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Introduction

The solutions of a non–autonomous linear Cauchy problem on a Banach space X

are given, under appropriate conditions, by a family (U(t, s))t≥s contained in the

space L(X) of bounded linear operators on X , for which the following properties

hold:

(E1) the mapping (t, s) 7→ U(t, s) from D := {(t, s) ∈ IR2 : t ≥ s} into L(X) is

strongly continuous,

(E2) U(s, s) = IdX , U(t, r)U(r, s) = U(t, s) for all t ≥ r ≥ s ,

(E3) there are constants M ≥ 1 and ω ∈ IR such that ‖U(t, s)‖ ≤ Meω(t−s) for

all (t, s) ∈ D

(see e.g. [Da-K], [Fat], [Paz], [Tan]). In the following a family (U(t, s))(t,s)∈D in

L(X) satisfying (E1)–(E3) is called an evolution family. It has been noticed by

several authors (see [LM1], [LM2], [LRa], [Na2], [RäS], [Ra1], [Ra2], [Ra3], [Rha]

and the references therein) that asymptotic properties of the evolution family

(U(t, s))(t,s)∈D are strongly related to the asymptotic behaviour of an associated

evolution semigroup (TE(t))t≥0 of operators on a Banach space E(X) of X –valued

functions (see Section 1). For a large class of these function spaces this evolution

semigroup is strongly continuous and hence has a generator GE . It has been shown

by R. Rau [Ra1, Prop. 1.7] and Y. Latushkin and S. Montgomery–Smith [LM1,

Thm. 3.1], [LM2, Thm. 4] that on the function spaces C0(IR, X) and Lp(IR, X),

1 ≤ p <∞ , these semigroups always satisfy the spectral mapping theorem

σ(TE(t)) \ {0} = exp(tσ(GE)) , t ≥ 0. (SMT)

As a consequence the asymptotic behaviour of the evolution family is determined

by the spectrum σ(GE) of the generator of the corresponding evolution semigroup.

In this paper we show that for a large class of X –valued function spaces E(X)

including C0(IR, X) and Lp(IR, X), 1 ≤ p <∞ , each evolution semigroup satisfies

(SMT). Moreover, the spectra of the semigroup operators and the generator are

independent of the space. As a consequence, we obtain a characterization of hyper-

bolic evolution families through the hyperbolicity of the corresponding evolution
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semigroups on spaces E(X). This improves previous results of R. Rau [Ra3, Thm.

6], Y. Latushkin, S. Montgomery–Smith, T.W. Randolph [LM1, Thm. 3.4], [LRa,

Thm. 3.3] and the authors [RäS, Thm. 1.5].

Throughout the following (U(t, s))(t,s)∈D always denotes an evolution family on

the Banach space X . We use the terminology from [Na1] and recall some notions

from spectral theory. Let (A,D(A)) be an operator on the Banach space Y . The

resolvent set ρ(A) is the set of all λ ∈ C such that R(λ,A) := (λ−A)−1 exists in

L(Y ). Its complement σ(A) := C \ ρ(A) is called the spectrum of A . A complex

number λ ∈ C belongs to the residual spectrum Rσ(A) if (λ − A)D(A) is not

dense in Y and belongs to the approximate point spectrum Aσ(A) if there is a

sequence (xn) in D(A) such that ‖xn‖ ≥ 1 for all n ∈ IN and limn(λ−A)xn = 0.

1. Evolution semigroups

For the investigation of an evolution family (U(t, s))(t,s)∈D it is useful to associate

a semigroup of operators on a space of (equivalence classes of) Banach space valued

functions (see e.g. [Eva], [How], [LM1], [Lum], [Na2], [Nei], [Paq], [RäS], [Ra1],

[Rha] and the references therein). Here we consider this construction in a more

general framework. Denote by B the Borel algebra and by λ the Lebesgue measure

on IR. A vector space E of real–valued Borel–measurable functions on IR (modulo

λ–nullfunctions) is called a Banach function space (over (IR,B, λ)) if

(BFS1) E is an ideal in the space M(IR,B, λ) of measurable functions modulo

λ–nullfunctions, i.e., if ϕ ∈ E , ψ ∈ M(IR,B, λ) and |ϕ(·)| ≤ |ψ(·)| λ–a.e.,

then ψ ∈ E ,

(BFS2) the characteristic functions χA belong to E for all A ∈ B of finite

measure,

(BFS3) each ϕ ∈ E is locally integrable, i.e.
∫
A |ϕ| dλ <∞ for all A ∈ B of finite

measure,

(BFS4) E is a Banach lattice with respect to a norm ‖ · ‖E , i.e. (E, ‖ · ‖E) is

complete and ‖ψ‖E ≤ ‖ϕ‖E for all ϕ, ψ ∈ E such that |ψ(·)| ≤ |ϕ(·)|
λ–a.e..

Let E be a Banach function space and X a Banach space. We set

E(X) := {f : IR→ X : f is strongly measurable and ‖f(·)‖X ∈ E}

(modulo λ–nullfunctions). If it causes no confusion we identify elements of E and

E(X) with functions on IR. Then E(X) (with the obvious linear operations) is a

linear space, and for the norm

‖f‖E(X) := ‖ ‖f(·)‖X ‖E , f ∈ E(X),

E(X) is a Banach space. If we further assume that E is translation invariant,

i.e., ϕ(· − t) ∈ E for ϕ ∈ E and t ∈ IR, then

TE(t)f (·) := U(·, · − t)f(· − t) , t ≥ 0, f ∈ E(X), (E)
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defines a semigroup (TE(t))t≥0 of bounded linear operators on E(X). (Notice

that the translation is a positive operator on the Banach lattice E and is therefore

bounded (see [Sch, II.5.3]).)

