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Introduction

The solutions of a non—autonomous linear Cauchy problem on a Banach space X
are given, under appropriate conditions, by a family (U(t, s)):>s contained in the
space L(X) of bounded linear operators on X, for which the following properties
hold:

(E1) the mapping (t,s) — U(t,s) from D := {(t,s) € R* : ¢t > s} into £(X) is
strongly continuous,

(E2) U(s,s) =1Idx, U(t,r)U(r,s) =Ul(t,s) forall t >r > s,

(E3) there are constants M > 1 and w € IR such that ||U(t,s)| < Me“*=*) for
all (¢,s) € D

(see e.g. [Da-K], [Fat], [Paz], [Tan]). In the following a family (U(t,s))sep in
L(X) satisfying (E1)-(E3) is called an evolution family. It has been noticed by
several authors (see [LM1], [LM2], [LRal, [Na2]|, [R4S], [Ral], [Ra2], [Ra3], [Rha]
and the references therein) that asymptotic properties of the evolution family
(U(t,s))@s)ep are strongly related to the asymptotic behaviour of an associated
evolution semigroup (Tr(t))i>o of operators on a Banach space E(X) of X -valued
functions (see Section 1). For a large class of these function spaces this evolution
semigroup is strongly continuous and hence has a generator Gg. It has been shown
by R. Rau [Ral, Prop. 1.7] and Y. Latushkin and S. Montgomery—Smith [LM1,
Thm. 3.1], [LM2, Thm. 4] that on the function spaces Cy(IR, X) and LP(IR, X),
1 < p < 00, these semigroups always satisfy the spectral mapping theorem

o(Tu(t) \ {0} = exp(to(Gp)),  t>0. (SMT)

As a consequence the asymptotic behaviour of the evolution family is determined
by the spectrum o(Gg) of the generator of the corresponding evolution semigroup.

In this paper we show that for a large class of X —valued function spaces FE(X)
including Cp(IR, X) and LP(IR, X), 1 < p < 0o, each evolution semigroup satisfies
(SMT). Moreover, the spectra of the semigroup operators and the generator are
independent of the space. As a consequence, we obtain a characterization of hyper-
bolic evolution families through the hyperbolicity of the corresponding evolution

*This paper is part of a research project supported by the Deutsche Forschungsgemeinschaft
DFG.
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semigroups on spaces E(X). This improves previous results of R. Rau [Ra3, Thm.
6], Y. Latushkin, S. Montgomery—Smith, T.W. Randolph [LM1, Thm. 3.4], [LRa,
Thm. 3.3] and the authors [R4S, Thm. 1.5].

Throughout the following (U(t, s)),s)ep always denotes an evolution family on
the Banach space X . We use the terminology from [Nal] and recall some notions
from spectral theory. Let (A, D(A)) be an operator on the Banach space Y. The
resolvent set p(A) is the set of all A € € such that R(\, A) := (A — A)~! exists in
L(Y). Its complement o(A) := C \ p(A) is called the spectrum of A. A complex
number A € € belongs to the residual spectrum Ro(A) if (A — A)D(A) is not
dense in Y and belongs to the approzimate point spectrum Ac(A) if there is a
sequence (x,) in D(A) such that ||z,|| > 1 for all n € IN and lim, (A — A)z, = 0.

1. Evolution semigroups

For the investigation of an evolution family (U(t, s)).s)ep it is useful to associate
a semigroup of operators on a space of (equivalence classes of ) Banach space valued
functions (see e.g. [Eval, [How], [LM1], [Lum], [Na2], [Nei], [Paq], [R4S], [Ral],
[Rha] and the references therein). Here we consider this construction in a more
general framework. Denote by B the Borel algebra and by A the Lebesgue measure
on IR. A vector space E of real-valued Borel-measurable functions on IR (modulo
A-nullfunctions) is called a Banach function space (over (IR, B, X)) if

(BFS1) E is an ideal in the space M(IR,B,\) of measurable functions modulo
A-nullfunctions, i.e., if ¢ € E, ¥ € M(IR,B,\) and |p(-)| < [¥(-)] A-a.e.,
then v € F,

(BFS2) the characteristic functions x4 belong to E for all A € B of finite
measure,

(BFS3) each ¢ € E is locally integrable, i.e. [, |¢|d\ < oo for all A € B of finite
measure,

(BFS4) E is a Banach lattice with respect to a norm | - ||z, i.e. (E,| - ||g) is
complete and [|¢)]|p < [l¢llp for all p,¢ € E such that |y(-)] < |o(-)|

A—a.e..
Let E be a Banach function space and X a Banach space. We set
E(X):={f :R — X : f is strongly measurable and | f(-)|]|x € E}

(modulo A-—nullfunctions). If it causes no confusion we identify elements of £ and
E(X) with functions on IR. Then E(X) (with the obvious linear operations) is a
linear space, and for the norm

Ifllec) = IHIfOllx e, feEX),

E(X) is a Banach space. If we further assume that E is translation invariant,
ie, po(-—t)€e E for o € E and t € IR, then

Tef():=UC-=0f(=1), 120, feB(X), (E)



RABIGER AND SCHNAUBELT 3

defines a semigroup (7g(t));>0 of bounded linear operators on E(X). (Notice
that the translation is a positive operator on the Banach lattice E' and is therefore
bounded (see [Sch, 11.5.3]).)

