ASYMPTOTICALLY AUTONOMOUS PARABOLIC EVOLUTION
EQUATIONS

ROLAND SCHNAUBELT

ABSTRACT. We study the long—term behaviour of the parabolic evolution equation
u'(t) = A(t)u(t) + f(t), t>s, u(s) = x.

If A(t) converges to a sectorial operator A with o(A4) NiR = () as ¢ — oo, then the
evolution family solving the homogeneous problem has exponential dichotomy. If also
f(t) = feo, then the solution u converges to the ‘stationary solution at infinity’, i.e.

m ' (t) =0, lim A(t)u(t) = Atuo.
t—o0
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1. INTRODUCTION

In the present work we investigate the asymptotic behaviour of the solution to the
parabolic evolution equation

u'(t) = A(t)u(t) + f(t), t>s>0, u(s) =z, (1.1)

on a Banach space X. It is assumed that the operators A(t) satisfy the ‘Acquistapace—
Terreni’ conditions and that A(t) converges (in a suitable sense) to a sectorial operator A
and f(t) = fs as t — oo, cf. hypothesis (P) in Section 3. In Theorem 4.1 we show that
the mild solution u of (1.1) tends to the stationary solution of (1.1) at infinity, i.e.,

. . 4-1 _.
tlgglou(t) = —A" foo =1 Uso,

if the spectrum of A does not intersect iR. Moreover, if f is e.g. Holder continuous, then
u is a classical solution of (1.1),

lim u'(t) =0, and Jim A(t)u(t) = Aus.
—00

t—o0

As an essential step we establish in Theorem 3.3 that the spectral condition o(A)NiR = ()
implies that the evolution family U(, s) solving the homogeneous problem

u'(t) = A(t)u(t), t>s, u(s) =z, (1.2)

has exponential dichotomy on an interval [a, 00) for some a > 0. This is a quite remarkable
result in view of the known fact that the location of the spectra o(A(t)) does not influence
the asymptotic behaviour of U(-,-), in general, as can be seen by the counterexamples
in [17]. In Example 4.2 we study a second order parabolic partial differential equation
with Neumann boundary conditions. Observe that in this situation the domains D(A(t))
depend on the time parameter t.
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H. Tanabe established the assertions sketched above in 1961 in the special case that
the operators A(t) and A have a common domain and are of negative type, see [13,
§5.8] or [18, §5.6]. We also note that in [5, Prop.5.3], [9, §7.6], [10], [11, Chap.11] the
exponential dichotomy of (1.2) for the operators A(wt) and large w > 0 was shown for
certain classes of A(t) asssuming that A(t) — A in Césaro sense. The generalization
of Tanabe’s theorem to the present setting first requires the parabolic regularity theory
developed by P. Acquistapace and B. Terreni, [1], [2], H. Amann, [3], or A. Yagi, [19], [20].
Second we need a characterization of exponential dichotomy in terms of the spectrum of
the evolution semigroup associated with U (t, s), see e.g. [4], [14], [15]. In the next section
we present these prerequisites along with some extensions of known results.

2. PRELIMINARIES

Let X be a Banach space and J € {R, [a,00)}. A collection U(t,s), t > s, t,s € J, of
bounded linear operators on X is called an evolution family if

(a) U(t,s) =U(t,r)U(r,s), U(s,s)=1, and

(b) (t,s) — U(t,s) is strongly continuous
fort >r>sandt,r,s € J. Itisnot difficult to see that the solution u of a ‘well-posed’
Cauchy problem (1.2) is given by u(t) = U(t, s)x, t > s, for an evolution family U(,-), cf.
[7, §VI.9.a]. Notice that a Cy—semigroup S(-) yields the evolution family U(¢, s) := S(t—s)
fort > sand J =R.

We say that an evolution family U(-,-) has ezponential dichotomy (or is hyperbolic) if
there are projections P(-) € Cy(J, Ls(X)) and constants IV, > 0 such that

(a) U(t,s)P(s) = P(t)U(t, s),

(b) the restriction Ug(t,s) : Q(s)X — Q(t)X of U(t,s) is invertible (and we set

UQ(57 t) = UQ(t7 5)71)7

(©) UL, 5)P(s)| < Ne¢9 and [[Ug(s, Q)] < Ne-5)
for t > s and t,s € J. Here and below we let Q) = I — P for a projection P. If U(-,-) is
hyperbolic, then the operator family

Ul(t,s)P(s), t>s, t,s € J,
I'(t,s) =

—Ug(t,s)Q(s), t<s, t,s€J,
is called Green’s function corresponding to U(-,-) and P(-). If P(t) = I for t € J, then
U(-,-) is exponentially stable. Exponential dichotomy is a classical concept in the study of
the long—term behaviour of evolution equations, see [4], [5], [6], [9], [11], [12], [16], where
also applications to non-linear problems are treated.

