ASYMPTOTIC BEHAVIOUR OF PARABOLIC PROBLEMS WITH
DELAYS IN THE HIGHEST ORDER DERIVATIVES

ANDRAS BATKAI AND ROLAND SCHNAUBELT

ABSTRACT. We use semigroup methods to investigate the partial functional differential
equation u'(t) = Au(t) + f?r dB(0)u(t+ ) for a sectorial operator A on a Banach space
X and a function B : [-r,0] — L(D(A), X) of bounded variation having no mass at
0. Using a perturbation theorem due to Weiss and Staffans, we construct the solution
semigroup on a product space in order to solve the delay equation in a classical sense.
Employing the spectrum of the semigroup and its generator, we then study exponential
dichotomy and stability of solutions. If X is a Hilbert space, these properties can be
characterized by estimates on (A — A — C@(A))_l € L(X,D(A)). Related results on
stability also hold for general Banach spaces. The case B = nA with scalar valued 7 is
treated in some detail.

1. INTRODUCTION

Perturbations of parabolic evolution equations may lead to a loss of regularity if the
perturbing term is of the same order as the undelayed part and contains retardations.
This already happens in the case of the simple delay equation

u'(t) = Au(t) + BAu(t —r), t>0, u(t) = p(t), te[-r0, (1.1)

where A generates an analytic Cy—semigroup on a Banach space X, § € R\{0}, r > 0, and
¢ : [=r,0] = D(A). One can write this problem as a Volterra equation by transforming the
initial history ¢ into an inhomogeneity. In this framework, Priiss’ monograph [21] provides
a detailed study of the regularity of solutions of more general perturbation problems
with operator valued kernels, see Sections 7.4-7.6 of [21]. In particular, the solution
operator of the equation can be discontinuous at points ¢ > 0 which are determined by
the perturbation, [21, Thm.7.6]. In (1.1) this happens at t = kr, k € N, see [21, Ex.1.1].
Related investigations in a semigroup context were carried out for the problem

u'(t) = Au(t) + Ayu(t —r) +/_ a(s)Aqu(t + s)ds, t>0, (1.2)

u(t) = ¢(t), te[-r0]

for instance in [7], [8], [9], [16], [17], [18], [19], [26, Ch.8]. (Here the operators A; and
Ay are A-bounded and a € L?*[—r,0].) The very recent work [6] allows kernels K €
LY([—r,0], L(D(A), X)) instead of a(-)Ag, but assumes further mapping properties of K
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and A; with respect to extrapolated norms. All these authors write (1.2) as a problem
on a suitable product space X, as discussed in Chapter 3, which allows to incorporate
the initial history function ¢ into the new state space. On this space one constructs a
semigroup 77, which gives the solution of (1.2). The semigroup corresponding to (1.1)
turns out to be discontinuous in operator norm at any ¢ > 0, cf. [8, Thm.3.1]. A different
semigroup approach for problems arising in viscoelasticity was developped in [24].

The lack of regularity of (1.1) leads to severe problems in the study of the long term
behaviour of solutions. In the semigroup framework, it is not clear whether 7 satisfies
the spectral mapping theorem

a(T1(t)) \ {0} = exp(to(AL)), (1.3)

(Ap is the generator of 77) since 77, is not eventually norm continuous, cf. [11, §IV.3].
We will indeed show in Example 5.8 that (1.3) is violated in the case of (1.1) for certain
A = A* <0 on a Hilbert space X provided that |5] > 1.

In this paper we study the more general problem

0

u'(t) = Au(t) +/ dB(@0)u(t+6), t>0, u(t) = ¢(t), te[-r0], (1.4)
for a map B : [-r,0] — L(D(A),X) of bounded variation b with db([—t,0]) — 0 as
t \, 0. Imposing additional regularity assumptions on 6 — B(f), the solution semigroup
71, for (1.4) becomes eventually norm continuous. Then (1.3) holds so that the spectrum
of the generator Ay determines to a large extend the asymptotic behaviour of 7. This
fact is exploited in [9, §5] or [17] for (1.2) with A; = 0, in [2], [3] for B defined on
D((w— A)*) with 0 < a < 1, and in [11, §VIL.6], [32] for B defined on X. On the other
hand, the monograph [21] comprehensively treats the long term behaviour of a large class
of problems under various regularity assumptions on 6 — B(0) € L(D(A),X). Thus
we focus on functions B just being of bounded variation, where most of the results on
asymptotics of [21] do not apply.

In order to obtain positive results for such irregular problems, one may replace pure
spectral criteria by estimates on the resolvent of the generator Ay: On Hilbert spaces
Gearhart’s spectral mapping theorem characterizes in this way the exponential stability
and dichotomy of a Cy—semigroup. This fact was already used in [9] and [18] to deduce
exponential stability for the equation (1.2). On general Banach spaces theorems due
to Weis, Wrobel and van Neerven give sufficient conditions for the exponential stability
of classical solutions. See [20, §4.2] and the next section. On the other hand, Priiss has
established a version of Gearhart’s theorem for Volterra equations on Hilbert spaces in [21,
§11.2, 12.3] imposing norm estimates that extend Gearhart’s conditions on the resolvent.

In the present paper we treat (1.4) by means of a semigroup approach. We proceed
in this way mainly for two reasons: First, we can apply semigroup results as the Weis—
Wrobel theorem not available for Volterra equations. Second, an exponential dichotomy
on X cannot obtained for the Volterra equation since the initial data of (1.4) are X-
valued functions and not elements of X. However, the history function space X allows to
work with exponential dichotomies. Another motivation for the semigroup approach can
be seen in [24], [26, Ch.8]: It makes it possible to transform (with some effort) control

problems for delay equations into the standard setting of system theory. Having made
2



the decision to work with semigroups, we strive for arguments staying entirely inside this
setting. Thus our paper gives an alternative approach to some of the existence results in
Chapter 7 of [21] which were obtained by more direct perturbation arguments. But certain
drawbacks of the semigroup technique should be noted: On unbounded history intervals
the semigroup approach does not work well when investigating asymptotic properties. It
is further restricted to perturbation problems (1.4) for a generator A and, as we see below,
we will need an extra condition on A if X is not a Hilbert space.

In Section 3, we construct the solution semigroup directly by means of a perturbation
theorem for semigroups, which was established by Weiss, [31], and Staffans, [25], for
the study of feedback problems in control theory. The resulting semigroup then yields
the classical solutions of (1.4). To our knowledge, so far purely semigroup theoretic
approaches to (1.4) have been restricted to cases where B is more regular, see e.g. [2],
[11], and the references therein. In [24] a somewhat different situation with scalar valued
kernels defined on D(A) was studied. In contrast to our method, in [7], [16], [26], [32] the
problem (1.2) is first solved by fixed point arguments and then the solutions are used to
construct the semigroup.

As pointed out in [21, §13.6], in the present setting one can define the solution semigroup
for (1.4) only on history function spaces which enjoy the property of ‘maximal regularity’
with respect to A. This works for instance if A generates an analytic semigroup and
if one takes Holder or Besov spaces for the history functions. In this paper we use the
history function space LP([—r,0], X;), 1 < p < oo, and are thus forced to suppose that
A has ‘maximal regularity of type LP’, as introduced below. This property implies that
A generates an analytic semigroup. If X is a Hilbert space, then each generator of an
analytic semigroup has maximal regularity of type LP. (This is the framework of [7], [16],
[26].) For X = L9(Q), ¢ € (1,00), maximal L regularity has been established for large
classes of operators arising from pdes. These facts and other prerequisites are presented
in the next section.

