
formula (5.4) gives

0

ult) = U(t,0) (P(O)x . /

—00

U0, 5)P(s)f(s) ds) + / (t,)f(s)ds, t>0.

R

Since the second summand is almost periodic, the decomposition (5.1) shows that

P(O)x:/ U(0,5)P(s)f(s)ds.

—0o0

On the other hand, (5.3) must hold so that = has to satisfy (5.10).

Theorem 5.5. Assume that (H1), (H2), and (H3) hold and that f € AP(Ry,X). Then
(1.2) has a mild solution u € AP(Ry, X) if and only if the initial value x is given by
(5.10). In this case u is the restriction of 4 defined in (5.9).

15
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