For computations involving Green’s function it is useful to observe that

J* 3 (t,5) = Ugl(t, s)Q(s) is strongly continuous, (2.1)
Ug(t,s)Q(s) = Ug(t,r)Ug(r,s)Q(s) fort,r s e J, (2.2)

see [7, Lemma VI.9.17]. We remark that the projections P(t) are uniquely determined by
(a)—(c) if J =R by [17, Cor.3.3]. The projections are not unique in the case J = [a, 00),
cf. [5, p.16]. If J =R and U(t,s) = S(t — s), t > s, for a Cy—semigroup S(-), the above
concept of hyperbolicity coincides with the usual one for semigroups (see e.g. [7, §V.1.¢])

due to [17, Cor.3.3]. Recall that a semigroup is hyperbolic if and only if the unit circle
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belongs to resolvent set of p(S(ty)) for some/all to > 0, and then the (time-invariant)
dichotomy projection is given by

1
P= i - R(X, S(tg)) dA,
where T := {A € C : |A\| = 1}. In this situation, we occasionally use the notation
So(t) = e, t € R, where A generates S(-).

Assume that an evolution family U(-,-) with J = R, has exponential dichotomy on
[a, 00) for some a > 0. Then the question arises whether U (-, -) has exponential dichotomy
on R;. This is of course true if U(-,-) is exponentially stable. Further, if U(t, s) has a
locally uniformly bounded inverse U(s,t) for ¢t > s > 0, then it can easily be shown
that U(-,-) is hyperbolic on Ry with P(t) := U(t,a)P(a)U(a,t) for t € [0,a]. In general
such an extension is not possible for non—invertible evolution families as the next simple
example shows.

Example 2.1. On X = L'[0, c0) we consider the semigroups

0, 0<¢<t,
f(g_t)a §>t7

and define the evolution family

ef(§), 0<&<1,

(Ta(t)f) (&) = { e'f(§), £>1,

and  (Tx(t)f) () = {

Tl(t—S), SStSl,
Ut,s) == To(t —1)T1(1—s), s<1<t,
Ty(t —s), I<s<t

Clearly, U(-,-) has exponential dichotomy on [1, 00) with P(t)f = f|j1,.) for ¢ > 1. How-
ever, U(1,0)f(§) = 0 for 0 < ¢ < 1 so that condition (b) of the definition of exponential
dichotomy cannot be satisfied on J = [0, c0).

Our approach is based on the following characterization of exponential dichotomy es-
sentially due to R. Rau, [15, Thm.6], see also [4, Thm.6.41] and [14, Thm.1.5]. Let J =R
and U(-,-) be an exponentially bounded evolution family on X, i.e., there are constants
M > 1 and w € R such that |U(¢,s)|| < M=% for t > 5. On E := Cy(R, X) we then
define

(T)f)(s):=U(s,s—t)f(s—t), seR, t>0, fekFE.

It is straightforward to verify that 7°(-) is a Cy—semigroup on E which we call the evolution
semigroup associated with U(-,-).

Theorem 2.2. Let U(,-) be an exponentially bounded evolution family on X with J =R
and let T'(-) be the associated evolution semigroup on E = Cyo(R,X). Then U(-,-) has
exponential dichotomy if and only if I — T(t) is invertible for some/all t > 0. In this
case the unit circle T belongs to the resolvent set of T'(t) and the dichotomy projections
of U(-,-) are given by

P() = L / RN, T(t)) dA. (2.3)

2m Jp
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We refer to the monograph [4] for a detailed account of the theory of evolution semi-
groups and the relationship between their spectra and the exponential dichotomy of the
underlying evolution family. In this work we only use the following straightforward con-
sequence of Theorem 2.2. The first part of Proposition 2.3 is known, see [4, Thm.5.23] or
[9, Thm.7.6.10], but assertion (2.5) seems to be new.

Proposition 2.3. Let U(-,-) and V(-,-) be exponentially bounded evolution families with

J =R. Asume that U(-,-) has exponential dichotomy with projections P(s) and constants
N,0 > 0 and that

1— —it\2
q:=sup||U(s+t,s)—V(s+t9) < d-e7)

up N (2.4)

for some t > 0. Then V(-,-) has exponential dichotomy with exponent 0 < oy <
—210g(2gN + ¢7°) and projections Py (s) satisfying

dim Py (s)X =dim P(s)X and dimker Py(s) = dimker P(s), seR. (2.5)

Proof. For simplicity we consider t = 1, the proof for arbitrary ¢ > 0 is the same. Let
T'(-) and S(-) be the evolution semigroups on £ = Cy(R, X) induced by U(-,-) and V (-, -),
respectively. Observe that

RONT)f =Y A" ITm)P)f = N T(n)Q() ' f

=D AUC =) f(-—n) = D N o+ ) f (- + )

(cf. [7, (V1.9.4)]) which yields
2N

IBO T < g (2.6)
for |[\| = 1. Therefore (2.4) implies that A — S(1), |[A\| = 1, has the inverse
R(A,5(1)) = R, T(1) Y [(S(1) = T(1)R(A, T(1)])" (2.7)

n=0
so that V'(-,-) is hyperbolic due to Theorem 2.2. Considering the evolution families
et (t, s) and (=30 (t,5) for p € (0,6), we see that I — e*#S(1) is invertible if
2qN

w_ —1
S Ty

< 1.