In the same way (E) yields a semigroup (T∞(t))t≥0 of bounded linear operators

on the space C0(IR, X) of continuous functions vanishing at ±∞ (endowed with

the sup–norm ‖ · ‖∞ ).

Definition 1.1. The semigroup (TE(t))t≥0 , resp. (T∞(t))t≥0 is called the evo-

lution semigroup on E(X), resp. C0(IR, X) associated with (U(t, s))(t,s)∈D .

It can be easily verified that the evolution semigroup (T∞(t))t≥0 is strongly

continuous. By (G∞, D(G∞)) we denote its generator. The evolution semigroup

(TE(t))t≥0 is not always strongly continuous (see e.g. [Na1, A-I.3.4]). We obtain

strong continuity for a large class of Banach function spaces which we introduce

in the following. A Banach function space E is called admissible, if

(A1) E has order continuous norm, i.e., if (ϕα)α∈A is a decreasing net of positive

functions in E with infα∈A ϕα = 0, then limα ‖ϕα‖ = 0,

(A2) E is translation–invariant and the group (S(t))t∈IR of translations on E ,

given by S(t)ϕ = ϕ(· − t), ϕ ∈ E , t ∈ IR, is strongly continuous and

uniformly bounded.

Besides the spaces Lp(IR), 1 ≤ p < ∞ , many other function spaces occuring in

interpolation theory, e.g. the Lorentz spaces Lp,q(IR), 1 < p < ∞ , 1 ≤ q < ∞ ,

(see [Cal, Thm. 3 and p. 284], [Tri, 1.18.6, 1.19.3]) and, more general, the class

of rearrangement invariant function spaces over (IR,B, λ) (see [LiT, 2.a]) are

admissible. Our next proposition is a special case of [RRS, Prop. 2.3].

Proposition 1.2. Let E be an admissible Banach function space. Then every

evolution semigroup on E(X) is strongly continuous.

In case (TE(t))t≥0 is strongly continuous we denote by (GE, D(GE)) its generator.

The aim of this paper is to show that for an admissible Banach function space

E every evolution semigroup (TE(t))t≥0 satisfies the spectral mapping theorem

σ(TE(t)) \ {0} = exp(tσ(GE)) , t ≥ 0, (1.1)

and the spectra of the semigroup operators and the generator coincide with the

spectra of the corresponding operators on C0(IR, X). In particular, the spectra

are independent of the space E . For the spaces Lp(IR), 1 ≤ p <∞ , this has been

shown first in [LM1] using completely different methods.

It is known that for any strongly continuous semigroups certain ‘spectral inclu-

sions’ hold. To be more precise, let (T (t))t≥0 be a strongly continuous semigroup

on the Banach space Y with generator A . Then

exp(tσ(A)) ⊆ σ(T (t)) , t ≥ 0, (1.2)
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and the residual spectra of the semigroup and the generator satisfy

exp(tRσ(A)) = Rσ(T (t)) \ {0} , t ≥ 0 (1.3)

(see [Na1, A-III.6.2-6.3]). Notice that σ(T (t)) = Rσ(T (t)) ∪ Aσ(T (t)) (see [Na1,

A-III.2.1]). Hence, by (1.2) and (1.3) the spectral mapping theorem (1.1) holds

for (T (t))t≥0 if (and only if)

Aσ(T (t)) \ {0} ⊆ exp(tσ(A)) , t ≥ 0. (1.4)

If we consider an evolution semigroup (T (t))t≥0 induced by an evolution family

(U(t, s))(t,s)∈D , then (1.4) and hence the spectral mapping theorem is a conse-

quence of the following weaker assertion:

if 1 ∈ Aσ(T (t0)) for some t0 > 0, then 0 ∈ σ(A). (1.5)

We show how (1.4) follows from (1.5). Let 0 6= µ ∈ Aσ(T (t0)) for some t0 > 0.

Choose α ∈ C such that µ = eαt0 . Then 1 ∈ Aσ(e−αt0T (t0)). Moreover,

(e−αtT (t))t≥0 is the evolution semigroup associated with the evolution family

(e−α(t−s)U(t, s))(t,s)∈D . Now (1.5) applied to (e−αtT (t))t≥0 yields 0 ∈ σ(A) − α

and hence α ∈ σ(A). Thus µ = eαt0 ∈ exp(t0 σ(A)).

In Section 2 we give a direct proof of (1.5) for evolution semigroups on C0(IR, X)

(Theorem 2.3). In the subsequent sections we show σ(G∞) ⊆ σ(GE) (Proposition

3.8) and σ(TE(t)) ⊆ σ(T∞(t)) (Proposition 4.3) for every admissible Banach

function space E . Together with the spectral inclusion (1.2) this yields the spectral

mapping theorem (1.1).

2. The spectral mapping theorem on C0(IR, X)

Let (U(t, s))(t,s)∈D be an evolution family on the Banach space X . We consider

the evolution semigroup (T∞(t))t≥0 with generator (G∞, D(G∞)) on the space

C0(IR, X). By C1(IR) we denote the space of continuously differentiable complex–

valued functions and set U(t, s) := 0 for t < s . We start with the following

lemma.

