Multi-dimensional degenerate operators in LP — spaces
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Abstract

This paper is concerned with second-order elliptic operators whose diffusion coeffi-
cients degenerate at the boundary in first order. In this borderline case, the behavior
strongly depends on the size and direction of the drift term. Mildly inward (or out-
ward) pointing and strongly outward pointing drift terms were studied before. Here
we treat the intermediate case equipped with Dirichlet boundary conditions, and show
generation of an analytic positive Co-semigroup. The main result is a precise descrip-
tion of the domain of the generator, which is more involved than in the other cases and
exhibits reduced regularity compared to them.

Mathematics subject classification (2000): 35J70, 35K65.

1 Introduction

In the present paper we investigate regularity and generation properties of second-order
elliptic operators in LP whose diffusion coefficients degenerate in first order at the boundary.
This type of degeneration is a borderline case in the sense that the drift term in normal
direction is of the same ‘order’ as the diffusion part, roughly speaking. Accordingly, the
size and direction of the drift term in normal direction play a crucial role in our results and
proofs. In this sense, first-order degeneration is the most interesting situation in this context.
We treat the case where all diffusion coefficients behave as the distance to the boundary. In
[11] we had studied the case that this is only true for their tangential component. Here the
drift term is a small perturbation of the diffusion part, and thus the result in [11] does not
depend on size or the direction of the drift term.

Besides the intrinsic PDE motivation, degenerate operators of such type also occur, for
instance, in mathematical finance (Heston volatility model), population biology (generalized
Kimura diffusion), or in the treatment of nonlinear equations (e.g. porous medium). Also
motivated by such applications, they have been studied in (weighted) Sobolev or supnorm
spaces or in Holder spaces for an adapted metric in e.g. [2], [3], [7], [8], [9], [15], [16], [17],
[18]. These papers deal with different situations as our paper, however, where [18] is closest
to us. In the very recent preprint [5], wellposedness and gradient estimates (in LP without
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and with weights) have been established for a large class of degenerated operators with
Dirichlet boundary conditions. This class contains our problem if the drift vanishes at the
boundary. (See also [11] for references to earlier work.)
We explain the effects of the drift term in the present paper on the level of the model
operator
A=—-yA+ 8Dy +b-V, (1.1)

with constant drift coefficients b € RY and 8 € R acting on the strip S = {z = (z,y) €
RNz € RV, 0 <y < 1}. Let p € (1,00). It follows from the paper [10] (co-authored by
three of the present authors) that the operator —A with the domain
D)oy = {u € Wy"(8) N WE(S) | Dl € L7(9)} (12)
generates an analytic Cp-semigroup of positive contractions on LP(S) if 8 > —1/p. This
condition means that the drift points inward at the boundary or only mildly outward.
Correspondingly, one has to impose Dirichlet boundary conditions.
In the more recent contribution [24] the case of a strongly outward pointing drift with
B < —1 was studied. Here one derives these generation properties for —A on the domain
Dyeg = {u € WHP(S) N WEE(S) | y|D*u| € LP(S)}. (1.3)
In both cases one has the full regularity that one can expect reasonably. In the second one
there are no (apparent) boundary conditions. Moreover, a one-dimensional example in [10]
shows that —A with domain Dgeg is not a generator if 5 < —1/p.
The present paper focuses on the intermediate case —1 < § < —1/p. We equip —A with
Dirichlet boundary conditions and establish its sectoriality in LP(.S) on the domain
DY, = {u e LP(S) |y|Dlul, y|D32£yu|7 |Vzul|, Dyu — %u, yDiu — BDyu € LP(S)} (1.4)
exhibiting only partial regularity. The generated semigroup is again positive. Example 3.15
indicates that this domain is optimal. By the same approach we also reprove the above
mentioned results from [10] and [24] which were originally shown by quite different methods,
see Theorems 4.2, 6.3 and 6.4.
We construct the resolvent and the semigroup for the above operators by approximation.
To this aim, we consider A on the strip S. = R x (¢, 1) (where it is non-degenerate), equip it
with Dirichlet boundary conditions, and let € — 07. In [12] we studied the one-dimensional
case in great detail. In particular, using the Neumann condition «'(¢) = 0 (instead of
u(e) = 0) in the approximation we showed that also the operator (—A, D,g4) is sectorial if
B € (—1,—1/p). The results of [12] heavily rely on explicit formulas for the solution of the
equation Au = f on (0,1). Employing the Neumann approximation, we could establish the
sectoriality of (—A, Dyey) also in the multidimensional case if p = 2 in [13]. The methods
used there fail for p # 2. By completely different techniques involving singular integrals,
Theorem 4.6.5 of [18] shows maximal regularity for the parabolic problem in L? under (a
variant of) Neumann boundary conditions and also obtaining full regularity as in Dj..
Hence, our present setting in the intermediate range —1 < 8 < —1/p and with Dirichlet
boundary conditions differs considerably from the previous results in so far that one has
only reduced regularity in Dga which involves mixed conditions as yDgu — BDyu € LP(S)
exhibiting cancellations.

‘s

We describe our reasoning in more detail, again focusing on the model operator. The
Dirichlet condition on S. yields e-independent variational estimates for A, = (4, W2P(S.)N



VVO1 "(S:)). Combined with standard elliptic regularity, in the limit ¢ — 0 we obtain the
resolvent of the generator —A, of a positive contraction semigroup in LP(S), where A, is
the realization of the model operator A on a (yet unknown) domain D,. Moreover, the
solutions u. of Acue = f tend to u = A7 f in W?P(S;s) for each § € (0,1).

To compute D), we first let b = 0 on (1.1). (The tangential drift b -V is added later
using the Kalton—Weis theorem on operator sums from operator-valued harmonic analysis.)
The main observation is that the mapping u +— v := yu transforms Awu into

D
A % =: —Azv+ Lo,

Au = Av = —Amv—ng—k(ﬁ-&-?)T (3+2)y

thus decoupling the variables x and y. Since the inverse transformation is not uniformly
bounded on LP(S.), the operators A and A are not similar in a reasonable sense, but by
the above equation estimates on Av itself transfer to Au. Singular operators like £ were
studied in detail in [20] and [22], and we employ kernel estimates established there. Since
A, and £ commute, we can then use the Kalton—Weis theorem to deduce e-independent
apriori estimates for A.

Next, we isolate the derivatives in y and rewrite A.u. = f on S; as

7yD§u€ + 5Dyue =f+ yAm'UJs'

For fixed x € RN we now apply formulas from the one-dimensional case shown in our
previous paper [12]. Combined with the apriori estimates mentioned above, by this approach
we reprove the domain characterizations in (1.2) and (1.3) for § > —1/p and 8 < —1,
respectively. In the intermediate range —1 < 8 < —1/p we obtain (1.4) except for the (a
bit unexpected) conditions |V ul, y|Dyyu| € LP(S). These can be deduced from very recent
results in [21] using again the transformation u — v = yu.

The analyticity of the semigroup then follows from the corresponding result in [10] for
B > —1/p, Stein interpolation and duality. In a final step we use a localization procedure
to show corresponding generation theorems on a bounded smooth domain in RN¥*!. Here
we can use ideas from [10] and [11], for instance, but it requires some effort and care to deal
with the more complicated domain of the model operator.

The plan of the paper is the following. In Section 2 we give the construction of the
semigroup for the model operator. In Section 3 we investigate the domain of the generator
when b = 0, as indicated above. In Section 4 we use the domain description to deduce
analyticity of the semigroup for b = 0. The analyticity then allows us to add the drift
term b -V, to our prototype operator on the strip. In Section 5 we extend our results to
operators on S with variable coefficients. Finally, in the last section we prove the main result
in bounded smooth domains of R¥*!. Here we also state the hypotheses for the coefficients
in this setting.

2 Construction of the semigroup

We investigate the operator A given by (1.1) on S = R¥ x (0,1). For every € € (0,1/2] and
pe(1,00), set S. = RN x (g,1), D, = W2P(5.) N W, (S.), and Sy = S. We first prove
an accretivity inequality for A,. = (A, D,.) with constants independent of e. This will
allow us to construct a generator A, in the limit ¢ — 0. We also show a related inequality
implying the positivity of the semigroup.



It is well known that the operator — A, . generates an analytic Co-semigroup (7, ,E(t))t>0
on LP(S,) which is consistent; i.e., one has T}, . (¢t)f = Ty, - (¢)f for all f € LP(S.) N LI(S;)
for ¢ € (1,00) and ¢ > 0. We thus albo write T (t) mbtead of T, - (t).

Lemma 2.1. Let B € R, b€ RN, £ € (0,1/2], u € D, ., and u* = u|u[P~2. Then we have

/ Au® = (p—1) /S UVl [uP2x sy, (2.1)
/ Au(u )P = —(p—1) / YVl (0P X oy (2.2)
Se

€

Proof. We first prove (2.1). Let p > 2 and u € D, .. Recall that Vu* = (p — 1)[u[P~2Vu
and u*Du = p~! D|u|P. Integrating by parts and using the Dirichlet conditions in D, ., we
infer

/ Auu* = (p—1) / WVl + (54 1) [ (Dywulul? + [ b Foulup

€ €

+1 1
— 1) / gVl lup=? + P11 / Dyfuf? + / bV lul?
S. p S. p

e

— 1) / IVl [ufP2. (2.3)

€

The case p € (1,2) can be handled by a regularization argument as in Lemmas 2.1 and 2.2
of [12]. Assertion (2.2) is shown similarly, using Vu™ = —Vux {u<o}- O

The next result will imply that the limit operator A, is invertible.

Lemma 2.2. Let 3R, be RN, and e € (0,1/2]. There exists a number w, > 0 such that

wp/ \u|p§/ Auu®, (2.4)
S. 5.

wp/s (=) < —/S Au (u)PY. (2.5)

€ =

for each u € Dy .