In the same way (E) yields a semigroup (T (t))s>0 of bounded linear operators
on the space Cy(IR, X) of continuous functions vanishing at oo (endowed with
the supnorm || - || )-

Definition 1.1.  The semigroup (Tx(t))i>0, resp. (Txo(t))i>o is called the evo-
lution semigroup on E(X), resp. Cy(IR, X) associated with (U(t,s))w,s)ep -

It can be easily verified that the evolution semigroup (7w (t))i>0 is strongly
continuous. By (G, D(G«)) we denote its generator. The evolution semigroup
(Tg(t))i>0 is not always strongly continuous (see e.g. [Nal, A-1.3.4]). We obtain
strong continuity for a large class of Banach function spaces which we introduce
in the following. A Banach function space E is called admissible, if

(A1) E has order continuous norm, i.e., if (¢4)aca is a decreasing net of positive
functions in £ with inf,cs o = 0, then lim, ||¢.] = 0,

(A2) FE is translation-invariant and the group (S(¢));er of translations on FE,
given by S(t)p = ¢(- —t), ¢ € E, t € IR, is strongly continuous and
uniformly bounded.

Besides the spaces LP(IR), 1 < p < oo, many other function spaces occuring in
interpolation theory, e.g. the Lorentz spaces L,,(IR), 1 < p < o0, 1 < ¢ < o0,
(see [Cal, Thm. 3 and p. 284], [Tri, 1.18.6, 1.19.3]) and, more general, the class
of rearrangement invariant function spaces over (IR,B,\) (see [LiT, 2.a]) are
admissible. Our next proposition is a special case of [RRS, Prop. 2.3].

Proposition 1.2.  Let E be an admissible Banach function space. Then every
evolution semigroup on E(X) is strongly continuous.

In case (Tg(t))t>0 is strongly continuous we denote by (Gg, D(Gg)) its generator.

The aim of this paper is to show that for an admissible Banach function space
E every evolution semigroup (Tg(t)):>o satisfies the spectral mapping theorem

o(Tu(t) \ {0} = exp(ta(Gr)),  t>0, (1.1)

and the spectra of the semigroup operators and the generator coincide with the
spectra of the corresponding operators on Cy(IR, X). In particular, the spectra
are independent of the space E. For the spaces LP(IR), 1 < p < 0o, this has been
shown first in [LM1] using completely different methods.

It is known that for any strongly continuous semigroups certain ‘spectral inclu-
sions’ hold. To be more precise, let (T'(t));>0 be a strongly continuous semigroup
on the Banach space Y with generator A. Then

exp(ta(A)) C o(T(t)),  t>0, (1.2)
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and the residual spectra of the semigroup and the generator satisfy
exp(tRo(A)) = Ro(T'(t)) \ {0}, t>0 (1.3)

(see [Nal, A-111.6.2-6.3]). Notice that o(T(t)) = Ro(T(t)) U Ac(T(t)) (see [Nal,
A-111.2.1]). Hence, by (1.2) and (1.3) the spectral mapping theorem (1.1) holds
for (T'(t))s>0 if (and only if)

Ao(T(t)) \ {0} Cexp(to(A)), t>0. (1.4)

If we consider an evolution semigroup (7'(¢));>o induced by an evolution family
(U(t,s))@s)ep » then (1.4) and hence the spectral mapping theorem is a conse-
quence of the following weaker assertion:

if 1€ Ao(T(ty)) for some to >0, then 0 € o(A). (1.5)

We show how (1.4) follows from (1.5). Let 0 # u € Ao(T(ty)) for some ¢y > 0.
Choose a € € such that p = e*. Then 1 € Ac(e *T(ty)). Moreover,
(e7*T'(t))i>o is the evolution semigroup associated with the evolution family
(e=*U=9)U(t, s))rs)ep - Now (1.5) applied to (e~“T'(t))>o yields 0 € o(A) — a
and hence o € o(A). Thus p = e* € exp(too(A)).

In Section 2 we give a direct proof of (1.5) for evolution semigroups on Cy(IR, X)
(Theorem 2.3). In the subsequent sections we show 0(Gw,) C o(Gg) (Proposition
3.8) and o(Tg(t)) € o(Tx(t)) (Proposition 4.3) for every admissible Banach
function space E. Together with the spectral inclusion (1.2) this yields the spectral
mapping theorem (1.1).

2. The spectral mapping theorem on Cy(IR, X)

Let (U(t,s)),sep be an evolution family on the Banach space X . We consider
the evolution semigroup (T (t))i>0 with generator (G, D(Gw)) on the space
Co(IR, X). By C'(IR) we denote the space of continuously differentiable complex—
valued functions and set U(t,s) := 0 for ¢ < s. We start with the following
lemma.

Lemma 2.1.  Let (U(t,5))ws)ep be an evolution family on the Banach space
X. Let x € X, r € R, I a compact interval in R, and o € C'(IR) such
that suppa == {s € R : a(s) # 0} C I and r < s for each s € I. Then
g:=a(-)U(,r)r € D(Gx) and G g = —/()U(-,7)x.