Lemma 2.1. Let (U(t, s))(t,s)∈D be an evolution family on the Banach space

X . Let x ∈ X , r ∈ IR, I a compact interval in IR, and α ∈ C1(IR) such

that supp α := {s ∈ IR : α(s) 6= 0} ⊆ I and r ≤ s for each s ∈ I . Then

g := α(·)U(·, r)x ∈ D(G∞) and G∞ g = −α′(·)U(·, r)x.

Proof. Clearly, g ∈ C0(IR, X). Let s ∈ IR and t > 0. If s− t ≤ r , then

T∞(t)g (s) = U(s, s− t)g(s− t) = 0 = α(s− t)U(s, r)x .

For s− t > r we have

T∞(t) g(s) = U(s, s− t)α(s− t)U(s− t, r)x = α(s− t)U(s, r)x.

Thus
1

t

(
T∞(t)g − g

)
(s) =

1

t

(
α(s− t)− α(s)

)
U(s, r)x .

Hence, limt↓0
1
t

(T∞(t)g−g) exists in C0(IR, X) and G∞ g = limt↓0
1
t

(T∞(t)g−g) =

−α′(·)U(·, r)x.
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Now we show that each evolution semigroup on C0(IR, X) satisfies (1.5).

Proposition 2.2. If 1 ∈ Aσ(T∞(t0)) for some t0 > 0, then 0 ∈ σ(G∞).

Proof. Let (U(t, s))(t,s)∈D be the evolution family on X corresponding to the

evolution semigroup (T∞(t))t≥0 . For each n ∈ IN there exists fn ∈ C0(IR, X) such

that ‖fn‖ = 1 and ‖fn − T∞(kt0)fn‖ < 1
2n

for all 0 ≤ k ≤ 2n , k ∈ IN. Then

1

2
< sup

s∈IR
‖U(s, s− kt0)fn(s− kt0)‖ <

3

2
(2.1)

for 0 ≤ k ≤ 2n . For each n ∈ IN choose sn ∈ IR such that

‖U(sn, sn − nt0)xn‖ ≥
1

2
where xn := fn(sn − nt0) .

Let In := [sn − nt0, sn + nt0] and g̃n := χIn U(·, sn − nt0)xn . Thus ‖g̃n(sn)‖ ≥ 1
2
.

On the other hand, each s ∈ In can be written as s = sn + (k + σ − n)t0 where

0 ≤ k ≤ 2n and σ ∈ [0, 1[ . Then, by (E3) and (2.1),

‖g̃n(s)‖
= ‖U(sn + (k + σ − n)t0, sn + (k − n)t0)U(sn + (k − n)t0, sn − nt0)xn‖
≤ Me|ω|t0 ‖U(sn + (k − n)t0, sn − nt0)xn‖
= Me|ω|t0 ‖U(sn + (k − n)t0, sn + (k − n)t0 − kt0) fn(sn + (k − n)t0 − kt0)‖

≤ 3

2
Me|ω|t0 .

Thus there is a positive constant c such that

1

2
≤ sup

s∈IR
‖g̃n(s)‖ ≤ c for all n ∈ IN.

Now choose αn ∈ C1(IR) such that αn(sn) = 1, 0 ≤ α(s) ≤ 1, supp αn ⊆ In
and ‖α′n‖∞ ≤ 2

nt0
. Define gn := αn g̃n = αn(·)U(·, sn − nt0)xn ∈ C0(IR, X). Then

1
2
≤ ‖gn‖∞ ≤ c for all n ∈ IN. Moreover, Lemma 2.1 implies gn ∈ D(G∞) and

G∞ gn = −α′n g̃n . In particular, we obtain ‖G∞ gn‖∞ ≤ 2c
nt0

, and hence 0 is an

approximate eigenvalue of G∞ .

As explained in Section 1 this proposition implies the spectral mapping theorem

for evolution semigroups on C0(IR, X).

Theorem 2.3. Let (T∞(t))t≥0 be an evolution semigroup on C0(IR, X) with

generator (G∞, D(G∞)). Then σ(T∞(t)) \ {0} = exp(tσ(G∞)) for all t ≥ 0.

3. The spectrum of the generator

In the following E is an admissible Banach function space and X a Banach

space. Then E∞(X) := E(X) ∩ C0(IR, X) endowed with the norm ‖f‖ :=

max (‖f‖E(X) , ‖f‖∞) is a Banach space. For Banach spaces Y and Z we write

Z ↪→ Y if Z ⊆ Y and the identity map from Z into Y is continuous. If (A,D(A))
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is a linear operator on Y and Z ⊆ Y , we denote by (A|, D(A|)) the part of A in

Z , i.e.

D(A|) := {x ∈ D(A) ∩ Z : Ax ∈ Z} and A|x := Ax.

Obviously, E∞(X) ↪→ E(X) and E∞(X) ↪→ C0(IR, X). Every evolution family

(U(t, s))(t,s)∈D on X induces a strongly continuous semigroup (TE,∞(t))t≥0 on

E∞(X) which is the restriction of (TE(t))t≥0 and (T∞(t))t≥0 , respectively. Then

by [NaS, Lemma 2.6] the generator (GE,∞, D(GE,∞)) of (TE,∞(t))t≥0 is the part of

(GE, D(GE)) and (G∞, D(G∞)) in E∞(X), respectively. In this section we show

σ(G∞) ⊆ σ(GE) = σ(GE,∞) (3.1)

for every admissible Banach function space E .