Proof. As in the previous lemma we focus on (2.4) for p > 2. Let u € D, .. We compute

jua,y)|f = -2 / (Dywulult ) .y

<3([ ot ema) ([ )’

for (x,y) € S.. Equality (2.1) then implies

2 1
/ u(a:,y)wzp( / |1ogy|dy) ( / y<Dyu>2|u|P—2)Sw;1 [ Aw
s. 4 \Jo S. S:

_ 1
where we set w, ' = ﬁ Jo ogy|dy. O



We can now derive the desired uniform accretivity inequality and positivity.
Corollary 2.3. Let Be R, be RN, ¢ € (0,1/2]. For any A > —w, and u € D, . we have
(A +wp)llullzecs.) < A+ AullLecs,).-

In particular, (A —wy, D, ) is accretive and (A, Dy ) is invertible in LP(S.). Moreover, u
s non-negative if Au + Au > 0.

Proof. Let uw € Dy, . and A > —w,,. Formula (2.4) and Hélder’s inequality yield
(el < [ Ous g < [0+ Duloocs, lulfs,

Let f > 0. We multiply the equation A\u + Au = f by (u~)P~! and integrate over S..
Employing (2.5), we obtain

/SE Flum )Pt = /S (AP + Au(u=)Pt) < _()\erp)/ )

SE
and thus a contradiction if u~ # 0; i.e., u > 0. O

As in [1] and using the above estimates, we next construct a contraction semigroup
generated by the restriction of —A to a suitable domain. To this aim, we set

Donan = {u € L7(8) N[0, W7 (55) ‘Au e 17(S), u(-,1) = o},

De, = {u € Dz

/Sy|Vu|2|u|p_2X{u7g0} < —|—oo} . (2.6)

Moreover, P, : LP(S) — LP(S.) is the restriction operator and E. : LP(S.) — LP(S) the
extension by 0.

Proposition 2.4. Let B € R and b € RY. There exists a subspace D, = D,(3,b) C D,
such that —A, = (—A, D,) generates a positive strongly continuous semigroup (T, (t))i>0
on LP(S) with | T,(t)|] < e ! fort > 0. If 1 < g < oo, then T,(t)f = T,(t)f for allt >0
and f € LP(S) N L1(S). The operator T,(t) is the strong limit in LP(S) of E.T, .(t)P: as
e — 0, and analogously for the resolvents of the generators.

The generator A, is invertible. Moreover, each u € D,, is the limit in LP(S) of the (zero

extension) of the functions u. € D, . satisfying Au. = Au on S.. The maps u. converge to
u also in WP (Ss) for every § € (0,1).

Proof. 1) Fix f € LP(S), f > 0, and A > —w,. For every ¢ € (0,1/2], let u. > 0 be the
unique solution in D, . of Au. + Au. = P.f in S, given by Corollary 2.3. Since
A+ wp)llucllzes.) < 1fllze(s),

we obtain the uniform bound
Al
A+ wp

lAucllzns,) < Ifllincs.) + Aleelzees.y < (14 2= )1 leacs)-

To show that the net (u.) increases pointwise as € — 0, we proceed as in Theorem 3.1 of [1].
Let € > 0 > 0. Then u.,us > 0 in S.. The function v = us — u. € W2P(S.) is non-negative



on 95, and satisfies Av + Av = 0 in S.. We multiply this identity by (v~)?~! and integrate
by parts as in (2.3), where the boundary terms vanish since v~ has trace 0 on 9S.. Also
using an estimate analogous to (2.5), we infer

0 :/S (=AW + Av(v™ )P < _()\erp)/ (v7)? < 0.

= =

Hence v~ = 0, and the monotonicity of (u.) follows. Let u > 0 be the pointwise limit u. on
S. By the Beppo Levi theorem, the functions u. converge to u in LP(S) and u satisfies

A+ wp)llullp <1 £llp- (2.7)

Standard results on W2P-regularity imply that (u.) tends to u in W?2P(Ss) for every 6 €
(0,1). (See [14, Theorem 9.11], the proof for balls easily extends to strips.) As a result, the
limit u belongs to Dy,q, and fulfills Au + Au = f in S. Moreover, u is even contained in
D., by (2.1).

2) Recall that —A, . = (—A, D, .) generates the Cy—semigroup (T}, .(t)). Corollary 2.3
implies that 7}, .(¢) is bounded by e~“»!. In view of step 1) the operators E.(A+ A, ) 1 P-
have the strong limit R(\) in LP(S) for A > —w,, with R(A\) > 0 and ||[R(\)|| < (A +wp) L.
One can check that {R(A\) | A > —w,} is a pseudoresolvent, see the proof of Theorem 3.1 of [1].
Our construction yields f = (A 4+ A)R(A)f so that R()) is injective. By Proposition I11.4.6
of [6] there exists a closed operator —A,, with (A-independent) domain D, = R(A\)LP(S) in
LP(S) satisfying R(\) = (A + A,) 7! for A > —w,,.

3) From the previous steps we infer the inclusion D, C D.,, and that A, is a restriction
of A. Since |[|[R(n — wp)|| < 1/p for pn > 0, Corollary I1.3.20 of [6] shows that the operator
wp — A, is densely defined and generates a contraction semigroup (S,(t));>0. It is positive
due to the positivity of the resolvent and Theorem VI.1.8 of [6]. It follows that —A,
generates (T},(t))i>0 = (e7“rtS,(¢))i>0. The asserted convergence of E.T), .(t)P. to Tp(t)
is a consequence of the corresponding property of the resolvents and of the proof of the
Trotter-Kato theorem given in [23, Theorem 3.4.2]. We finally deduce the consistency of
the semigroup (7, (t)) from that of (T}, -(¢)). O

Since T),(t) = Ty(t) on LP(S)NLI(S), we often write T'(¢) instead of T, (¢). Before we can
show the analyticity of this semigroup, we have to determine the domain of its generator
A, more precisely.

3 Description of the domain if b =0

In order to obtain information on the regularity of the functions of D,, we thoroughly
investigate the properties of the approximating functions u.. After some preparations, we
show a precise description of D), for the cases 3 < —1 and 8 > —1 separately. Our reasoning
requires that b = 0, so that we have to restrict ourselves to this special case at first. The
drift term b - V, will be added in the next section.

At some points we use deep facts from operator-valued harmonic analysis. We refer the
reader to [19] for an introduction to the background on R-sectoriality, H>—calculus, and
operator sums.



3.1 Preliminary regularity results

The starting point of our arguments is the transformation v — v = yu for a function
u € W2P(S.) (or u € W2P(S)). A straightforward calculation yields Au = Av, where

D
Av = —Agv — D2+ (B + 2)Ty“ ~(B+ 2)% = — Ay + L, (3.1)
Dyv v
Lo:=—Dyu+ (B +2)="= — (8 +2).5 = —yDju+ BDyu,

so that the variables x and y are separated in Av. We stress that the inverse transformation
v — u = v/y is not uniformly bounded in L”(S.) as € — 0. Nevertheless, in the next lemma
formula (3.1) leads to uniform bounds on certain higher-order derivatives of w..

Lemma 3.1. Let 5 € R and b = 0. Then there exists a positive constant ¢ such that for
every u. € Dy, . and ¢ € (0,1/2] we have

lyAgtclLo(s.) + lyDpue — BDyuc| 1o(s.) < ¢ || Auc| Lo (s.)-
Moreover, every u € D, satisfies
lyD2ull 1o (s) + [lyDiu — BDyull 1v(s) < ¢ || Aul|Lo(s)-

Proof. 1) We first establish several properties of the operators in (3.1). In LP(S.) we endow
A, and £ with the domains

De(Ay) = {v € LP(S.) |v(-y) € W2P(RY), y € (¢,1), Ao € LP(S.)},
D.(L£) = {ve LP(S.)|v(x, ) € W*P(g,1) N I/Vol’p(s7 1), z € RN, Lv € LP(S.)}.

The Laplacian is sectorial and has an H*—calculus on LP(RY), both of angle 0, see Ex-
ample 10.2 in [19]. It is then easy to see that A, has the same property on LP(S.) with
uniform bounds.

The scalar version —L. of —L generates a positive bounded analytic Cy—semigroup
(Ve(t))t>0 on LP(e, 1), when endowed with Dirichlet boundary conditions. For our pur-
poses it is crucial to bound its heat kernel p; > 0, independently of €. To this aim, we also
consider £ as an operator £ on R;. Following Section 4 of [20], £ is the self-adjoint
operator in L?(R,;r~#+2) dr) associated with the closure of the form

b(u,v) ::/O (urvr—(ﬂ—FQ):fg) r=B e D(b) :=C® (Ry).

On D(b) this operator is indeed given as in (3.1), see Proposition 4.2 in [20]. Due to
Corollary 4.15 of [22] or Proposition 4.14 of [20] the semigroup (V'(t)):>0 generated by £
has a positive kernel p; which is bounded by

Kk |I| 51 |y| ) 51 ( |SC y|2) K ( |SC y|2)
<plz,y) < — [ —= LA x < )
0 <pi(z,y) < \/E(tl/Q/\l) (tl/Q/\l exp — < \/Eexp — (3.2)

for t > 0, x,y > 0, and constants x, m > 0. We note that in [20] the estimate is given in a
slightly different form. The exponents are given by

s1=—(8+2), s1=0 if B> -1,



s1=-1, si=0+1 if g<—1.

The last inequality in (3.2) follows by virtue of these identities. The semigroup is strongly
continuous also in LP(R,) with respect to the Lebesgue measure and its domain can be
described explicitly, however we do not need these facts.

We employ the same construction for £. and (Vz(t)):>0, that is we restrict the above form
b to Hi(e,1). Note that this form indeed induces the operator £. with domain W?2P(g,1)N
W, (e,1) on LP(e,1). Since by [20, Lemma 4.1] the domain of the closure of b consists of
H} . functions, the Beurling-Deny criteria give 0 < V.(¢)f < V(¢)f for f > 0 (extending
Vz(t)f by 0). Hence, 0 < pi < p, so that the kernel pf > 0 also fulfills (3.2) on (e, 1).

2) Take A € C\ {0} with |argA| < 6 for some 6 < 7/2. Since the resolvent of —L. is
given by the Laplace transform of (V;(t)), it has a kernel k5 bounded by

o0 672c|/\‘t _Jz—y|?