This implies the asserted estimate for the exponent §y, because of Theorem 2.2. Finally,
we deduce from (2.3) that

1
Po() = PO) = 5 [ (ROGS@W) - BOLT()] 4y
T
1
=— [ R(A\,S(1))[S(1) =T(1)] RN, T(1))dA.
21 Jp
Together with (2.4), (2.6), and (2.7), this identity yields ||Py(s) — P(s)|| < 1 for s € R.
Assertion (2.5) now follows from [8, Lemma I1.4.3]. O
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In the present work we study evolution families which solve the Cauchy problem (1.2)
for operators A(t), t > 0, on X subject to

D(AQR) = X, Xy U{0} Cp(A@®)), [[R(AAQ)] <

: 2.8
1+ Al (2:8)

AR, A®)) (A() " — A(s) DIl < Lt — s A7 (2.9)

for t,s > 0, A € ¥ = ¥y := {A € C\ {0} : |argA| < ¢}, and constants ¢ € (F,7),
L,K >0, and p,v € (0,1] with g +v > 1. We set A(t) := A(0) for ¢ < 0 and note
that the extended operator family A(t), t € R, also satisfies (2.8) and (2.9) with the same
constants. Recall that A(t) generates an analytic semigroup (e™4®)), 55 on X due to (2.8).

Condition (2.9) was introduced by P. Acquistapace and B. Terreni in [2]. Assumption
(2.8) and (2.9) imply that there exists a unique evolution family U(-,-) on X such that

U(-,s) € CY((s,00), L(X)), DU(t,s) = A)U(t, s),
AU, s)| < CL(t—s)F 0<t—s<1, k=01, (2.10)
AU, s)A(s) M| <C, 0<t—s5<1, (2.11)

for a constant C depending only on the constants in (2.8) and (2.9), see [1, Thm.2.3] and
also [2], [3], [19], [20]. Note that U(-,-) is exponentially bounded by (2.10). We say that
A(-) generates U(-,-). We also need the representation formula

t
Ult, s) = elt=9)A) +/ Z(r,s)dr (2.12)
given in [1, (2.6)], where the operators Z(t, s) satisfy
1Z(t,s)l| < Co (t — s)it (2.13)
1Z(t,5) = Z(r,s)[| < Co(t—7)" (r — s) 727" (2.14)
|Z(t,r) — Z(t,s)|| < Cy(r —s)"(t —r)rt=271 (2.15)

forne (O,u+v—1)and s <r <t <s+1,see[l, Lemma 2.2]. A careful inspection of
the proof given in [1] shows that the constant Cy depends only on 7 and the constants in
(2.8) and (2.9).

An essential tool in our approach are the real interpolation spaces of exponent co: For
a € (0,1) and an operator A satisfying (2.8) with A(t) replaced by A, we define

2|2 = ilelg INARN, A)z|| and X2 :={r € X : |z < oo}

and endow X2 with the norm || - ||4. Further, X! := D(A) is equipped with the graph
norm of A. Recall that

X{' = X5 = D((—A)") = X2 — X (2.16)

for 0 < a < 8 < 1, where D((—A)®) is endowed with the graph norm and the norms of
the above embeddings only depend on «, 3, and the constants in (2.8). We refer to [3,
Chap.V], [7, §11.5], [12, Chap.1, 2] for a thorough treatment of interpolation theory in the
context of (analytic) semigroups. We further set X! := X42@ and |- ||t := || - [|4® for
operators A(t), t > 0, satisfying (2.8) and (2.9).

The following refinement of (2.10) is needed for the proof of Theorem 4.1, see also [12,

Cor.6.1.8] for the case of constant domains.
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Proposition 2.4. Let (2.8) and (2.9) hold and let 0 < a < p+v — 1. Then
AU (t, s)zlly < Ca(t— )77 |||
forO<t—s <1,z € X, and a constant C3 depending only on o and the constants in

(2.8) and (2.9).