First we discuss some properties of admissible Banach function spaces E and

the induced spaces E(X) which will be used later on. The order continuity of the

norm of E implies that the dual space E ′ is again a Banach function space (over

(IR,B, λ)) where the duality is given by

< ψ,ϕ >:=
∫
IR
ϕψ dλ for ϕ ∈ E and ψ ∈ E ′ (3.2)

(see [LiT, p. 29]). Moreover, the translation invariance of E and (3.2) yield that

E ′ is also translation invariant and the adjoint of the translation S(t) is given by

S(t)′ψ = ψ(· + t) for all ψ ∈ E ′ and t ∈ IR. In particular, the group (S(t)′)t∈IR
of translations on E ′ is uniformly bounded. Our next lemma shows that certain

exponential functions belong to E ′ . For r ∈ IR let εr : IR → IR be defined by

εr(s) := ers, s ∈ IR.

Lemma 3.1. Let E be an admissible Banach function space and r ∈ IR+\{0}.

Then χ ]−∞,0] εr ∈ E ′ .

Proof. Since χ ]−1,0] ∈ E ′ and the group of translations on E ′ is uniformly

bounded, we obtain χ ]−n,−n+1] ∈ E ′ for all n ∈ IN and supn∈IN ‖χ ]−n,−n+1]‖ <∞ .

Then ϕ :=
∑
n∈IN e

r(−n+1)χ ]−n,−n+1] ∈ E ′ and 0 ≤ χ ]−∞,0] εr ≤ ϕ . Since E ′ is a

Banach function space, the assertion follows.

The following result is shown in [RRS, Lemma 2.2]. By Cc(IR, X) we denote

the space of X –valued continuous functions having compact support.

Lemma 3.2. Let E be an admissible Banach function space. Then Cc(IR, X)

is dense in E(X).

Consider now the evolution semigroup (TE(t))t≥0 on E(X). The following

smoothing property of the resolvent R(λ,GE) := (λ − GE)−1 , λ ∈ ρ(GE), of

the generator GE plays a central role (see also [RäS, Lemma 2.1], [Nei, Cor. 4.7]).

Recall that for an operator (A,D(A)) the graph norm on D(A) is defined as

‖x‖A := ‖x‖+ ‖Ax‖ , x ∈ D(A).
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Proposition 3.3. Let E be an admissible Banach function space and λ ∈
ρ(GE). Then R(λ,GE) : E(X) → E∞(X) is continuous. Moreover, we have

(D(GE), ‖ · ‖GE
) ↪→ E∞(X) ↪→ C0(IR, X) and D(GE) is dense in E∞(X) and

C0(IR, X).

Proof. Let M ≥ 1 and ω ∈ IR such that ‖U(t, s)‖ ≤ Meω(t−s) for (t, s) ∈ D .

The group (S(t))t∈IR of translations on E is uniformly bounded, i.e., N :=

supt∈IR ‖S(t)‖ <∞ . Then ‖TE(t)‖ ≤Meωt‖S(t)‖ ≤MNeωt and ‖T∞(t)‖ ≤Meωt

for t ≥ 0, i.e., ω dominates the growth bounds of (TE(t))t≥0 and (T∞(t))t≥0 .

Let µ > ω . Then µ ∈ ρ(GE) ∩ ρ(G∞) and R(µ,GE) =
∫∞
0 e−µtTE(t) dt and

R(µ,G∞) =
∫∞
0 e−µtT∞(t) dt , where the integrals are defined strongly. If f ∈

E∞(X), then R(µ,GE)f = R(µ,G∞)f , and hence R(µ,GE)E∞(X) ⊆ E∞(X).

Moreover, for f ∈ E∞(X) and s ∈ IR we have

‖R(µ,GE)f (s)‖ =
∥∥∥∥∫ ∞

0
e−µt U(s, s− t)f(s− t) dt

∥∥∥∥
≤ M

∫ ∞
0

e(ω−µ)t ‖f(s− t)‖ dt

= M
∫ s

−∞
e(µ−ω)(t−s) ‖f(t)‖ dt

= M
∫ s

−∞
S(−s)′(χ ]−∞,0] εµ−ω) (t) ‖f(t)‖ dt

≤ MN ‖χ ]−∞,0] εµ−ω‖E′ ‖f‖E(X)

≤ M̃ ‖f‖E(X) ,

where the last inequalities follow from Lemma 3.1. Hence, ‖R(µ,GE)f‖∞ ≤
M̃ ‖f‖E(X) for all f ∈ E∞(X). Since E∞(X) is dense in E(X), the resolvent

R(µ,GE) maps E(X) continuously into C0(IR, X) ∩ E(X) = E∞(X).

If λ ∈ ρ(GE) is arbitrary, then the resolvent equation yields

R(λ,GE)

[
R(µ,GE)− 1

µ− λ

]
=

1

λ− µ
R(µ,GE)

where R(µ,GE)− 1
µ−λ is invertible. Hence,

R(λ,GE) =
1

λ− µ
R(µ,GE)

[
R(µ,GE)− 1

µ− λ

]−1
: E(X)→ E∞(X)

is continuous.

Since D(GE) = R(λ,GE)E(X) ⊆ E∞(X) and (GE,∞, D(GE,∞)) is the part

of (GE, D(GE)) in E∞(X), the space D(GE) must be dense in E∞(X) and

C0(IR, X). Finally, the identity Id : (D(GE), ‖·‖GE
)→ E∞(X) is the composition

of the continuous operators λ − GE : (D(GE), ‖ · ‖GE
) → E(X) and R(λ,GE) :

E(X) → E∞(X), λ ∈ ρ(GE). Hence, (D(GE), ‖ · ‖GE
) ↪→ E∞(X), whereas

E∞(X) ↪→ C0(IR, X) is obvious.