(A mt

)l = | [ el < x [ et
x = e T t‘_n/ e —e mt dt <K
A ?y 0 pt 7y 0 \/E 0 \/E

for z,y € (¢,1) and a constant ¢ > 0. Splitting the integral at 7 = |z —y|/|\|'/?, we compute

T ,—2c|A|t oo _—c|At 5
¢ —m~tz— 1/2 € —ele— /2 _le—y|?
|k§\($,y>| S K \/g € m ‘3? yH)\l dt—"_ﬁ 76 C‘ZC y”)\l e mt dt
0 T
ke—m Ha—y| IA[Y? poo ,—2cs e—clz—yl IA[}/? poo —cs
ds + ds
B IA[1/2 0o Vs |\|1/2 o Vs
ce— ¢ lz—yl A2

|)\|1/2 ’

where the constants do not depend on €. This Poisson estimate and Theorem 4.8 of [4] show
that £. is R-sectorial of angle smaller than or equal m — 6 in LP(e,1). The R-sectoriality
can be extended to the operator (£, D.(L£)) on LP(S.) with the same constants.

3) The resolvents of A, and (£, D, (L)) commute in L? (S, ) since the semigroups commute
in view of their kernel representations. The Kalton-Weis Theorem 12.13 in [19] thus yields
a constant C' > 0 independent of € € (0,1/2] such that

A0 + Lol pr(s.) = C(1Az0]ILr(s.) + [1£0]Le(s.y), (3.3)

for every v € D.(Ag) N D.(L) in LP(S;). Let u. € D, .. The function v, := yu,. belongs to
D, . C D.(A;)ND.(L). Applying (3.3), we estimate

C(lAzvellLrs.y + 1LvellLr(s.y) < IlAvellzris.) = l[AuellLr(s.)-
In particular, as A v, = yAzu. and Lo = fyDius + BDyu., we infer that
lyAztie||Locs.) + lyDyue = BDyuc Locs.) < O™ Auc] Locs.), (34)

which proves the first inequality of the statement with ¢ = C 1.

Next, let w € D), and set f = Au. Proposition 2.4 yields a function u. in D, . such that
Au. = f in S., for each e € (0,1/2]. Moreover, the maps u. converge to u in W2?(S;) for
every § > 0. Estimate (3.4) provides the uniform bound

lyAguellLo(s.) + lyDjue — BDyuc| Locs.y < C7HI fllo(s)-



From the Calderén—Zygmund theorem and (2.7) we deduce

”Dg(yus)HLP(Se) < c([|Az(yue)llzrsy + lyuellzes.y) < cllfllze(s)-

(The constant ¢ in the first inequality does not depend on 0 < € < 1/2 by a simple scaling
argument.) Taking the limit as e — 0, we obtain the second assertion. O

The regularity gained in the previous lemma allows us to rewrite the equation Au. = f
isolating the derivatives with respect to y. In this way we obtain an ordinary differential
equation in y (with fixed x) whose solutions can be computed explicitly. This equation and
its limit version have the inhomogeneities

ge = f+yAyu. and  g:=f+yAu (3.5)

for f € LP(S) and the functions u. € D, . and u € D, solving Aw = f on S, and S,
respectively. In the next lemma we express u. by g..

Lemma 3.2. Let € R, b=0, ¢ € (0,1/2], and f € LP(S). The solution u. € D, to the
equation Au. = f given by Proposition 2.4 satisfies

ce(2) B+1 1 /1 yo /1 9= (z,1)
= 1) -
U5($7y) ﬂ‘f’l(y ) B+1 ) ge(-r’t) dt + B+1 Y tB+1 dt, 56
1 ! ! ge(x,t ‘
CE(.’L') - Eﬁﬂifl (/Ev gs($7t) dt - EBJ’_I/{; Mdt)
if B# —1, and
! t
ue(o.9) = cx(a)logy — [ g2 )log -
v Y (3.7)

1 1
ce() :_/ 9-(,t) dt+(10g5)71/ 9=(z,t)log tdt

if B=—1. Herex € RN, y € (e,1) and g- = f + yA,uc.

Proof. The proof is based on elementary calculus, as it consists in solving the ordinary
differential equation —ny,uE + BDyu. = g. in y (and for fixed = € RY) with 0-boundary
conditions at y = ¢ and y = 1. The details can be found in formula (2.4) and the proof of
Proposition 2.8 in [12]. O

In the next step we take the limit as € — 0 in the above formulas. We first prove that
ge from (3.5) tend to g in some sense.

Lemma 3.3. Let § € R, b =0, ¢ € (0,1/2], and w € D,. Let u. be the maps given by
Proposition 2.4 and represented in (3.6) and (3.7). Define g and g. as in (3.5) for f = Au.
We have

lgllzecsys lgelle(s.y < M (3.8)
for a suitable constant M > 0 independent of €. Moreover,

1
lim [ |g:-(-t) —g(-,t)|dt=0 in LP(RV).
€



Proof. Lemma 3.1 implies (3.8). We recall that the maps u. converge to u in W?2?(Ss) for
every § > 0 by Proposition 2.4. Hence, the functions g. = f 4+ yA,u. tend to g in LP(Ss)
for every § > 0. To show the asserted limit, we fix § € (0,1/2], take € € (0,4), and write

1 s 1
L‘ga(x,t)—g(x,t)’dt:/a |ge(x7t)—g(x,t)‘dt+/5 fgg(x,t)—g(x7t)|dt

for x € RYN. Holder’s inequality and (3.8) yield

5 p
/. ( / |gg<x,t>g<x,t>|dt> dz < 57 V|g. = gl s, < CFL,
R 15

1 r
L (] laetet) = gt at) o< . = ol s,
RN 4

Next, fix > 0 and choose § > 0 with C6P~! < 1. Since ||ge — g||1r(s,) — O, there exists a
number ¢y € (0,4) such that ||g. — g||1£,,(56) < n for every € < 9. It follows

/RN (/51 ‘ge(x,t) — g(x,t)| dt)pdx < 2Py

for every € < €g, and the claim is proved. O

In the next two results we compute the limit as ¢ — 0 of the functions c. in identities
(3.6) and (3.7). This leads to an implicit formula for the limit u of u. and later to the
desired description of the domain D,. From now on, we have to distinguish between the
cases f < —1 and > —1 since the limits of (c.) differ.

Lemma 3.4. Let 8 < —1,b=0, and u € Dy,. Set f = Au and g = f + yAgu. Let u. be
the functions given by Proposition 2.4 and represented in (3.6) and (3.7). We then have

1
. . g(,t) . P N
glg(l)cs—f/o Es) dt in LP(R™).

For (z,y) € S, we thus obtain the expressions

1 Lg(x,t) Yyt Y og(x,t) 1 !
u(x,y)—ﬁ_i_l/o ] dt_ﬁ+1/0 RS, dt_ﬁ—Fl/y g(x,t)dt (3.9

if < —1, and
1 1
t
u(z,y) = flogy/ g(z, t)dt — / g(z,t) loggdt (3.10)
0 y

if B=—1.

Proof. Let x € RN, Set &(z) = —j;)l g(x, )t~ P+ dt. We first assume that 3 < —1. The
definition of ¢, in (3.6) yields

. 1 1 Lg(z,t € g(z,t
ce(x) — é(x) = 513“‘1—1(/5 ge(z,t) dt 7/5 t(5+1) dt> Jr/o t(ﬂ-i-l) dt

gh+t /1 g(@,t) = ge(w,t)
eB+l _ 1 c t8+1

(3.11)
+

10



Since 5+ 1 < 0, we have

1 x,t — Ye Z‘,t !
/ lg( )tﬁj( )Idtg/ lg(z,t) — ge(,1)| dt,

and the last integral converges to 0 in L?(R”) by Lemma 3.3. Moreover, Holder’s inequality
and (3.8) imply the uniform bounds

[ e
/RN /6 gt(/if)d
[ stana

Since e#*t! — 400 as ¢ — 0, we conclude that all the addends in the right-hand side of
(3.11) tend to 0 in LP(RY).
Next, take § = —1. From formula (3.7) we infer

dx < ||96HLp(s < MP,

de < ||g||Lp(S)a (3.12)

P
dr < eP™! ||gHrL'p(S).

1 1 5
o) = itw) = [ (o(o.t) = gl ) b+ loxe) ™ [ gattogtde+ [ gat)ar

g

The first and third addends converge to 0 in LP(R”Y) as ¢ — 0 thanks to Lemma 3.3 and
(3.12), respectively. As regards the second addend, Holder’s inequality and (3.8) lead to the

estimate
(/ |ge(x,t |pdt> </ | log t|P dt) <C.

Therefore the claim is proved also in this case. The representation formulas for w then follow
in a similar way. O

1
/ ge(z, 1) logtdt
€

We next show an analogous result for g > —1.

Lemma 3.5. Let 8> —1,b=0, andu € D,. Set f = Au and g = f +yAyu. Let u. be
the functions given by Proposition 2.4 and represented in (3.6). We have

1
lim ¢, = —/ g(-,t)dt in LP(RY). (3.13)
e—0 0

For (z,y) € S, we thus obtain the expression

1 y yﬂ+1 1 yﬁ+1 1 glx,t)
=— t) dt — t) dt = dt. 3.14
u(e.y) BH/Og(a:,) ST NCULES sey i (314)
Proof. Let x € RY and set ¢(x) = — fo x,t) dt. From equation (3.6) we deduce

, 1 ! ' [ ge(at)
cg(az:)—c(gr;):Eﬁﬂi_l/s ga(x,t)dt—&—/o glx,t)dt + 1_5B+1/€ ‘;ﬁﬂ dt.

