BIHARMONIC WAVE MAPS: LOCAL WELLPOSEDNESS IN HIGH
REGULARITY
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ABSTRACT. We show the local wellposedness of biharmonic wave maps with initial data
of sufficiently high Sobolev regularity and a blow-up criterion in the sup-norm of the
gradient of the solutions. In contrast to the wave maps equation we use a vanishing
viscosity argument and an appropriate parabolic regularization in order to obtain the
existence result. The geometric nature of the equation is exploited to prove convergence
of approximate solutions, uniqueness of the limit, and continuous dependence on initial
data.

1. INTRODUCTION

Let (N, g) be a smooth Riemannian manifold which we assume to be isometrically em-
bedded into some Euclidean space R”.  Biharmonic wave maps are critical points u :
R™ x[0,T) — N of the (extrinsic) action functional

1 /7
(1.1) O(u) = f/ / |0su|? — |Aul|? dx ds.

These maps model the movement of a thin, stiff, elastic object within the target manifold
N.

The Euler-Lagrange equation of ® has been calculated in [6] (in the case N = §! ¢ R'™™)
and in [13] (for arbitrary N) and it is given by

(1.2) O?u+ A%u L T,N  on R™x[0,T).

In particular, if the manifold N has non-vanishing curvature, the condition (1.2} is rewritten
as a nonlinear partial differential equation

(1.3) O2u + A%u = N (u, us, Vu, V3u, V3u),

where N is a nonlinear expression of the indicated derivatives of u. It is explicitely given in
(2.1). We also note that the following energy

1
B =3 [ 10wl + auP ds
2 Jn
is (formally) conserved up to the existence time.
In the flat case N = R” (or any affine subspace), the condition (1.2) reduces to the free

evolution of a system of decoupled (or linearly coupled) biharmonic wave equations
(1.4) Ofu+ Au =0,

which appear in the elasticity theory of vibrating plates. Here, requiring the parametrization
of a thin plate, the bending energy of the elastic plate involves integrated curvature terms
of the plate’s surface. Hence, in the case of sufficiently stiff material, the potential energy
in is a reasonable approximation of the elastic energy. We refer to the classical book
of Courant and Hilbert [1, Chapter 5.6] for more information.

Semi-linear evolution problems related to without a geometric constraint, such as

(1.5) OPu + A%u+mu + |ulP"tu =0,
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have been thoroughly studied. For instance, if m > 0 and 1+ % <p< Z—J_rj, global existence
and scattering of solutions of (|1.5)) has been proved by Pausader in [12]|, as conjectured by
Levandosky and Strauss.

A well-studied hyperbolic geometric evolution problem is the wave maps equation

(1.6) Ou = m®P A(u) (dau, Dpu) on R" xR,

which arises as the Euler-Lagrange equation of a first order analogue of the action
with constraint v € N. Here, 0 = 9? — A is the d’Alembert operator, m is the Minkowski
metric and A(u) is the second fundamental form of the embedded manifold N. The Cauchy
problem for has been studied intensively as a model for the subtle interplay of nonlinear
dispersion, gauge invariance and singularity formation. In particular, we refer to the global
regularity theory achieved by novel renormalization techniques of Tao in [17] and [18], see
also the survey article by Tataru [19]. In the energy-critical dimension n = 2 a proof of the
threshold conjecture on the question of blow-up versus global regularity and scattering is
given by Sterbenz and Tataru in [16].

A different but related model is the Schrodinger maps problem for a map u : R* x R — N
into a Kéhler manifold N. This is the Hamiltonian flow for the Dirichlet energy of u induced
by the (symplectic) Kihler form on N. For N = S? the Hamiltonian equation reads as

(1.7) Ou=u X Au on R" xR,

and attracted a lot of attention in the past decades. We refer to the global regularity results
for N = S? and n > 2 by Bejenaru, Ionescu, Kenig and Tataru in [2] and for homogeneous
spaces N and large dimension by Nahmod, Stefanov and Uhlenbeck in [11]. While different,
the methods in both cases exploit the geometric nature of the Schrodinger maps flow by the
choice of a suitable frame system along a solution.

In sharp contrast, there is very little literature on the bi-harmonic wave maps , as
discussed below. The main goal of this paper is the proof of the following local wellposed-
ness result for the Cauchy problem corresponding to in Sobolev spaces with sufficiently
high regularity. We stress that it is difficult to employ the energy method for high regu-
larity solutions of since A explicitly depends on the third order derivatives V3u and
the energy contains only Au. We will to overcome this difficulty by exploiting the geo-
metric constraints of solutions. From now on, let N be a compact Riemannian manifold,
isometrically embedded into RE.

Theorem 1.1. Let ug,u; : R® — RF satisfy up(x) € N and ui(x) € Tyy(m)N for a.e.
x € R" as well as
(Vug,u1) € HFL(R™) x H*2(R™)
for some k € N with k > |5 | +2. Then the following assertions hold:
(a) There exists a mazimal existence time

T = Tin(uo,ur) > T = T([[Vuo|l grr , luall gr—2) >0
and a unique solution u : R™ x[0,T,,,) = N of (1.2) with w(0) = ug, u(0) = uq,

and
u—ug € C°([0,T), H*(R™)) N C'([0, ), H**(R™)).
(b) For Ty € (0,T,,) there exists a (sufficiently small) radius Ry > 0 such that for all
initial data (vo,v1) as above that satisfy

[[(wo,uy) — (U07Ul)”Hk(R“)xH’“‘?(R") < Ro,

the unique solution v : R" x[0,T,,(vo,v1)) — N exists on R" x[0,Tp]. Further,
for such initial data the map (vo,v1) — (v(t),0:v(t)) is continuous in H*(R™) x
HF=2(R™) for t € [0, Ty].

(¢) If T, < 00, then

T
(18) / IVu(s)25 + a2 ds = oo.
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In particular, for smooth initial data ug,uy : R™ — RY with ug(z) € N and ui(z) € Tuo(@) N
for x € R™ having compact supp(Vug) C R"™ and supp(ui) C R™, there exist T, > 0 and a
smooth solution u : R™ x[0,T,,) = N of (L.2).

It is worthwhile to remark that both uy and u(t) do not necessarily belong to L*(R™)
and it is only the difference of these two functions which is contained in this space. We
further mention that the lower bound k > [5| + 2 ensures the existence of L> bounds
for Oyu € H*=2(R™) from Sobolev’s embedding. This is necessary in order to establish our
energy estimates in the following sections.

The first, second and fourth author have recently shown in [6] that there exists a global
weak solution of for initial data in the energy space H2 x L? in the case N = S§! ¢ R,
In [6] a crucial ingredient is a conservation law which allows to construct the desired solution
as a weak limit of a sequence of solutions of suitably regularized problems. The derivation
of this conservation law relies on the fact that the action functional ® is invariant under
rotations in the highly symmetric setting N = S!, and this argument does not apply to
arbitrary target manifolds V.

Moreover, the third author has shown energy estimates for biharmonic wave maps in low
dimensions n = 1,2 in [13]. When combining this result with the above blow-up criterion
, he then obtained the existence of a unique global smooth solution of for smooth
and compactly supported initial data. This results extends earlier work of Fan and Ozawa [5]
for spherical target manifolds.

A local well-posedness result as in Theorem is standard for second-order wave equa-
tions with derivative nonlinearities such as wave maps. It can be found for example in the
books of Shatah and Struwe [14] and Sogge [15]. In contrast to this case, our nonlinearity
N (u) depends on the third spatial derivative of w which cannot directly be controlled by the
energy of that only contains second order spatial derivatives. In our proof we use the
geometric nature of the equation in several crucial steps in order to be able to rewrite this
expression in terms of derivatives of lower order.

Concerning the continuous dependence of the solution on the initial data, as the nonlinear-
ity AV'(u) depends on third spatial derivatives, no Lipschitz estimate in the norm H* x H*~2
is expected from the energy method (as we observe e.g. from the a priori estimates in Section
@ and we cannot apply a fixed point argument. In comparison to semi-linear wave equations
with derivative nonlinearities (such as wave maps), this makes the well-posedness problem
for more involved.

We briefly note that our result applies to an intrinsic version of a biharmonic wave map.
The functional ® has an intrinsic analogue ¥ defined by

(1.9) U(u) = %/0 /]R" |0sul? — |(Au)T | dx ds,

where (Au)T = P,(Au) is the tension field of a smooth function u : R” x[0,7) — N. In
contrast to @, the functional ¥ is independent of the embedding of N < R”. Since the
Euler-Lagrange equation differs only by lower order terms (see in Section [2 below),
we can prove the existence of local unique intrinsic biharmonic wave maps with initial data
as in Theorem [1.1l However, we do not have a result for initial data with (only) covariant
derivatives in L?.

In the following, we briefly outline the structure of the paper. In Section we use
a vanishing viscosity approximation and solve the corresponding Cauchy problem for the
damped problem

Otu+ A?u —eAdwu | T,N, ¢€(0,1].

In order to obtain a limiting solution for as € \, 0, we prove a priori energy estimates
which are uniform in € in Section ] As a by-product we obtain the blow-up criterion in
Theorem The existence part in Theorem is then shown in Section [5 and in Section
[6] we prove that the solutions are unique. Finally we establish the continuity of the flow map
in Section [
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2. NOTATION AND PRELIMINARIES

In this section and in the following we will write C' for a generic constant only depending
on N, n and k, and often also < ... instead of < C'(---). In order to obtain the explicit
form of (1.2)), we use the fact that there exists some dp > 0 and a smooth family of linear
maps P, : RY — R” for dist(p, N) < & such that

P,:RY - T,N, peN,

is an orthogonal projection onto the tangent space 7, N. The Euler-Lagrange equation
can thus be written as
OPu+ A%u = (I — P,)(0}u + A?u).

Exploiting that u takes values in NV, we have
(21)  9*u+ A%u = dP,(us,u;) + dPy(Au, Au) + 4dP,(Vu, VAu) + 2dP, (V*u, Vu)

+ 2d*P,(Vu, Vu, Au) + 4d? P, (Vu, Vu, Vu)

+ d3 P, (Vu, Vu, Vu, Vu)

=: N(u),

where the tensors d’ P are explicitly described below.