The following lemma contains a spectral inclusion for certain parts of an operator

(see also [Are, Prop. 1.1], [Paz, Lemma 4.5.2]).
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Lemma 3.4. Let Y and Z be Banach spaces such that Z ⊆ Y . Moreover,

let (A,D(A)) be an operator on Y and denote with (A|, D(A|)) its part in Z . If

D(A) ⊆ Z and (A|, D(A|)) is closed, then σ(A|) ⊆ σ(A).

Proof. Let λ ∈ ρ(A). Obviously, λ − A| is injective. On the other hand, if

z ∈ Z there exists x ∈ D(A) ⊆ Z such that (λ− A)x = z . Therefore, x ∈ D(A|)

and (λ − A|)x = z . Thus λ − A| is a bijection. Since (A|, D(A|)) is closed, this

implies λ ∈ ρ(GE).

Now Lemma 3.4 and Proposition 3.3 yield the equality stated in (3.1).

Proposition 3.5. Let E be an admissible Banach function space. Then σ(GE) =

σ(GE,∞).

Proof. We mentioned already that E∞(X) ⊆ E(X) and (GE,∞, D(GE,∞)) is

the part of (GE, D(GE)) in E∞(X). Thus Lemma 3.4 and Proposition 3.3 imply

σ(GE,∞) ⊆ σ(GE).

Conversly, let F := D(GE) be endowed with the graph norm and let (T 1
E(t))t≥0

be the restriction of (TE(t))t≥0 to F . Then (GF , D(GF )) = (GE, D(G2
E)) is the

generator of (T 1
E(t))t≥0 . In addition, (T 1

E(t))t≥0 and (TE(t))t≥0 are similar in the

following sense: if λ ∈ ρ(GE), then λ − GE : F → E(X) is an isomorphism and

T 1
E(t) = R(λ,GE)TE(t) (λ − GE) for all t ≥ 0 (cf. [Na1, A-I.3.5]). Therefore

(GF , D(GF )) and (GE, D(GE)) are similar, and hence σ(GF ) = σ(GE). By

Proposition 3.3 we have F ↪→ E∞(X). Furthermore, (T 1
E(t))t≥0 is the restriction

of (TE,∞(t))t≥0 to F , and hence [NaS, Lemma 2.6] implies that (GF , D(GF )) is

the part of (GE,∞, D(GE,∞)) in F . Thus for λ ∈ ρ(GE) ∩ ρ(GE,∞) we obtain

(λ−GE)D(GE,∞) = (λ−GE,∞)D(GE,∞) = E∞(X) ⊆ E(X) = (λ−GE)D(GE),

and hence D(GE,∞) ⊆ F . Now Lemma 3.4 yields σ(GF ) ⊆ σ(GE,∞) and the proof

is finished.

It is an immediate consequence of Proposition 3.5 that the residual spectrum

Rσ(G∞) is contained in σ(GE).

Corollary 3.6. Let E be an admissible Banach function space. Then Rσ(G∞) ⊆
σ(GE).

Proof. Let λ ∈ ρ(GE) = ρ(GE,∞). Then

Cc(IR, X) ⊆ E∞(X) = (λ−GE,∞)D(GE,∞) ⊆ (λ−G∞)D(G∞) ⊆ C0(IR, X).

Thus (λ−G∞)D(G∞) is dense in C0(IR, X) and hence λ /∈ Rσ(G∞).

For the proof of (3.1) it remains to show Aσ(G∞) ⊆ σ(GE). The following

lemma is the essential step to that inclusion.
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Lemma 3.7. Let E be an admissible Banach function space. If 0 ∈ Aσ(G∞),

then 0 ∈ σ(GE).

Proof. Let 0 ∈ Aσ(G∞). The spectral inclusion exp(tAσ(G∞)) ⊆ Aσ(T∞(t))

for the approximate point spectrum (see [Na1, A-III.6.2]) yields 1 ∈ Aσ(T∞(1)).

As in the proof of Proposition 2.2 we find intervals In := [sn − n, sn + n] ⊆ IR,

elements xn ∈ X and a positive constant c such that g̃n := χIn U(·, sn − n)xn :

IR→ X satisfies

‖g̃n(sn)‖ ≥ 1

2
and sup

s∈IR
‖g̃n(s)‖ ≤ c for all n ∈ IN. (3.3)

(Here we set U(t, s) := 0 for t < s .) Let Jn := [sn − n + 1, sn + n− 1] ⊆ In and

h̃n := χ
Jn
g̃n . Then

‖h̃n(sn)‖ ≥ 1

2
and sup

s∈IR
‖h̃n(s)‖ ≤ c for all n ∈ IN. (3.4)

Clearly, g̃n , h̃n ∈ E(X). The group (S(t))t∈IR of translations on E satisfies

N := supt∈IR ‖S(t)‖ <∞ . Then for each n ∈ IN we have

‖g̃n − h̃n‖E(X) ≤ ‖χ[sn−n,sn−n+1] g̃n‖E(X) + ‖χ[sn+n−1,sn+n] g̃n‖E(X)

≤ c
(
‖χ[sn−n,sn−n+1]‖E + ‖χ[sn+n−1,sn+n]‖E

)
≤ 2cN ‖χ[0,1]‖E .

Thus there is a constant M̃ such that

‖g̃n − h̃n‖E(X) ≤ M̃ for all n ∈ IN. (3.5)

Let cn := ‖h̃n‖E(X) , n ∈ IN. We have to distinguish two cases.