11



We first treat the last summand. Hélder’s inequality yields

1
7

1 1 D ARCERY
pi1 [ 1ge(z, 1) € £
€ /5 RS} dt < s g (@, t)[P dt 1—(B+1)p ’

if g # f% and therefore

1 P )’ p—1
[ [l we (S50 22) g,
RN .t A\ B+ -1 TIEP(Se)

For g = —% we have (8 + 1)p’ = 1. In the above computation we thus replace the quantity
B+
1-(B+1)p’

by elog 1. In both cases the bound (3.8) leads to the limit

1

ot N

£B+1/ 0D g s 0 i LPRY), as & -0,
. Bt

The other terms in ¢, — ¢ are written as

1 1 1 1 1
it [ eevdes [gtetydi= o [ (o) - o0) d
€ 0 € €

eht+l

1 €
+7/ g(x,t) dt+/ g(x,t)dt
eftl —1 € 0

The first addend on the right hand side of (3.15) converges to 0 in LP(RY) as e — 0
by Lemma 3.3. Using also (3.12), we conclude that the right-hand side of (3.15) tends
to 0 in LP(RY). We have thus proved (3.13). Formula (3.14) is then shown by similar
arguments. O

(3.15)

3.2 The domain for b =0 and § < —1

We first treat the case § < —1. Here, the functions in D, do not satisfy a boundary condition
at y = 0, but have ‘full’ regularity as described by the space

Dyeg = {tt € Dppae NWHP(S) | y|D?ul € LP(S)}. (3.16)

In the next result we deduce the inclusion D, C D,., using formulas (3.9) and (3.10) as
well as the Calderéon-Zygmund and Hardy inequalities applied to v = yu. For the other
inclusion we show that I + A is injective on D;.4. A slight variant of Proposition 3.7 has
been proved in [24] using different methods. For the proof, we need the following lemma.

Lemma 3.6. Let v € W2P(S;) for every0 < 6 < 1, v(-,1) =0, and v, Av € LP(S). Assume
that the function uw = v/y satisfies u, Dyu € LP(S). Then v belongs to W*P(S) N Wol’p(S).

Proof. Let uw = v/y be given as in the statement. We have

1
u(z,e) = / Dyu(x,y) dy, /RN |u(z,e)|P dx < /s |Dyul? dx dy.

12



Observe that

e—0

lim inf ep/ |Dyu(zx,e)|P de =0,
RN

as otherwise |Dyu|P’ would not be integrable on S. Since v = yu and Dyv = yDyu + u, the
above inequalities yield

liminf/ Do, )| [o(, )P~ da (3.17)
RN

e—0

1—1
< liminf (/ |Dyv(x,€)|p> </ |v(x7s)|p> =0.
e—0 RN RN

Let w € W2P(8) N W,"P(S) be such that w — Aw = v — Av. Then w satisfies (3.17) and
the same holds for z = v —w. We multiply z — Az = 0 by z|2|P~2 and integrate by parts on
Se, obtaining

O:/ (z—Az)z|z|p’2:/ |z|p+(p—1)/ |Vz|2|z|p*2+/ (Dyz)z\z|p*2(x,e)dx.
S. S. S. RN

Letting ¢ — 0 along an appropriate sequence, we deduce z = 0 and hence v = w. O

Proposition 3.7. Let 3 < —1 and b= 0. Then Dy = D,q.

Proof. 1) We first show the inclusion D), C D,¢4. Let u € D,,. Differentiating formulas (3.9)
and (3.10) with respect to y, we find

y 1
Dyu(z,y) = —y /0 o] dt = — T ds

for (z,y) € S. Minkowski’s (integral) inequality then yields

1 1 1 1 1
P 1 P
p p p
< AR dy> </ SW( [ st dy) ds < /O ST ( / 1962, 2)] dz) .

Raising to the power p and integrating with respect to x, we obtain the bound || Dyul|1»(s) <
CllgllLe(s)- Since yD2u belongs to LP(S) due to Lemma 3.1 and Au € LP(S), by difference
the function yDZu is an element of LP(S).

2) Setting v = yu again, we infer that Ayv = yA,u and D2v = yDQu + 2Dyu are
contained in LP(S). Moreover, v vanishes at y = 1 and u, Dyu € L”(S) by point 1) An
application of Lemma 3.6 thus yields v € W?2?(S) N W, ’p(S). Hence | D2, v| belongs to
LP(S), implying that |yDZ,u 4+ V,u| € LP(S). On the other hand, as D,,v vanishes at
y = 0, Hardy’s inequality shows that (D,,v)/y = D,,u is contained in LP(S), so that also
y|DZ,u| € LP(S). Summing up, u is an element of Dy.g.

3) It remains to establish the injectivity of (I + A, D;cy) which follows from accretivity.
To this aim, let u € C°(RN*1) vanish for y = 1. As in Lemma 2.1 we compute
1
Jawudup= = o= 1) [ o9uPll 2 xu ~ [t 0)pds 20
s s b Jry

Such functions u are dense in D,.., by the proof of [10, Lemma 2.1] where the same result
is shown in the infinite strip RY x [0,00). Hence, A is accretive on Di.g. O

Remark 3.8. Note that point 3) in the above proof gives Dyeq C Dy, for 8 < —1.
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3.3 The domains for b=0 and § > —1

We treat the case 8 > —1 in a similar way, now based on the represention formula (3.14).
In the range 8 > —1, the value —1/p represents a threshold for regularity. For § > —1/p
the domain D, has again full regularity and coincides with the space

DY,y = {t € Dyeg | u(-,0) = 0},

cf. (3.16). Indeed, since u belongs to WP ((0,1), LP(R")), the above boundary condition is
understood in C([0, 1], LP(RY)). This result has already been shown in [10] in the half-space
RN x (0,400). We give here an independent proof for b = 0.

Proposition 3.9. Let 3 > —1/p and b =0. We then have D, = D?

reg-

Proof. Let w € D,,. Formula (3.14) gives

1 gzt
Dyu(z,y) = _yﬁ/ g(z,t)dt + yﬁ/ gt(ﬁJrl) dt. (3.18)
0 y

Proceeding as in Lemma 2.10 (iii) of [12], one can see that D,u € LP(S). The arguments
in step 3) of the proof of Proposition 3.7 then imply that u belongs D,.,. To show that
u € DY, ,, we verify that |lu(-,€)||p»r~) — 0 as e — 0 using (3.14); i.e.,

reg?
1 € ghtl rl Pt 11 g(z,t)
= t)dt — t)dt L dt.
wee) = 717 [Catwna- S [aoas S [0

The convergence property is clear for the first two addends on the right hand side, since
B+ 1> 0. Concerning the third, say w, Holder’s inequality and 8 > —1/p yield

1 1
w(,e)|? < C(e — PP / gz, t)[P dt < Cer~ / g, 1)|P dt.
0 0

Integrating with respect to € RY, the thesis follows. This shows that D, C D?eg.
To prove the converse, we take a function u € Dgcg such that v + Au = 0. Employing

the boundary conditions, we compute

0= [+ [ CAwyulul? = [l + o= 1) [ oVl xguon.
S S S S

It follows that u = 0 and so D, = D?, . O
Remark 3.10. Note that the above proof yields D?eg C Dey, also for 8 > —1/p.

In the case —1 < 8 < —1/p, we do not have full regularity as shown by Example 3.15.
Nevertheless, certain linear combinations of the functions Dyu, yDgu and u/y still belong
to D, in this case.

Lemma 3.11. Let -1 < 8 < —1/p and b = 0. Then for every u € D, the functions
Dyu— (B8 + 1)u/y and —yDZu+ BDyu belong to LP(S).

Proof. Let uw € D,. The second assertion was already shown in Lemma 3.1. Equations
(3.18) and (3.14) yield

U 1 [Y
Du—(8+1)—=—— [ g(x,t)dt. (3.19)
Y YJo
The first statement now follows from Hardy’s inequality. O
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The first property proven above already implies a Dirichlet and a Neumann-type bound-
ary condition as y — 0.

Lemma 3.12. Let —1 < 8 < —1/p and u € WP(S.) for every 0 < e < 1/2 such
that u(-,1) = 0 and Dyu — (8 + L)u/y € LP(S). Then lin(1)||u(-,£)||Lp(RN) = 0 and
E—r

liggf€||Dyu(~,€)\\Lp(RN) =0.

Proof. Set f = Dyu— (8 + 1)u/y. Due to the boundary condition at y = 1, integration by
parts and Holder’s inequality yield

1
u(z,e) = —Eﬁ“/ f@,y)y= BT dy,

1 1 p—1
)P <D [y ( I dy) . (3.20)
0 £

The last integral is bounded if 8 < —1/p and grows logarithmically when 8 = —1/p. In
both cases, it follows that |[u(-, )| z»@~) — 0 as e — 0.

We also have yDyu(z,y) = (8 + 1)u+yf. Observe that iminf. .o el[f(-, &) r@r) = 0,
since otherwise |f|? would not be integrable in S. So also the second statement is true. [

We can now give a first description of D,, in the intermediate range —1 < § < —1/p. Here
we only have partial regularity but Dirichlet boundary conditions at y = 0, see Remark 3.14.

Proposition 3.13. Let —1 < 8 < —1/p and b =0. We then have the equality

D, = {u€De,

y|D2ul, Dyu— (8+1)u/y, —yD3u+ BDyu € L*(S)}.

Proof. Let D be the right-hand side. The inclusion D, C D follows from Proposition 2.4
and Lemmas 3.1 and 3.11. It remains to check the injectivity of (I + A, D). Let u € D
satisfy u + Au = 0. Let € € (0,1/2]. We compute

0= / fuf? + / (Au) ululP~? = / P + (p— 1) / |V P2
Se S, Se Se

1
_b+t / lu(z, &) [Pdz + / eDyulz, e)ululP~(z, ¢)de.
p RN RN

The first boundary integral tends to 0 by Lemma 3.12. The last integral is estimated by

< </sz |5Dyu(x,s)|pdx>;</RN |u(x,5)|pdx) ’

using Hoélder’s inequality. It thus tends to 0 on a sequence &, — 0 because of Lemma 3.12
again. Letting €, — 0 in the previous identity, we obtain

‘/ eDyu(z, e)ululP~?(z,e)dx
RN

/S P + (p— 1) /S YVl [P oy = 0

which yields v = 0. O
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Remark 3.14. There are boundary conditions hidden in the regularity properties of D,
for -1 < g < —1/p. In fact, Lemma 3.12 yields [lu(-,&)| 1@~y — 0 as € — 0. Con-
cerning Dyu, Lemma 3.12 gives only liminf. .o || Dy (-, €)| 1»@~) = 0 but we actually have
lim. o el|Dy(+,€)||Lrrnvy = 0. This easily follows from identity (3.19)

yDyu— (B+1u = —/0 g(z,t)dt

valid for w € D), the Dirichlet condition on u, and (3.8).
The next example shows that D, is not contained in D,.4 for —1 < 8 < —1/p.