We briefly remark that, compared with the right hand side of (2.1)), the Euler-Lagrange
equation for the intrinsic biharmonic wave maps problem (1.9)) differs by

(2.2) P,(dP,(Vu,Vu) - d*P,(Vu, Vu,-)) + P,(div(dP,(Vu, Vu) - dP,(Vu,-))).

The projectors P, are derivatives of the metric distance (with respect to N) in RE, ie.,
1 . .
(2.3) p=7(p) + S Vp(dist*(p, N)), B, =dpr(p), dist(p, N) < do.

Moreover, if p € R is sufficiently close to N, then 7 has the nearest point property, i.e.,
|7(p) — p| = infyen |¢ — p|, and hence

dm, = dr(p) = d(7*(p)) = dm, ., dm,

Therefore P, : RE Tr(p) N is well-defined. Using cut-off functions we extend the identity
([2-3), and thus also the equation P, = d,(p), to all of RE. Moreover, all derivatives of P,
are bounded on R". In this way one can investigate without restricting the coefficients
a priori. Further, for | € Ny we denote by d'P, the derivative of order [ of the map P,
which is a (I 4 1)-linear form on R, For the coefficients in the standard coordinates in R”
we write

) 0 0
p,)k = cr.—(P)F ().
( )lg,...,lj apll aplj( p)lg(u)

We now derive (2.1)) from the condition (1.2)) for smooth solutions v : R™ x[0,7) — N. Note
that we use the sum convention, i.e. the same indices in super-/subscript means summation.

Since 0;u € T,, N, we infer the identity
(I = P.)(0Fw)]* = (&7 — (Pu))(07u') = 0:(87 — (Pu)P)(Bsu') + (O Pu)y Opu! D™
= (dPu)fﬁ’latulatum
for k=1,..., L. Because of Vu € T,, N, we also obtain
(T = P)(Aw)]* = 0% (6] = (Pu)}) (0, u') + (O Pu); O Oy u™

= (dPu)’,;,laxaula%um,

and hence

(I = P,)(A%u)]F = A((dPy)E, 107 u' 0y u™) + 0 ((dPy) 1 AUl Dy u™)

+ (dP,)F, (07 Aut) 0y, u™.
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The symmetry of the indices then implies
(I — P,)(A%*u)]F = (d®P,)F Ol 9, ul 9 ut2 0, u's

lo,l1,l2,l3
+ 2(dP,)f, 1,00, 070007 0y ,ult + (dPy)F, 1, Au'o Au™
+ 2(d2P)] g, 1,07 ul 0, ul Aul? + 4(dP,) 0% Aul D, ub

+ 4(d?Py)f 1, 1,070 u'0 0y, 0" ul O,y ul.

lo,l1,l2

We briefly state the expressions from (2.2)) in coordinates, i.e.,
[Pu(dP(Vu, V) - 2Py (Vu, Vi, )] = 37 (P)SdPL(Vu, V) - (d2 P m O, u" 0™,
J
[Pu(div(dP,(Vu, V) - dP,(Vu, )] =D (P,)s0™ (dP(Vu, Vu) - (dPy)k; O, ")
J

for I =1,..., L. In the following we use the shorthand V¥ ux V*2« for (linear combinations
of) products of partial derivatives of the components u' of u for I = 1,...,L. Here the
partial derivatives are of order k; € N and ky € N, respectively. With this notation we can

rewrite equation (2.1)) as
Ofu + A?u = dP,(ug, uy) + dPy(Vu % V2u) + dP,(V3u  Vu)
+ d* Py (Vu x Vux V2u) 4+ d> Py (Vu x Vu x Vux V).

The Leibniz formula implies the following identity.

Lemma 2.1. Form € N and | € Ny we have

(2.4) V™Md'P) = > TPV sk V),
i=1 Ei:l mrp=m—j
In order to include the case m = 0 in the lemma, we will use Z;ﬁ:min{l’m} for the sum in
([2.4) or similar formulas. The calculation of derivatives V" (N (u)) and V™ (N (u) — N (v))
for sufficiently regular u,v : R" x[0,T] — R and m € Ny has been included in Appen-
dix [A] employing the x-convention. The results from Appendix [A] will be used frequently

throughout the paper. In the following sections, we also need a version of the classical Moser
estimate, see e.g. [20, Chapter 13].

Lemma 2.2. Let I,k € N and g, ...,q; € Ny satisfy 22:1 |a;] = k. There exists C > 0
such that for all fi,..., fi € Co(R™) N H*(R™) we have

o

o o S ETT e
(2.5) DY fy - D fill e < CT Ml " Iill i -

i=1

In particular,

l l
(2.6) D fr---- - DY fi]| 12 < CZH [ fill oo (ILfill e+ [ fll o) -

j=1i#j
3. EXISTENCE FOR THE PARABOLIC APPROXIMATION

Since N (u) = N (u, us, Vu, V3u, V3u), energy estimates for the operator 97 + A? are not
sufficient to show the existence of a solution of . Instead, we use the damped plate
operator

02 + A% — A0y,
with e € (0, 1] fixed, as a regularization. More precisely, we prove the existence of a solution
u® : R" x[0,T.] — N of the Cauchy problem

(3.1) {afug(x,t) + A%uf(z,t) — eAdwus (x,t) L Tye(uyN, (x,t) € R" %[0, T.],

u(z,0) = ug(x), uf(0,z) =ui(x), z e R,



6 S. HERR, T. LAMM, T. SCHMID, R. SCHNAUBELT

where ug, u; : R" — R” satisfy ug(z) € N and u1(z) € Tyyy(ay N for ae. @ € R™ as well as
(Vug,up) € HF 1 (R™) x H*2(R™)

for some k& € N with & > [§] + 2. In the following we mostly drop the super-/subscript ¢
and write (u,T) instead of (uf,T.). We note that the condition in (3.1]) reads as

(3.2) Ofu+ A%u — eAdu = N(u) — e(I — P,)(Adyu).

Using u(t,z) € N, we can expand

(3.3) e(I — P,)(Adwu) = ed® P, (ug, Vu, Vu) + €2d P, (Vuy, V) + ed Py (uy, Au).

We thus study the regularized problem

(3.4) 0%u+ A*u — eAdyu = N (u) — ed® P, (us, Vu, Vu) — £2d P, (Vuy, Vu) — ed Py, (ug, Au)
=: N:(u).

We next solve without the geometric constraint, recalling that only u(t) —ug € L2(R"™).

Lemma 3.1. Let e € (0,1) and take ug,uy : R™ — RY with ug(z) € N and uy(z) € Tuo(x)N
for a.e. x € R™ such that

(Vug,up) € H* 1 (R™) x H*2(R™)

for some k € N withk > |5 ]+2. Then (3.4) has a unique local solution u : R™ x[0,T.] — RE
satisfying w(0) = ug, ue(0) = uy, and

(3.5) u —ug € C°([0, T.], H*(R™)) n C*([0, T], H*2(R™)) N H'(0,T.; H*"*(R™)).
In addition,
(3.6) Vu € L*(0,T.; H*(R™))

and there exists a constant C' < oo such that for 0 <t < T,
t t
37 V2@ + [VEu)|, + ¢ /0 IV g (s)|2, ds + ¢ /0 IV us)||, ds
t
<o [ [ F L) 9 P ds + [ Vol + s )
0 JrR™

Before we prove Lemma we reduce the problem to functions in L? by setting v(x,t) =
u(z,t) — up(r). We thus rewrite (3.4) as

(3.8) OU + AU = <f€?U)>, U(0) = <£1>

where U = (:) and f.(U) is defined through
¢

(3.9) f(U) : = N(v+ug) — ed?Pyyy (ve, V(v + 1), V(v + ug))
— €2dPy 1y (Vvr, V(0 4 1g)) — €dPy vy (ve, Alv + ug)) — A%ug.

Further the operator Ay, : H¥(R™) x H*=2(R™) D D(A) — HF(R") x H*=2(R") is given by

o 0 -1 _ k2 /mn k(mmn
(3.10) A = (AQ 5A> , D(A)=H"R") x H*(R").
Since the operators Ay extend each other we drop the subscript k. It is well known that —A
generates an analytic C%-semigroup {S:(t)}i>0, see e.g. [3| Prop. 2.3] for the case k = 2.
Using also standard parabolic theory, see e.g. |8, Prop. 0.1] and |10, Prop. 1.13], we obtain
a first linear existence result with some extra regularity.
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Lemma 3.2. Letr € Ng, uy € H™Y(R"), and g € C°([0,T), H"(R")). Then there exists a
unique solution U of the linear equation

(3.11) 0,U + AU = (2) U(0) = (0)

Uy
satisfying
U e L*0,T; H x H(R™)) N C°0,T; H™™ x H™™Y(R™)) N H' (0, T; H™™ x H"(R™)).
We remark that the solution of is given by

(3.12) U(t) = S.(¢) (51) +/0t S.(t—s) (g(os)> ds.

We quantify the above result by the following higher-order energy estimates.

Lemma 3.3. Let r € Ny, g € C°([0,T], H"(R")), u; € H™t'(R"), and ug : R™ — R with
Vug € H™3(R"™). Then v from Lemma satisfies

T T
(3:13)  oe(®)l[ 571 + 1o () 17045 +€/ IV0e(8) s d8+€/ IV (W +uo) () |[57r+a ds
0 0

1 [T 2
<0+ T) ( | lloto) + 2uolly, ds+ e + ||Vuo||?{r+z>
0
for0<t<T, and

T
B14) [V e )L + [V e +s/0 IV +20,(5)]; ds

t
gc(—/ / V" (9(s) + A%uy) ~VTAvtdacds+||u1||z,.+l—|—HVU0||§I,,.+2).
O n

Proof. Writing U = (v, v;) in Lemma the function u = v + uy fulfills
(3.15) 0?u+ A?u — eAdyu = g + A%ug
in L2(0,T; H"(R™)). We first differentiate (3.15) of order V! with I € {0,...,r}. Testing
with —V!'Au; € Lim and integrating by parts in x, we derive
d 2 d 2 2
(3.16) Z IV @] + 2 V@] + e [V 2w @]
C 2 € 2
< — [V g+ A%0)|[ 1. + 5 [V 2 (0]

which makes sense for a.e. t. (Here and below we use the duality (H', H~!) in intermediate
steps.) We then absorb the last term by the left-hand side and integrate the inequality in .