Proof. We proceed similarly as in [19, Prop.3.1]. Let U,(t,s), t > s > 0, be generated
by the Yosida approximations A, (t) := nA(t)R(n, A(t)), n € N. It is straightforward to
verify that the operators A, (t), t > 0, satisfy (2.8) and (2.9) with constants only depending
on the constants in (2.8) and (2.9) for A(t), see [2, Lemma 4.2] or [19, Prop.2.1]. Note
that the fractional powers (—A,(t))™?, 8 > 0, are uniformly bounded in n € N and
t > 0 and converge strongly to (—A(t))™” as n — oo. Fix a € (0,4 + v — 1) and set
0:=3(a+v+1—p) e (l—p,v). Then we have

t
Unt, s) = =940 4 / A0 (A, (57 = Ap(1) ™) An(1)Un(r, 5) d,

t
(—An(t))a+1Un(t, S) _ (_An(t))a—i—le(t—s)An(t) . / (_An(t)>2+a—06(t—r)An(t)

: (_An(t))9<f4n<t>_l - An(T)_l) An(T)Un (7, 8)dr
for t > s > 0 and n € N. We further define
Wi(t,s) == (=A,(£)* UL (¢, 5) — (= A, ()2 H et and (2.17)

t
Ralt;s) = [ (=402 (1)1 = 4,(7)7) Ay(r)el 40 dr.
This yields

t
Wi(t,s) = —R,(t,s) + / [(_An(t>)2+a79€(t77)An(t)

(A () (An(t) 7 = Au(1) 7Y (= AW(D) ] Walr,s)dr - (2.18)

By [13, Thm.2.6.13], (2.9), and (2.16), the kernel [-- -] of this integral equation can be
estimated by c; (t — 7)*T7*"2 for 0 < t — 7 < 1. As in [19, p.144], one sees that
|Ra(t,8)|| < co(t—s)072"2for 0 < t—s < 1. Here ¢; and ¢, only depend on « and the
constants in (2.8) and (2.9). Note that y+ 6 —a —2 > —1. Thus the solution W, (¢, s)
can be estimated in the same way due to [3, Thm.II.3.2.2]. The kernel of (2.18) and
the operators R, (t,s) converge strongly to the same expressions without the index n by
[19, Prop.2.1]. Since (2.18) is solved by a Neumann series, see [3, §11.3.2], W, (¢, s) also
converges strongly as n — oco. Hence, (—A,(t))*"U, (¢, s) has a strong limit V (¢, s) and

IVt s)] <es(t—s)™ ! for 0<t—s<1 (2.19)
by (2.17) and —a — 1 < p+ 60 — o — 2, where ¢3 = c3(«, i, v, ¢, K, L). Observe that
(A, ()T UL(t,s)r = At) (= A, (1) 'nR(n, A(t)) A, () Un(t, 8)x =: A(t)yn

for v € X, t > s, and n € N, and that y, tends to —(—A(¢))*U(t, s)x as n — oo due to
(19, p.144]. As a consequence,

U(t,s)X C D((—A(t))**) and Vi(t,s) = (—A®)* U, 5)



for t > s. Therefore (2.19) and (2.16) establish the proposition. O

Remark 2.5. Consider operators A(t) such that A, (t) := A(t) —w satisfy (2.8) and (2.9)
for some w > 0. Then, due to a simple rescaling argument, the above mentioned results
also hold for A(t) (where the constants C}, depend additionally on w). Observe that (2.8)
and (2.9) remain valid for A(¢) — " and v’ > w.

We finally note some properties of an hyperbolic evolution family which is generated
by operators A(t) satisfying the conditions of the above remark, cf. [9, Lemma 7.6.2], [12,
§6.3.2]. Let ¢ > 0. Then Q(t)X C D(A(t)) because of Q(t) = U(t,0)Uq(0,t)Q(t) and
(2.10). Similarly one sees that

||Q(t)||L(X,X{) <C, and ||P(t)||£(xf) < Cy (2-20)

for t > 1 and a constant Cy depending only on w, the constants in (2.8) and (2.9), and
the dichotomy constants. For ¢, s > 0 we further obtain

i Walt +h,$)Q(s) = Ug(t, $)Q(s)) = 5 (Ut + h,t) = ) Q()Ug(t, 5)Q(s)
— A()Uq(t,5)Q(s)
strongly as h N\, 0. Moreover, A(t)Uq(t,s) = A(t)U(t,0)Uq(0,s)Q(s) so that
A()Ugq(, s)Q(s) is continuous in £(X). Thus,
Ug(+,5)Q(s) € C'((0,00), L(X)) and 8:Uqg(t,s)Q(s) = At)Ug(t,s)Q(s).  (2.21)

3. EXPONENTIAL DICHOTOMY

We now formulate our basic hypothesis:
(P) There are operators A and A(t), t > 0, and a number w > 0 such that A, and
A, (t) satisfy (2.8), A, (t) satisfy (2.9), and R(w, A(t)) — R(w, A) in £(X, X2) for
some 0 < o < 1.
In view of Remark 2.5, the operators A(t) generate an evolution family U(-,-). Observe
that due to the Trotter—Kato approximation theorem, see e.g. [7, Thm.II1.4.8], (P) implies
R(u, A(t)) — R(p, A) strongly as ¢t — oo for all Rep > w. (3.1)

We note the following special case of (P).