Our main results are contained in Section 4, where we employ the semigroup 77 to
study exponential stability and dichotomy of the solutions to (1.4). The perturbation
approach of Section 3 immediately yields a first robustness result for the exponential
dichotomy of (1.4) valid in every Banach space X, see Proposition 4.2. We further use
the spectrum of the generator Ay, which we determine in Proposition 4.3. Our formula
for o(AL) seems to be a new result; even for (1.1) only certain inclusions were proven
in the literature, see e.g. [9, Prop.4.2], [19, Thm.9]. In particular, the spectrum of Ay
coincides with the spectrum of (1.4) as defined in [21, (11.7)], i.e., p(AL) = {X € C :
JH(A) == A=A — L)™' € L(X,D(A))}, where Lyxz = [dB(0)ez. In [21] the
norm H(\) in £(X, D(A)) is employed to determine asymptotic properties of solutions.
We show in Proposition 4.3 that the norm of R(\,.Ap) is essentially equivalent to the
norm of H(A) in £(X, D(A)). Combined with the results on the asymptotic behaviour
of semigroups mentioned above, Proposition 4.3 thus yields conditions for exponential
stability and dichotomy of (1.4) in terms of the growth of H(\). Our criteria are necessary
and sufficient in the Hilbert space case, see Theorems 4.4 and 4.5. These theorems lead
to refined robustness results in Corollary 4.6. So far we have dealt with the properties of
the solution u(¢) and its history u(t + -) at the same time. If one only considers u(t), one
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can weaken the assumptions on H(\), see Theorem 4.7. Our results for Banach spaces X
have no counterpart in [21]. After Theorem 4.4 we discuss the relationship between our
theorems and those in [21] for the Hilbert space case.

In the final section, we then treat the special case dB(0) = Adn(0), where 7 is scalar
valued and X is supposed to be a Hilbert space. The robustness conditions of Section 4
now translate into various sector conditions for the range of the Laplace transform of
dn which hence imply exponential stability or dichotomy of solutions. In some cases
these conditions turn out to be sharp: In Proposition 5.5 we show that if —dn is positive
and A is sectorial with angle 7, then growth and spectral bound of A coincide and
can be computed quite explicitly. Nevertheless, the spectral mapping theorem may be
violated, as shown in Example 5.8. These discussions extend and improve considerably
the corresponding results from [9] and [18] for the exponential stability of problem (1.2).

2. ASSUMPTIONS AND BACKGROUND

We first specify our assumptions for the problem (1.4). Let X be a Banach space with
norm ||x||, X7 be the domain D(A) of the operator A on X with non—empty resolvent set
p(A), r>0,1<p<oo,and ¢ € C([-r,0], X;). Throughout we fix a number w in p(A)
of A and endow X; with the norm ||z||; = ||[(w— A)z||. We further set R(\, A) = (A—A)!
for A € p(A) and denote by 0(A) = C\ p(A) the spectrum of A. Let L(Y, Z) be the space
of bounded linear operators between two Banach spaces Y and Z, where L(Z) = L(Z, Z).
The symbol — means a continuous embedding. We designate by a*, a~, a A b, a \V b the
positive and negative part and the minimum and maximum of real numbers, respectively.
Our main hypothesis reads as follows.

(H) A is a sectorial operator in X of type (¢, K,d), where ¢ € (7/2,7],d € R, K > 0,
with dense domain X; = D(A), A has maximal regularity of type L? and the
operator valued function B : [—-r,0] — L£(X7, X) has bounded variation b with
db([—t,0]) — 0 as t \, 0.

Sectoriality of type (¢, K, d) means that the sector ¥y 4 = {\ € C\{d} : |arg(A—d)| < ¢}
belongs to p(A) and ||R(\, A)|| < KA —d|™! for A € ¥4, It is well known that a
sectorial, densely defined operator A with ¢ > 7/2 generates an analytic Cy—semigroup
T = (T(t))i>0 on X. The operator A has mazimal reqularity of type L4 if, for some ¢q €
(1,00) and @ > 0 and every f € L%([0,a], X), the mild solution u(t) = f; T(t—s)f(s)ds
of the inhomogeneous problem

W) = Aut) + f(t), t>0,  u(0) =0, (2.1)

actually belongs to L7([0,a], X1) N W4([0, a], X) and solves (2.1) for a.e. t € [0,a]. If A
has this property, then it holds in fact for all ¢ € (1,00) and a > 0. It can be seen that
sectoriality of angle ¢ > 7/2 is a necessary condition for maximal L9-regularity and that it
is also sufficient if X is a Hilbert space. Analytic semigroups on X = L*(Q2), 1 < s < o0,
arising from pdes typically possess maximal Li-regularity, see e.g. [5]. Recently, Weis
obtained a breakthrough in this subject, [27]. He characterized those operators having
maximal regularity of type L7 by a ‘randomized’ version of the notion of sectoriality if X
is a UMD-space (e.g., X = L*(Q2), 1 < s < 00). We refer the reader to [1], [5], [10], [21],

[27] for these and related facts.
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We further need the real interpolation space Y = (X, X;);_1/p, for some fixed p €
(1,00). If X is a Hilbert space and p = 2, then Y is again (isomorphic to) a Hilbert space
(see (2.2)). Tt is well known that X; — Y < X and that

reY < T()rell (R X)), |zlly < cl|TC)x|lroa,x) < lzlly,  (2.2)

where the constants may depend on a and p, cf. [1, §1.2]. Moreover, the parts of A in
X; and Y (also denoted by A) are again sectorial with the same d and ¢. The analytic
Co—semigroups generated by the parts of A are just the restrictions of T'(¢) to Y and X;
(thus also denoted by T'(t)). See [1, Thm.V.2.1.3] for these properties. Moreover, the
parts of A have the same spectrum as A by [11, Prop.IV.2.17], and hence the spectra of
T'(t) and its restrictions also coincide due to the spectral mapping theorem, see below in
(2.7). We also need the continuous embedding

W2([0,a], X) N LP(]0,a], X1) — C([0,a],Y), a>0, (2.3)

proved in [1, Thm.II1.4.10.2].

Our main interest is directed to the asymptotic behaviour of solutions, as described by
the following concept (see e.g. Sections IV.2, IV.3, V.1 in [11]). Let C be the generator
of a Cy—semigroup U on a Banach space Z. We say that U has an exponential dichotomy
if there is a bounded linear projection P on Z commuting with U(t¢), ¢ > 0, such that
U(t) : QZ — QZ has the inverse Ug(—t) and ||U(t)P| < Ne ™%, |[Ug(—t)Q| < Ne™°
for ¢ > 0 and some constants N,d > 0, where () = [ — P. This property is equivalent
to the fact that the unit circle T belongs to the resolvent set of U(t) for some/all ¢ > 0.
Moreover, the dichotomy projection is given by

-1 / RO U@®)dr, ¢ 0. (2.4)

P =
271
We say that PZ and (QZ are the stable and unstable subspaces, respectively. If U has an

exponential dichotomy, then it is easily verified that the operator

R(is)x = / e S'T(t)Pdt — / e 'To(—1)Q dt (2.5)
0 0
is the inverse of s — A for s € R. This shows that

U has an exponential dichotomy = is € p(C), sup || R(is,C)| < o0. (2.6)
seR

The converse implication holds if X is a Hilbert space due to Gearhart’s theorem, [20,
Thm.2.2.4], but not in general, see e.g. [11, V.1.12]. If the spectral mapping theorem

o(U(t)) \ {0} = exp(to(C)), (2.7)
is valid, then already iR C p(C) implies the exponential dichotomy of U. If t — U(t) €
L(Z) is continuous at some t > 0, then (2.7) is true. In particular, the analytic semigroup
T generated by A satisfies the spectral mapping theorem. Thus, if o(A) NiR = (0, then we
have exponential dichotomies for 7" on X, Y, and X, and the corresponding projections
coincide on X due to (2.4).

Ezxponential stability is just the special case of exponential dichotomy where P = I or
the spectral radius of U(t), t > 0, is strictly less than 1. We further set

wa(C) = inf{a € R: |U#)(y — C)™|| < Mye®, >0}
5



for a € [0,1] and some fixed 7 > wy(C'). One has
s(C) :=sup{ReA: A € 0(C)} < wi(C) <wuo(C) <wp(C) < w(C)

for 1 > a > (8 > 0, and strict inequalities may occur, see e.g. Examples 1.2.4 and 4.2.9 in
[20]. Motivated by Gearhart’s theorem, one also introduces

so(C) = inf{a € R : R(\, C) exists and is uniformly bounded for Re A > a}.