To control the second summand with € in , we test the differentiated version of
by eV!A?u. Here we proceed similarly as before, where we integrate the term

T
E/ / V'o2u - VIA?udx ds
O n

by parts in ¢t and x before aborbing it.
It remains to estimate the L?-norm of v;(¢) and the H2-norm of v(t). These inequalities
follow by testing the equation with w; and using the fact that

||“_UOHL;>°L2 ST”utHLgOL2 : O

Proof of Lemma[3.1, We aim at constructing a solution U € C°([0,T], H* x H*=2), but due
to A%ug € H** we have f.(U) € C°([0,T], H*~*), which is insufficient for an application
of Lemmas 3.2 and [3.3] in a fixed point argument for v.
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We thus approximate ug by u§ € C°(R™,R”) for § > 0 such that supp(Vuj) C R™ is

compact with

(3.17) ud — ug ae. and Vu§ — Vug in H¥1(R™) as § — 0F.

Defining f. 5 as above with uj instead of ug, we obtain f. 5(U) € C°([0,T], H*=3(R™)). For
the data (u,u;) we now prove the existence of a fixed point for the operator v — S(v)
defined through

o (i) =540 () # [ 509 ()

which acts on the space

Br(T) == {v e C°([0,T], H*) n C*([0,T], H*~?) | v(0) = 0, v;(0) = u1,

1ollg = lvell e grame + [0l oo o + [V (0 + Q)] o ris < R}

for parameters R > 0 and T" € (0,1) fixed below and the metric given by

v = vallgry = llvr = vall oo e + 10001 — Opv2| oo gz, 01,02 € Br(T).
Let € € (0,1) be fixed. We will show that the map

S Br(T) = Br(T)

is strictly contractive with respect to |[-[| 57, if we choose R = Rs and T’ = T with

R = 3(||Vud || jpucs + | ge—2)® =2 3RE 5,

2
1 3 -1
(3.19) Ts = = min \/; — N
2 V3 C?(1+3Rf ;)2 C%(1+ 6R ;)

for a constant C depending only on N, n, and k. To show this statement, we have to prove
the estimates

Coa
(3.20) ISl < gT’-’ (L4 [0l3) 191l + [ Fu | s + Ml s
. é 1 k ik -
(3.21) 15(v) = S@)llpry < £ T2 A+ ol + lIolls) v = 2l

[0

for v,0 € Br(T). To employ the inequality (3.13)) for » = k — 3, we need to bound the norms
2 . 2
[NVe(u(t) + ud)|[ s and IV (0(8) +ug) — Ne(B(8) + u) || s

by C(1 + ||UHI;3) lv]|z and C(1 + Hv||’g + Hf)HZ) [v— 9|7y, respectively. This is done by
means of Lemma and Corollary [A4] combined with a careful application of the Moser
estimate in Lemma [2.2] We give the relevant details below in Section []in the proof of the a
priori estimate and in Section [6] for the uniqueness since these parts require more thought.
In this way we obtain in the fixed point v° = S(v°) satisyfying

(3.22)
5|2 5|2 s 2 d o S L ds < R2
P Ll it N CAO] PRSI M NG PR g

In particular, v® € L2(0,Ts; H*T1) 0 HY (0, Ts; H*1).
We next define Ry, R and T' > 0 in the same way as Ry, Rs and T using ug instead of
ud and the Ry instead of RY. Thus,

Ros — Ry, Rs— R, Ts—T asé—0".

For sufficiently small 6 > 0 we have T5 > %T =: T and |Ros — Ro| < Ry. Hence v° :
R" x[0,T] — R is well defined and HU(SHB(T) < CR for a constant C' > 0. Observe that
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for sufficiently small 8,8’ > 0, the differences v° — v and 9,v° — 9,v° solve (3.11)) with the
nonlinearity

No(@® 4+ uf) = Ne(v? +ud) + A%l —ud) € (o, T), H*—3).
Similar to the proof of the Lipschitz estimate (3.21)), Lemma then yields the bound

2 T s s 2 Ts
- —1—5/0 vy (8) — vy (s)HHk_1 ds + E/O

T /112
< C=(1+ R*) Hv5 —° H
€ B(T)

’ ’ 2
V(@ —v%) 4+ V(u§ — uf )HHk ds

2

~ 5 &
+Cop Hwo Vi HHH.

Hence, if T = T(¢) is sufficiently small, as § — 0 the functions v° tend to a function
ve OO0, 1), HY) N €' (0.7), HY ) 1 H} 0,75 H*)

with V(v+wug) € L2(0,T; H), where the limits exist in these spaces. In particular, (v, v;) is
a solution of (3.8) and u = v+ug solves (3.4). Moreover, by (3.13)) the function u’ = v° +u
satisfies inequality ([3.7)), and therefore this estimate also holds for u since u — u; strongly

in C°([0, 7], H*=2) and N (u’) — N (u) strongly in L2(0,T; H*=2) because of Corollary
[A4 and Lemma 221

For the uniqueness of v, we note that, for a second solution v, the functions w = v— v and
wy = vy — U solve (3.11]) with the nonlinearity Nz (v + ug) — Nz (9 + ug) € C°([0,T], H*=3).
Lemma [3.3] then yields the estimate

5 T -
(3.23) lo = oller) < C—(+R™) o= 0l57) -

(Note that ug from the Lemma is different, namely ug = 0.) Hence, if T is sufficiently small,
we obtain v = ¥ and thus u = v + ug is unique. O

We next show that the above solution actually takes values in the target manifold.

Proposition 3.4. Let € € (0,1) and take ug,u; : R™ — R with ug(z) € N and uy(z) €
Tuo()N for a.e. x € R™ satisfying

(Vuo, ur) € HF'(R") x HF*(R")

for some k € N with k > |2 ] +2. Then there exists a mazimal existence time Tr , € (0, 00]
and a unique solution u € R™ x[0,T. ) = N of (3.1) with u(0) = ug, Ou(0) = uy,

u—ug € CU[0,Te.m), H*) N CH([0, Tz ), H*2) N H,o ([0, Te ), H*H(R™))
and Vu € LE ([0,T-.n), H*(R™)) which satisfies (3.7) fort € [0,T: ).

loc

Proof. Fixe € (0,1). Let u : R™ x[0,T] — R” be the solution of (8.4) constructed in Lemma
We first show that u(z,t) € N for x € R" and t > 0 small enough. Since

C°([0,T], H*) — C*(R" x[0,T))
and ug € N a.e. on R™, there exists a time T € (0, T] such that for ¢ € [0, T] the distance
[ dist(u(t), N)|[Le < sup u(z,t) = uo ()| S [Ju(t) — uoll
is so small that @ = 7(u) is well-defined. We then let w = @ — u and we note that w(0) =
Orw(0) = 0. Calculating
02t = dm,02u + d* 7y (ug, uy),
Aty = dryAuy + d*my (Au, ug) + 2d* w0, (Vug, Vu) + dr, (Vu, Vu, uy),
A0 = dr, A%+ d?m, (Au, Au) + 4dP 7, (Vu, VAY) + 2d* 7, (Vu, Vi)
+ 2d37, (Vu, Vu, Au) + 4d37, (Vu, Vu, V)
+ d*my (Vu, Vu, Vu, Vu),
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we conclude that
(0 + A2 — 2D )w = dmy ((9F + A% = 2A0,)u) + N () = N ()
= dmy(Ne(u)) € TaN.
Next, we note that
w = ((r - I)(u))t = (dmg — I)us L TuN.

By testing the above equation for w by wy, it follows
1 1
8t7/ |wt|2da:—|—8tf/ |Aw|2d33—|—6/ |Vw | dz = 0.
2 Rﬂ, 2 RTI, RTL

This fact implies that w; = 0 and hence w = 0, which means that u € N.
The claimed uniqueness follows similarly to the end of the proof of Lemma[3.1] Finally, we
let T. ,, > T be the supremum of times 7" > 0 such that we have a solution w : [0, T'] x R™ —

N of with «(0) = ug, Opu(0) = uq,

u—up € CO([0, 7], H*) n C* ([0, "), H*=2)n H'(0, T"; H*~1(R™))
and Vu € L2(0,7"; H*(R™)) which satisfies on [0,T"]. O
Remark 3.5. We remark that up to now we fixed € € 1(0, 1). Since the constants in the

upper bound in estimates such as are of order O ( ), we have to prove ¢ independent
estimates in the next section.

4. THE A PRIORI ESTIMATE
We now prove an a priori estimate for the solution u® : R" x[0, 7% ,,,) — N of the equation
(4.1) OPuf + A*uf — eAOu L T,e N on R™ x[0,T:.m)
given by Proposition with ¢ € (0,1) and initial data ug,u; : R™ — R such that
ug(r) € N and uy(x) € Ty ()N for a.e. x € R"™ as well as
(Vaug,u1) € HFHR™) x HF2(R™)

for some k € N with k£ > [ 5| 4 2. As before we write u instead of u®, and we fix a number
T < T, . Moreover, (3.7)) says that

t
Hvk—Qut(wHiz HITua + e [ 19 o) o

/ / VE2 W () — (I = Pu)(Aup)] - V20, dads + |95 2 [, + ||V o .

for ¢t € [0,T]. We recall that the summand with € on the right-hand side is well defined
because of .