Remark 3.1. Assume that the operators A, () satisty (2.8), that D(A(t)) = D(A(0)) =:
Y, t > 0, with uniformly equivalent graph norms, and that A(-) : Ry — L(Y,X) is
globally Holder continuous of exponent p € (0,1]. Let A(t) converge in L£(Y,X) to a
closed operator A with domain Y as ¢t — oco. Then (P) holds with a« = v = 1. Moreover,
if w =0 then s(A) < 0. We omit the straightforward proof.

The next lemma provides us with the essential step for the proof of our main results.

Lemma 3.2. Assume that (P) holds. Then U(s+t,s) — e in L(X) as s — oo uniformly
for t € [to, 1] C (0, 00).

Proof. By rescaling we may assume that w = 0 in (P). Fix t; > ¢ty > 0. Set

o(s) = sup 1A ™ = A leex xa)
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For 0 < h <ty <t<t;and s > 0, we write

Us+t,s)—e =[U(s+t,5+h)—eMNU(s + h, s)
+ eEMAT (5 4 b, 5) — ehAE) 4 hAl) _ phA]

The first summand yields

(U(s+t,54+h) — MM U(s + h,s)x
= (lsin% (U(s+t—08,5+h) —e"MNU(s + h,s)x
—
s+t—o

= lim [T DAANU (1,8 + h) — AeCHDAU (1,5 + B)| U(s + h, s)x ds
VS s+h

s+t

= / AeCT=DA (AT — A7) Y A(T)U (1,8 4+ h)A(s + h) ™" A(s + h)U (s + h, s)z ds
s+h

for € X. From [12, Prop.2.2.2], (P), (2.11), and (2.10) now follows

t
|(U(s+t,s+h)— e(t_h)A) U(s+h,s)|| <ciro(s) Bt / (t — T)O‘_l dr < cy0(s) Bt
h

for constants ¢;. Further,
|U(s 4 h,s) — e"E)|| < g h#F71

by (2.12) and (2.13). Finally,

A6 _gnd — L[y co e AR A (AT — A(s)1) A(s)RON, A(s)) dA

© 2w
for a suitable path T" in 3 so that (P) implies

P46 _ hd)| < ¢, o(s)/ehReA A2 [d)] < e5 ho~ of(s)
T

for constants c;. Altogether we have shown that
U (s +1t.5) — e < egols)(h™" + ) 4 e

for0 < h <ty <t <t,s>0,and constants ¢, independent of h, s, and t € [to, t1]. Given
£ > 0, we first choose a small 4 > 0 and then a large s. to obtain |U(s +t,s) —e!|| < ¢
for s > s. and t € [to, t1]. O

In view of Remark 3.1 the next result generalizes [13, Thm.5.8.1] where the case of
exponential stability and constant domains is treated. Note that if s(A) < 0, then U(-,-)
is exponentially stable and we can take a = 0 in Theorem 3.3.

Theorem 3.3. Let (P) hold and o(A)NiR = (). Then the evolution family U(-,-) generated
by A(-) has exponential dichotomy on an interval [a,00) C Ry with projections P(t)
and exponent §'. Moreover, P(t) — P strongly as t — oo, dim P(t)X = dim PX,
dimker P(t) = dimker P for t > a, and by choosing a large a we can take 0" arbitrarily
close to 6, where P and & are the dichotomy projection and exponent of e
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Proof. (1) We first recall that o(A4) N4R = () implies the exponential dichotomy of ‘4,
see [7, IV.3.12, V.1.17] or [12, §2.3]. For a given a > 1, we set

U(t,S), 152526%
Udt,s) := ¢ U(t,a)e® 94 t>a>s, (3.2)
elt=s)A a>t>s.

Fixe > 0. Fors€ (a—1,a — %) we obtain as in the proof of Lemma 3.2 the identities
Ua(S + 1’ S) — eA — (U(S + 17 CL) o e(erlfa)A) e(afs)A

= (U(S + 17 Cl) T e(erlfa)A) (e(afs)A - U<a7 5))
s+1

+ AT A (A AL (7)Y Ay (1)U (7, 5) dr.
From [12, Prop.2.2.2], (P), and (2.10), now follows that

s+1
|Ua(s+1,5) — eA|| < ||e(“_s)A —U(a,s)| + 02/ (s+1— T)a_lO(T)(T — s)_l dr

< e ([l = Ula, )| + o(a))

for constants ¢, independent of a and s with a — s € (3,1). Using Lemma 3.2 we find
a; = aq(g) such that

|Ua(s +1,5) —e?|| < e for a>aj and s € (a—1,a—3). (3.3)
Lemma 3.2 further yields as = ay(e) such that
1Ua(s +1.5) — | = [(U(s +1,a) — eCHmad) el
<y |U(s+1,a) —eT94) < ¢ (3.4)
for a > as and s € [a — 1/2,a). Finally,

LA s
Us(s+1,8) —et = { (()]7(3+175) e’ jgz,_ )
so that due to Lemma 3.2 there exists az = ag(e) with
|Ua(s +1,5) —e?|| < e for a > a3 and s ¢ (a—1,a). (3.5)
Combining (3.3), (3.4), (3.5), we see that there is ag = ag(¢) such that
|Ua(s +1,8) —e?|| <e  for a>apandscR.