Similar as in (2.5) one sees that s¢(C') < wp(C'), but again there are generators satisfying
so(C) < wo(C), [11, V.1.12]. In Hilbert spaces, however, Gearhart’s theorem implies
that wy(C') = so(C). This can be extended as follows: A Banach space Z has Fourier
type q € [1,2] if the Fourier transform maps L?(R; Z) continuously into L¢ (R, Z), where
1/¢+1/¢' = 1. Clearly, any Banach space has at least Fourier type 1 and Hilbert spaces
have Fourier type 2. If Z has Fourier type ¢, then L*(Q, Z) also has Fourier type ¢ if
q < s < ¢ by [12, Prop.2.3] (2 is a o—finite measure space). The Weis—Wrobel theorem
now says that

Wi %(O) S SO(C) (2.8)

if Z has Fourier type ¢q. This covers both the stability case in Gearhart’s theorem and
the inequality wi(C) < so(C') valid for every Banach space. The number 1/g — 1/¢’ in
(2.8) cannot be improved in general, see [20, Ex.4.2.9]. However, if (2.7) holds, then all
quantities wy(A), a >0, s(A), so(A) coincide.

Our existence Theorem 3.6 is based on a perturbation result due to Weiss, [31], in
Hilbert spaces and due to Staffans, [25], in Banach spaces; see also [23] for corresponding
work on non—autonomous problems. These authors work in the framework of so—called
regular systems in control theory. For the reader’s convenience, we collect here the con-
cepts and facts needed below. (In fact, [25] and [31] contain much more general results.)

Let Z and U be Banach spaces, 1 < ¢ < oo, and S be a Cy—semigroup on Z generated by
G. An output system for S is a family of bounded linear operators ¥, : Z — L1([0,t],U),
t > 0, satisfying

[Wirs2] (1) = [W2S(s)z] (T — 5) (2.9)
for 7 € [s,s+t], 2 € Z, and t,s > 0. Given U,, there is a bounded output operator
C : D(G) — U such that (¥;2)(1) = CS(7)z for z € D(G) and 0 < 7 < t. Moreover,
there exists the Yosida extension C of C' defined by

Cz = lim sCR(s,G)z for z € D(C) = {z € Z : this limit exists in U}.

It can be shown that T'(7)z € D(C') and
(U,2)(1) = CS(1)z, z€Z, ae 1€l0tl. (2.10)

These results are contained in [28], see in particular Theorem 4.5 and Proposition 4.7.
An input system for S is a family of bounded linear operators ®; : L1([0,t],U) — Z,
t > 0, such that
Dypsu = Py(u(- + 5)[[0,t]) + S(t) s (ul[0, s]) (2.11)
for u € LI(]0,s +t],U) and t,s > 0. To represent ®;, we need the extrapolation space
Z_4 of Z for G which is the completion of Z with respect to the norm ||R(w,G)z|| for

some fixed w € p(G), see [11, §IL.5] for the definitions and properties of these spaces. One
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can uniquely extend G to a bounded operator G_; : Z — Z_; which generates in Z_; a
Cy—semigroup S_; extending S. Every input system can be written as

Qpu = /Ot S_1(t — s)Bu(s) ds (2.12)

where the integral exists in Z_; and the input operator B € L(U, Z_1) is given by
Bug = 111% % D uqg (in Z_4) (2.13)

for ug € U (also denoting the corresponding constant function). These facts can be found
in [29], in particular in Theorem 3.9.

Given S(t), ¥; and ®,, we call bounded operators F; on L4([0,t],U), t > 0, input—output
operators if

[Frysul (1) = [Fi(u(- + )0, )] (7 = s) + [Wi s (u][0, s])] (T — 5) (2.14)

for 7 € [s,s+t],t,s >0, and u € LU([0,s+1],U). The system ¥ = (S(t), ®;, ¥y, Fi;t > 0)

is called regular if
1 t
lim— [ [Feuol(7)dr =0, (2.15)
t—0 t 0

see [30]. It can be then shown that Fu(r) = C Jo T-1(7 —0)Bu(o) do for u € LI([0,t],U)
and a.e. 7 € [0,¢], but we will not use this fact.

A bounded operator K on U is called an admissible feedback for a regular system 5 if
I — F.K is invertible on L4([0,¢],U) on some (and hence all) ¢ > 0. Then

Gk =G_1+ BKC  with D(Gg)={2¢€ D(C):Ggz€ Z}

(the sum is defined in Z_;) generates the unique Cy—semigroup Sk on Z such that
t
Sk(t)z=S(t)z + / S_1(t — ) BKCSk(s)zds
0

for 2 € Z and t > 0. Here one has C'Sk(-)z = (I — F,K)~'U,z for z € Z. Observe that
the perturbation BKC acts from an intermediate space between D(G) and Z into a space
larger than Z. This perturbation theorem was proved by Weiss, [31, §6+7], in the Hilbert
space setting; the above version is due to Staffans, [25, Chap.7].

3. EXISTENCE OF SOLUTIONS
We want to recast (1.4) as a perturbation problem for a semigroup on the product space
X = (X, X1)1_%,p x LP([-r,0],X1) =Y x LP([—r,0], X1)
endowed with the norm || (;) lx = llzlly + |¢llze(=r0),x1)- Throughout we suppose that
(H) holds and fix some p € (1,00). We first define

Tt+60)x, 0e€[-r0,t+0>0,

(Tiw) (9):{0’ 0¢cl—r0], t+0<0,

e(t+6), 0e|-r0],t+60<0,
0, 0e[-r0],t+6=>0,



for x € X, ¢ € L'([-7,0],X), and ¢ > 0. Observe that S(¢) yields the left translation
semigroup S on LP([—r,0], X;) generated by Dyp = d%go with domain D(Dy) = {p €
Whe([=r,0], X1) : ¢(0) = 0}. Clearly, p(Do) = C and

R(A\, D)y (0) = /00 A0 p(s) ds = /90 M0 — s) ds, 0 € [—r,0]. (3.1)

We further set Dy = Lo for ¢ € Wh([—r,0],X). Employing these mappings, we
introduce the matrix operators

T(t)z(Tg) S((]t)) and A:<§ 10))

on X with D(A) = {(i) € Xy x WhP([—r,0], X1) : ¢(0) = x}. Finally, we set (exz) () =
eMz for v € X, A € C, and 6 € [—r,0].

Lemma 3.1. Assume that A generates an analytic Co—semigroup T on X. Then A
generates the Co—semigroup T = (T (t))>0 on X. Moreover, wy(A) = wo(A), o(A) =
o(A), and

R(A, A) = (ef]é?;\:t)l) R(A? DD)) Ry A€ p(A).

Proof. Due to (2.2), 7 (t) is a bounded operator on X and 7 (t) (Z;) — (2) inXast—0.
It is easy to verify that 7°(-) is a semigroup with growth bound wy(A), cf. [2]. Thus 7 is
a Co—semigroup whose generator is denoted by A. Taking the Laplace transform of 7T,
we see that R(\, A) = Ry for Re A > wo(A).

Let A € p(A). One can check in a straightforward way that Ry X C D(A), (A—A)R\ =
I, and R (A — A) (z) = (;) for (i) € D(A), cf. [2]. Hence, A € p(A) and R(\, A) = R,
for A € p(A). This fact also shows that A = A.

Assume that A € p(A). If (A — A)x = 0 for some x € X, then (efx) € D(A) and
(A—A) (efx) = 0; so that z = 0. If y € Y is given, then there exists (:}) € D(A) such that
(A—A) (;) = (¥). In particular, € X; and (A — A)z =y, and hence Az € Y. Therefore
A belongs to the resolvent set of the part of A in Y, so that A € p(A). O

Using the matrix A, one can rewrite (1.4) as the evolution equation

() = ACE) +£CE). =0 (&) = (1), 32

v (1) v(0) ¢

on Xa where NS Wl,p([_r’ 0]7X1> - C([_T7 0]7X1>7

° 0 L
Lo :/ dB(0)p(0), and L — (O 0) |
compare the proof of Theorem 3.6. Observe that the perturbation £ maps Y X
C([-r,0],X;) into X x LP([—r,0], X;); that is, it acts from an intermediate space be-
tween D(A) and X into a space larger than X. In order to deal with this difficulty, we

want to use the Weiss—Staffans theory introduced in the previous section. The basic idea
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is to factorize £ = BC via the space Y = X x LP(|—r, 0], X7) and the continuous operators

0 0

C = (8 R(w(’]A)L) L X x C([-r, 0], X)) — U

B (w‘A 0) U= X x ([~ 0], X)),

(recall that w € p(A) was fixed). Observe that C € L(D(A),U) if we endow D(A) with
the graph norm. For technical reasons, we work primarily with the corresponding input
and output maps defined by

()= (L), (v oo
oo () () ot oz

where [g,(5)](0) =T(s+0)z if s+60 > 0 and [g,.(s)](0) = p(s+0) if s+6 <0, for § €
[—r,0] and s € [0,¢]. Let ¢t,s > 0 and 6 € [—r,0]. Observe that [T;_s(w — A)u(s)](0) =0
ift—s+6<0, and

(Ti—s(w — A)u(s)](6) = T(t + 6 — 5)(w — A)uls)

if t — s+ 6 > 0. Hence, the second component of &, (1;) is equal to

(t+6)*
/0 T((t+0)" — $)(w — Ayu(s)ds,  0€[—r,0].