In the following, we often make use of the relations N'(u) L T, N and u; € T, N which
hold since u(z,t) € N for a.e. (x,t) € R" x[0,T]. In particular, N'(u) = (I — P,)N(u).
Using this fact, we first write

(4.3) VE=2(N (u))VF 20, = Z V™ (I — P,)x V™ (N (u))VF~2u,

mi+mo=k—2
m1>0

+ VRN ()T = P)VE 2
= Y V(I -P)* V(N () V2,

mi+mo=k—2
m1>0

Y VERW(w) « VAT - PV,

l1+l2 k—2
11>0
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=: Il + 127
where the second equality follows from the Leibniz formula
(4.4) 0=V*"?[IT-P)u]= Y V"I —P)*V?2u+(I-P,)Vu.

l1+1lo=k—2
11>0
In (4.2]) we thus split
V2N (u) — e(I — Py)(Awy)) - V2w, da
R’!‘L

n

= / VE=2(N () - VE 20, da — 5/ VE=2((I = P,)(Awy)) - VF 2w, da

(4.5) :/ I dx—i—/ I dx—s/ VE2((I = Py)(Awy)) - VF 2w, dz,
n n Rn

We start by estimating

/ Chdr< T VT = PR VRN @) [ R

mi+mo=k—2
mq>0

Lemma [2.1] yields the identity

mi .
(4.6) V(I =P)=~) > APy (V' koo VR )
J=1 Zg:l fCi:ml*j

which implies the pointwise inequality

miy - -
(4.7) VI =PI SY D VR R ),
J=LS2 ) ki=ma—j

On the other hand, Lemma[A T|allows us to bound |V™2(A(u))| pointwise (up to a constant)
by terms of the form

(18) [V [V [[95 ] [F2] 4+ |74 20 [V 20 1 [V 50 h 4]
(4.9) |yl VT Ly [Py | TR Ly [ VR T2y ]
(4.10)  |VTHy| - [V Ly | [[ VR Ly || WR Ly || Rty TRy

where i = 1,...,mg and my +---+m; + k1 +--- = mg — i are as in Lemma[AI] Moreover,
in the case i = 0 (where no derivatives fall on the coefficients) the terms are of the form

V0[50 + [75420[75 20 4 [547+g,
|Vk1+1u‘ |vk2+lu| ‘Vk3+2u|,
[V [y [y [TR

where k; € Ny and ky + k2 + - -- = ma. Note that mo < k — 3 since m; > 0. In the following
we use the notation (4.8) - (4.10) for all five cases, setting i = 0 for the latter three.
Combining the above considerations with Lemma we can now estimate the norm

IV (I = P )V (N ()l 2
where we distinguish five cases according to the terms in the brackets in (4.8]) - (4.10]).

Case 1: VFiu, x Vk2y,
We use Lemma [2.2] with

fi=Vu, ..., f;=Vu, fix1=Vu, ..., fivi=Vu, firiv1 =, fiyive = ug,
and derivatives of order

ki+-d kg4 mit kA ke=mi+mg—i—j=k—2—(i+7).
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Employing also Young’s inequality, it follows

1790 [ O ] [ ][R [V

S A+ IVul g2 el G + 1+ IVallEE) Jurll oo ) IV allmamies + el gre-a-ics)
S @ IVl + el ) UVl s + el ace)-

The other cases will be treated similarly. Note that here and in the following the L> norms
and especially ||u¢|| ;- are bounded by our choice of k.

Case 2: VF+2y x Vk2+2y
Here it is exploited that m; > 0 in I; due to the cancellation from (4.4). This time
Lemma [2.2]is applied with f; = --- = fj,i42 = Vu and derivatives of order

k4 A kit 4tk bt 2=miAma+2—i—j=k—(i+j)<k-1
since j > 0 by (4.6). We estimate

H‘Vfcl—&-lu| . |v15_,»+1u||vfn1+1u‘ . |ani+1u”vk1+2u||vk2+2

<Z||V I IV ull eies S A+ VUl 7)) 1Vl s -

Case 3: VM 3y « Vk2+1
As in the previous case, C(1 4+ ||Vu|| N | V|| r-1 dominates

’|Vk1+1u| . |vlcj+1u||vm1+1u| . |Vmi+lu||vkl+3u”vk2+1

Case 4: vk1+1u*vk2+lu*vks+2u
We apply Lemma [2.2] to the functions f; = --- = fj1iy3 = Vu with derivatives of order

Bi4-dkjtmy oAtk Akt kstl=midme+1—i—j=Fk—1-(i+j),
leading to the bound

Hlvfcl—i-lul . ‘VEJ—HUval—HUl . |Vmi+1u||Vk1+1u||Vk2+1uHVk3+2

% 2 k
< Z IVull 2 IV e S (U4 [ Vullfoe) Ve s

Case 5: V’““u x VE2t Ly o Whatly x Vkatly
We now use Lemma [2.2) with f; = --- = fj ;44 = Vu and derivatives of order

ki4- A ki 4tk ket ks thki=midme—i—j=k—2—(i+j).
Hence, we have

H|Vkl+lu| L. |vl~cj+1u”v7h1+1u| . |vﬁzi+1u‘|vk1+1u|‘vk2+1u||vk3+1u||vk4+1

43| k+1
< Zuv I 1V ull ey S 0+ [Vl T IV ull g -

Summing up the five cases, we infer
(4.11) Il S Q4+ IVuli< + el =) UVl gees + ol ge-s).
Next, in I5 from (4.5) we integrate by parts in order to conclude

/ Lyds = / VE(N (u) x VYT — P,)V'2uy) da

li+1lo=k—2
11>0

+ Z /]R VE3(N (w) x [V (I — PV ) do

l1+1lo=k—2
11>0

= I +13.
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These terms are estimated by

(4.12) IS > VR VT = P VR .

l1+1lo=k—2
11 >0

(4.13) 1S > VPP @) IV U = POV |,

l1+1lo=k—2
11 >0

We control HV’“_?“(./\/'(u))HL2 by terms of the form (4.8]) - ([4.10) in the L? norm, obtaining
as above

IV W @) o S A+ IVullEe + el 52UVl ries + gl ee).

Equation (4.6) and Lemma [2.2) - 2| further imply

1141
[V T = POVPue| . S > [V ] VT [V |,
Jj=1 S 1’f7li_l1+1—j
S @+ IVl it + el 5D UVl gees + lluell grees)

where mq +---+m; +lo =k —1—1 <k — 2. Similarly, we have

5
th(I _ Pu)vl2+1ut“L2 /S Z Z |||v7h1+1u| . \Vﬁ“HuHVb“utmLQ
=15 177li_ll—j
S A+ IVl 522 + luell5=2) IVl s+ el go-s)
by Lemma [2:2| with 7y +---+m; +lo+1 =k —1—14 < k—2, since [; > 0. The above three
inequalities yield
2k—1 2k—1 2 2
(4.14) 2/l S QA+ IVullge ™ + lluelipe ) UVullge—s + lluellgr-2).

Finally, for the regularization term, we observe

n

. / V21 - P)(Au)]V*2udo = e / VR — Pu) (D) VE Ly do

< C |31 = P)(dw))|}

2+ Sl

In view of (3.3), to bound ||[V*=3[(I — P,)(Auy)] HZL2 it suffices to estimate
_ . 2
(4.15) |||Vm1+1u\ A VAL [|Vk1+1ut||vk2+1u\ + |Vk1ut||Vk2+2u|} ||L2 ,
. - 2
(4.16) [ AR |Vm’+1u|\V’“lut||Vk2“u||V’“3+1UJ|HL2 )

where mi+---+m;+ ki +ko+1=k—-2—dandmi+---+m;+ k1 + ko +ks=k—-3—1,
respectively. As before, Lemma [2.2] implies the inequalities

(4.17) ||V ] [T | [[ VR g [[ VR | 4 [V, V5220 H;
<+ IVl 78 el 72 Qe 3pome + [Vl s
(4.18) [V ] [V Ly [0V L] [V L
< U+ IVl (el Qe e + [Vl )
Putting together (4.11)), (4.14), (4.17) and (4.18 , we arrive at the inequality

/ VF2(N(u) —e(I — P,)(Awy)) - VF 20, dx

2 2 9 _ 2
S (4 [Vl 7 + [l 7 )(IIVullHk-l+|Iut||Hk-z)+§||Vk g | -
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Subtracting the last term on both sides of ([4.2)), for ¢ € [0, T] we conclude
V2@ + 95O+ 5 [ I o s
(4.19)
3 N (C R T A ) AR S L

It remains to bound the lower order terms. Testing (4.1) by u; € T,,IN, we infer

t

(4.20) a7 + | Au(t)||72 + € / Ve (s)||72 ds = lu |72 + || Augll7- -
Since also J

—/ |Vu|2dx§/ |ut|2dx—|—/ |Au|? dz,

dt n Rn n
it follows

t
2 2

(4.21) [Vu(t)]22 < [[Vuol2:2 + / |Au(s)[172 + ue(s)]172 ds

2 2
= [Vuollz> + t(llurllz2 + | Auo|72)

for t € [0, T]. The other derivatives are treated via interpolation, more precisely

. 2 b1 2(1—-1) 2(k—1-1)

Vil SV |57 Vel "2, 1=2,... k=2,
L2 k=2, || Ao

(V|| o S (V52|27 Nl o , l=1,... k=3,
1112 ko || 2 R

Vil . S |VFull 57 1Aul577 , 1=3,... k=1

Estimate (4.19) and the above inequalities lead to the core estimate

t
3
(4.22) e @72 + [Vu(®) e + 5 / IV (3) -2 dis

t
2k 2k 2 2
S [ [ IVl + ol )0Vl + ules)] ds
0

+ (L D) (uallze-z + [ Vuolfe-s), ¢ €10,T).
for solutions of (3.1)) and T' < T ,,,. Using Gronwall’s lemma we also obtain

(4.23)  sup (lus(®)re-z + IVa@lle-2)
t€[0,T]

T
< CU+T) (Il a2 + I Vuoll e ) exp ( / (1+ | VullzE + |ut||i’io>ds> :
0

At least for small times we want to remove the dependence on u on the right-hand side
of (4.22)) and thus we introduce the quantity

a(t) = [Va(®) 32 + [Au®) 32 + [VFub)||7. + llu @72 + |72 (0]

for t € [0,T¢,,). We observe that a(t) is equivalent to the square of the Sobolev norms
appearing in (4.22)). Since the solutions to (3.1) are (locally) unique, our reasoning is also
valid for any initial time ¢y € (0,7 ). The estimates (4.19), (4.20) and (4.21)) thus imply

at) — alty) < c/t (1+ a(s)")als) ds.