Proof. Clearly, g € Cy(IR, X). Let s€ IR and ¢t > 0. If s —¢ <r, then
To(t)g(s)=U(s,s —t)g(s—t)=0=a(s—t)U(s,r)z.
For s —t > r we have
To(t)g(s) =U(s,s —t)a(s—t)U(s —t,r)x = a(s —t) U(s,r)x.
Thus 1 1
- (Too(t)g - g) (s) = n (a(s —t) — a(s)) U(s,r)x.

t
Hence, limy o 1 (Tho(t)g—g) exists in Co(IR, X) and Goo g = limyjo 1 (T (t)g—g) =
—o/()U(-,r)x. |
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Now we show that each evolution semigroup on Cy(IR, X') satisfies (1.5).
Proposition 2.2.  If 1 € Ao(T(to)) for some ty >0, then 0 € 0(G).

Proof.  Let (U(t,s))sep be the evolution family on X corresponding to the
evolution semigroup (75 (t))s>0 . For each n € IN there exists f, € Cy(IR, X) such
that [|f,|| =1 and ||f, — Ta(kto) ful| < 5 for all 0 <k < 2n, k € N. Then

1 3
— <sup ||U(s, s — kty) fu(s — kto)|| < = (2.1)
2 selR 2

for 0 < k <2n. For each n € IN choose s,, € IR such that
1
U (8, Sn — nto)xy|| > 5 where x, := f,(s, — ntyp).

Let I, := [s,, — nto, s, + nty] and g, := x1, U(+, $n, — nto)x, . Thus ||Gn(sn)|| > %
On the other hand, each s € I, can be written as s = s, + (k + 0 — n)ty where
0<k<2nand oe€l0,1]. Then, by (E3) and (2.1),

G ()]l
= ||U(sp + (k+ 0 —n)to, s, + (k — n)te) U(s, + (K — n)ty, s, — nto) x,||
< Me“" ||U(sp + (k — n)ty, s, — nto)n|

= Ml | U(s, + (k — n)to, sn + (k — n)tg — kto) fu(sn + (k — n)to — kto) ||

§]\/_/e|“’|t°.
2

IN

Thus there is a positive constant ¢ such that

1
— <sup||gn(s)]| <c¢  forall neN.
2 s€lR
Now choose «,, € C'(IR) such that a,(s,) =1, 0 < «a(s) < 1, suppa,, C I,
and [|a ||l < n%o Define g, = a, gn = an(-)U(+, 8, — nto)z, € Co(IR, X). Then
3 < |lgnllso < ¢ for all n € IN. Moreover, Lemma 2.1 implies g, € D(G) and
2c

Goo gn = —al, Gn. In particular, we obtain |G gnllee < o and hence 0 is an

approximate eigenvalue of G . u

As explained in Section 1 this proposition implies the spectral mapping theorem
for evolution semigroups on Cy(IR, X).

Theorem 2.3.  Let (Tw(t))i>0 be an evolution semigroup on Co(IR, X) with
generator (Goo, D(Gw)). Then o(Tx(t)) \ {0} = exp(to(Gw)) for all t > 0.

3. The spectrum of the generator

In the following F is an admissible Banach function space and X a Banach
space. Then E.(X) = E(X) N Cy(R,X) endowed with the norm ||f]| :=
max (|| f||ex), || fllso) is a Banach space. For Banach spaces Y and Z we write
Z — Y if Z CY and the identity map from Z into Y is continuous. If (A4, D(A))
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is a linear operator on Y and Z C Y, we denote by (A}, D(4,)) the part of A in
Z, i.e.
D(A) ={zeDA)NZ: Az € Z} and Az := Ax.

Obviously, Ew(X) — E(X) and E(X) — Cy(IR,X). Every evolution family
(U(t,5))¢tsep on X induces a strongly continuous semigroup (7T o(t))i>0 on
E+(X) which is the restriction of (Tg(t));>0 and (T (t))i>0 , respectively. Then
by [NaS, Lemma 2.6] the generator (Gg oo, D(GE o)) 0f (T (t))i>0 is the part of
(Gg, D(GE)) and (Guoo, D(Go)) in Ex(X), respectively. In this section we show

0(Gx) Co(Gg) =0(Gp) (3.1)

for every admissible Banach function space E.

First we discuss some properties of admissible Banach function spaces E and
the induced spaces E(X) which will be used later on. The order continuity of the
norm of F implies that the dual space E’ is again a Banach function space (over
(R, B, \)) where the duality is given by

<, >= /]R o d\ for p € E and ¢ € F' (3.2)

(see [LiT, p. 29]). Moreover, the translation invariance of E and (3.2) yield that
E’ is also translation invariant and the adjoint of the translation S(t) is given by
S(t)1p = (- +1t) for all ¢ € E' and t € R. In particular, the group (S(t)')iemr
of translations on FE’ is uniformly bounded. Our next lemma shows that certain
exponential functions belong to E’. For r € IR let ¢, : IR — IR be defined by
er(s) =€, se€R.

Lemma 3.1.  Let E be an admissible Banach function space and r € Ry \ {0}.
Then X|-so0 &r € .

Proof.  Since xj_19 € E' and the group of translations on E’ is uniformly
bounded, we obtain xj_, _n41 € £’ for all n € IN and sup,,c || X]-n,—nt1]]] < 00.
Then ¢ := Y en € "X —nt) € B and 0 < X)) &r < . Since E' is a
Banach function space, the assertion follows. |

The following result is shown in [RRS, Lemma 2.2]. By C.(IR, X) we denote
the space of X —valued continuous functions having compact support.