In what follows, we do not distinguish in notation between a function defined on an
interval and its restrictions to subintervals.

Lemma 3.2. Assume that (H) holds. Then W, can be extended to a bounded operator
from X into LP([0,t],U) such that H‘I’t(z)HLP([O,t],u) < Oy HBHBVH@)HX for (Z) € X,

€ [0,7], and a constant Cy only depending on p, w, r, and the type of A. Moreover ®,
and VU, t > 0, are input and output systems for T .

Proof. 1) By maximal regularity and the embedding (2.3), ®; maps contiuously into X

Let ( ) e L} (Ry,U)and t,s > 0. Then
uw\ fOST(t—i-S—T)(w—A)U(T) dr
T (t)D, (f) = ( It s) ), where

I(t,s) (0) = {fo (t+0+s—7)(w—Au(r)dr, t+6>0,0¢c][-r0],

D ((t 40+ 5)T = 7)(w = A)u(r)dr, t+0<0, 0€[-r,0]

On the other hand,

u(-+s)\ fss+t Tt+s—7)(w—Au(r)dr
b ( f+ s)) B ( AT+ 0) + 5 — 1) (w — A)u(r) dT)

so that (2.11) is verified.



2) Identity (2.9) is clear on D(A). Let (f;) eDA),0<t<r,and 1/p+1/p = 1.
Using Holder’s inequality, Fubini’s theorem, and (2.2), we estimate

1

10 toazn = [ [ 1RG0 AL + S, 5]

<[ [ 1) 16+ 0l avo >}d};+[/t[/_ (s + ), db(®)]"ds]”
<18 ([ [ [ s ot e+ [ [ [ ot + o, aveyas])
<1813 ([ [ [ 1ts v oy, asanes % //mnwwnp asas)]”)
<1813 ([ [ el @]+ [ [ ol 0)])

<c|Bllav ;)
The assertions for ¥; can now easily be deduced, cf. [23, Lem. 2.3]. O

In the next lemma we compute the Yosida extension C of C for a class of vectors which
is large enough for our purposes, namely

De = {(%) € X, x C([-,0], X1) : 9(0) = z}.

Lemma 3.3. Assume that (H) holds. If (f;) € D¢, then (i) € D(C) and é(i) = C(i) =
(R(w, A)Lp,0)T. Moreover, T (t)Dc C D¢ fort > 0.

Proof. By approximation, we see that W, (;) = (R(w,A)Lg, ,,0)" for (z) € D¢, cf. (3.4).
Moreover, the function s — g, ,(s) € C([—r,0], X;) is continuous so that s — ¥, (z) (s) €

U is a continuous for s > 0. This implies the first assertion thanks to [28, Prop.4.7]. The
second one is clear. O

In order to define the corresponding input—output operator, we use the space Xy =
D(A?) and introduce

[Ft(?)] (s) = C@S(;) for ( ) e Ll (Ry, Xy x LP([-r,0],X;)) and 0<s<t.
Observe that for these inputs we have &, ( f) € Dec.

Lemma 3.4. Assume that (H) holds. Then Fy, t > 0, can be extended to bounded opera-
tors By : LP([0,t],U) — LP([0,t],U), where ||F¢|| < Cydb([—t,0]) fort < r and a constant
Cs only depending on A, p, w, r. These extensions are reqular input—output operators for

S(t), q)t and \Ijt.

Proof. Identity (2.14) is an easy consequence of (2.10) and Lemmas 3.2 and 3.3 if (;) €
LY (Ry, Xy x LP([—r,0],X7)). For 0 < ¢t < r and using Hoélder’s inequality, Fubini’s

loc
theorem, and the maximal regularity of A, we further estimate

t s p
|| FF; (?)HIEP([OJ]M) = /0 L/O T r(w— A)u(r) dTHde

s/ot [/_0 /OMT(HQ—T)(U)—A)U(TMT

10
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S/tb(—s)p—l 0, ps+o T(s+6—7)(w— A)u(r)dr ;db(e)ds
// H/ (0 = 7)(w — Au(r )drp do db(0)

! / t / ()%, dr db(6)

S Cb(_t>p ||u||z£p([0,t]7xl) .

Thus F; can continuously be extended to a bounded operator in LP([0,¢],U) if t < r. Due
to (2.14) and Lemma 3.2, this extension can be carried out iteratively for all ¢ > 0 and
(2.14) remains valid. To check the regularity property (2.15), we first compute

b C) - ((wlj AAfosfi) T i)deT) - (R(ws;A)x> i (w —xT_((Zf)f*)x)

for (Z) € U (also denoting the corresponding constant function). Approximating = in X;
by z, € X5, we see that

R <Z> (s) = (wR(w,A)L fog‘*')* T(7)x dT) .\ (R(w,A)L(:c —OT((5+ -)+)x)>

for 0 < s < t. Therefore F; (Z)(s) — 0in U as s — 0, and F; is regular. O

So we have established that (7 (t), ®;, U, [F;) is a regular system. But we still have to
identify the operator defined in (2.13), which we temporarily denote by B : U — X_;.
Besides the extrapolation space X_; for A, we need the space Z = X x L'([-r,0], X;)
endowed with its natural norm. Note that B maps U into Z.

Lemma 3.5. Assume that (H) holds. Then X — Z < X_, and B = B.

Proof. 1) One can extend R(w,.A) to a continuous and injective operator R : Z2 — X
(having the same representation) due to Lemma 3.1. Let v € Z. Then there are v, € X
converging to v in Z. Since

lvn = vmllx_, = Ry — vi)llx < cl|vn — vl 2,

(vn) is a Cauchy sequence in X_;. We set Jv = (v,,) + N, where N is the space of null
sequences in (X, |- ||x_,). Observe that J : Z — X_; is well defined, linear, and bounded.
If Ju =0 for some v € Z, then v, — 0in X_4, i.e., Rv, — 0 in X. Hence, Rv = 0 which
shows that v = 0. So we have embedded Z into X_;.

2) It remains to compute the limit defining B. For t € (0, 7] and ( ) €U, one has

L O e O e I fgt“*f Tf(f . -S>)+(li ;>2I—df4>x )

d
= ( fo s)a ds ) where

Cw fo Yo ds + 1
11



1,(0) = / T w0 ) /0 " P (s)eds dr

—tveo

0 t+71
= / ew0=m [w/ T(s)xds+x—T(t+ 7‘):1:} dr,
0

—tvo

1e(O)]lx, < et (t]z]lx, + sup [[T(0)z — x| x,)-
0<o<t

As a result,
1 T v\ (w— Az x
R(w,A);@t (4,0) — (ewx) = R(w,A)( 0 ) = R(w,A)B(gp)
in X as t — 0, which means that %CI% (;) — B(f;) in X_;. O

We now come to the main result in this section, where we construct the solution semi-
group for (1.4) using the above set-up.

Theorem 3.6. Assume that (H) holds. Then the operator

Ap = (A L) with

0 D (3.5)
D(Ay) = {(:) € X1 x WH([—r,0], X)) : ¢(0) =2, Lo+ Av € Y}
generates the Co—semigroup Ty, on X satisfying
Ti(t) (2) —T(t) @) + /0 T 1(t — $)BCT,(s) (Z)) ds (3.6)
B T(t)x fo (t —s)Lv(s)ds
B (Tt:l:—i— S(t)<p> * ( fo Ti_sLv(s)ds ) (3.7)
forv(t) = [ﬂ(t)(;)]g, (f;) € D(AL), and t > 0. Moreover,
ICTL () e onz < 2Ck [1Bllsv [[(5) ]+ (3.8)

for t € [0,to], ( ) € X, the constant Cy of Lemma 3.2, and a number ty € (0,r] such
that db([ tg,0]) < (2Cy)~Y, where Cy is given by Lemma 3.4. If ¢ € WLP([—r,0], X1),
then v = [T(-) (“" )) belongs to CY(Ry, Y)NC(Ry, X)) NW2P (R, X1) and solves (1.4).
]

Moreover, [v(t) ( ) = u(t + 6) where we set u(t) = ¢(t) for —r <t < 0. The solution of
(1.4) is unique in the class P, (R, X;) NWLP(R,, X).