Example 3.15. Let —1 < 8 < —1/p. Take functions 0 # ¢ € C°(RY) and v € C>°([0, 1])
with ¢ = 1 near {y = 0} and (1) = 0. We set u(x,y) = y*T1o(x)y(y) on S. Note that
yP*1 belongs to the kernel of the operator —yDZ + BD,. It is easy to check that u is an
element of D,. On the other hand, near y = 0 the functions Dyu, yDzu and u/y all behave
like ¥’ and are thus do not belong to LP(S).

Finally, we establish that |V,u| and y| D2, u| belong to LP(S) also if -1 < 8 < —1/p.
This a bit unexpected fact relies on the results recently proved in [21]. In order to explain
how our operator fits in the setting of [21], we recall from (3.1) the definition of

D
Lyw = —Dgw +(B8+2) y®

- (ﬂ+2)%7

on smooth functions w = w(y) and compute s1 = —f — 2, s = —1, according to the
definitions given in Section 4 of [21]. Set
D(Ly) = {w € LP(0,+00) N W2P(0,+00) | L,w € LP(0,+00) and y~ 2w e LP(0, +00)
for every 6 € [0,1] s.t. — 8 —2+20 < %}

(see Proposition 4.2 of [21]). By Theorem 8.8 of [21], the operator —A = A, — £,, endowed
with the domain

D(A) = {ve LP(RY™) |v(-,y) € W?PRY) for a.a. y > 0,|V,0|,|D2v| € LP(RY ),

v(z,-) € W2P(0,400) for a.a. . € RN, L0,y %0 € LP(RYH)

loc

for every 6 € [0,1] s.t. —f—2+20< %} (3.21)

generates a bounded analytic semigroup in L? (Rf *1). Under more restrictive assumptions
on the parameter 3, which are fulfilled in our setting, it turns out that

|va\

D(A) = {UELP(E) |v(~,y) € W2’p(]RN) for a.a. y > 0, |V, \Div|, ,|D§yv|€LP(E),

v(z,-) € WEP(0,400) for a.a. z € RN, L,v,y™ v € LP(E)

loc

1
for every 6 € [0,1] s.t. —f—2+20< 5}, (3.22)
see Theorem 8.9 of [21], where E = RY ™!,

We can now complete the description of D, in the case —1 < 8 < —1/p which cannot
be much improved in view of Example 3.15.
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Proposition 3.16. Let —1 < < —1/p and b =0. Then the domain D, is equal to

DO .= {u € D.,, ’y|Diu|, |yD92;yu\7 |Vaul, Dyu— (8 + 1)u/y, —yDiu + B8Dyu € Lp(S)}.

par

Proof. Because of Proposition 3.13, we only have to show that D;u and yDZ-Qyu are contained
in LP(S) for v € Dy, i € {1,...,N} and D, = D,,. Set v = yu. We claim that v belongs
to the domain of A given by (3.21). We already know that v,|V,v|,|D2v|, |L,v| € LP(S)
(after truncating v near to y = 1 and then extending it smoothly in the whole halfspace).
It remains to show that y=2%v € LP(S) for every 6 € [0,1] such that —3 — 2 + 20 < %.
Recalling estimate (3.20), we have

1 1 p—1
)P =y e <0 [ipapa ([T eoera)
0 Y

The last integral is bounded if 8 < —1/p and grows logarithmically when 8 = —1/p. In
both cases, because of since p(5 + 2 — 20) > —1 and the choice of 6, we have the desired

assertion. From (3.22) we infer that % and |DZ v| € LP(S). Thus, by computing it
explicitly, we infer that |V,u| and yD2, u € LP(S) and the proof is complete. O

4 Analyticity and the main result on the strip

In a first step we use the domain description to deduce analyticity of the semigroup for b = 0
from previous results in [10]. The analyticity then allows us to add the drift term b- V,, to
our prototype operator on the strip.

Proposition 4.1. Let § € R and b= 0. Then the semigroup (T (t))¢>0 from Proposition 2.4
18 analytic.

Proof. We give the proof distinguishing the cases § > —1, f < —1 and g = —1.
la) Assume that 8 > —1. First, let 5 > —1/p. In Theorem 2.10 of [10] it is shown

that the operator —Af = (—A Dgeg) generates a strongly continuous analytic semigroup of

positive contractions in LP(RY*1), where RY ! = RN x (0, +00) and
Df,, = {ue LP(RYT™) nWEP(RY™) | [Vul, 3| Vul, y|D*u| € LP(RY ), u(-,0) = 0}.

reg loc

We transfer this result to the spatial domain S, using the operator Apé = (A, Dp,%) with
€ = 1/2 according to our notation. Choose functions nl, N2 € C*°(R) such that 0 < ny,m2 <
1, suppm C (—1,1), suppnz C R\ (=1, 1) and n + 73 = 1. Fix f € L?(S) and take A € C
with Re A > 0. We define

R =mA+ A" i f) + A+ 4, 1) (n2f)
on S, where n; = 7;(y) and the functions are restricted and extended by 0 appropriately.
Since R(\)f € Wy P(S) and y|D*R(N) f| € LP(S), the map R(\)f is an element of Dy,
and thus of D, by Proposition 3.9. Moreover (A+ A)R\)f = f + S1(A)f + S2(\) f, where
SIS =D+ AmIA+ AT f), SN f =D+ Aml(A+ A4, 1) (naf).
These functions are supported in (%, 1). Setting u; = (A + A*)~1(n1 f), one computes

S1(A)f = —2ym Dyu1 — ymy'ur + Bryus.
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The estimates for [|u; ||, and ||\/yDyu1|/, from Lemma 2.13 and Corollary 2.14 of [10] yield
positive constants C' and rq such that

C
151N flp < ml\fllp

for |A] > ro. A similar estimate can be derived for ||S2(A\)f||,- These facts imply that the
operator S1(A)+S2(A) has norm less than § and thus I+51(X)+S2()) is invertible, possibly
choosing a larger number r. Denoting its inverse by V(A), we infer that |[V(A\)|| < 2 for
|A| > 79 and that the function u = R(X)V(A) f belongs to D), = DY, and solves Au+Au = f.
The sectoriality of A* and A, 1 further imply the inequality [|ull, < CIN= £l so that
—A, generates an analytic semigroup.

1b) Let —1 < B < —1/p and fix ¢ < p < r such that 8 > —%. By step 1a), the semigroup
on L9(S) generated by —A, = (—A, D) is analytic. On the other hand, —A, is the generator
of a Cy—semigroup on L"(S) and the semigroups are consistent by Proposition 2.4. So the
Stein interpolation theorem shows that —A, generates an analytic semigroup on LP(.S).

2) Assume 8 < —1. For every ¢ € (0,1/2], the adjoint of A,. is given by A* =
—yA — (8 + 2)D, endowed with the domain D,/ .. Letting ¢ — 0, we infer that the
adjoint semigroup of (T'());>0 is the semigroup (T*(t)) generated in L¥ (S) by (—A*, D),
according to Proposition 2.4. Since —(8 +2) > —1, the semigroup (T (¢)):>0 is analytic by
part 1) and hence also (T'(t));>0 is analytic, by duality.

3) Finally, assume 3 = —1. Here the operators A, . are self-adjoint in L?(S;) for every
e € (0,1/2]. By approximation, it follows that A, is self-adjoint in L2(S). Since wy — Ay is
dissipative, we infer that As is sectorial. Therefore (T(t)) is analytic in L?(S). Again, the
Stein interpolation theorem implies that the semigroup (T'(t)) is analytic in every LP(S). O

We can now add the gradient term b - V u to the operator with b = 0 using a theorem
by Kalton and Weis on operator sums. This strategy was already used in [13]. Recall the
definition of D, in (2.6).

Theorem 4.2. Let 3 € R and b € RN. Then the operator —A, = (—A, D,) generates an
analytic semigroup on LP(S). Its domain D, is equal to

Dyeg = {t € Dyae N\ W'P(S) |y|D?u| € LP(S)}  if B < -1,
Dgar ={u € De, ’y|D§u|, y\D?DyuL |Vyul, Dyu — %u, yDju — BDyu € LP(S)}
Dpey = {w € Dyeg|u(,0) =0} if 5> .

Proof. 1) For b = 0 the result has been shown in Propositions 3.7, 3.9, 3.16 and 4.1.

2) Let b # 0. We split A defined on D,($,0) into Ag = —yA + D, and B =b-V,
with domain D(B) = {u € L?(S) | Bu € L?(S)}. By part 1) and Proposition 2.4, we know
D,(8,0) C D(B) and that (—Ao, Dp(5,0)) generates the analytic Cy-semigroup (Tp(¢))¢>0
of positive contractions on LP(S). Combined with Theorem 2.20 of [19], the corollary in
Paragraph 4d) of [25] now shows that (Ao, D,(8,0)) is R-sectorial of angle smaller that 7 /2.
On the other hand, B generates the positive and contractive Co-group (S(¢))i>0 on LP(S)
given by (S(t)f)(x,y) = f(x + bt,y). It thus has a bounded H>—calculus of angle 7/2 by
Theorem 10.7 of [19].
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The explicit formula for S(t) and part 1) imply that S(¢)D,(8,0) C D,(5,0) and
ApS(t)yu = S(t)Agu for u € D,(B3,0) and t > 0. Therefore, (A+ Ag) 1 S(t) = S(t)(A+Ag)~!
for A > 0 so that Tp(¢)S(t) = S(¢)ToH(t) because of the resolvent approximation formula
for To(t) from Corollary II1.5.5 in [6]. Paragraph II.2.7 of this monograph also shows
that the closure of (—(Ag + B), D,(8,0)) is the generator of the Cy—semigroup given by
U(t) =To(t)S(t).