Lemma 3.2.  Let E be an admissible Banach function space. Then C.(IR, X)
is dense in E(X).

Consider now the evolution semigroup (Tx(t))i>0 on E(X). The following
smoothing property of the resolvent R(\,Gg) := (A — Gg)™', X € p(Gg), of
the generator G plays a central role (see also [R4S, Lemma 2.1], [Nei, Cor. 4.7]).
Recall that for an operator (A, D(A)) the graph norm on D(A) is defined as
2]l = llz]] + | Az]|, = € D(A).
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Proposition 3.3.  Let E be an admissible Banach function space and A\ €
p(Gg). Then RN\, Gg) : E(X) — Ex(X) is continuous. Moreover, we have
(D(GE), || llgg) = Ex(X) = Co(R,X) and D(GEg) is dense in Ey(X) and
Co(IR, X).

Proof. Let M >1 and w € IR such that ||U(t,s)|| < Me**=*) for (¢,s) € D.
The group (S(t))ier of translations on FE is uniformly bounded, ie., N :=
superg [|S(8)[| < oo. Then [|Tg(t)[| < Me'[|S(1)]| < MNe' and [[To(t)]| < Me*!
for ¢ > 0, i.e., w dominates the growth bounds of (Tx(t)):>0 and (Tso(t))e>0 -
Let 4 > w. Then p € p(Gg) N p(Gy) and R(p,Gr) = [3° e *Tg(t)dt and
R(p,Gy) = [5T e M T (t)dt , where the integrals are defined strongly. If f €
Ew(X), then R(u,Gg)f = R(1,G)f, and hence R(u,Gg)Ex(X) C Ex(X).
Moreover, for f € E,(X) and s € IR we have

1R Ge)f () = | [~ e Ulsis = (s = 1) ]
< M/Oooe(““)tHf(s—t)Hdt
= M [ p))

= M/ ) (X)=00.0) €u—) () [1F(B)]] it
< MN ||X]_OO,0] en—wlle 15
< M| fllecx)

where the last inequalities follow from Lemma 3.1. Hence, ||R(u,Gg)flle <
M || fllex) for all f € Eo(X). Since FEn(X) is dense in E(X), the resolvent
R(u, Gg) maps E(X) continuously into Cy(IR, X) N E(X) = Ex(X).

If A € p(GEg) is arbitrary, then the resolvent equation yields

RONGE) [Rn.Gr) — 15| = 1 R(u G

where R(p,Gg) — Ti/\ is invertible. Hence,

RO\, Gr) = )\_1MR(M, ) [R(M, ) — ;]_ . B(X) = Ba(X)

1S continuous.

Since D(Gg) = R\, Gr)E(X) C E(X) and (Ggoo, D(Gg o)) is the part
of (Gg,D(GE)) in E.(X), the space D(Gg) must be dense in EF.(X) and
Co(IR, X). Finally, the identity Id : (D(Gg), ||-|lcz) = Fw(X) is the composition
of the continuous operators A\ — Gg : (D(GEg), || - |l¢y) = E(X) and R\, GEg) :
E(X) —» Ex(X), A € p(Gg). Hence, (D(Gg),| - |lag) — Ex(X), whereas
Ew(X) = Cp(IR, X) is obvious. ]

The following lemma contains a spectral inclusion for certain parts of an operator
(see also [Are, Prop. 1.1], [Paz, Lemma 4.5.2]).
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Lemma 3.4. Let Y and Z be Banach spaces such that Z C Y. Moreover,
let (A, D(A)) be an operator on' Y and denote with (Aj, D(A))) its part in Z. If
D(A) C Z and (A}, D(A))) is closed, then o(A)) C o(A).

Proof. Let A € p(A4). Obviously, A — A is injective. On the other hand, if
z € Z there exists x € D(A) C Z such that (A — A)z = z. Therefore, z € D(A))
and (A — A))z = z. Thus A — A is a bijection. Since (A}, D(A))) is closed, this
implies A € p(Gg). |

Now Lemma 3.4 and Proposition 3.3 yield the equality stated in (3.1).

Proposition 3.5. Let E be an admissible Banach function space. Then o(Gg) =
O-(GE,OO)'

Proof. = We mentioned already that E,(X) C E(X) and (Gp, D(Gp)) is
the part of (Gg, D(GE)) in E(X). Thus Lemma 3.4 and Proposition 3.3 imply
0(Gre) Co(GE).

Conversly, let F := D(Gg) be endowed with the graph norm and let (T%(%)):>0
be the restriction of (Tx(t));>o to F. Then (Gr, D(Gr)) = (Gg, D(G%)) is the
generator of (TE(t));>o . In addition, (Th(¢))i>0 and (Tx(t));>0 are similar in the
following sense: if A € p(Gg), then A — Gg: F — E(X) is an isomorphism and
Ti(t) = R\, Gg)Te(t) (A — Gg) for all ¢ > 0 (cf. [Nal, A-1.3.5]). Therefore
(Gp,D(GF)) and (Gg,D(GEg)) are similar, and hence o(Gr) = o(Gg). By
Proposition 3.3 we have F — FE,(X). Furthermore, (T5(t));>0 is the restriction
of (Tr.(t))i>0 to F', and hence [NaS, Lemma 2.6] implies that (Gp, D(GF)) is
the part of (G, D(GEoo)) in F. Thus for A € p(Gg) N p(GEgo) we obtain

(A—=Gg)D(Gpx) = (A= Gro)D(GE ) = Ex(X) C E(X) = (A= Gg)D(GE),

and hence D(Gg ) € F. Now Lemma 3.4 yields 0(Gr) C 0(Gg) and the proof
is finished. [

It is an immediate consequence of Proposition 3.5 that the residual spectrum
Ro(G) is contained in o(Gp).