Proof. Lemmas 3.1, 3.2, 3.4, and 3.5 show that X = (7 (t), d;, ¥y, F;) is a regular well-
posed system with input and output operators B and C. Lemma 3.4 also yields that I —TF,
is invertible on LP([0,¢],U) and ||(I — F;)7!| < 2if 0 < ¢t < #5. Therefore we can apply
Theorems 7.1.2, 7.1.8, 7.5.3(iii), and Remark 7.1.3 of [25]* to deduce that the operator

A=A +BC with D(Ap):={(?) € D(C): AL (%) € X} (3.9)

(the sum is defined in X_;) generates a Cy—semigroup 7;, on X satisfying (3.6) with C
replaced by C and that
CTL()(5) = (I = F) 0y (7) (3.10)

*The feedthrough operator D in [25] equals 0 in our setting.
12



for (ZZ) € X. Estimate (3.8) thus follows from Lemma 3.2. Using the representation of

D(A}) established below and Lemma 3.3, we also see that we can replace C by C in (3.6).
This equation further yields (3.7) because of (2.12) and Lemma 3.5.

We have to verify that A, = Ay. Take (;) € D(AL). Due to Lemma 3.1 and (3.1), we
obtain

AXR(X, A) <j;) = <D€A>\R(A,}\j§(j\r’fl))x}%(/\, Do)@)

- ()\eA(AR(A,A))\f Jj(i) ﬁ)AR(A,DO)Dgo) 7 (SZ)

in Z as A — oo. This limit also exists in X_; by Lemma 3.5 so that A_; (z) = (SZ) €z

on D(AL). Moreover, D(A) € D(C) and C = C on D(A) by Lemma 3.3. Thus the
operator A, defined by (3.9) extends A, given in (3.5). The two operators coincide if
1 — Ay is surjective for some pu > wo(AL). So let (Z) € X and set ¢ = e, x + R(p, Do)y
for € X; and > wo(AL) V d V0 to be determined. Using (1 — D)y = 9, we see that

(2) € D(AL), (n—AL) (%) = (4) <= = — R(p, A)Lea = R(u, A)(LR(1, Do)t + y).
(3.11)
We have to find p and z satisfying the right hand side of this equivalence. Observe that
| R(pt, A)|l2ex,x) < 142K for pp > p1p > 0 and a sufficiently large po. We further estimate

0 —€
[Lewalls < [ erand) el + [ e an(s)

< (db([=&,00) + [ Bllsv ) [|#]|x,
1

< -
= 2(1 + 2K) lzllx,

(3.12)
for sufficiently small e € (0,7) and large p > po (here we use (H)). We can thus invert
I — R(p, A)Le, in L(X) for a fixed p to obtain € X, satisfying (3.11). So we arrive at
the asserted representation for Ajy,.

Finally, take (Z;) € D(AL). Then the function (¥) = ’]}J()(z) belongs to C'(R,, X),
( 0 ) € D(Ay), and we have (Z‘:Eg) = Ag (2‘8) In particular, u € C'(Ry,Y) and v €
C(Ry, Whr([—r,0], X;)) fulfill the equations u'(t) = Au(t) + Lv(t) (the sum is taken in

X) and v'(t) = Dov(t). Thus u € C(Ry, X;) and the equation for v yields

u(t+0), t+6>0,60¢€ -0,

(3.13)
p(t+0), t+60<0,0¢][-r0,

()] (0) = {

because [v(t)](0) = u(t) and v(0) = . As a result, we have solved (1.4) in the re-
quired regularity class for the initial history ¢. To prove uniqueness, assume that
u e IP (R, X,) N WEP(R,, X) solves (1.4) with ¢ = 0 and extend u to [—r,0] by 0.

Let 7 € (0,7]. Then we estimate

[ i < [ [ as@yiats + o1 as < @iy [ o), as

13



using Young’s inequality for measures. The maximal regularity of A and (1.4) thus imply

/0 lu(s)|%, ds < e (db[—r, 0] / u(s)|1%, ds

for a constant ¢ > 0 only depending on A and r. As a result, u = 0 on [0, 7] for some
small 7 > 0. Iterating this argument, we obtain v =0 on R,. 0

Theorems 7.4-7.6 in [21] imply similar results on a.e. solutions of (1.4) assuming less
regularity for the initial data. In fact, the problem is studied in [21] in full detail. The
main difference is that Priiss achieves (with much effort) to work on X itself, whereas we
only come arbitrarily close to X letting p — 1. For later use we further establish a result
on the inhomogeneous problem with more general initial data using the above setting.

Proposition 3.7. Assume that (H) holds. Let (Z) € X and f € LP(J)Y) for J =1[0,T]

and some T > 0. Then there is a unique v € LP(J, X1) NW'P(J, X1) N C(J,Y) solving
0
u'(t) = Au(t)+f(t)+/ dB(Q)u(t+0), a.e. t >0, u(t)=p(t), a.e. t €[—r0], (3.14)

=T

which is given by

N _z () s [ mi—s (T as >0 (3.15)
(ut) (90> /o ( 0 >

Proof. The uniqueness of solutions can be proved as in Theorem 3.6. Denote by (:}”Eg) the

right hand side of (3.15) for given (Z) € X and f € LP(J,Y), and extend u by setting
u(t) = o(t) for t € [—r,0].

First take regular data (Z) € D(Ay) and f € CYJ,Y). In this case (!) €
C(Ry,D(AL)) NCHR,, X) solves

u' (1) _ u(t f(t u(0)y _ (=

(’U/Et))) - AL (vét%) + ( (()))’ t =0, (fugog) - (Lp)’
due to standard semigroup theory. Therefore v(t) = u; and u € C*(R,,Y)NC(Ry, X;)
satisfies (3.14). This shows that

t
uw(t) =T(t)x + / T(t —s)(f(s) + Lus) ds, t>0. (3.16)

0
Second, we approximate given (2) € X and f € LP(J,Y) in these spaces by (;Z) €
D(Ap) and f € C'(J,Y). Denote by (*) and (Z:) the right hand side of (3.15) for these
given and approximating data, respectively. Then (3.15) implies that u,, converges to u in
LP([—r,T),X1)NC([-r,T],Y) and v(t) = u;. Observe that s — Lus belongs to LP(J, X).
Thus we can pass to the limit also in (3.16) so that (3.16) holds for general data, too.
The assertion then follows from the maximal regularity of A. U

4. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS

We start with a robustness result for exponential dichotomy based on (3.6) and the
following lemma.

Lemma 4.1. Assume that (H) holds and that c(A)NiR = 0. Then T has an exponential
dichotomy on X with the same exponent, and the dimension of its unstable subspace

coincides with that of T'.
14



Proof. By assumption, 7" has an exponential dichotomy on X and Y with projections
P and @ = I — P and constants N,§ > 0. Moreover, Q = T(1)TH(—1)Q so that
Q€ L(X, X)) and QX = QY. We define

o= (TQ?')Q 8) '

Clearly, Q is a bounded projection on X, dim QX = dim QY = dimQX, and 7(1)Q =
Q7 (t). The inverse of 7(t), t > 0, on QX is given by

To(—t) 0
To(—t) = N :
o= (TQ(—t+ )@ 0)
This formula implies that ||7o(—t)Q| < Nye ™ for t > 0. Fort > 7 and P =1 — Q, it

holds
_(T(@) 0 P 0\ (T@tP O
ror =" ) (e 1) (1 ¢
so that ||7(t)P|| < Nae™® for t > 0 and a constant Ny. O

We remark that one can prove that 7 is eventually norm continuous using (2.2) so that
7 satisfies the spectral mapping theorem (2.7). Combined with Lemma 3.1, this fact also
shows that 7 inherits the exponential dichotomy of T'; but this argument does not yield
the preservation of the dimension of the unstable subspace.

The following results describe the asymptotic behaviour of 7. Note that the exponen-
tial stability of 77, implies that

lu(@)lly + luello(-rox0) < Ne?™ (I O)lly + lelzog-roxn), >0,

for the solutions of (1.4). Further, the exponential dichotomy of 77, leads to an dichotomy
on the level of the history functions u; € LP([—r, 0], X;).