Since the semigroups commute, the resolvents of Ag and B also commute. As the sum
of the above angles is less than m, Theorem 12.13 of [19] then shows that A = Ay + B is
closed on D,(8,0). Hence, (—A, D,(5,0)) generates (U(t))i>0. We still have to prove that
(U(t))¢>0 coincides with the semigroup (T'(t)):>0 generated by (—A, D,(5,b)) according to
Proposition 2.4. Let S.(t) be the restriction of S(t) to LP(S.). As above one deduces the
identity T.(t) = Tp,(t)S:(t), restricting A, Ay and B to D, .. By Proposition 2.4 the
operators E.Tj - (t)P. and E.T.(t)P. converge strongly to Ty(t) and T'(t) in LP(S) as e — 0,
respectively. Therefore the product

E.T.(t)P. = E. Ty . (t)P-E.Sc(t) P:

also tends to Tp(t)S(t) = U(t). We conclude U(¢t) = T'(t) and thus D, = D,(8,b) = D,(8,0)
is given as in the statement.

3) It remains to check the analyticity in the case b # 0. By the open mapping theo-
rem, the graph norms of A and Ay are equivalent on D,,. Since (Tp(t));>0 is analytic by
Proposition 4.1, we can thus estimate

AT @)ullp < c([[AcTo(®)SE)ully + 1 To(#)S(#)ullp) < Fllully
for ¢ € (0,1] and u € LP(S); i.e. (T'(t))i>0 is analytic. O

In the following corollary we state explicitly some estimates that have been proved along
the proofs and will be needed in the next section to deal with operators having variables
coefficients.

Corollary 4.3. Let -1 < < —% and b € RN. Then there is a constant C > 0 such that

”yD?pqu + ||yD:2vyqu + [|Vaullp + | Dyu — (B + 1)%“10 + ||yD§u - BDyqu < C || Aull,
for every u € D,.
We conclude the section by showing the generation result in a strip with arbitrary width.

Proposition 4.4. Let a > 0 and set S* = RY x (0,a). Let 3 € R and b € RY. Then
the operator (—A, Dg) generates an analytic semigroup on LP(S®), where the domain Dy is
given as in Theorem 4.2 with S replaced by S®.

Proof. Let T : LP(S*) — LP(S) be defined by Tu(z,y) = u(%,%). Then T 'AT en-

a’a

dowed with domain 7' D,, generates an analytic semigroup in L?(S%). By straightforward
computations 7' AT = a~'A and T~'D,, = D, so that the statement follows. O

5 Operators with variable coefficients

In this section we extend our results to operators on S with variable coefficients.
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5.1 Non-isotropic diffusion coefficients
Our investigation starts by considering operators with constant coefficients

R N+1
A= -y Z aijDij +b-V, +ﬂDy7

ij=1
where a;; = a;; €R b€ RY and 5 € R. We assume

N+1
Z a;;&&; > al¢?

ij=1

for some a > 0 and all £ € RV*1. Set M, = max |a;;|. The role of 3 in the previous section
is now played by the coefficient
-1
’y = 5 aN+1 N+1°
We are mainly interested in the case where —1 < v < —%, since in the remaining cases the

domain of the operator has full regularity and one can argue as in [10], see Theorem 6.4
below. Set

DY = {u € Dey |y|D3ul,y|D3yul, [Voul, Dyu— (v +1)%, yDiu — yDyu € LP(S)} (5.1)
and for any u € D”
lullpr = lyD3ully + lyD2yully + IVaully + lyDju — yDyully + [ Dyu — (v + 1) 3 l,-

The following theorem establishes the sectoriality of (—A, D7).

Proposition 5.1. Assume —1 < v < —1 and the above hypotheses. Then there are con-
stants o € R and C > 0, depending on N, p, b, v, M, and «, such that for every Re X > o
and f € LP(S), there exists a unique solution u in DY of Au+ Au = f. It satisfies

lully < CIAITHI£ 1l

and A
[ullpy < C[|Aully < C || flp- (5.2)

Proof. Let ¢ € C2(RV*1). Let @ be a non-singular matrix such that vajill a;jDij(z) =
Ay(Q1z) whenever ¢(z) = ¢(Q12z) with z = (z,y). Since the Laplacian is rotation invariant,
we may choose Q) = PQ, with P~! = P* in such a way that Q*en41 = keny1 for some

k>0 and
N+1

> aiDije(z) = Ap(Q2)

4,j=1

whenever ¢(z) = 1¥(Qz). This identity then yields k%ay, x4, = 1. Let ReA > 0 and
f € LP(S) be fixed. Let z = (z,y) € S and set Qz = (£,7) = ¢. Since the last row of Q
is keny1, we deduce that n = ky, therefore Qz € RY x (0,k) = S*. By a straightforward
computation, the equation Au(z) + Au(z) = f(z) in S is equivalent to

Akv(C) = nAv(Q) + b1 - Veu(C) +vDyo(¢) = kf(C),

20



in S* for u(z) = v(Qz) and a suitable b; € RY. Proposition 4.4 yields a unique solution
v € De,, of this equation satisfying

n|D2vl, 5 D2,0l, |Vevl, Dyv — (v + 1>%, nD2v — 4Dy € LP(SY).
From the formula Vu(z) = Q*Vv(Qz) we deduce

Dy u(z) = (Vu(Q2), Qei).

This function belongs to LP(S) since the last component of Qe; is zero and |Vev| € LP(S*).
Analogously, we have

Dyu(z) = <VU(QZ)3 Q6N+1> = <VSIU(QZ)5 (j> =+ kD?]U
where ¢ € RY contains the first N components of Qey1. It follows that
u _ v
Dyu(z) = (v +1) 7 = (Ver(@2),d) +K(Dyo — (7 +1). )
which yields Dyu(z) — (v + 1) € LP(S). Next we compute the second order derivatives,

starting from the general formula D?u(z) = Q*D?*v(Qz)Q. Set @ = (g;;). Recalling that
Gn41: =01if i < N and qn4q vy = k, we derive

N
nyL’ilL’ju = k_ln Z qri qu Dér&sv € LP(S)’

r,s=1

N N
yDyyu=k"'n Z @ri Gs nar Deev + k71 Z qri k De,qv € LP(S),

r,s=1 r=1

N N
yDZQJU — ")/Dyu = ]4?_1"7 Z qr N+19s N1 Dfrﬁsv + 772 qr N+1D§T77’U

r,s=1 r=1

—7(Vev(Qz),q) + kz(n Do — fyD,,v) e LP(9).

We have shown that there exists a unique solution u in D7 of Au(z) + Au(z) = f(z).
Proposition 4.4 also implies the asserted estimates. O

Corollary 5.2. Assume —1 < v < —%. Then there exist o’,C > 0 such that for every
u € D7 and X € C with Re X\ > ¢’ we have

VG Vaully + lly Dyull, < CIA2|Au + Aull,.
Proof. By Lemma 2.7 (iv) of [10] there exists a constant C' > 0 such that
9 C
VY Detllecs) < nllyDz,ulliecs) + Jollvllers) (5:3)

for every 0 < n < 1. So the estimates of Proposition 5.1 yield

|o(s) < Cnl| Aul, +

C

S C 1 R
full < G+ Al + 5 (14 2) v+ Aul
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if ReA > 0. Choosing n = |A\|7'/2, we get the first of the asserted estimates for any A with
Re A > ¢/ = max{c,1}. For the second estimate, we start from the interpolative inequality

C
ly Dyullo(sy < nlly*Daullpes) + g”uHLF’(S)
which holds for any 0 < 1 < 1 and can be proved as (5.3). Then
9 C
lyDyullre sy < nlly(y Dyu — yDyu)||Le(sy + nlyvlllyDyull e sy + g”u”m(s).
Since |y| < 1, choosing n < 1/2 we infer
9 2C
lyDyullLr(s) < 2n lyDyu — yDyull Lo sy + TH“HLP(S)~ (5.4)
We can now argue as before and conclude the proof. O

5.2 Operators with z-dependent coefficients
As second step we consider operators of the form

) N1
A=—y Z a;;(xz)D;; + b(x) -V, + (x) Dy,

i,j=1

whose coefficients depend only on the tangential variables. This step is important to under-
stand the general case. We assume that

(HO) a;; = aji, b; and B are bounded and uniformly continuous real functions on RY and
N+1

> aij(2)&&; > alé]? for some a > 0 and all £ € RVFL, 2 € RY;
ij=1
(H1) there exists o € |1, —%] such that B(z) = Yo @x1 v4. () for every z € RY | ie., the
p(z)

is constant in R™.
ANt1N+1 (l')

ratio

Set
Ma,p = max{]|as;lloc, [|billoc }-
Proposition 5.3. Assume (H0O) and (H1). Then there are constants o1,C > 0 (depending

on N,p,vo, Mgy, ) such that for every ReX > o1 and f € LP(S) there exists a unique
solution uw in D0 of the equation Mu + Au = f. It satisfies

lull, < CINTHIfll — and  Jlullpo < CIlIflp-

Proof. The basic ideas of the proof are the same as Theorem 3.1 in [10] though we have to
take care since the domain of the operator is not a weighted Sobolev space anymore. For
the sake of clarity, we give the complete proof.