Corollary 3.6. Let E be an admissible Banach function space. Then Ro(Gs) C

Proof. Let A € p(Gg) = p(Gg~). Then
Ce(R, X) CEr(X)=(AN=Ggoo)D(GEx) € (A= G)D(Gx) € Co(R, X).
Thus (A — G»)D(G) is dense in Cy(IR, X) and hence A ¢ Ro(G). n

For the proof of (3.1) it remains to show Ao(G«) C o0(Gg). The following
lemma is the essential step to that inclusion.
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Lemma 3.7.  Let E be an admissible Banach function space. If 0 € Ao(Gx),
then 0 € 0(Gg).

Proof. Let 0 € Ao(G). The spectral inclusion exp(tAo(Gys)) C Ao (T (t))
for the approximate point spectrum (see [Nal, A-I11.6.2]) yields 1 € Ao (T (1)).
As in the proof of Proposition 2.2 we find intervals I,, := [s,, — n,s, + n] C R,

elements z,, € X and a positive constant ¢ such that g, := x;, U(, s, — n)x, :
IR — X satisfies

1
1Gn (s0)]| > 5 and sgﬂgﬂgn(s)ﬂ <c¢ forallne IN. (3.3)

(Here we set U(t,s) :=0 for t <s.) Let J, :=[s, —n+1,s,+n—1] C I, and

hyn ==X, Gn. Then
s 1 s
| (s0) || > 5 and sup ||h,(s)]] <c for all n € IN. (3.4)
s€lR

Clearly, G, hn € E(X). The group (S(t))er of translations on E satisfies
N :=sup;er [|S(t)|| < oo. Then for each n € IN we have

||X[3n7n75n7n+1] gn”E(X) + ||X[sn+n71,sn+n} f]nHE(X)
c ( HX[sn—n,sn—n—i—l] HE + ||X[sn+n—1,sn+n]HE)
2¢N |Ixpo,lle -

1Gn — PnllECx)

IAIN A

Thus there is a constant M such that

1Gn — hullmxy < M for all n € IN, (3.5)
Let ¢, := ||hn|lpx), 7 € IN. We have to distinguish two cases.
First case: liminf ™ = 0.

n—oo

For each n € IN choose gn € CY(IR, [0, 1]) such that a,(s,) =1, supp «a,, C I,, and
gl < 2. Let gy i= an gn = an(-)U(:, s —n)x, : R — X. By Lemma 2.1 we
have ¢, € D(Gw) and G g, = —, G- Obviously, g, ,Gs gn € Eoo(X). Since
(GE 00, D(GE o)) is the part of (Go, D(G)) in Eso(X), we obtain g, € D(Gg o)
and G g = —0t, G- Now (3.3) implies lgallzcx) > Inlloo > lgn(s0)llx > 3.
Moreover, (3.5) yields

1GE oo InllEwxy < N7, Gnlloo + N0, Gnllmcx)
2c . ~ -
< " + HC“Zz(gn - hn)“E(X) + HO/n hn”E(X)
2 2M 2,
< —4 — 4 —
n n n

Hence liminf, o [|GE oo gnlle(x) = 0. Thus 0 € Ao(Gp) € 0(GE) by Proposi-
tion 3.5.

.. C
Second case: liminf = > 0.
n—oo n
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Then lim, o ¢, = 00. We may assume c,, > 0 for all n € IN. Choose 3, € C'(IR)
such that 0 < 3, < é, Buign = o supp By C I, and [|B ][ < % Let
hn = Bngn, n € IN. As in the first case (for the functions g,) we obtain
h, € D(GE,oo> - D(GE) and GE,oo h, = —ﬁ;l g, = Ggh,. Now Hh’nHE(X) >
Ll hallpex) = 1. In addition,

2 5 -
1Gehnllexy < — (IXsn—nssn—n+1] FnllEX) F [ X[sntn—1,50+n] InllE(X))

< o N HX[O,1] HE .

Hence lim, o [|Gghn|/ ) = 0.
In both cases 0 € Ao(GE) and the proof is finished. [

From the previous results we can deduce (3.1) easily using the same argument as
in the proof that (1.5) implies (1.4).

Proposition 3.8. Let E be an admissible Banach function space. Then o(Gs) C
O'(GE) = 0<GE,oo) .

4. The spectral mapping theorem on Banach function spaces.

Throughout this section let E' be an admissible Banach function space. Our aim
is to show the spectral mapping theorem for evolution semigroups on E(X) and
that the spectra of the semigroup operators and the generator are independent
of the space. In the following we exploit the strong symmetry properties of the
spectrum of an evolution semigroup and its generator. This has been observed e.g.
on Cy(IR, X) by Rau [Ra3, Prop. 2]. Precisely, if I' := {\A € C : |A| = 1} is the

unit circle, then
0(Tw(t)) =To(Tw(t)) for t >0 and 0(Gy) =0(Gx) +iIR. (4.1)

The analogous result with the same proof holds for evolution semigroups on E(X).