First case: lim inf
n→∞

cn
n

= 0.

For each n ∈ IN choose αn ∈ C1(IR, [0, 1]) such that αn(sn) = 1, supp αn ⊆ In and

‖α′n‖∞ ≤ 2
n

. Let gn := αn g̃n = αn(·)U(·, sn − n)xn : IR → X. By Lemma 2.1 we

have gn ∈ D(G∞) and G∞ gn = −α′n g̃n . Obviously, gn , G∞ gn ∈ E∞(X). Since

(GE,∞, D(GE,∞)) is the part of (G∞, D(G∞)) in E∞(X), we obtain gn ∈ D(GE,∞)

and GE,∞ gn = −α′n g̃n . Now (3.3) implies ‖gn‖E∞(X) ≥ ‖gn‖∞ ≥ ‖gn(sn)‖X ≥ 1
2
.

Moreover, (3.5) yields

‖GE,∞ gn‖E∞(X) ≤ ‖α′n g̃n‖∞ + ‖α′n g̃n‖E(X)

≤ 2c

n
+ ‖α′n(g̃n − h̃n)‖E(X) + ‖α′n h̃n‖E(X)

≤ 2c

n
+

2M̃

n
+

2cn
n
.

Hence lim infn→∞ ‖GE,∞ gn‖E(X) = 0. Thus 0 ∈ Aσ(GE,∞) ⊆ σ(GE) by Proposi-

tion 3.5.

Second case: lim inf
n→∞

cn
n
> 0.
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Then limn→∞ cn =∞ . We may assume cn > 0 for all n ∈ IN. Choose βn ∈ C1(IR)

such that 0 ≤ βn ≤ 1
cn

, βn|Jn ≡
1
cn

, supp βn ⊆ In and ‖β′n‖∞ ≤ 2
cn

. Let

hn := βn g̃n , n ∈ IN. As in the first case (for the functions gn ) we obtain

hn ∈ D(GE,∞) ⊆ D(GE) and GE,∞ hn = −β′n g̃n = GEhn . Now ‖hn‖E(X) ≥
1
cn
‖h̃n‖E(X) = 1. In addition,

‖GEhn‖E(X) ≤
2

cn
(‖χ[sn−n,sn−n+1] g̃n‖E(X) + ‖χ[sn+n−1,sn+n] g̃n‖E(X))

≤ 4c

cn
N ‖χ[0,1]‖E .

Hence limn→∞ ‖GEhn‖E(X) = 0.

In both cases 0 ∈ Aσ(GE) and the proof is finished.

From the previous results we can deduce (3.1) easily using the same argument as

in the proof that (1.5) implies (1.4).

Proposition 3.8. Let E be an admissible Banach function space. Then σ(G∞) ⊆
σ(GE) = σ(GE,∞).

4. The spectral mapping theorem on Banach function spaces.

Throughout this section let E be an admissible Banach function space. Our aim

is to show the spectral mapping theorem for evolution semigroups on E(X) and

that the spectra of the semigroup operators and the generator are independent

of the space. In the following we exploit the strong symmetry properties of the

spectrum of an evolution semigroup and its generator. This has been observed e.g.

on C0(IR, X) by Rau [Ra3, Prop. 2]. Precisely, if Γ := {λ ∈ C : |λ| = 1} is the

unit circle, then

σ(T∞(t)) = Γσ(T∞(t)) for t > 0 and σ(G∞) = σ(G∞) + iIR . (4.1)

The analogous result with the same proof holds for evolution semigroups on E(X).

Lemma 4.1. Let E be an admissible Banach space. Then

(a) σ(TE(t)) = Γσ(TE(t)) for t > 0.

(b) σ(GE) = σ(GE) + iIR.

Let Cb(IR,Ls(X)) be the space of all bounded, strongly continuous, operator–

valued functions V on IR, i.e., V : IR → L(X) is bounded and V (·)x : IR → X

is continuous for every x ∈ X . Each V ∈ Cb(IR,Ls(X)) induces a bounded,

linear ‘multiplication’ operator V on C0(IR, X) defined by Vf := V (·)f(·) with

‖V‖ = sups∈IR ‖V (s)‖ . For f ∈ E(X) we have V (·)f(·) ∈ E(X) and

‖V (·)f(·)‖E(X) = ‖ ‖V (·)f(·)‖X ‖E ≤ sup
s∈IR
‖V (s)‖ ‖f‖E(X) .
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Therefore Vf := V (·)f(·) defines a bounded linear operator on E(X). It can be

easily seen that its norm equals sups∈IR ‖V (s)‖ . Thus Cb(IR,Ls(X)) endowed with

the sup–norm can be identified with a closed linear subspace of L(C0(IR, X)) and

L(E(X)), respectively.

Our next lemma connects the spectra of T∞(t) and TE(t). With ID := {λ ∈
C : |λ| ≤ 1} we denote the unit disc.

Lemma 4.2. Let E be an admissible Banach function space and t0 > 0.

(a) If Γ ⊆ ρ(T∞(t0)), then Γ ⊆ ρ(TE(t0)).

(b) If ID ⊆ ρ(T∞(t0)), then ID ⊆ ρ(TE(t0)).

Proof. Let (U(t, s))(t,s)∈D be the evolution family inducing (TE(t))t≥0 and

(T∞(t))t≥0 , respectively.