Thus Proposition 2.3 establishes the theorem except for the convergence of P(t).
(2) Given t > a+ 1 and = € D(A(t)) we check the integrability of the function

u(t) = ApTalt — 7) (At — Ap(1) ™) Ap ()T (1, )2, T #t,

on [a, c0), where u(t) := 0 and 'y and T" are Green’s function for e*4 and U(t, s), respec-
tively. Let 6" := 6 +¢'. For a <7 <t —1 we have

lu(r)ll = [|Awee® T DAP (AL = Ay (1) ™1 Au(M)Q(N)Uo(, ) Q(t)z |

< cso(r)e 1 |z



where we have used the analyticity of e, (P), (2.16), and (2.20). Further,
lu(r)l = [PAue™ DM (ALY = Au(7)™) Au(1)Q(T)Uq (1, )Q()2
< cgo(r) (t —7)" " |||
for 7 € (t — 1,t) due to [12, Prop.2.2.2], (P), and (2.20). Next,
lu(r)|| = [[Awee® T D4eQ (AL — Au(7) ™) Au(1)U(7,) P(t)x]
< cro(7) [ Au(®)P(t)z]| < cs o(7) [|[ly
for 7 € (¢t,t + 1] by (P), (2.16), (2.11), and (2.20). Finally, (P), (2.16), and (2.10) yield
lu(r)ll = [|Apee® D@ (AL = Au(r)™) Au(T)U (1,7 = U (7 = 1, 1) P(t)z|
< cgo(r) e ]

for 7 >t + 1. Altogether we have derived the estimate

[ Iular < [ ke~ o) ar ol (36)
for the function

k(1) = {ce“mt', t>1andt <0,

ctl, 0<t<l,
where ¢ is a constant. On the other hand, (2.21) shows that

/OO u(r)dr = ILI% - [Ae(t_T)APUQ(T, HQ(t)r — e(t_T)APA(T)UQ(T, t)Q(t)x] dr

+ /OO [Ae(t_T)AQQU(T, tYP(t)x — eTARQA(T)U (7, t)P(t)z] dr

= lim —eFAPUG(t — &,)Q(t)x + "V PUy(a,t)Q(t)z + QP(t)x

= —Px+ P(t)x + " PUgy(a, t)Q(t)x.

Combining this formula with (3.6), we arrive at
[1P(t)a — Pz|| < / k(t = m)o(r) dr |zl +¢ e |z (3.7)

for z € D(A(t)). Now take x € X and ¢ > 0. Fix g > 0 such that ||z — pR(pu, A)z|| < e.
Set f(t) = uR(p, A(t))x. Then,
T [|P(t)e — Pal < T (P - S+ [POSE) - PO+ PG - )
<[P+ 1P l) e
by (3.1), (3.7), and o(7) — 0 as 7 — oco. As a result, P(t) — P strongly as t — co. O

The following simple example shows that strong convergence of A, (t)™' to A,' does
not suffice in Theorem 3.3.

Example 3.4. Let X = (?, A= —1I, and
At)(zx) = — (21, ,2p_1, =0+ 1)z,,0,--+) for n—1<t<n.

Then, A(t)x — —a for x = (z3) € X as t — oo and s(A) = —1. But U(¢,0)x = z if
0<t<nandz,=0fork=1,---,n, so that |U(n,0)| = 1.
10



4. THE INHOMOGENEOUS PROBLEM

We now apply the results of the previous section to study the evolution equation
u'(t) = A@)u(t) + f(t), t>a, (4.1)
u(a) = =, (4.2)
for f € Cy([a,), X) and z € X supposing the assumptions of Theorem 3.3. Since (2.8)
and (2.9) hold, there exists a unique differentiable solution u of (4.1) and (4.2) provided

that f is regular enough, see [2, §6]. We want to establish the convergence of u(t) as t — oo
assuming that f(t) — fw. It is known that the solution of (4.1) can be represented as

u(t) =Ul(t,a)y + /OO C(t,7)f(r)dr (4.3)

~Utaly+ [ U P () dr - / " Uolt, 7)Q(R) f(7) dr,

where y € X and I is Green’s function of U(t, s), t > s > a, which exists by Theorem 3.3.
Observe that the integral in (4.3) is a bounded function of ¢ so that u is bounded if and
only if y € P(a)X. On the other hand, the initial condition (4.2) requires that

r=u(a) =y — /OO Ug(a, 7)Q(T)f(T)dr.