Lemma 4.1.  Let E be an admissible Banach space. Then
(a) o(Tr(t)) =To(Tg(t)) for t>0.

(b) o(Gg) =0(Gg) +iR.

Let Cy(IR, Ls(X)) be the space of all bounded, strongly continuous, operator—
valued functions V on R, ie., V: IR — £(X) is bounded and V(-)z: R — X
is continuous for every z € X. Each V € Cy(IR,Ls(X)) induces a bounded,
linear ‘multiplication’ operator ¥V on Cy(IR, X) defined by Vf := V(-)f(-) with
V|| = supyer IV (s)]|. For f € E(X) we have V(-)f(-) € E(X) and

IVEFOleco = TIVEOFOlx e < sup V)] fllec)
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Therefore Vf := V(-)f(:) defines a bounded linear operator on E(X). It can be
easily seen that its norm equals sup . ||V (s)||. Thus Cy(IR, L£s(X)) endowed with
the sup—norm can be identified with a closed linear subspace of L(Cy(IR, X)) and
L(E(X)), respectively.

Our next lemma connects the spectra of T (t) and Tg(t). With ID := {\ €
C: |A\| <1} we denote the unit disc.

Lemma 4.2.  Let E be an admissible Banach function space and ty > 0.

(a) If T'C p(T(to)), then T C p(Tr(to)).

(b) If D C p(T(to)), then ID C p(Tr(to)).

Proof.  Let (U(t,s))usep be the evolution family inducing (Tx(t))i>0 and
(T (t))e>0 , respectively.

(a) Assume I' C p(T(tp)). Then I' C p(T(1)) (see [Nal, pp. 71-72]). Let
P € L(E(X)) be the spectral projection of T, (1) with respect to {\ € o(T(1)) :
|A| < 1}. By a result of Rau [Ra2, Lemma 14|, [Ra3, Lemma 5] the projection P
admits a representation as a strongly continuous, projection—valued multiplication
operator, i.e., P = P(-) € Cy(IR, L,(X)). Moreover, P(-) satisfies the following
properties (see [R4S, Thm. 1.5], [Ra3, Thm. 6]):

Pt)U(t,s) =U(t,s)P(s) forall (t,s) € D, (H1)
there exist constants N > 1 and o« > 0 such that
U(t, 8)z]| < Nem®t= ||| (H2)
for all (¢,s) € D and x € P(s)X and
Ut s)zll = N~H e |z (H3)
for all (¢,s) € D and z € Q(s)X := (Id — P(s))X. Finally, the operator
Ult,s) : Q(s)X = Q)X : x—=U(t,s)x (H4)

is a bijection for all (¢,s) € D.

Clearly, P = P(-) defines a bounded linear projection on E(X). We set E(X)*® :=
PE(X) and E(X)":= (Id—P)E(X). By (H1) the projection P and (Tg(t))t>0
commute. Hence, Tr(t)E(X)® C E(X)® and Tr(t)E(X)* C E(X)* for t > 0.
Denote by (T%5(t))i>0 and (TH(t))i>0 the restrictions of (Tg(t))i>0 to E(X)® and
E(X)"*, respectively. Let C := sup,cpg ||S(¢)|| where (S(t))ier is the group of
translations on E. If f € E(X)*, then (H2) implies

1T fllecxy = UG- =8P =) f(- =Dz
< Ne ™ ||f(- = t)]lex)
< CONe || fllecx) -
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Thus the spectral radius of T4 (o) is less than 1, and hence I' C p(T75 (o)) .-
If fe E(X)", then (H3) yields

ITe@) fllecy = UG- =) (Id—P(-—1t) f(- = Dl
> NN || (=)l
> CTNT e [ fllpex) - (4.2)

Therefore TH(t) has closed range and is injective for each ¢ > 0.

On the other hand, (Id — P)C.(IR, X) is dense in E(X)" and for f € (Id —
P)C.(R, X) C C.(IR, X) we have T%(t)f = Tx(t)f. From (H4) it follows that
f e (Id—"P)Cy(IR, X) has compact support if and only if T ()" f has compact
support. Hence, by the invertibility of T (¢) ,

TE(t)(Id — P)Co(R, X) = T (t)(Id — P)Co(R, X) = (Id — P)Co(RR, X).

In particular, TF(t) has dense range for every ¢t > 0. Hence, TF(t) is invertible
and (4.2) yields ||TE(t)7'] < CNe " for ¢ > 0. Thus the spectral radius of
TH(to)~" is less than 1, and hence T' C D C p(TH(to))-

(b) Let ID C p(Tw(tp)). Then ID C p(T(1)) (see [Nal, pp. 71-72]
spectral projection P mentioned above is 0. Therefore E(X) =
Tg(t) = TE(t) for t > 0. In part (a), however, we have shown ID C p(TH(to)) =
p(Te(to))- -

From (4.1) and Lemma 4.2 we obtain the following spectral inclusion.

Proposition 4.3. Let E be an admissible Banach function space. Then
0(Tg(t)) Co(Tx(t)) forallt >0.

Proof.  Let (U(t,5s))wsep be the evolution family corresponding to (T (t))i>0
and (Tg(t))o0 - Fix to > 0.