Proposition 4.2. Assume that (H) holds and that c(A)NiR = (. If || Bl gy is sufficiently
small, then 77, has an exponential dichotomy on X and the dimension of its unstable
subspace coincides with that of T. If, in addition, T is exponentially stable, then also 7j,
15 exponentially stable.

Proof. Due to (3.6), (3.8), (2.12), and Lemma 3.2 we have ||7.(to) — 7 (to)| < c||Bllsv
where ¢ does not depend on B and ¢y > 0 is given by Theorem 3.6. Thus Lemma 4.1 and
[22, Prop.2.3] show the assertion provided that || B||py is sufficiently small. O

In the above proof we have used Proposition 2.3 of [22] which deals with non-
autonomous problems. In the present situation one can in fact replace this result by
simpler arguments based on standard spectral theory, cf. Corollary 4.6. We have not
specified the smallness condition for ||B| gy in Proposition 4.2. Inspecting the proofs,
one sees that it involves r, p, w, the dichotomy constants N,d of T', the type of A, a
constant related with the maximal regularity of A, and the decay of db(|—t,0]) as ¢ \, 0.
But the approach of Proposition 4.2 does not give very sharp conditions and is of course
restricted to operators A having an exponential dichotomy. To obtain further results, we
now employ the spectrum of A;. We first compute (A7) thereby improving and extend-

ing various facts established in [9]. See also [19] for an investigation of the (generalized)
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eigenfunction spaces of Ay, for (1.2), and [2], [11], [32] for the case of more regular B. We
set Ly =Ley: X; - X and C, ={\ € C: Re A > a}.

Proposition 4.3. Assume that (H) holds. Then
p(A)={AeC:IHN) =(AN—-A—-Ly) "' e L(X, X))},
_( H) H(A)LR(A, Do) _.
R AL) = (eAH(A) (exHO\L + )R\, Dy)) = &
IR AL |2y < ca [lHA) | 2ex,x0),

for X € p(Ar) with ReX > a for some a € R. Moreover, if ||H(N)| zx,x,) i unbounded
on a closed subset of Co, N p(AL) for some a € R, then ||R(\, AL)||zx) s unbounded on
the same set.

Proof. 1) Assume that H(A\) = (A—A—Ly)™' € L(X, X;) exists for some A\ € C. Then it
is clear that R is a bounded operator on X'. More precisely, since ||e,||, and the norm of
R(\, Dy) : LP([—r,0], X;) — C([—r,0], X;) are uniformly bounded for Re A > a, one has
the estimate |Ry||zx) < ¢o [|[HN)| zex,x,) if ReA > a. Take (;) € X. Then (3}) = RA(ZZ)
belongs to X; x W?([—r, 0], X;), ¥(0) =y, and

Ay + Lp = (A + L) H(Nx + (A + Ly)H(A)LR(A, Do)g + LR(\, Do)g
— MH(A\)z — 2z + NH(A)LR(X, Do)

=\y—x €Y.
This shows that R (f;) € D(AL) and (A —AL)R, = I (notice that (A — D)ey = 0). Thus
A— Ay is surjective. Let (A—.Af) (;) = 0 for some (Z) € D(AfL). Then ¢ = e,z and hence

(A—A—Ly)z =0,so that z =0 and ¢ = 0. As aresult, A € p(AL) and Ry = R(\, AL).
2) Conversely, let A € p(AL). We extend Ay, to an operator on W = X x LP([—r, 0], X;)
by setting
't A L it T 1p
A=y o) DA ={() € Xu x WH([=r,0], X1) : (0) = z}.

Observe that Ay is the part of A, in X. As in (3.12) we can choose a sufficiently large
p > wo(Ag) V d such that || L, R(u, A)| zx) < 1/2. Hence p — A — L, has the inverse

H(u) = R(u, AT — LR(s, A)) ™" € £(X, X,). (1)
As in the first step, one sees that u € p(Ar) and R(u, A) = R,. Since R, : W — X

is bounded, we also obtain that the graph norm of Az in W dominates the norm of X
Consequently, p(Ar) = p(AL) 3 A by [11, Prop.IV.2.17].

If (A=A — Ly)z =0 for some z € X, then (efx) belongs to the kernel of A — Ay, so
that = 0. Given y € X, there exists (Z) € D(Ap) with (A\—Az) (%) = (¥). This implies

that ¢ = eyz and (A — A — L))z = y. Summing up, A — A — L, g:le — X is bijective
and continuous, and thus invertible.

3) Assume that a, := ||[H(\,)|| z(x,x,) — 00 as n — oo for some A, in a closed subset of
CoNp(AL). Then |A,| — oo and thus A, € X, 4 for n > ny and some ng > 1. Moreover,
H(\) € £(X, X;) is uniformly bounded on a half plane C, for a sufficiently large v > a

due to (4.1). Hence, Re A, is uniformly bounded. Take unit vectors z,, € X such that
16
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|H(A\)znllx, > an — 1/n. Define y,, = R(\,, A)z,, and b, = " for I/p+1/p = 1.
Observe that the vectors y, are uniformly bounded in X; for n > ng. We further take
ny > ng such that b, > 1/r for n > n; and set

en(0) = by e Ly (0), 0 € [-r0]

for n > ny > ny. We then obtain ||¢,||, < cbi and, using (3.1),

—b,0, 0>60>—-1/b,,
R(Mny Do)onYn = ex, UnYn, where 1,(0) ==
(An, Do)@nyn = €x,Yny ¥n(0) {1, 150>

This equality yields

(RO AL) () ]2 = ex, (H) Ly, g + ) + ex, H () Le, (¥ = Dy + ex, (¥n — 1)y
= Sl + S2 + Sg .
First, note that Si = ey, H(An)x,. Using [t — 1| < 1,1 ), We estimate

1

||SQ||Lp([,r,o],Xl) < db([—b;l, O]) a, and ||S3||LP([—7~,0},X1) < ¢y bn”

for some constants ¢, independent of n. Combining these facts, we arrive at
1
ca bl [|1R(Ans A llecry 2 1RO AL) (40, ) 12
_1
> cy(an — 1/n) — c1db([—b,',0]) @y, — c2bn® > csan
for sufficiently large n and constants ¢; > 0. As a result, |[R(\,, AL)|| > ¢/an. O

Our following main theorems are immediate consequences of the above proposition and
the results from spectral theory of semigroups recalled in Section 2.

Theorem 4.4. Assume that (H) holds and that X is Hilbert space. Take p = 2.

(a) 71, has an exponential dichotomy on X if and only if H(is) exists and is uniformly
bounded in L(X,X;) for s € R.

(b) 71 is exponentially stable on X if and only if H(\) exists and is uniformly bounded
in L(X,X;) for ReA > 0.

Proof. Observe that X is a Hilbert space if X is a Hilbert space and p = 2. Thus
Gearhart’s theorem, [20, Thm.2.2.4], characterizes exponential dichotomy and stability of
71, by the uniform boundedness of R(A, . Ar) for A € iR and Re A > 0, respectively. The
assertions hence follow from Proposition 4.3. U

We compare the above result with Priiss’ monograph [21]. Assume that A, has an
exponential dichotomy. Then for every f € L*(R,Y’) there is a unique (%) € L*(R,X) N
C(R, &) such that

(1) =z (1) [ ma=n(T))in 1z

see e.g. [4, Thm.4.33]. Proposition 3.7 further shows that u € L} (R, X;) N W (R, X) N
L*(R,Y) and

u'(t) = Au(t) + Lug + f(¢)
17



for a.e. t € R. This property is called ‘admissibility of L*(R,Y’)’. Admissibility of
L?(R, X) was obtained in [21, Prop.12.1] (with slightly less local regularity) also assuming
that H(is) : X — X; is bounded for s € R and that X is a Hilbert space. Conversely,
admissibility of BUC(R, X) implies boundedness of H(is) : X — X for s € R by [21,
Prop.11.5]. Priiss’ results are in fact more general and flexible than ours. He can allow for
spectrum on ‘R and unboundedness of || H (is)||z(x,x,) imposing regularity and spectral
conditions on the class of inhomogeneities f. On the other hand, it is not clear whether
admissibility of L?(R, X) or L?(R,Y’) in turn implies the exponential dichotomy of A7, on
X. (Roughly speaking, admissibility and exponential dichotomy are equivalent for non
retarded problems, [4], and for retarded equations with B € BV ([—r,0], £(X)), [14].)