By the above arguments, the function « is differentiable a.e. so that

(4.24) % a(t) < C(1+ a()F) a(t)
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for ae. 0 < typ <t < T.,,. We now proceed similarly to [7], where regularization by
the (intrinsic) biharmonic energy has been applied in order to obtain the existence of local
Schrédinger maps.

Lemma 4.1. Let € € (0,1) and take data ug,u; : R™ — RY with ug(z) € N and uy(z) €
Tuo()N for a.e. x € R™ satisfying

(Vug,u1) € H*"H(R"™) x H*"*(R"™)  for some k € N with k > | 2] + 2.

Let T, ., > 0 be the mazimal existence time of the solution u® : x[0,T.m) = N of
B-1) with uf(0) = uo and 0,u(0) = uy from Proposition [3.4) Then there is a time Ty =
To([|Vuo|| gr-1, |utl|gr-2) > 0 such that Ty, > Ty for all e € (0,1).

Proof. Let e € (0,1) and t € [0, T ,,). We write u = u®. ;(From (4.24]) we infer

d «a o
4.2 — I = <
(4:25) i "g(( +ak>i> Ttaha =

With ag = «(0) it follows

( )k ectk aé < (1 +4Ctk) a]OC
1+a()k) ~ (1+a’5> - ( +af)’

a(t)? < (14 4Ctk) af +4Ctk of
for 0 <t < -4— and hence
a(t)? < 2(1 +4Ctk) af < 30k

SCk min{1, k} =:Tp. Since o and the Sobolev norms are equivalent, we infer
Qg

2 2 2 2
(4.26) e (O ra—2 + [Vu) [ e < colllurllgn-2 + [Vuol[gr—r)
for ¢ € [0, min{T} ,,,,Tp}) and some constant co = co(k,n) > 0.

We now assume by contradiction that T, < Ty for some (fixed) € € (0,1). We apply
the contraction argument in the proof of Lemma for the initial time ¢ € [0, 7% ,,,) and
data (u(to), u:(to)) in the fixed-point space B,.(T') with radius

k
= 3r(to)" = 3( [ Vulto) | gss + e(to)lgn—s ) -
Since tg < Tp, estimate (4.26]) yields the uniform bound
r(to) < V2eo(luallpn-2 + [|Vuoll7x—1)"/* =: &.

As a result, the time

1. V3 -1 € 5
T := — min - = ——, = -
4 V3 C2(1+ 3¢k)27 C2(1 + 6¢k)?
is less or equal than the time T for B, (T') in (3.19). Therefore, the solution can be uniquely
extended to [0, ¢y + T in the regularity class of Proposition For tg > T¢ ,, — T this fact
contradicts the maximality of T ,,, showing the result. (|

5. PROOF OF THE MAIN THEOREM

We now combine the existence result from Proposition [3.4] with Lemma [4.1} Thus, there
exists a solution u® : R" x[0,Tp] — N of (3.1) for each e € (07 1), where T > 0 only depends
on [|[Vug|| gr—1 and [Juq|| gr—2. From (4.26) and the inequality

Ju® — UOHL;?OL?T <To HuillLfCL?r )

we extract a limit u : R™ x[0, Ty] — RY as ¢ — 0% of the solutions uf{o . in the sense
140

* * - * - .
Vhus SV, wf —ug 2 u—up, and V22uf A VER"2y in L%°(0,Ty; L),
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where 1 <3 < kand 0 < Iy < k. (Here and below we do not indicate that we pass to
subsequences.) In particular,
u—ug € L0, Ty; HY) nWh>°(0, Ty; H*=2)

and (Vu, dyu) is weakly continuous in H*~! x H*=2. We first assume k > 4 (which is no
restriction if n > 2). Estimating the nonlinearity similarly to Section 4] we also deduce

from (3.3) and ([4.26) that 0?u® € C°([0,Ty], H*~*) is uniformly bounded as ¢ — 0%.
Compactness and Sobolev’s embedding further yield

V3u® — V3 in CY([0, To], L7,.(R™)),
(5.1) du — Ogu, v —u, Vu® — Vu, V*u® — V2u locally uniformly on R"x[0, Tp].

More precisely for a € (0,1) and v® = u® — g, our a priori estimates and [9, Prop. 1.1.4]
imply uniform bounds (in €) in the spaces

(5 2) v € CaHk—Qa Vot € CaHk—l—Qa v2v£ c CaHk—2—2a a = CaHk—2—2a
M b b ) *
As a result, u takes values in N. Moreover, since and (| give

(53) /0 VeV ()]} ds

2 2
S (To(L + uall - + Vol zze—s) + 1) (luall s + [ Vaol7re—s)
and k > 3, we infer that eAdyu® — 0 in Lt,z' Combining this fact with (5.1)) and recalling

(3.4), we conclude
Ne(uw®) = M) in Lloc( R™ x[0, Ty]).

In the case n = 1 and k& = 3 we obtain the convergence N (u) — N(u) in the sense of
the duality (H!, H=') because we still have

Vut — Vu, V2 — Vu, 0u® — du

locally uniformly, as well as V3u® — V3u and Vou® — Voyu in C°([0,Tp], H;,!) as 5 —> ot.

Summing up, we have constructed a local solution w : [0,7Tp] X R" — N of ( with
u(0) = wo and Ju(0) = wy such that (Vu,0iu) is bounded and weakly continuous in
kal X Hk72.

In Lemma [6.1] it will be shown that such a solution is locally unique. We recall from
the proof of Proposition that the solution w : R™ x[0,T) — N for some T > 0 can be
extended if limsup,_,p (|Vu(t)| ge-1 + [[ue(t)]| gr-2) < oo. There thus exists a maximal
time of existence T, € (Tp, 00| of u with

lim sup(||Vu(t) || gr-1 + [|we(t)]| gr—2) = 00 if T, < 0.
t—T,

Arguing as in Section [d] we establish the energy equality
(5.4) V-2, + (|75 2|, = 2/ / VE2 (N () - VF2u, di ds

+ [[VFuolls + ||VHU1||2Lz

for t € [0,T,,). (The integral is well-defined in view of the cancellation of one derivative in
(4.3).) However, in contrast to the approximations u®, the solution u has only k weak spatial
derivatives (and Oyu has k — 2). For this reason, when deriving we have to replace one
spatial derivative by a difference quotient. The details are outlined in Appendix [C]

We conclude that the highest derivatives V*~2u,, VFu : [0,T,,) — L? are continuous,
employing their weak continuity and that the right-hand side of is continuous in t.
The continuity of the lower order derivatives can be shown as in the next section, so that

u—up € C([0,T,), H*) N CY([0, Tp), H*2)
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as asserted. Finally, following the proof of the a priori estimate in Section [] we can derive

the blow-up criterion (|1.8)), c¢f. Appendix

To show Theorem it thus remains to establish the uniqueness statement and the
continuous dependence on the initial data, which is done in the next Sections [6] and [7]

6. UNIQUENESS

Lemma 6.1. Let u,v : R" x[0,T] = N be two solutions of (1.2) with initial data uy : R" —
N and uy : R" — R* such that u; € Tu,N on R™ and

(Vug,up) € HF 1 (R™) x H*2(R™)
for some k € N with k > | 3] +2. Also let
u — g, v—ug € L0, T; H*(R™)) nW>(0,T; H*2(R™)).

Then Ui 1 = Vo

Proof of Lemma[6.1. We derive the uniqueness statement from a Gronwall argument based
on the equality

d1l
(6.1) d—f/ |Viw,|? + |VP2w|? do = VN (u) = N(v)) - Viw, dz,
2 Jon e

forw=u—v,1€{0,...,k—3} and ¢t € [0, T], which is a consequence of . Setting
E(t) = llw(®)Fn-s + llwe () Fn=s ,

we want to prove
62)  SEW) < CO Vel + el Zs + [Vl + ol 20
for ¢t € [0,T]. We first estimate in the case [ = k — 3. Since v and v map into N, we
have N'(u) = (I — P,)(N(u)) and analogously for v. It follows

N(w) = N(v) = = PN (u) = (I = P,)N(v)

= (Py = PN (u) + (I = P,)(N (u) = N(v)),
and hence
VE3(N(u) = N(v)) - VF 3w, = VP73 (P, — PN (u)] - VF 3w,
+ VE3 (I — P))N (1) = N(v)] - VF 3w,

In this way, we can avoid that all derivatives fall on V3w. We next write
VF3[(P, — PN (W)] - VF 3w, = (P, — P)VF 3N ()] - VF 3,

+ > VE[(P = PO VEIN ()] -V Pwy = Iy + L.

li+lo=k—3
11>0

Observe that

V’“?’wt HL2 .

-/R Lidx S Hw||L°° Hvlc 3N HL2 H

We then control ||Vk SN (u)||,, using Lemma as above for the a priori estimate ([4.22)).