(a) Let 0 # X € p(To(tg)). Choose r € R and A\; € T such that A = \je .
Then A, € p(e " T (ty)). Moreover, (e "T(t));>o is the evolution semigroup
on Co(IR, X) induced by the evolution family (e "= U(t,s))t.sep - By (4.1) we
obtain ' C p(e "™ T, (ty)) and Lemma 4.2 implies I' C p(e”"Tg(ts)) . Thus
A€ p(Tr(to))-

(b) Let 0 € p(Tw(to)). Choose r > 0 such that ID C p(e"T(ty)). Then Lemma
4.2 implies ID C p(e"™Tg(to)), and hence 0 € p(Tr(to)). m

The spectral mapping theorem is now an easy consequence of the previous results.

Theorem 4.4.  Let E be an admissible Banach function space. Then

o(Te(t)) \ {0} = exp(to(Gr)) = exp(to(Gx)) = 0(Tee(t)) \ {0}

forall t>0.
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Proof.  The spectral inclusion (1.2), Proposition 4.3, Theorem 2.3 and Propo-
sition 3.8 lead to the inclusions

exp(to(Gp)) € o(Tp(t)) \ {0} € o(Tw(t)) \ {0} = exp(to(Gx)) C exp(to(Gr))
proving the theorem. [ |

Recall that an evolution family (U(t,s))ws)ep is called hyperbolic if there is a
projection-valued function P(-) € Cy(IR, L,(X)) and constants N > 1 and o > 0
such that (H1)—(H4) holds. We refer to [Cop|, [DaK], [SaS] for the relevance of this
concept in the theory of differential equations. A strongly continuous semigroup
(T'(t))e>0 on a Banach Y is called hyperbolic if o(T'(t))NI' = @ for one (and hence
all) t > 0.

The previous theorem allows a characterization of hyperbolic evolution families
through the hyperbolicity of the induced evolution semigroup (Tg(t))i>0 on E(X)
(see [Ral], [LM1], [LM2], [LRa], [R&S] for special cases).

Corollary 4.5.  Let (U(t,s))u,sep be an evolution family on the Banach space
X andlet E be an admissible Banach function space. Then the following assertions
are equivalent:

(1) (U(t,s))usep is hyperbolic.
(2) (Too(t))i=0 is hyperbolic.
(3) p(Goo) NiIR # .

(4) (Te(t))iso is hyperbolic.

(5) p(Gp)NiR # Q.

Proof.  The equivalence of (1) and (2) is essentially due to Rau [Ra3, Thm. 6]
(see also [R&S, Thm. 1.5]). The remaining equivalences follow from Theorem 4.4,
(4.1) and Lemma 4.1. [

From exp(to(Gg)) = exp(to(Gs)) for t > 0, the identity (4.1) and Lemma 4.1
we obtain the following improvement of Proposition 3.8.

Corollary 4.6.  Let E be an admissible Banach function space. Then o(Gg) =
0(GE ) =0(Gx).
In addition, we obtain equality of the spectra for the operators belonging to the

evolution semigroup. In the proof we make use of the following lemma (see [RRS,
Lemma 3.1]).

Lemma 4.7.  Let E be an admissible Banach function space. Then

1
£ ()] = lim [ X[s.s4e] [l mx
B0 [[Xpssiallp NP

for every f € Co(IR, X) and every s € R. [
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Proposition 4.8. Let E be an admissible Banach function space. Then
o(Tg(t)) = o(Tx(t)) for all t > 0.

Proof.  Theorem 4.4 yields o(Tg(t)) \ {0} = 0(Tx(t)) \ {0} C 0(T(t)). It
remains to show that 0 € p(Tg(ty)) for some t; > 0 implies 0 € p(T(to))-

Since Tg(ty) is invertible, (Tg(t)):>o can be extended to a strongly continuous
group (cf. [Paz, 1.6.5]). In particular, there are constants M; > 1 and w; € R
such that || Tp(t) fllpcx)y > Mi e || fllpx) for f € E(X) and ¢ > 0. Since the
group (S(t))wer of translations on FE is uniformly bounded, there is a constant
¢ > 0 such that ¢||Xulle < ||Xja—tp—qlle for every compact interval [a,b] C IR
and all t € IR.

If ¢t >0 and f € C.(IR,X), then T(t)f = Te(t)f € C.(IR,X). Moreover,

Lemma 4.7 and the above-mentioned inequality yield

IS ) = ITe(t)f ()]
1
= lim Xs,sath
el |[X(sselllE IX(s.se) T () fl £0x)

1
= lim ————— || Te(t) (X(s—t,s—t+e] [)|| B(x
0 || X[s 544 || 2 bt )

1
Z e i Xs—t,s—t+e] JllBx
1 I ool Xte=to-ea flleco

= cM e | f(s =)l

for each s € R. Thus ||To(t)f]lec > c M e™ | f|loe for f € Co(IR, X) and
t > 0. In particular, T, (t) has closed range and is injective for all ¢t > 0. On the
other hand, if A € p(Gg), then Proposition 3.3 implies R(\,Gg)E(X) C Cy(IR, X)

and R(\,Gg)E(X) is dense in Cy(IR, X). Since
RN\, Gg)E(X) = R\, Gp)Te(t)E(X) = Too(t) R\, Gg)E(X) C Tw(t)Co(IR, X)

it follows that T, (¢) has dense image for all t > 0. Thus T, (t) is invertible for
all ¢ > 0. ]

Remark 4.9.  There is an example due to Arendt [Are, 3.4] of an evolution
semigroup on E, = LP(IR, e*ds), 1 < p < oo, such that the spectra of the generator
and the semigroup operators depend on p and hence on the space FE, . Therefore
in Theorem 4.4 (and its consequences) the uniform boundedness of the translation
group on the Banach function space E cannot be omitted.