In the following two theorems we extend part (b) of Theorem 4.4 to general Banach
spaces. These results have no counterpart in [21].

Theorem 4.5. Assume that (H) holds and that X has Fourier type q € [1,2]. Take
p € [¢,¢] N (1,00). If H(N\) exists and is uniformly bounded in L(X,X;) for ReA > 0,
then there are constants N, > 0 such that ||TL(t) (;)Hé\f < Ne % ||(y — Ap)Va- /e (;)H
for1/q+1/¢ =1 and ( ) € D((y — Ap)Y YY) (where v > wo(Ay) is fized).

Proof. Tt is clear that X; has Fourier type q. Let us check that also Y has Fourier
type ¢. We may assume that ¢ > 1 since every Banach space has Fourier type 1. For
1 < ¢ <p<¢, the estimate in (2.2) and the integral version of Jessen’s inequality (cf.
[15, §202, 203]) imply

v < [ [ [ 1701001, 0] "]
<[ [ [ fﬁ(WXdﬂe ok

[ [ iFaemnon, a) )
/ /||T 9%, ds}sdﬂ’l’
<e[ [ 1] rosei,ar) ] < i,

where the F denotes the Fourier transform and f is an X;-valued Schwartz function, say.
Moreover, LP([—r,0], X;) and thus WP ([—r, 0], X;) have Fourier type g by [12, Prop.2.3].
Therefore X has Fourier type q. On the other hand, so(Az) < 0 by the assumption
and Proposition 4.3. The theorem is now a consequence of the Weis—Wrobel theorem
(2.8). OJ

1
Py

I
o

We can now partly improve the robustness result Proposition 4.2.

Corollary 4.6. Assume that (H) holds, that A is invertible, and that X has Fourier type
q€[1,2]. Takep € [q,¢d]N(1,00) and w =0, i.e., ||z|x, = [|[Az|x.

(a) If s(A) < 0 and ||Bllsy < 1%, then the assertion of Theorem 4.5 holds. In

particular, Ty, is exponentially stable if X is a Hilbert space.
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(b) If X is a Hilbert space (i.e., ¢ = p = 2), iR C p(A), and ||B||pv < infser(l +
|sR(is, A)|lzx)) ", then T, has an exponential dichotomy and the unstable sub-
spaces of T;, and T have the same dimension.

Proof. (a) For s(A) < 0 and Re A > 0, we have
ILAR(A, A)llecx) < [Bllv [[ROA, Al ecxx) < 1Bllpv (1+ K) =1c <1
by the assumption. Thus there exists
H(\) = R\ A)[I — LyR(A\, A) 7 e L(X, X))

and [|[H(MN)|| < (1+ K)/(1 — ¢). Therefore assertion (a) follows from Theorem 4.5.
(b) Let o(A) NiR = (). As above one verifies that, if the estimate for B holds,

| LisR(is, A)|lzx) < ¢ <1 and ||H(is)|lzx,x,) < ¢

for s € R. Thus Ay, has an exponential dichotomy by Theorem 4.4. In order to check the
assertion concerning the dimensions, we introduce the perturbations aB for o € [0, 1].
Since the hypotheses hold for aB with the same constants, we obtain the corresponding
exponentially dichotomic semigroups 7,;, =: 7., where 7o = 7 and 7; = 7;. In view
of [13, Lem.I1.4.3] and Lemma 4.1, we have to show that the projections Q, for 7,
depend continuously on « in operator norm. This is the case if a — T,(ty) € L(X)
is continuous for some ¢, > 0, because of formula (2.4). We now employ more results
from feedback theory in order to establish the continuity of this map. We fix the input
operator B and the output operator C. Then we obtain the semigroup 7, from 7, by the
admissible feedback ol : U — U, cf. Theorem 3.6. In fact, there exists another regular
system X% = (7,(t), ®%, U, FY) with U& = (I —alF,)"'¥,, see [25, Thm.7.1.2]. Moreover,
(B—a)l:U — U, B €]0,1], is an admissible feedback for ¥ producing ¥? due to [25,
Lem.7.1.7]. In particular, T5(to) — Za(to) = (6 — a)Df \Ilfo for the number ¢, > 0 given in

to
Theorem 3.6. This expression tends to 0 in norm as 3 — a by Lemma 3.4. OJ

If we restrict ourselves to decay of u(t) in Y, then it suffices that H is bounded in a
weaker norm. As a sample of possible consequences of Sections 4.3—4.5 in [20], we present
a result on exponential stability not involving geometric properties of X. We denote by
IT; : X — Y the projection onto the first component of X.

Theorem 4.7. Assume that (H) holds and that H(\) : X — Y is bounded for Re A > —¢
and some € > 0. Then

LT () (3) Iy < Ne™® [[(w — Ar) () |«
for (z) € D(AL), t >0, and some constants N, 0 > 0.

Proof. Due to Proposition 4.3 the operator II{ R(A\, A; +¢) : X — Y has a bounded
analytic extension to the halfplane Re A > 0. Thus Theorem 4.5.2 of [20] shows that
T e 7. (t)]] < M(1+t), which yields the assertion. O

The reader will have noticed that our results on exponential dichotomy in the non
Hilbert space case are restricted to Proposition 4.2. This is due to the fact that, so far,

we have no theorem of Weis—Wrobel type for exponential dichotomy.
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5. SCALAR—VALUED KERNELS

In this section we treat the case that B = nA for a scalar valued function 7 in the
space BVy([—r,0]) of functions with total variation b satisfying db([—t,0]) — 0 as ¢ \, 0.
We normalize n by 7(0) = 0. Throughout we assume that X is Hilbert space and that
A is sectorial with ¢ > 7/2 and dense domain X; # X. Thus (H) holds. We set
Co={A€C:ReX>a}, ¥y =240, and

0
dn(A):/ e dn(6), M eC.

T

Observe that A\ — A — Ly =X —(1+ %(A))A Hence, A € p(Ap) if and only if
L+dn(\) £0 and  pu(\) = A(1+dy(A) ™" € p(A),
and then H(\) = (1—1—3\()\))*1}%(#()\), A). We start with an easy case where the spectrum

—

of A and the range of dn do not interfere.

Proposition 5.1. Let X be a Hilbert space. Let A be sectorial with d =0 and ¢ > /2,
and let n € BVy([—r,0]). If there are ¢/ € (0,¢p — 7/2) and a > 0 such that

L+ dn(C,) C By, (5.1)

then w(Ap) < a. If d < 0 and (5.1) is valid for a = 0, then T, is exponentially stable.
Condition (5.1) holds in particular, if ¢ =7 and

sup |dn(\)] < 1. (5.2)

ReA>a

Proof. Let ReA > a > 0. Then (5.1) implies 1+37\](/\) # 0 and |1 —|—35()\)\_1 < ¢ for some
constant c. Observe that p(\) € 3, by (5.1). Hence H(\) exists and

IH) e x = [T+ dnN)[ [ (w = A)R(p(N), A)llex) < wK AT +o(K +1) < ¢

Due to Proposition 4.3, the resolvent of Ay is bounded on C, and thus it is bounded
on C, for some o' < a. Therefore Gearhart’s theorem [20, Thm.2.2.4] shows the first
assertion. If d < 0, this argument also works for a = 0 so that second assertion is also
proved. The last assertion is clearly true. 0

Condition (5.2) was already used in [9, Thm.4.5] and [18, Thm.2] for special classes of
n and A. The estimates for wy(.Az) become more complicated if we have d > 0 or a < 0.

Proposition 5.2. Let X be a Hilbert space, A be sectorial with ¢ > 7/2 and d > 0,
and let n € BVy([—r,0]). Assume that there are ¢’ € (0,¢ — w/2) and a > 0 such that
(5.1) holds. Hence Re(1 + 87\7()\))_1 > r for ReA > a and some r > 0. If ar > d, then
wo(ArL) < a.