()l

Further, Lemma implies that f]R" I dx is bounded by terms of the form

(6.3) [wll oo [V ] - [V ] VN (@) o [V s s

(6.4) [VF 3wy | o [[IV™ ][V Ay | [V 1||v52/\f M - »

where my,...,m; and hy,...,h;j_; are as in Lemmam In (6.3)) we then estimate as above

in the a priori estimate. For (6.4]), it suffices to control terms of the form
(6.5) [V ||V | [V Ry [ ] O ] [V | [ VR ]



18 S. HERR, T. LAMM, T. SCHMID, R. SCHNAUBELT

where [|[VF14,||VF2y,|---] is given as in the nonlinearity A'(u) and the orders my ..., m;,
mi,...,m;, and ki, ks ... are as used before. To apply Lemma as above we choose

fl =w, fQZVh'h "‘7fjZthflvf]?Fl:vu7"'7fi+j:vu7

and fiyjt+1, fitjte,-.., according to the respective terms in A (u). We can thus estimate

(6.5) in L* by
171@ ;nl' j k ;nl k—1— T k Inl' J
(mnm T | T, + ol ||w||H“m)

k
(L IVullgis + el - + V0l + ol F2)

2k 2k
S llwll s (U4 1Vl 5 + el Tz + V0l + ol i),
noting that {; >0, 7 > 1 and ¢ + j < k — 2. We continue by computing
VI = PN (u) = N(v))] - VE Py

= VW () =N ()T = POV Pwe 4+ Y V(I = P)x VRN (0) =N (v)) - VP

li+la=k-3
11>0
= V3N () =N @)V [(Pu=P)u] = Y VE3N () =N (0))-V[(T = P,)]« V2w,
l1+ll12:é€—3
+ > VAT = P)* VRN (1) = N(v) - VEPwy = Jy + Jy + Js.
li+lo=k-3
11>0

where the second equality is a consequence of
(I-PHwy=I—-Pu=[I—-P,)— (I—Py)|u = (P, — Pp)uy

We use integration by parts to treat [ Jy dz and [ Jodx. Here we assume that k > 4. (If
k = 3 the estimate becomes easier and we only employ integration by parts for d P, (V3wxVu)
in the difference N (u) — N (v).) It follows

/ Jide =— [ VFHN(u) = N(v)] - V*72[(P, — P,)uy) dx,
» -

/ hdr= Y VAN (1) — N (0)] - [V (T = Py) % Vi,

litlo=k—3/R”
11>0

+ V(I = P,) » V2w, da.
We first bound

/ vz < |V N () — N |95 2(Pa — Py -

Iz |
Corollary [A-3] Lemma[A2] and Lemma [2.2] yield
[VEAN (@) = N @) 12 S ([l g + wel] gpe—s)
(U [Vl igems + el s + V0l s + ol 3z,
VA2 (P = Po)u]|| g2 S ol ey (L4 1Vl + el + V0l 5 + loellFe-2)-

The integrals of Jo and J3 are treated similary. Summing up, we obtain

d _
[ IS P9l de S @)+ IVl Fas + el B + V0 Fes + ol
R’Vl

We can similarly derive the estimate (integrating dP,(V3w x Vu) by parts)

d
dt/ Jwi? + [Aw]® de S E@) (L + [ Vulfems + luell -z + I VolFos + oelFz)-
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Interpolation on the left-hand side then yields

d
&) SEMI A+ [[Vult Wize—r + @)l 3-2 + Vo3 + e (@) 7).
By assumption, we have £(0) = 0 and

S[up](HVU( Wiz + lus(®)l 52 + [Vo@)[ 51 + e () [F7x-2) < o0,

3

so that £ =0 on [0, 7] as asserted. O

7. CONTINUITY OF THE FLOW MAP

We now prove that the solutions of the Cauchy problem for depend continuously
on the initial data. As seen in the previous section, the difference u — v of two solutions u
and v satisfies estimates in which one loses a derivative compared the a priori bounds such
as for the solutions u and v themselves. To deal with this problem, we apply the
Bona—Smith argument, which is outlined e.g. in [21] (for the Burgers equation) and in [4]
(for the KdV equation); see also the references therein.

Let T, be the maximal existence time of the solution u with initial data (ug,u1) from
Theorem [1.1] Fix Ty € (0,7),). Take data (v, v1) as in the theorem satisfying

(7.1) [[(uo, ur) = (vo, 1)l s x -2 < R

for some R > 0. (We note that we have to assume ug — vy € L? in order to establish the
a priori estimate for the difference of the solutions as in the Section [6}) We use regularized
data (ud,u$) and (v3,v{) in the sense of Lemma [B.1] E 1| from Append1x Where 0€ (O 5] for
some 6* > 0 depending on N. The corresponding solutions are denoted by u’ and v°. They
satisfy the regularity assertions of part a) of Theorem . for all k > [ 5]+ 2. It is crucial
that the a priori estimates for u® and v° are uniform in §. We split u — v into

u—v:u—u‘s—i—u‘s—v‘s—i—v‘s—v

and bound each of the differences in H* x H*~2,

In order to estimate u® — u and v® — v, we use the geometric structure (as before in
Section @ It allows us to fix a (small) parameter § > 0 for which the differences are small
in H* x H*=2. This can be done uniformly for (vy,v;) in a certain ball around (ug,uy).
For fixed 6, one can then estimate u® — v® employing their extra regularity, but paying the
price of a large constant (arising from the small parameter ¢). We can control this constant,
however, by choosing a small radius R > 0 in .

We start with some preparations concerning the cancellations caused by the geometric
constraints. As in Section [6] we have

N () = N(u) = (P, = Pus)(N (%)) + (I = PYWN (1) = N (u)),
(7.2) (I — P)(u’ —u); = (Pys — Py)ul.

We then calculate (again similar to Section @

(7.3) /nvk—Q(/\/(u‘S) —N(w)- V2wl — ), dz
= / (Py — Pus)VF 2N (u®)] - VF2(u® — u), da

+ E / Vi [(Pys — P)]*x VEN (u?) - VF2(u® — u) dx
l1+ll2 éﬂ 2
1>

+ Y /}Rth(I—Pu)*Vl"‘[N(u‘S)—/\/(u)]-Vk_Q(u‘S—u)tda:

l1+lo=k—2
11>0

+ Vk_Q[N(u’S) —N@)] (I - P)VF2(u® — u)y da.

R"
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Using integration by parts and ([7.2)), the last term is rewritten as
(7.4) / VE2IN (1) = N(u)] - (I — P )VF2(u? — ), da

= > /v’“*i”w(u“)—/\/(u)]~V(vl1(IfPu)*vl2(u5fu)t)dx
htfad-am
- ) /Vk*g[/\/(ué)*/\/(un'Vll[(Pua*Pu)}*Vbdex
R’n

l1+1l=k—1
11>0

— [ VFIEIN@W) = N(w)] - (Pys — P)VF 1 da,
-

which is well defined by the higher regularity of u’. Technically this has to be established
by difference quotients as in Appendix [C| however we omit the details here. The advantage
of estimating u® — u is that the bad terms (with respect to the regularity of u)

(7.5) VN (@)||,. and ||[VF ')

|12
will be bounded by the regularized initial data from Lemma Their norm will grow as
5 — 07 in a controlled way. Moreover, when estimating (7.3)) and (7.4), these bad terms
only appear in the products

o = ull g V2N @) 2 [ 572 = )]l

[l = ul| poe [VE2 WV (@) = N(@))| o [[VF 2] o -
Here the decay of Hu‘5 — uHLoo as & — 0% will compensate the growth in (7.5). We now
carry out the details in several steps.

Step 1. Since Ty < T, we have the bound

sup ([[Vu()]| gr-s + [[ue(t)] r-z) =: C < 0.
t€[0,To)

Lemma [B.1] allows us to fix a parameter &{ € (0, %] depending on (ug,u;) such that

(7.6) (Vg ud) || sy g < 3C/2

for all § € (0,8;]. We let 6§ € (0,6}] and also R < C/2 in (7.1). Hence

(7'7) H(V’UO’U1)||H’C*1><H’“*2 < ||(VU0,U1)HH1971><H1@72 +R< 36/2’

75) NF8 ) oo s < | (T8 ) g s +2C0R < 2C.

Here the constant Cy > 1 is given by and we have chosen 0 < R < min{1,C/(4Cy)} =:
Ro. We define a time T, > 0 as in Lemma E replacing a(0) there by a multiple of C.
We then combine the uniform a priori bound @ for the approximate solution to the
e-problem for v on [O,To] with . Likewise one treats u’ and v° using and 7
respectively. Following the existence proof in Section we then see that the solutions u

[0,To]’

w? _  and v[‘i . exist on [0, Tg]. Proceeding as in Sectionsand|§|, we further obtain
- :40

(0,71 "0, %]

a constant C' = C(N, k,Tp) > 0 such that

v

2 2 ~ 2 2
(7.9) IVullgm + lluellgm-—1 < C(Vuollgm + llurlgm-1),
2 2 5 2 2
(7.10) IVollgm + [oellgm—1 < CUIVOOllgm + vrllgm-1),
(T11) = ol + e = wnlEs < Cllluo — w0l + flur = v p—s).
on [07T0} and for orders m € {2,...,k — 1}. Analogously, u’ and v° satisfy the estimates

(7-9) respectively (7.10]), and the differences u — u’®, v —v° and u® — 09 fufill (7.11)) with the
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same constant C' independent of § € (0,6*]. For the regularized data we can replace here k
by k + 1, deriving

(7.12) 192 e+ e s < UV e+ e e,

19 e + Hvt Hm < OV g+ [0 e

Step 2. Estimating and as in Section |§|, we derive
2 2
g Ul = g+ e = w2 s ) < Cllu= vl o IV 2N @) V72 e = )] 1
+ C o= [V N @) =N (@)]] [V 2|
+ Ol = [+ [lue = [ u2)

for some C' = C(N,C,C) > 0. The nonlinearities are treated as in Sections [4] and [ Using
also (7-9), and (7.12), we then conclude
T =+ e )
< Oflu = s @+ V0| g+ [l ) Gl gz + [z ] )
+ O fJu = || gy U+ IVl s+ IV s+ Nwel s =+ g s g || e
O = [+ e = a-2)
< O(fuo = | s + [le = 22| s 1+ [V | o+ st -2
O = | + e = e2)
on [0,7y]. Gronwall’s inequality and Lemma [B.1] thus yield
sup (ffu— [+ [ = [ )
t€[0,To]

< 2 (o = s + flur = s ) + C(flao = w0 + flor =l as) = 0(1)

as 0 — 0T. In view of our a priori bounds, we can estimate v — v° in the same way. Here we
have to split the initial values, obtaining

sup ( [Jo—v|[5pu + [[ve = 0f [ Fpes )
t€[0,Tp)
< 0o — ol s + o = 0 gus) + Ol = 2+ len =113 2)
— \/S HkEk— H H Hk—
CN
<

(o = s + s = L ucs) + o = i + s = u2)

Q

2 (Jluo — voll gra—s + llur — v || gacs + |l —

é

06| s+ lud = 1l gpa)

C o = vollfpu + lur = vrllFcs + 1§ — [ + id = o8l 7-2)
Lemmanow implies that
sup. ([l =0 [ + [ = of [z
t€[0,To)
CT;
< 2o = s + [l = s + Cllwo = s + e = [ 2)
C’TO

— R+ CR?.
ﬁ
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On the regularized level, we use the coarse estimate
C -
sup ([Ju® =[5 + [|uf = f[pu2 ) < —=To(lfod = bl o + [Jod = w02
te[0,To] NZ)
+ Ol = 3l ge + [[ud = w85
C’TO

—R+CR.
\/3
Since u — v = u — u® + u® — v® +v? — v, it follows
CTy
(7.13)  sup ([lu—vl5p + [lue — vl Fa ) < T(HUO — || s + [Jur = ud || oss)
te]0,To) 1)

+ O(luo = ][y + [ = ] 7e2)

C’TO

ﬁ

Now take n € (0,C/2] and r; € (0,n]. We first fix § = §; = §1(r1) € (0,6}] and then
choose Ry = R1(d1) € (0, Ro] such that for all R € (0, Ry] we have

(7.14) sup (u = vl + llue = vil3u2) <71 <
tE[O,T{J]

— R+ CR®.