Therefore a bounded solution u of (4.1) and (4.2) exists only if

Qa)r = — /OO Ug(a, 7)Q(T)f(T)dr. (4.4)

(See [12, Prop.6.3.6] for these results in a special case.) We thus assume that (4.4) holds.
The function u defined in (4.3) is then given by

u(t) =U(t,a)P(a)x + /OO C(t,7)f(7)dr =: v1(t) + va(t) (4.5)

We call this function w the mild solution of (4.1) and (4.2). Our next result extends
Theorem 5.6.1 in [18] where assumption (a) below in the situation of Remark 3.1 with
w = 0 was studied. Recall that we can choose a = 0 if s(A) < 0.

Theorem 4.1. Let (P) hold and o(A) NiR = 0. Fiz a > 0 as obtained in Theorem 3.5.
Assume that f € C([a,00), X) converges to fs in X ast — oo and that © € X satisfies
(4.4). Then the mild solution u of (4.1) and (4.2) converges to Uy := —A™ fo ast — oc.
If, in addition, either

(a) f e Cl(la,0), X) for some € (0,1) or

(b) sup;s, [[f(1)[[5 < oo for some § € (0,1),
then u € C'((a,00), X), u(t) € D(A(t)) for t > a, and (4.1) holds. Moreover, u'(t) — 0
and A(t)u(t) = Aus ast — 0o.

Proof. (1) We use the functions vy, defined in (4.5). As noticed above,

u(a) = Pla)x — /00 Ug(a, 7)Q(T)f(T)dr =«

11



by (4.4). Recall that v; € C'((a,00), X) N C([a, o), X), vi(t) € D(A(t)), and v}(t) =
A(t)vy(t) for t > a. Moreover, v1(t) — 0 and

[N = [AGv @I < [ABU Rt =D |UE =1, a)Pla)z] — 0

ast — oo due to (2.10). In Lemma 3.2 and Theorem 3.3 we have seen that U (s+t, s) — e!4
and P(s) — P strongly as s — 0o, where P is the dichotomy projection of e!4. Extending
f by 0 to R, we obtain

vo(t) = /000 Ut,t—71)P(t—71)f(t —71)dr — /000 Ug(t,t +7)Q(t +7)f(t+7)dr

for t > a. The first integrand converges to ™ Pf., as t — co. Concerning the second
integrand, we observe that

Ug(t,t +7)Q(t +7)f(t+7) — e ™QQf
=Ug(t,t +1)Qt+7)[QUt+7)f(t+7) — Qf] + Ug(t,t +7)Q(t + 7)
e = Ut +7,1)] e Q0 + [Qt +7) — Qe ™ Q f

tends to 0 as t — oco. Hence,
lim u(t) = lim vy(t) = / TP Pf.dr — / eTRQ o dr
t—o0 t—o0 0 0
= —Ap' foo + (mA5 ) foo = —A7 s (4.6)

by the theorem of dominated convergence and standard semigroup theory.
(2) Assume in addition that (a) holds. For ¢ > r > a we have

/UtT )dT—l—Utr/UTTP(T)f(T)dT
+ [ vt nemiear v [ v e

_ / UL, 7)f(7) dr + U(t, r)oa(r). (4.7)

Taking r = a in (4.7), [2, Thm.6.1(i)] implies that vy € C'((a,00), X), v2(t) € D(A(t)),
and vh(t) = A(t)va(t) + f(t) for t > a, so that u solves (4.1) in this case. The other
assertions now easily follow from

lim v5(t) = 0. (4.8)
t—o00

To establish (4.8), we first want to show that v} is uniformly Hélder continuous on [a +
1,00). In view of (4.7), v}, is given by

v (t) = AU (t, 7)va (1) + A(t) /rt U(t,7)f(T)dr + f(t) (4.9)
for t > 7 >0. Fort > s> r+ 3, we infer from A(t)U(t,s) = 0,U(t,s) and (2.12) that
AU, r)va(r) — A(s)U (s, 7)va(r)
= A(r)(eW AW — =AMy (1) + (Z(t, 1) — Z(s,7))v2(T)

= (e¥ A0 _ 1Y A(r) e AWy (r) + (Z(t, 1) — Z(5,7))va(T).
12



So [12, Prop.2.2.4, 2.2.2] and (2.14) yield
IA@T(t,7)va(r) = A(s)U (s, 7)va(r) | < ex (t = 5)7 ((s =) 777+ (5 = 1) 7277) [Jun oo
<o (t—s5)"|fllx

for constants ¢, independent of ¢, s, r satisfying r+1 >t > s > 7“—}—%. Further, assumption
(a) and [2, Thm.6.1(ii)] show that

‘A(t) /rt Ut,7)f(r)dr — A(s) /Ts U(s,7)f(r)dr

< ey (t—5)" | fllos

ifr+1>t>s>r+ %, where c3 does not depend on ¢, s,r (since the constant in [2,
Thm.6.1(ii)] only depends on /3, w, and the constants in (2.8) and (2.9) as can be deduced

from the proof given there). As a result,

[05(t) = v3(s)I| < ea (t = 5)° || flloo

where ¢, is independent of t > s provided we take t,s € [r + %,r + 1]. This can be
achieved by choosingr =t—1>aand 0 <t—s < % Since v4(t) is bounded for t > a+1
due to (4.9) (for r =t — 1), (2.10), assumption (a) and [2, Thm.6.1(ii)], we obtain that
vy € CF(Ja+1,00), X).