1) We first solve Au + Au = f. Let {B(z,,r)} be a countable family of balls in RY which
covers RY and such that at most ¢y among them overlap. To shorten the notation, in the
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sequel we simply write B,, instead of B(z,,r). Let {n2} be a partition of unity subordinate
to such a covering; i.e., every 7, is a C'*° function with support contained in B,,, 0 < n,, <1,
S ni(z) =1 for every z € RY and sup,,cy [|n]|c2@y) < +00. Let € > 0 and choose
r > 0 such that

laij(z) — aij(zn)| + |bi(z) — bi(zn)| <& if |z —ax,| <, (5.5)

for every n € N. Set

N+1
A, =—y Z a;j(20)Dsj + b(xy) - Vi + B(zn)Dy

4,J=1

and notice that 8(z,) ayl, v, (zn) = Yo with 7o defined in (H1). For every f € LP(S) and A

with Re A > o, Proposition 5.1 then provides a unique u,, € D7 solving Au,, + Apun, = N f-
It satisfies o

Al
for some constant C' depending on N, p, 79, M and «, but not on n. Set

Rn<)‘)f = NnUn-

Hunllp < ||77nf||p and  |[un||prw < CHAnuan,

Then v, = R,(A\)f € D" and
A+ A)Rn()\)f =+ An)vn + (;1 — An)vn = nif + ([l — An)vn + [An, N Uy«

To estimate (A—An)vn, we add and subtract yo(@y 11 v11(2) — @11 w1 (2n)) Dyvn. Recalling
(5.5), we thus obtain the pointwise bound

(A— An)vn| < 05(|9D3:'Un‘ + |yDa2cyvn| + [Vavn| + |yD32ﬂ’n - ’YODyvnD
+ |*'YO(GN+1 vi1(Z) = anpi v (@) + (B(x) — B(mn))HDyvn‘
By (H1) we have

—70 (a'N+1 N+1(‘r) — 0N N+1('rn)) + ﬂ(i) - ﬁ(l‘n) =0
and therefore
||(A*An>vn”p§ CE(HyDiuanJr ”yDiyun”er HvzuanJr ||yDyun||p+”yDjun*'YoDyun”p)
<Ce(Anunlly + llunllp) < Ce((IN +Dllunllp + 172 f1lp)
<Ce|lfllzr (B, x(0,1))- (5.7)

Notice that yDyu, = y(Dyu, — (70 + 1)"7") + (70 + 1)uy, and therefore |[yDyu, ||, can be
estimated as well. Next, we compute

R N+1 N+1

i,7=1 i,j=1

By Corollary 5.2 it follows that

C
I[An, Nn]unllp, < WHfHLv(an(o,n), (5.8)
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if ReA > o', Set

“+o0 “+o0
NF= v, SNF =Y (A= An)vn + [An, nalun).
n=1 n=1
From above we deduce that

A+ AR\ f = f+ SN (5.9)

Estimates (5.7) and (5.8) imply that

C
IS fllp < ZCEHfHLP (B x(0,1)) T Z N2 [ £l (B, x(0,1))-

n=1

Since at most ¢y among the balls overlap, we get

SN fllp < enC <5 + /\|1/2> £l

We can now choose € > 0 sufficiently small and |A| large enough to get ||S(A)]] < 1/2. Hence,
for some w > 0 and all Re A > w the operator I+ S(A) : LP(S) — LP(S) is invertible and its
inverse V() is bounded by ||V (A)[| < 2. Equation (5.9) with V/(\) f instead of f thus shows
that u = R(A\)V(A)f € D" solves the equation Au + Au = f satisfying |lull, < T N £llp-

2) We next show the injectivity of A + A. According to the notation introduced in the first
step, if u € D and Re A > w, we can write

R,(N)(A+ jl)u = nflu + Fou+ Ghu,

where

Fou=n,((A+ An)"HA = A,) (au)), Gru =0, (A + An) 7 ([0, Au)).
Summing over n, it turns out that

“+o0
ZR )\+AU*U+ZFU+G u),

n=1

for every u € D, Let u € D satisfy (A + A)u = 0. The expression above implies that

+00
u=—> (Fuu+Gpu). (5.10)

n=1

We claim that v = 0. To prove this, we need to bound ||u||pv and |jul|,. It is useful to set

[vllpn = IvllLe (B0 x0,1))
V][50, = ||yD§:U||p,n + ”yDiyU”p,n + IVazvllpn + ”yDgQ;v —YDyv|lpn
+ [ Dyv = (o + D)7 llpm + 10llpn-
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We estimate F,u and G,u for every n > 1. To simplify the notation, we define

fﬂ - (12i An)(nnu)a 9n = [nnaA]ua
On = A+ An)ilfm Yy = ()\+An)719

As a consequence, we can write F,,u = 1,9, and G,u = 1,v%,. It is easily seen that

lpn + [y Dyenllpn)- (5.11)

1wl Do < llenllyon + C(lenllpn + VY Vaton
Estimates (5.2) and (5.6) imply
[enllvon < Cllfnlly < Cellmmullyon,

C Ce
lenllpn < m”anp < W M lyo,n-

On the other hand, Corollary 5.2 yields

C Ce
VY Vaenlpn + 1yDyenllpn < W”fnup < BYEE [7n2|~o,n (5.12)

for [\| > 1. As

1 ullyem < [lullye.n +C (Jlu

lp.n + [ Vaullpn + lyDyu|

pn) < lttllom,
we finally obtain

C C
Failloro < (Ce ) Imthn < (G 55 ) i (539

We also need a better estimate of the L” norm of Fj,u, namely,

C C
[Fnully < 757llfnllp < 7lltllyo,m, (5.14)
p ‘)\| b |)\‘ Yo
which easily follows from Proposition 5.1. Next, we consider the term G,u. Observe that

gnlly < C(llullpn + VY Veu

Replacing ¢, and f,, by ¢, and g,, respectively, in (5.11)—(5.12), we then infer

pn T ly Dyqu,n)-

Grullpro < C(llullpn + VY Vatllpn + Iy Dyullpn), (5.15)

and o o
[Gnully < 7llgnlly < 7 llullvo,n (5.16)
p |>\‘ p ‘)\| Yo

Formulas (5.10), (5.13) and (5.15) lead to

—+oo

C
Il < 3~ (054 5575 ) Tl

< exC (e oz ) o + exCllllly + VG Vaully + Iy Dyl )

+oo

+ VY Vaullpn + ly Dyullpn)

n=1
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We can now fix a sufficiently small € > 0 and choose sufficiently large |A| to obtain
[ullpvo < C(llully + VY Vaullp + [ly Dyullp)-
The interpolative estimates (5.3) and (5.4) then yield
[ullpro < Cllullp.

Moreover, from (5.10), (5.14) and (5.16) it follows that
C
< — .
[[ull, < B [[ul| Do
Combining the last two estimates, we conclude

C
[ufl oo < WIIUIImo-

Taking large |A|, we arrive at w = 0. Therefore, A + A : D7 — LP(S) is bijective for every
A € C with sufficiently large real part. By step 1), the operator A is sectorial which also
implies last estimate in the statement. O

As in Corollary 5.2 one obtains mixed estimates.

Corollary 5.4. Assume (HO) and (H1). Then there are constants o7,C > 0 such that for
every u € DY and A € C with Re\ > o] we have

IV Vaullp + lly Dyull, < C A2 A+ Aull,.

5.3 General operators
Finally we consider general operators

N+1
A==y > aij(z,y)Dij + b(x,y) - Vo + B(x,y)Dy,

i,j=1
under the following assumptions on the coefficients.

(Ha) a;; = aj;, b;, B are bounded, uniformly continuous real functions on RY x [0,1] such
Nt1

that Z aij (7, y)&& > aléf® for some o > 0 and all € € RNFL 2 e RN y €[0,1];
ij=1

(Hb) there exists o € |1, f%] such that

B(x,0) = Y0an11n11(7,0)

0
for every x € RV, i.e., the ratio M is constant;
ANy N+1($7 O)
Blxy)  B(,0)

(Hc) there exists L > 0 such that sup

< Ll|y| for some
zERN Anirine1(T,Y)  Aniinga(2,0) | |

§ > 0 and every y € [0,9].
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Set
M = max{]|aijlloc, [[billoc, [IBlloc -
Recall the definition of D in (5.1).

Theorem 5.5. Assume (Ha), (Hb) and (Hc). Then there are constants oo,C > 0 (depend-
ing on N, p,vo, M, ) such that for every Re A > o9 and f € LP(S), there exists a unique
solution u in D7 of the equation Mu+ Au = f. It satisfies

lullp < CINTHSllp  and  [lullpro < ClIflp.

Proof. We construct the solution by splitting the problem into one for the operator
B N+1
Ao =—y Z aij(z,0)Dsj + b(x,0) - Vi + B(x,0) Dy
i,j=1
and one for the realization Ay of the nondegenerate operator A in LP (R x I5) with Dirichlet
boundary conditions. Let € > 0. By (Ha) there exists 6. > 0 such that

laij(x,y) — aij(x,0)| + [bi(z,y) — bi(z,0)] <e,

for every z € RV and y with |y| < 6., for every i, j. Without loss of generality we assume
that . < &, where § is given in (Hc). Set I; = (0,4.) and I» = (%,1). Choose functions
m, 12 € C(R) such that 0 < ny,m2 < 1, suppm C (=6.,6), supprp € R\ (=%, %) and
ni +n3 = 1. Fix f € LP(S) and define

RO f=m(A+ Ao) (i f) + (N + Ao) " (n2f)

on S, where n; = n;(y) and the functions are restricted and extended by 0 appropriately.
Then R()\)f € D" and, setting u; = (A + Ag) " *(n1f) and up = (A + Ag) "L (n2f), we get

A+ AR f = f+m(A— Ao)us + [A, m]ur + [A, n2]us.

The proof then proceeds as that of Proposition 5.3. We explain the only change which
regards the estimate of (A — Ag)uq (see (5.6)) and in particular the coefficient of Dyu,. It
is now given by

o) B0 Y

clz,y) = —ya z,y)+ blr,y) =a x,
(z,y) Y01 n41 (T, Y) + B, y) N1 v y)<aN+1N+1(x,y) n o1 nen(2,0))

Thanks to assumption (Hc), the estimate
le(z,y)| < MLJyl,  and thus |e(z,y)Dyui| < Cy|Dyul,

holds true for any (x,y) € RY x I;. As in (5.7) and using Corollary 5.4, we deduce
- 1
7 (A = Ao)urlly < C(ellfllLe @y xry) + lyDyurllpr@y x 1)) < C<€ + W) I £l Lo (&Y x 1)
Moreover, as in (5.8) we estimate
C
I[A, mualp < W'|f||LP(RNxII)a

if |A| is large enough. The term [A,no]us is treated similarly, invoking classical estimates.
The remaining part of the proof can be performed adapting the ideas of Proposition 5.3. [
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6 The localization procedure

Let © be a bounded open subset of RN*! with boundary of class C? and let p be a function
in C2(RN+1) such that

Q={p>0}, 9Q={p=0} and Vg(§) =v(§), £ € 9.