In the above reasoning we now replace (ug,u1) with corresponding solution u by data
(tip, 1) with solution @ that satisfy the same assumptions as (vg,v1). The function @ thus
fulfills the same a priori estimates as v and also (7.14]). Moreover, we assume that

(7.15) (i, @) — (vo, v1)|| grexcr—2 < R

for some radius R > 0. We can then repeat the above arguments replacing u by @. The
resulting regularization parameter §; depends on @, and thus also the upper bound Ry =
R1(91) for the radii in (7.15). For given 0 < #; < 7, we infer

(7.16) sup ([l — vll3 + llde — vellfs ) <71 <
t€[0,To]
provided that 0 < R < Ry in (7.15).

Step 3. In the case Ty > T, the proof is complete. Otherwise we repeat the same argument
starting from

(W, ) = (u(To), ur(To))  and (0§, 08") = (o(To), ve(Tv)).
Observe that - 7.14)) yields

H(Vvél v (1) H <n+ H(Vu(()l),ugl))H <30/2.

Hk—1x [fk—2 Hk—1x k-2
For a sufficiently small 65 € (0,6*] and all 6 € (0, 5], we derive
) <20

(1)\s ¢, ()N (s 1, (1)\6
Vs @) e e

as in and (| - Based on these bounds we can repeat the arguments of Steps 1 and
2 on the interval [To,mm{2T0,To}] =: J1. However we have to replace the bound

involving R by (|7 which yields
I( (1) ) ( (1) (1)

Ug aul v 501 )|k E—2 <71
Let r5 € (0,n]. Lemma[B.1] allows us to fix a parameter § = d> = d2(r2) € (0, 85] such that
CTy
Ve

1 1 1 1
([us” = (S s + Y = @) | ns)

+C(luf” = S gr + ud? = (u§)o | grs) < ra/4.
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As in (7.13) we then obtain

CT,
sup ([ju — vllf{k + |Jur — UtHQkaQ ) <rofd+ra/d+ o+ CrP<ry <y

teJy \/g

if we choose r1, and hence R, small enough.
Again we can argue in the same way for @ instead of u, replacing r;, 6; and R by #;, J;
and R. For given 0 < 75 < 1), we thus obtain

SUP(”U—UH?{;@ + || _Ut”?{k—z) < fo/d+To/d+ =25 + O <Py <A

teJy \/g

if 71 and R are small enough.

Step 4. ) B

The previous step can be repeated m times until mTy > Ty. We set Ry = R(C/2) (with
n = C/2) and use the resulting radius R = R(#) for the contunuity at 4, concluding the
proof of the continuous dependence and thus of Theorem [I.1

APPENDIX A. DERIVATIVES OF THE NONLINEARITY

In this section we assume u, v : R™ x[0,T] — R* are smooth maps. The calculations hold
if u and v are sufficiently regular to apply the Leibniz formula (e.g. with weak derivatives
in L?). Lemma and the Leibniz formula imply the following substitution rule.

Lemma A.1. Letl € N. Then we have
VN (u) = Ty + o + T,
where the terms Jy, Ja, and Js are of the form (with k;;m; € Ny)

1= AP (VT e V) [V V2 VRV Ry 4 VR v Rty
(*)

with (%) : 0 <m <1, 2?211%‘ =1l—m, j =min{l,m},...,m, Zizlmk =m—j;
Jo = Z e S VAL RS TR VAL R T VAR T vA s TR VA R
()
with (%) : 0 <m <1, Zleki =1l—m, j =min{l,m},...,m, Zi:1mk =m—j;
J3 = Z AP (V™ Ty e -k VM Ly )[R Ly g W2ty Wha Tl 5 TRty
()
with (%) : 0 <m <1, Z?Zlki =1—m, j=min{l,m},...,m, Zizlmk =m—j.

The following lemmata are used to prove the existence of a fixed point in Section [3| and
the uniqueness result in Section [6}

Lemma A.2. Let m € N, k € Ny, and w = u —v. For m > 2 we have
(A1)

Vm(dkPu — dkPU) = Z Z (dj-i-kpu _ dj+ka)(Vm1+1u, o ij+1u)

j=1lmi+-+mij=m—j

+) > dTEp, (vt vty vty

j=2mi+---+mij=m—j

+Z Z dj+kpv(vm1+lv7VM2+1w7vm3+1u’.“7vmj+1u>

Jj=2mi+-+mi=m—j
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+y > dITEP,(vmitly Lyt gty

J=2mi+---+mij=m—j
and form =1
(A.2) v(d*P, — d*P,) = (d"P, — d*P,)(Vu) 4 d* P,(Vw).
Proof. The result follows from subtracting the expansion in Lemma for d*P,
vrdEP,) =) > AR P (VM Ty ok VL)
J=lmi+---+mij=m—j

from the same expansion of V™(d¥P,). Then subsequently adding and subtracting the
intermediate terms in the formula above gives the result. (|

Corollary A.3. Let m € N, k € Ny, and w = u — v. Then we have
V™ [(dP, — dPy)(u - up + V2u* Vu + V3ux Vu)]
= > (P, — TPV, VT ) (VR + VR,
()

+ VR 2y 5 Whet 2y TRy ko Ty
+ Y TP (VM , e L V) (VR x VR,
()
Y R T Vi T v R T v

+ Y TP (VM VT V) (VE e VE2,
(+x)
+ VR 5 VRt 2y 4 VR Sy« Vh2y),

where (%) : j=1,...,mand mi+---+mj+ki+ky =m—j,and (¥x) : j =2,...,mand m; +
<o +m; + ki + ky =m — j. Likewise we have

V™ [(d*P, — &*P,)(Vu* Vu* Vu)]
= Y (PP, — &P (VM i, V) (VR TRy TR TRy
()

+ Z TP, (V™ VT2 L ij+1u)(vkl+1u * VE2 Ly % Vk3+2u)
(%)

+ Z d2P,(Vmitly, L Wity matLy) (VR Ly TR Ly TRt 2y)
(%)
where (%) : j = 1,...,m and mq +---+m; + ki +ka+ ks = m — j, and (%) : j =
2,...,mand my +---+m; + ki + ko + k3 =m — j. Further

V™ [(d®P, — d*P,)(Vux Vux Vux Vu)]
= Z(der?’Pu — 3P, (V™ WMty (VR Ty« Rty o Wty o whatly)
()

+ Z dj+3pv(vm1+lw’ vty ,ij+1u)(vkl+lu % VRl s Vhs 1y, & vk4+1u)
(%)

+ Z A P,(VMitly, L Vit ity (VR Ly TR Ly ko TRt Ly« R Ly
(€)
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where we sum over (%) : j=1,...,mand mi +---+mj+ ki +ka+ks+ ks =m—j, (%)
j=2,...,mand my+---+m; + ki +ka+ks+kys=m—j.

Also, the case m = 1 is similar.
Proof. The assertions are consequences of the Leibniz rule and Lemma O
Corollary A.4. We have for m € N, m > 2 and w = u — v that
V(N (u) = N(v))
is a linear combination of terms of the form
(TP, — TP (V™ . V™ T ) (VR + V20,

4 V2w YRy 4 VRT3 szu),

AP, (V™ T, V2 by VT R ) (VR x V2,

+ VFt2y o VR t2y 4 YRSy, V’”u),

(2P, — &2 P,) (VM . ) (VR Ly TRy 5 TR T2y,

A2 P, (V™ T, VM2 by VT R ) (VR Ry e TR Ly 5 W2y,

(T3P, — d7H3P) (VM Ty, . . Vmitly) (VR Ty« Whatly o hstly o Whatly,),

AP, (V™ T, VM2 by VT R ) (VR Ry e VR Ty s TR T Ly VR TRy and

AP (V™M VML) (VR g « V2 Ry 4+ VR T2 5 VR T2
+ VR a VR h 4 VI3 h 4 Vh2y)), he {u,v},

AP, (VM tly, L VL) (VR Ly s VR L s VR T2,

+ VI by« VR g x Vs T2y),

A SN A VAL VR VAL R [ VAR TR ALY IS vAS Ry PN vA ) PO N

where j, k1, ko, ks, ka, m1,...m; and h, hq,..., hj_1 € {u,v} are as above in Corollary
Also, we have a similar (but simpler) statement for m = 1.

Proof. We write, according to the definition of A'(u) in (2.1)),
N(u) = N(v) = (dP, — dP,)(uy - ug + Vux V2u + V3u % Vu)
+ (d*P, — d*P,)(Vu* Vu* V?u) + (d*P, — d*P,)(Vux Vux Vu* Vu)
+ dP,(wy - up + vp - wy +Vw*Vu+Vv*Vw+V3w*Vu+VSU*Vw)
+ d? P, (Vw x Vu * VZu + Vv x Vw x V2u 4+ Vo « Vo « V)
+ d3* P, (Vw * Vux Vux Vu + Vv x Vw « Vu * Vu
+ Vo * Vu* Vw * Vu + Vo * Vo * Vo x Vw).

Then, we use Corollary [AZ3] for the first three terms in the sum above. For the latter three,
we use Lemma [2.1] and the Leibniz rule. O

Let € € (0,1). We recall from (3.4) the definition
Nz (u) = N (u) — ed? Py (us, Vu, Vu) — e2d Py (Vug, Vu) — edP, (ug, Au).