(a) Assume Γ ⊆ ρ(T∞(t0)). Then Γ ⊆ ρ(T∞(1)) (see [Na1, pp. 71–72]). Let

P ∈ L(E(X)) be the spectral projection of T∞(1) with respect to {λ ∈ σ(T∞(1)) :

|λ| < 1} . By a result of Rau [Ra2, Lemma 14], [Ra3, Lemma 5] the projection P
admits a representation as a strongly continuous, projection–valued multiplication

operator, i.e., P = P (·) ∈ Cb(IR,Ls(X)). Moreover, P (·) satisfies the following

properties (see [RäS, Thm. 1.5], [Ra3, Thm. 6]):

P (t)U(t, s) = U(t, s)P (s) for all (t, s) ∈ D, (H1)

there exist constants N ≥ 1 and α > 0 such that

‖U(t, s)x‖ ≤ Ne−α(t−s) ‖x‖ (H2)

for all (t, s) ∈ D and x ∈ P (s)X and

‖U(t, s)x‖ ≥ N−1 eα(t−s) ‖x‖ (H3)

for all (t, s) ∈ D and x ∈ Q(s)X := (Id− P (s))X . Finally, the operator

U|(t, s) : Q(s)X → Q(t)X : x 7→ U(t, s)x (H4)

is a bijection for all (t, s) ∈ D .

Clearly, P = P (·) defines a bounded linear projection on E(X). We set E(X)s :=

PE(X) and E(X)u := (Id− P)E(X). By (H1) the projection P and (TE(t))t≥0
commute. Hence, TE(t)E(X)s ⊆ E(X)s and TE(t)E(X)u ⊆ E(X)u for t ≥ 0.

Denote by (T sE(t))t≥0 and (T uE(t))t≥0 the restrictions of (TE(t))t≥0 to E(X)s and

E(X)u , respectively. Let C := supt∈IR ‖S(t)‖ where (S(t))t∈IR is the group of

translations on E . If f ∈ E(X)s , then (H2) implies

‖T sE(t)f‖E(X) = ‖U(·, · − t)P (· − t)f(· − t)‖E(X)

≤ Ne−αt ‖f(· − t)‖E(X)

≤ CNe−αt ‖f‖E(X) .
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Thus the spectral radius of T sE(t0) is less than 1, and hence Γ ⊆ ρ(T sE(t0)).

If f ∈ E(X)u , then (H3) yields

‖T uE(t)f‖E(X) = ‖U(·, · − t) (Id− P (· − t)) f(· − t)‖E(X)

≥ N−1 eαt ‖f(· − t)‖E(X)

≥ C−1N−1 eαt ‖f‖E(X) . (4.2)

Therefore T uE(t) has closed range and is injective for each t ≥ 0.

On the other hand, (Id − P)Cc(IR, X) is dense in E(X)u and for f ∈ (Id −
P)Cc(IR, X) ⊆ Cc(IR, X) we have T u∞(t)f = T uE(t)f . From (H4) it follows that

f ∈ (Id − P)C0(IR, X) has compact support if and only if T∞(t)uf has compact

support. Hence, by the invertibility of T u∞(t) ,

T uE(t)(Id− P)Cc(IR, X) = T u∞(t)(Id− P)Cc(IR, X) = (Id− P)Cc(IR, X).

In particular, T uE(t) has dense range for every t ≥ 0. Hence, T uE(t) is invertible

and (4.2) yields ‖T uE(t)−1‖ ≤ CNe−αt for t ≥ 0. Thus the spectral radius of

T uE(t0)
−1 is less than 1, and hence Γ ⊆ ID ⊆ ρ(T uE(t0)).

(b) Let ID ⊆ ρ(T∞(t0)). Then ID ⊆ ρ(T∞(1)) (see [Na1, pp. 71–72]) and the

spectral projection P mentioned above is 0. Therefore E(X) = E(X)u and

TE(t) = T uE(t) for t ≥ 0. In part (a), however, we have shown ID ⊆ ρ(T uE(t0)) =

ρ(TE(t0)).

From (4.1) and Lemma 4.2 we obtain the following spectral inclusion.

Proposition 4.3. Let E be an admissible Banach function space. Then

σ(TE(t)) ⊆ σ(T∞(t)) for all t ≥ 0.

Proof. Let (U(t, s))(t,s)∈D be the evolution family corresponding to (T∞(t))t≥0
and (TE(t))t≥0 . Fix t0 > 0.

(a) Let 0 6= λ ∈ ρ(T∞(t0)). Choose r ∈ IR and λ1 ∈ Γ such that λ = λ1 e
rt0 .

Then λ1 ∈ ρ(e−rt0T∞(t0)). Moreover, (e−rtT∞(t))t≥0 is the evolution semigroup

on C0(IR, X) induced by the evolution family (e−r(t−s)U(t, s))(t,s)∈D . By (4.1) we

obtain Γ ⊆ ρ(e−rt0T∞(t0)) and Lemma 4.2 implies Γ ⊆ ρ(e−rt0TE(t0)) . Thus

λ ∈ ρ(TE(t0)).

(b) Let 0 ∈ ρ(T∞(t0)). Choose r ≥ 0 such that ID ⊆ ρ(ert0T∞(t0)). Then Lemma

4.2 implies ID ⊆ ρ(ert0TE(t0)), and hence 0 ∈ ρ(TE(t0)).

The spectral mapping theorem is now an easy consequence of the previous results.

Theorem 4.4. Let E be an admissible Banach function space. Then

σ(TE(t)) \ {0} = exp(tσ(GE)) = exp(tσ(G∞)) = σ(T∞(t)) \ {0}

for all t ≥ 0.
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Proof. The spectral inclusion (1.2), Proposition 4.3, Theorem 2.3 and Propo-

sition 3.8 lead to the inclusions

exp(tσ(GE)) ⊆ σ(TE(t)) \ {0} ⊆ σ(T∞(t)) \ {0} = exp(tσ(G∞)) ⊆ exp(tσ(GE))

proving the theorem.