Set U5(t) := v(t) — us. The interpolation result [12, Prop.1.2.19] and [12, Prop.0.2.2]
then imply

/ ~ ~ 110 ~ 10
o [ (O < (12l e (pnn+11,%) < €5 102l e pniayx) 102leres g x)

< sup oa(t) = uoo
n<t<n+1

for some v € (1,1 + ), 0 := ﬁ , and a constant independent of n. This verifies (4.8).

(3) Now assume that (b) holds. Using [2, Thm.6.2(i)] instead of [2, Thm.6.1(i)], we
obtain again from (4.7) that vy € C1((a,0), X), va(t) € D(A(t)), and vh(t) = A(t)ve(t) +
f(t) for t > a. Thus it remains to show (4.8) also in the present situation. This time we
want to employ

sup [|lug(t)||5 < oo. (4.10)
t>a+1

This fact is an immediate consequence of (4.9) (for r = t—1), Proposition 2.4, assumption
(b), and [2, Thm.6.2(iii)] (and its proof). On the other hand, (4.1) implies

R(w, A(t))vh(t) = —va(t) + wR(w, A(t))va(t) + R(w, A(t)) f(1).
The right hand side converges to 0 as t — oo because of (4.6) and (P), i.e.,
tlim R(w, A(t))vy(t) = 0. (4.11)
Using the moment inequality (see e.g. [7, Thm.I1.5.34]), (2.16), and (4.10), we derive
ls (Ol < er ll(w — A@®) " up ()7 [ (w — A(t)) (8[|
< cs || R(w, A(t))vy (8[|

for v € (0,5), 0 = ﬁ, and constants ¢, independent of t. Hence, (4.8) follows from

(4.11). O
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We conclude this paper with a straightforward application to second order elliptic
operators A(t) in divergence form. In view of [1, §6], more general elliptic operators
could be treated in a similar way.

Example 4.2. Consider the initial-boundary value problem

Oru(t,x) = Z O ag(t, z) Ou(t,x) + ao(t, x)u(t,x) + f(t,z), t>s>0, z €,
k=1

> () aplt,x) du(t,z) =0, t>s>0, z€0Q,

k=1

u(s, ) = .
Here  C R" is a bounded domain with boundary 992 of class C? being locally on one side
of  and n(z) is the outer unit normal vector. We assume that the coefficients satisfy

ap € CJ (R, C(Q) N Cy(Ry, CH(Q)), k,l=1,---,n,
ap € Cf'(Ry, L™()) N Cyp(Ry, C(Q))

for some 3 < 1 <1 and that (ay) is symmetric, real, and uniformly elliptic, i.e.,
Z ap(t, ) vy v, > nv)?
kl=1
for a constant n >0, x € Q, t >0, v € R".
On X, == LP(Q), 1 < p < 00, and X, := C(Q) we introduce the realizations A, (),
1 <p < oo, and Ay (t) of the differential operator

A(t x, D Z 8k akl t SL’) 81 —|—CLO(t ZC)

k=1

with domains
n

D(A,(t)) :== {f € W*P(Q Z ng(+) ag(t,-) O f =0 on 0N},
k=1

D(Ax(t)) == {f € (\W*(Q) : A(t,~. D)f € C(Q), > ny(-) au(t,) dif =0 on 99},
p>1 k=1

where the boundary condition is understood in the sense of traces if necessary. It is shown
in [19, §4] that A,(t), 1 < p < oo, t > 0, fulfill (2.9) for 1 and each v € (0, 3). Thus there
exists an evolution family U(-,-) on X, solving the above partial differential equation for
f=0on X,.

We further suppose that there are functions ay € C*'(Q), k,l =1,--- ,n, and @ € C(Q)
such that (ay) is real, symmetric, and uniformly elliptic, and

ag(t,z) = a(z) and ao(t,z) = ao(x)

uniformly in € Q as t — co. For the coefficients ay; and &, we define A, in the same way
as Ap(t), 1 < p < oo. One can verify (P) for a € (0, %) by means of the arguments from
[19, §4]. Thus U(-,-) has an exponential dichotomy on X, for a time interval [a,c0) if

o(A,)NiR =0, 1 < p < oco. (We note that the spectra of A, do not depend on p € (1, x]
14



due to [7, Prop.IV.2.17], standard elliptic regularity results, and the Sobolev embedding
theorem.) If ¢ and f further satisfy the assumptions of Theorem 4.1, then the solution
of (4.1) and (4.2) converges as asserted in this theorem.
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