Proof. Let A= p+i7 for p>a>0and 7 € R, and let (1—1-(/15()\))_1 =x +iy for x > r,
y € R. Observe that |(1+dn(A\))™! < cand |y| < ztan¢’ by (5.1). For y,7 > 0, we have
—Re(p(N\) —ar)=ar —pr+71y <a(r—z)+ 7y < 1Yy

< (rz + py) tan @’ = tan(¢) Tm(u(\) — ar),
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e, u(A) —ar € iﬁuﬂr /2. This fact can be proved in a similar way if y and 7 have other
signs. Using ar > d, the assertion can now be shown as in the previous proposition. [

Proposition 5.3. Let X be a Hilbert space, A be sectorial with ¢ = m and d < 0, and
let n € BVy(|—r,0]). Assume that there are ¢' € (0,7/2) and a < 0 such that (5.1) holds
and that

s:=sup{z +y*/z:x+iy € (1 —l—%(@a))’l, z,y € R} < o0.
If as > d, then wo(AL) < a.

Proof. We use the notation of the previous proof. In view of Proposition 5.1 there is
nothing to prove if ReA > 0. So let 0 > p > a. Since p(A\) = pr — 7y + i(Tx + py), it
is easy to see that pu(\) € X, for some ¢ < 7w and large |7|. Moreover, if Im p(A) = 0,
then 7 = —py/z and thus u(\) = p(z + y*/x) > as. Combining these facts, we see that
((A) € Xy 4 for some ¢ < 7. The assertion now follows as above. 0J

Corollary 5.4. Let X be a Hilbert space. Let A be sectorial with ¢ = 7 and let n €
BVy([—r,0]). Assume that there is a € R such that

sup |dn(\)] < g <1.
ReA>a
(a) If a,d > 0 and a/(1 + q) > s(A), then wo(AL) < a.
(b) If d <0 and a/(1 — q) > s(A), then wy(AL) < a.

Proof. Observe that (1+ aﬁ(Ca))*1 is contained in the ball in C which is symmetric with
respect to R and whose boundary intersects R at the points 1/(1 + ¢) and 1/(1 — ¢). In
Propositions 5.2 and 5.3 we thus have r = 1/(1+¢) and s = 1/(1 — ¢), which yields both
assertions. O

The next propsition shows that the seemingly rough smallness condition (5.2) gives a
precise equality for wo(Ay) if 7 is decreasing, i.e., the measure —dn is positive. (See also
[18, Thm.2] for (1.2) with A = A; = Ay.) In fact, we even obtain wy(A) = s(AL). We
point out that standard results on positive semigroups, see e.g. [20], are not applicable
here since we require no order properties for X and 7T'(t); and even if we did so: Y and
X3 would not be Banach lattices in most applications. Using n € BVy([—r,0]), one checks
that the function R — R, a — —57\7(@), is strictly decreasing and bijective if —dn > 0
and dn # 0.

Proposition 5.5. Let X be a Hilbert space, n € BVy([—r,0]), and A be sectorial with
d<0,¢=m and X1 # X. Assume that —dn is a positive measure and not equal to
0. Then exists a unique w € R such that gﬁ(u}) = —1. Denote by ag the infimum of the
numbers a > w such that a(1 —I—aﬁ(a))*l > s(A) for all « > a. Then s(Ap) = wo(AL) =
max{w, ag}.

Proof. Let Re A > a > max{w, ap}. Then

@] < - [ e dn(e) = g < ~dn(w) = 1.

-
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Thus condition (5.2) holds and
a a

l—q¢ 14 %(a)
Corollary 5.4(b) now yields wo(Ar) < max{w, ap}. On the other hand, w — A — L, = w
since dn(w) = —1. Observe that ag(1 + dn(ag))™" = s(A) if ay > w, so that in this case
do— A — Ly = (14 dn(ag))(s(4) — A).

This shows that H(w) and H(ag) either do not exist or do not belong to L(X, X7), so
that max{w, ap} < s(Ar) <wp(Ar) by Proposition 4.3. O

> s(A).

Example 5.6. Consider equation (1.1) on a Hilbert space X with 8 € R\ {0}, i.e.,
n=—PL{_n, dy=35_,, and %(A) = Be~". Assume that A is sectorial with ¢ = 7 and
X # X,. We denote by ag (resp., a;) the infimum of the numbers a > 1 log || such that
a(l+ Be )7t > s(A) (resp., a(l+ |Ble™@")~t > s(A)) for a > a.

(a) Let d < 0 and || > 1. Then s(AL) = wo(AL) = log|B|. In fact, Proposition 5.5
shows these equalities if 5 < —1. If 8 > 1, then ]ZZE(A)\ <c¢, <1lfor ReA >a> % log 3.
Thus, wy(Ar) < £ log 3 by Proposition 5.1. On the other hand, EZZ(% (im +logB)) = —1
so that s(Ar) > 1 log 3 by Proposition 4.3.

(b) Let d < 0 and —1 < 8 < 0. Then Proposition 5.5 directly implies that s(Ay) =
wo(Ar) = max{2 log 6], ao}.

(c) If d > 0, then wy(AL) < max{ay, : log|3|} by Corollary 5.4. Further, if 3 > 0 we
have s(A) = wo(Ar) = max{ay,  log f} since w — A — L, = w for w := % log § and

a; —A— Ly, = (14 Be ") (s(A) — A) if a > w.

We now turn our attention to exponential dichotomy. For simplicity we concentrate on
the case ¢ = 7.

Proposition 5.7. Let X be a Hilbert space. Let A be invertible and sectorial with angle
¢ =m, and let n € BVy([—r,0]). If

1 +%(iR) CA:={AeC\{0}:|argA| < ¥ or |arg(—\)| < ¥} (5.3)

for some ¢ < w/2, then Ty, has an exponential dichotomy. Condition (5.3) holds in
particular, if sup,ep |dn(is)| < 1.

Proof. From (5.3) we deduce that |1 —i—%(is)rl < ¢ and that u(is) belongs to the rotated
double sector 1A, for s € R. This easily implies that

(w — A)H(is) = (1 + dn(is)) ™ (w — A)R(p(is), A)
is uniformly bounded for s € R. The assertion is then a consequence of Theorem 4.4. [J

Example 5.8. Let dn = 34_, for some § € R.

(a) Let A be sectorial with ¢ > 7/2. Then A, does not have an exponential dichotomy
if |3] =1 orif || > 1 and o(A) NR_ is unbounded. (This fact indeed holds for
every Banach space X.)

(b) Let |B] > 1. Then there exists a self adjoint and negative definite operator A on

X = (2 such that iR belongs to p(Ap).
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In view of (a), the semigroup 7;, obtained in (b) violates the spectral mapping theorem
(2.7). Nevertheless, it satisfies wo(Az) = s(AL) by Example 5.6. We prove (a) and (b).

(a) If |8] = 1, then there is 7 € R such that e~ = —1. Hence, it — A — L;; = it
and iT € 0(Ap) by Proposition 4.3. So (2.6) shows that 77, does not have an exponential
dichotomy. Let |3| > 1. Then 1+ Be™"" # 0 and

iT _ —7@sin(rr) 4+ i7(1 4 Bcos(17))
1 _i_ﬁefiﬂ“ o |1 + ﬁefiTT|2
for all 7 € R. Since |G| > 1, there are 7, = 79 + 27n/r such that n € Ny, 7 € (0,27/r),
cosT,r = —1/3, and ¢; = BsinTor > 0. Setting ¢y = |1 + Be "™"|~! we obtain
Mp = # = —C C% (7'0 —+ 2n7r) (54)

If i, € 0(A) for some n € N, then i7,, € 0(AL) due to Proposition 4.3, and again 77, does
not have an exponential dichotomy by (2.6). Otherwise, there exists the operator

H(it,) = (1 4+ Be” ™) Ry, A).
For sufficiently large n we obtain

IHH ()|l cx.x0) = 2 [ (w = A)R(pn, Al ey = 2 ([(w = pn) R(pan, A = 1)
|:UJn B w|
sy (Bl )
“\d(n, 0(4))

Now take a sequence \; € 0(A)NR tending to —oo. We always find an index ny such that
(N = fin | < 2¢1657 (at least if k is sufficiently large). This shows that || H (i7,)| zoxx0) >
cng — o0 as k — 0o. Consequently, (a) holds due to Proposition 4.3 and (2.6).

(b) Observe that the numbers 0 and p, in (5.4) with n € Z are the only values of u(iR)

on the real axis. Hence we only have to choose negative numbers a; — —oo different from
n, and to take the diagonal operator A = (a;).
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