Recall that an evolution family (U(t, s))(t,s)∈D is called hyperbolic if there is a

projection–valued function P (·) ∈ Cb(IR,Ls(X)) and constants N ≥ 1 and α > 0

such that (H1)–(H4) holds. We refer to [Cop], [DaK], [SaS] for the relevance of this

concept in the theory of differential equations. A strongly continuous semigroup

(T (t))t≥0 on a Banach Y is called hyperbolic if σ(T (t))∩Γ = Ø for one (and hence

all) t > 0.

The previous theorem allows a characterization of hyperbolic evolution families

through the hyperbolicity of the induced evolution semigroup (TE(t))t≥0 on E(X)

(see [Ra1], [LM1], [LM2], [LRa], [RäS] for special cases).

Corollary 4.5. Let (U(t, s))(t,s)∈D be an evolution family on the Banach space

X and let E be an admissible Banach function space. Then the following assertions

are equivalent:

(1) (U(t, s))(t,s)∈D is hyperbolic.

(2) (T∞(t))t≥0 is hyperbolic.

(3) ρ(G∞) ∩ iIR 6= Ø.

(4) (TE(t))t≥0 is hyperbolic.

(5) ρ(GE) ∩ iIR 6= Ø.

Proof. The equivalence of (1) and (2) is essentially due to Rau [Ra3, Thm. 6]

(see also [RäS, Thm. 1.5]). The remaining equivalences follow from Theorem 4.4,

(4.1) and Lemma 4.1.

From exp(tσ(GE)) = exp(tσ(G∞)) for t ≥ 0, the identity (4.1) and Lemma 4.1

we obtain the following improvement of Proposition 3.8.

Corollary 4.6. Let E be an admissible Banach function space. Then σ(GE) =

σ(GE,∞) = σ(G∞).

In addition, we obtain equality of the spectra for the operators belonging to the

evolution semigroup. In the proof we make use of the following lemma (see [RRS,

Lemma 3.1]).

Lemma 4.7. Let E be an admissible Banach function space. Then

‖f(s)‖ = lim
ε↓0

1

‖χ[s,s+ε]‖E
‖χ[s,s+ε] f‖E(X)

for every f ∈ C0(IR, X) and every s ∈ IR.
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Proposition 4.8. Let E be an admissible Banach function space. Then

σ(TE(t)) = σ(T∞(t)) for all t ≥ 0.

Proof. Theorem 4.4 yields σ(TE(t)) \ {0} = σ(T∞(t)) \ {0} ⊆ σ(T∞(t)). It

remains to show that 0 ∈ ρ(TE(t0)) for some t0 > 0 implies 0 ∈ ρ(T∞(t0)).

Since TE(t0) is invertible, (TE(t))t≥0 can be extended to a strongly continuous

group (cf. [Paz, 1.6.5]). In particular, there are constants M1 ≥ 1 and ω1 ∈ IR

such that ‖TE(t)f‖E(X) ≥ M−1
1 e−ω1t ‖f‖E(X) for f ∈ E(X) and t ≥ 0. Since the

group (S(t))t∈IR of translations on E is uniformly bounded, there is a constant

c > 0 such that c ‖χ[a,b]‖E ≤ ‖χ[a−t,b−t]‖E for every compact interval [a, b] ⊆ IR

and all t ∈ IR.

If t ≥ 0 and f ∈ Cc(IR, X), then T∞(t)f = TE(t)f ∈ Cc(IR, X). Moreover,

Lemma 4.7 and the above–mentioned inequality yield

‖T∞(t)f(s)‖ = ‖TE(t)f(s)‖

= lim
ε↓0

1

‖χ[s,s+ε]‖E
‖χ[s,s+ε] TE(t)f‖E(X)

= lim
ε↓0

1

‖χ[s,s+ε]‖E
‖TE(t) (χ[s−t,s−t+ε] f)‖E(X)

≥ cM−1
1 e−ω1t lim

ε↓0

1

‖χ[s−t,s−t+ε]‖E
‖χ[s−t,s−t+ε] f‖E(X)

= cM−1
1 e−ω1t ‖f(s− t)‖

for each s ∈ IR. Thus ‖T∞(t)f‖∞ ≥ cM−1
1 e−ω1t ‖f‖∞ for f ∈ C0(IR, X) and

t ≥ 0. In particular, T∞(t) has closed range and is injective for all t ≥ 0. On the

other hand, if λ ∈ ρ(GE), then Proposition 3.3 implies R(λ,GE)E(X) ⊆ C0(IR, X)

and R(λ,GE)E(X) is dense in C0(IR, X). Since

R(λ,GE)E(X) = R(λ,GE)TE(t)E(X) = T∞(t)R(λ,GE)E(X) ⊆ T∞(t)C0(IR, X)

it follows that T∞(t) has dense image for all t ≥ 0. Thus T∞(t) is invertible for

all t ≥ 0.

Remark 4.9. There is an example due to Arendt [Are, 3.4] of an evolution

semigroup on Ep = Lp(IR, esds), 1 ≤ p <∞ , such that the spectra of the generator

and the semigroup operators depend on p and hence on the space Ep . Therefore

in Theorem 4.4 (and its consequences) the uniform boundedness of the translation

group on the Banach function space E cannot be omitted.
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