Here, v(£) is the inward unitary normal vector to 90 at . Such a function ¢ can be
constructed by extending the distance function from the boundary of €. Let us introduce
the operator L defined as

N+1 N+1 B
L=—00&) Y ayj©)Dij+ Y _ bi(§Di; Q. (6.1)
ij=1 i=1

In the remainder of the section we shall assume the following conditions on the coefficients.
(H1) a;; = aj; are real-valued functions in C*() and satisfy the ellipticity condition

N+1

37 @i (€)¢i¢ > mol¢l?

ij=1
for some constant pg > 0 and all £ € Q, ¢ € RVNFL
(H2) b; are real-valued functions in C1(Q).

(H3) There exists m €]—1, —%] such that

b(§) -v(§)
(a(§)v(£), v ()

for all £ € 02, where b = (by,...,bn41).

m =

Define
M= _max (oo [0l

Let & € 092 be fixed. Following [10] and [11], in a neighborhood U = U (&y) of &y we consider
functions 6y, ...,0x € C?(U) solving the equation

N+1
D 00(9a6(€) =0, e, (6.2)
i=1

such that V8, (&), ..., VOn (&) are linearly independent. We then define the transformation
J:U—=RYTL €0 (0(6),0(6))

where 6(¢) = (01(€),...,0n5(€)). Due to (6.2), the Jacobian matrix of J at & is non—
singular. Therefore, possibly taking U smaller, we obtain that J is a C?-diffeormorphism
from U onto J(U). It further holds that

JUNQ) =JU)NRYT  JUNIQ) = J(U)N{y=0}.
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So (U, J) is a local chart. We denote by H the inverse of J. We can cover 992 by the finite
union V = Uy U---UU,, of open sets of the above type. Thus, below we may always assume
that U(&p) C U; for some of the U; and that J and H are restrictions of the diffeomorphism
on U;. Hence, all the derivatives of J and H up to the second order may be assumed to be
bounded by a constant independent of &,. To fix the notation, we suppose that

”JkHoo + HVJkHoo + ||D2JkHoo <L,
[Hlloo + [V Hilloo + [|D* Hi oo < L

forany k=1,..., N + 1. Such local coordinates have the advantage of transforming all the
vectors Vp(€) at points £ € U N Q into the normal direction at {y = 0} because of

(Jac J(€))Vo(€) = |Vo() en1-

It follows that

(JacH(z))en+1 = Vol§) (6.3)

[Ve(§)?

for z = J(€). Define ¢(z) = o(Hz), for z € J(U)NRY ™! Using Taylor’s formula with
respect to the last variable, for z = (z,y) we find that

¢(2) = oz, y) = ¢(2,0) + 9yé(z, 1) y
for some t € (0,y). Recalling (6.3), we obtain
9y9(2) = (Vo(Hz), (Jac H(z))ent1) = 1

with & = Hz. Therefore
p(z)=y ze€JU)NRYT

Given a function u : U NQ — R, set
Tu=uoH onJU)NRY™.

Of course,
ueIP(UNQ) <+ TuelP(JU)NRYT).

Ifue VVliCp(U N ), then one can check that VT'u = (Jac H)*(Vu) o H. Therefore
o|Vul e LP(UNQ) <=  y|VTu|l € LP(J(U)NRYT.
Moreover, equality (6.3) yields

Vo(§) - Vu(§)

DyTU(z) = <VTU(Z)aeN+1> = |VQ(§)|2
for £ = Hz which implies

Tu(z) _ Vol€) - Vu(€)
NZGE

u(§)

DyTu(z) — (m+1) 20

—(m+1)

By the definition of J we infer that

(Jac J(€)) "ent1 = Vo(€)
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implying
((Jac H)e;, Vo) = (e;, (Jac H)*V o) = (e;,en4+1) =0

for every i = 1,...,N. As D,,(Tu)(z) = (Vu(§), (Jac H)e;), we have

D, (Tu) € LP(JU)NRYTY) = (Vu,7) € L (UNQ),
for any 7 such that (7, Vo(§)) = 0 for £ € U N Q. Concerning second order derivatives, we
first compute

N+1
Diiju = ((D*u)(Jac H)e;, (Jac H)e; ) + Z Dyu Dy, Hy.
=1

Let u satisfy o|Vu| € LP(U N ). Then
yD2(Tu) € LP(J(U)NRYTY) = o(D*u)7,7) € LP(U N Q),

for any 7 and 7 such that (7,Vp(£)) = 0 and (7, Vp(£)) = 0, respectively, for £ € U N Q.
Notice that o|Vu| € LP(U N Q) follows if one supposes that the right hand side of (6.4)
belongs to LP(U N Q) as well as (Vu, 7). Analogously,

YD,y (Tu) € LP(J(U)NRYTY) <= o((D*u)7, Vo) € LF(UNQ),
for any 7 such that (7, Vo(£)) =0 for £ € U N Q. Finally, by the identity

D2u)Vo,V : !
yDy,Tu —mDyTu = Q<( wve Q> — mvg Vu + Z oDou D,y Hy
(=1

|Vol4 |Vol?

it holds

D*u)Vo,V
yDy,Tu—mD,Tu € LP(J(U)NRYH) = W —mVpo-Vu e LP(UNQ).

Moreover, all the constants involved in these equivalences are independent of £,. We define
D(L) as follows.
Definition 6.1. A function u € LP(2) N Wlicp(Q) belongs to D(L) iff

(Vu,7) € LP(Q) for any 7 s.t. (1,V) =0,

Vo Vu o((D*u)Vo, Vo)
N AT
o{(D*u)7,7) € LP(Q),  o((D*u)7,Vo) € LP(Q)  for any 7,7 s.t. (r,Vo) =0, (7,Vo) =0,

~(m+ 1)% e LP(Q), — MV Vu € LP(Q), (6.5)

where m s given in (H3).

Remark 6.2. If u € D(L) then p|Vu| € LP(2). This can be seen by the first requirement
of (6.5) and the second one after a multiplication by o.

The differential operator L is locally transformed into the operator £ given by

N+1 N+1
L=—y Y an(2)k+ Y (W(2) = yBk(2)) 0k (6.6)
h k=1 k=1
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with the coefficients
N+1
ahk(z) = Z aij(HZ)agjJ}L(Hz)agijk-(Hz),

i,j=1
N+1

Br(z) = Y aij(Hz)0¢.e, Ji(Hz), (6.7)
i,j=1
N+1

W(2) = D bi(H2)0e, Ju(Hz).
i=1

Notice that the sup—norms of all the coefficients of £ are controlled by constants depending
on M, L, ||D?¢l|s, but not on &. In order to deal with the class of operators introduced in
§5.3, we shall verify that £ satisfies assumptions (Hb) and (Hc). Since

v (2,0) =b(E) - v(§)
an v (2,0) = (a(§v(€), v(§))
for £ € 00O NU, (H3) yields that (Hb) is fulfilled with 79 = m. Next, consider the ratio

PYN-H(Z) - yﬂN-H(Z) - ')/N+1(Z) . /8N+1(Z)
Yy
[OFNETY N+1(Z) QN N+1<Z) [OFNETY N+1(Z)
and set

U(z) = _aval(®) T4,

[OF Y N+1(Z)

where ¢ = “’i. It follows that

aVe,Vo)
_ Vo(§) - VY(E) Vo) .V< b-Vo )
! V()2 V(&) (aVo, Vo)
and this function is bounded in a neighborhood of {y = 0} by the boundedness of the

coefficients a;j,b; and their first order derivatives. Therefore the operator £ verifies (Hc).
Eventually we are ready to state the main result of the section.

Theorem 6.3. Assume (H1), (H2) and (H3). The operator —L from (6.1) endowed with
the domain D(L) given in Definition 6.1 is sectorial in LP(€2).

Proof. We only sketch the proof. We cover Q by the open sets Ui,...,U,, constructed
before and an open set g whose closure is contained in 2. We construct a solution in
D(L) of the resolvent equation A\u+ Lu = f, for a given function f € LP(2), by solving the
equations Au+ Lu = fn; in U; for i = 1,...,m and Au+ Lu = fno in Qo, where {n?}™ is a
partition of unity subordinate to the covering {Qo, U1, ..., Uy }. The equation Au+Lu = fng
admits a unique solution ug € WO1 P(Qo) N W?2P(Qy), by classical results for nondegenerate
operators. For every ¢ = 1,...,m there exists a unique solution u; € D(L) of the equation
Au+ Lu = fn;, obtained by using the local chart constructed before and applying the results
of subsection 5.3 to the transformed operator. One then has to glue together the functions
U, - - -, Uy, as in the proof of Theorem 5.3. To this aim, we observe that the commutators
that turn out from the computations are first order operators involving the first order
derivatives multiplied by o. These terms are estimated by interpolative inequalities which
are obtained from those of Corollary 5.2 via local charts. The injectivity of A + L on D(L)
can be proved by similar arguments. O
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For completeness, we also state the variants of the above result if 3 > —1/p or 8 < —1 on
the level of the model problem. We omit the proof since it can be carried out as in [10]
based on the domain descriptions in Theorem 4.2. As noted, these results have already been
proved in [10] and [24] by different methods. We use the function

q(€) = Trn i £ €00,

and the domains

Dieg(L) = {u € W2P(Q)NWEP(Q)| oD*u € LP(Q)},

loc
DYey(L) = {u € WEP(Q) N W5 (Q) | oD*u € LP()}.

Theorem 6.4. Assume (H1) and (H2). If also Ig}znq > —1/p, then —L from (6.1) endowed
with the domain DY, (L) is sectorial in LP(Q). If maxg < —1, then —L on Dyc4(L) is

reg

sectorial in LP(Q).

Example 6.5. Let us consider Q = B1(0) in R¥*! and the operator
L=—-(1-[*A+cE-V

for ¢ constant. Then ¢ =1 — |¢|? and Vo = —2¢. Therefore

b-Vo ¢

(aVo,Vo) 2
The above theorems then show:

o If % < ¢ < 2 then —L generates an analytic semigroup in LP(Q2) endowed with the
domain given in Definition 6.1.

o Ifc< % then —L generates an analytic semigroup endowed with domain DY, (L).

e If ¢ > 2, then —L generates an analytic semigroup endowed with domain D,.q(L).
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