Lemma A.5. For m € Ny the derivative V™(N:(u)) compared to V™ (N (u)) contains the
additional terms

AP, (V™ Ty s ok VL) (VR gy VF2 20 4 VR Ly, « V2T and
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AP (V™ Ty e e VL) (VR gy 5 VF2 Ly 1 VR Ly

with j,my, ..., mj, ki, ke, ks similarly to Lemma[A.1]
Further V™(N(u))—V™(N:(v)) compared to V™ (N (u))—V™(N (v)) contains additional

terms of the form

(PP, — 7P (V™ .. VMt hy) (VR + VR T2y 4 R Ly, 5 TRty
dTP, (V™M VT Ry VT ) (VR VR Ry 4 TRy, VR,
(2P, — d7T2P) (V™ ly, .. VMt hy) (VR x VR Ty & TRty

dT2P, (VM VT Ry VT ) (VR VR T VR ), and

AP (V™M VT ) (VR VR T2 4 R Ly, « VR
+ VR hx VR 2 4 VR, « VP2 ) b€ {u, v},

AP (V™ML L V) (R, « VR Ry S VR,
+ VL (b)) x VR Ry x VEs ),
with w =u —v and j,ma,...,mj, ki, ka, ks, h1,..., hj—1 similarly to Corollary @

The implicit constants may depend on ¢ here.

APPENDIX B. APPROXIMATION OF THE INITIAL DATA

In this section we construct certain approximations of initial data in order to conclude
continuous dependence of the solution on the initial data. As in the previous sections, take
functions ug, u; : R — RY with ug € N, u; € Ty, N a.e. on R", and

(Vug,up) € H*1(R™) x H*2(R™).
for some k > | 5| 42 with k£ € N.

Lemma B.1. Let the functions (ug, u1) be as above. Then there is a number 6* = 6*(N) > 0
such that for & € (0,0%] there exist maps uf,ud € C>°(R™,RY) such that Vud,u{ € H™ for
allm €N, ud € N and uf € T,sN on R™ which satisfy

(B.1) ug — ug eLl? and Huo — ugHL2 < (6,
(B.2) |(Vud, uf) — (Vuo, ur)]| ooy grs = o(Vd) as §— 0T,
(B.3) H(Vug,ué) - (Vuo,ul)HHk,lek,z =o(1) asd—0",
1
(B4) H(VUS,U?)HHkak_l < 007

Vo

for a constant Co = Co(|| Pyl ox » Vol i1 s Juall gr—2) > 1. Further let (vo,v1) be as above
b
with ug — vo € HE(R™) and

[ (w0, u1) = (vo, v1)ll e g2 < R

for some R > 0. Then for ¢ € (0,5*] we have

(B.5) [(Vog, v} < Co(1+ RY)

1
)HH"'XH’“*1 %’
(B'G) H(ug,ui) - (Ugvvtls)HHkak—z < CO(1 + Rk) ||(u0,u1) - (U()vvl)”H’cka*? .

Proof. We choose the caloric extension for regularization, i.e., we consider 75 *ug and 75 * uq

where
|=2

ns(x) = (4nd)"%e 1, §>0, z€R",
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and T(8)f = ns * f is the heat semigroup. Since u; € CP(R") and ug € CZ(R") by
assumption, the convolution is well defined for ug and u;. Moreover, ;s * ug tends to ug and
ns * u1 to up uniformly as § — 07, as well as

V(ns % up) — Vug in H*"1(R™), ns *uy — uy in HE2(R™) as § — 0%,
The uniform convergence yields
(B.7) dist(ug * ns(x), N) < |ug * ns(z) — up(z)] = 0 as 6 — 0%
uniformly in z € R". Hence, if § > 0 is small enough we can define
ud = m(ug *ms)  and  uf 1= Py, (U * 15).
Recall that 7 is the nearest point map and that Py, (u1 * n5) € TugN by definition of the
projector P and ug. Especially we have
|ug(x) — uo * 15 (x)| = dist(uo * ns(x), N) < fuo(x) — uo *ns(z)],

|ug(x) — uo(@)| < 2uo(x) — uo * 15(x)]
for x € R™. We further note that uf and u$ are smooth maps and that we have the uniform
convergence

ud = ug,  ul =y

as § — 0% by construction of uf (and the mean value theorem for ug). Assertion (B.1)
follows from

1

é
5 [ (@uo)ends| S laul,..
0

L2

7! o=~ )] =

by Young’s inequality for the convolution. Since Vud = Py, (Vo) *15), we further have
to treat the terms

Pugins (Vo) * 15) = Vg = Pugsys (Vo) 5 — Vo) + (Pugins — Pug) Vo,
Pugins (U1 1s) — u1 = Pugun,; (U1 * 15 — w1) + (Pugsns — Pug)ua.
We start by estimating (by means of the mean value theorem for P)
| Pagens (Vo) % 715) = Vtoll o < [ Pagens (V1t0) % 115 = Vo) | 2 + | (Payens — Pao) Vetoll 2

<5 (0<1> [ Vaoll o ) 7
LOO

where %(uo * 15 — o) — Aug uniformly as § — 07 since up € CZ(R™). Similarly, employing

Lemmas and as before, we see

[VF72(Pugns (Vao)  n5) — Vo) || 2

S (I P T (T0) #15= T+ |7 Py = Pa)- 7+ .
l1+lo=k—2

S (U + ([ Vol -z + 11(Vuo) # s =) [ (Vo) % ms = Vo]l i

1
g(uo * 15 — Uo)

o+ 6|74 | 167" o % 15 — o)
< o(V5) as 6 — 0%,

Here we also use [9, Prop. 2.2.4]. Interpolation and an analogous argument for u{ in H*—3
then allows us to conclude (B.2). Assertion (B.3]) is shown in the same way, with o(1) instead

of 0(v/9) in the upper bound. For (B.4), we compute
Hvk(Puo*na ((vuo) * 775))HL2

S D IV (Pugens) - (V2 0 5 ) | o+ || Pagens V (V0 505)|

l1+lo=k
11 >0

k
S L+ 1Vuollgge-s) Vol gras + || Pugens V(VFu0 5 05)]| 2



28 S. HERR, T. LAMM, T. SCHMID, R. SCHNAUBELT

as before. The last term is bounded via
1
| Pagsns V(VFug % m5)|| o S [|(VFuo) % V(ns)||,. S 7 Vol -1

again by Young’s inequality. Similarly, the term V*~1u{ is estimated in L?(R™). The above
reasoning also shows (B.5|) if we choose the constant Cy > 0 suitably. In order to prove
(B.6), similarly as above we compute

Jug = v3]| 12 S Nl * (w0 = v0)l 2 < lluo = voll = -
by the mean value theorem and Young’s inequality. Writing
Pugans (Vo) * 15) = Poguns (Vo) * 15)
= Pugans (Vuo) 15 — (Vvo) * 05) + (Pugins — Pogsns ) (Vo) *15),
we deduce

”V]c 1( uo*ns((vuo) * 775) - on*ﬁa((vvo) * 775))||L2

SO IV (Pugens) - V2 (Vo) 15 — (Vvo) % 15)] | 2
l1+1lo=k—1

+ Z Hvll (Pugsns — on*ns) ’ (vl2+17)0) * 776HL2
li+le=k—1

k
S 1+ Vo s + V0ol ) Vo — Vol s + || VF0] | o — voll 1o
k
S (14 [ Vo frues + RF) Vo — Vool s + || VF00] [, 1uo — voll g
< (1 + [[Vaol[ s + R¥) | Vo — Voo | s

The claim then follows by interpolation and a proper choice of Cy > 0. Finally the
estimate for
ulls - Uf = Puguns (U1 * 15 — v1 % 05) + (Pugsns — Poguns) (V1 * 15)

works similarly. O
APPENDIX C. ESTABLISHING THE IDENTITY (J5.4)
For f,g € H'(R"), he Rand i € {1,...,n} we set
1
Wf(x) = 5 (f@+eh) = f(z)).

Observe that D} (fg)(xz) = (D;Lf)(x)g(x + e;h) + f(x)(Dig)(x). Since we only use the
product rule integrated over x € R™ and g(- + he;) — g strongly in H' as h — 0, we drop
the h-dependence in g(- + eih) in the following calculation.

Let u be the solution of obtained in Section [5| We compute

th 7 (1007l + DL ul7.) = [ DL (= PON(@) - D™ da

= Z Di (VYT — P,)*» V* 37N (u)) - DV 3u, da
R’n,

+ [ Di(I—P)V* 3N (u)- DiV*Busde + | DiVF3N(u) - (I — P,)DiV*3u, da

Rn ]R”
k—
Z / — P,) %« VF3 N () - DI VF 3y, da
/ LI — PO)VF 3N (u) - DiVF 3y de + | Dy (VF2N(u) - (I — P,)DiVF3u,) dx
RTL

/ VE=3N (u) - D (D} (I — P,)VF3u,) dx
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N Z VRSN (u) - (D})2(VHI — P,) * VF 3 yy) do =: / T (u) e,

R™ n

where the second identity follows from (I — P,)u; = 0. For a fixed time ¢t € [0,7,,), the
regularity of u yields the limit

: k—3—1 k-3
lim RnTh dx—Z/ D, (VI — P) x VF37IN () - VF730,, uy doe

- / AP, (0p,u, VEBN (1)) - VF20,,u; da

_ / VRN (1) - D, (dPu(Br,0, VF~P0y)) da
+Z / VESN () - 02, (V! = P) » V3 uy) de

=: /n T (u(t)) d.

Here we also used that

D} (VF3N (u) - (I — P,)DiV*3u)de -0 as h—0
Rn

by Gauss’ Theorem. Estimating as in Section [d we derive

/ T(u(t) de

k
< SBPT](lJr IVa(s) [ + el 77e-2) (Va8 [ + ()] Fx-2)-
s€|0,

for t € [0,7] and T < T}y,. In the limit h — 0 it follows

IV nga + 19 0l =2 [ ) s+ [P0 4 [ o

by dominated convergence. The right-hand side is continuous in ¢, and hence the highest
derivatives V*u;, VF=24 : [0,7,,) — L? are continuous, since we already know their weak
continuity. Finally, summing over i = 1,...,n and estimating 7T%(u) as in Section |4, we
conclude the blow-up criterion from for the solution w.

8.

9.
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