References

[Are]  Arendt, W., Gaussian estimates and interpolation of the spectrum in LP,
Differ. Integral Equ. 7 (1994), 1153-1168.

[Cop] Coppel, W.A., “Dichotomies in Stability Theory,” Springer—Verlag, Berlin,
1978.

[Cal]  Calderon, A. P., Spaces between L' and L™ and the theorem of Marcinkie-
wicz, Studia Math. 26 (1966), 273-299.



[DaK]

[Eval

[Fat]
[How]|

[LM1]
[LM2]
[LaR]
[LiT]

[Lum]|

RABIGER AND SCHNAUBELT 15

Daleckij, Ju. L., and M. G. Krein, “Stability of Solutions of Differential
Equations in Banach Spaces,” Transl. Math. Monogr., Vol. 4, Amer. Math.
Soc., Providence R.I., 1974.

Evans, D. E., Time dependent perturbations and scattering of strongly
continuous groups on Banach spaces, Math. Ann. 221 (1976), 275-290.
Fattorini, H.O., “The Cauchy Problem,” Addison—Wesley, Reading, 1983.

Howland, J. S., Stationary scattering theory for time—dependent Hamilto-
nians, Math. Ann. 207 (1974), 315-335.

Latushkin, Y., and S. Montgomery—Smith, Fvolutionary semigroups and
Lyapunov theorems in Banach spaces, J. Funct. Anal. (to appear).

Latushkin, Y., and S. Montgomery—Smith, Lyapunov theorems for Banach
spaces, Bull. Am. Math. Soc. 31 (1994), 44-49.

Latushkin, Y., and T.W. Randolph, Dichotomy of differential equations on
Banach spaces and an algebra of weighted translation operators, preprint.
Lindenstrauss, J., and L. Tzafiri, “Classical Banach Spaces II, Function
Spaces,” Springer—Verlag, Berlin, 1979.

Lumer, G., Equations de diffusion dans le domaine (x,t) non-cylindriques
et semigroupes “éspace-temps”, in: “Séminaire de Théorie du Potentiel
Paris,” No. 9, Springer—Verlag, 1989, 161-179.

Nagel, R. (Ed.), “One-Parameter Semigroups of Positive Operators,”
Springer—Verlag, Berlin, 1984.

Nagel, R., Semigroup methods for non—-autonomous Cauchy problems, Ti-
binger Berichte zur Funktionalanalysis 2, Tiibingen, 1993.

Nagel, R., and E. Sinestrari, Inhomogeneous Volterra integrodifferential
equations for Hille-Yosida operators, in: “Functional Analysis,” K. D.
Bierstedt, A. Pietsch, W. M. Ruess, D. Vogt (Eds.), Proc. Essen Con-
ference, 1993, 51-72.

Neidhardt, H., On abstract linear evolution equations I, Math. Nachr. 103
(1981), 283-293.

Paquet, L., Semigroupes géneralisés et équations d’évolution, in: “Sémi-
naire de Théorie du Potentiel Paris,” No. 4, Springer—Verlag, 1979, 243—
263.

Pazy, A., “Semigroups of Linear Operators and Applications to Partial
Differential Equations,” Springer—Verlag, Berlin, 1983.

Rabiger, F., and R. Schnaubelt, A spectral characterization of exponen-
tially dichotomic and hyperbolic evolution families, Tiibinger Berichte zur
Funktionalanalysis 3, Tiibingen, 1994.

Rabiger, F., Rhandi, A., and R. Schnaubelt, Perturbation and an abstract
characterization of evolution semigroups, Tiibinger Berichte zur Funktion-
alanalysis 3, Tiibingen, 1994.

Rau, R., Hyperbolic evolution semigroups, Dissertation, Tiibingen, 1992.



16 RABIGER AND SCHNAUBELT

[Ra2] Rau, R., Hyperbolic evolution groups and dichotomic evolution families, J.
Dyn. Differ. Equations 6 (1994), 335-350.

[Ra3] Rau, R., Hyperbolic evolution semigroups on vector valued function spaces,
Semigroup Forum 48 (1994), 107-118.

[Rha] Rhandi, A., Lipschitz stetige Evolutionsfamilien und die exponentielle
Dichotomie, Dissertation, Tiibingen, 1994.

[Sch]  Schaefer, H. H., “Banach Lattices and Positive Operators,” Springer—
Verlag, Berlin, 1974.

[SaS]  Sacker, R. J., and G. R. Sell, Dichotomies for linear evolutionary equations
in Banach spaces, IMA preprint No. 838 (1991).

[Tan] Tanabe, H., “Equations of Evolution,” Pitman, London, 1979.

[Tri]  Triebel, H., “Interpolation Theory, Function Spaces, Differential Opera-
tors,” North—Holland, Amsterdam, New York, Oxford, 1978.

Universitat Tiibingen
Mathematisches Institut
Auf der Morgenstelle 10
D-72076 Tibingen
Germany



