LOCAL WELLPOSEDNESS OF QUASILINEAR MAXWELL
EQUATIONS WITH ABSORBING BOUNDARY CONDITIONS
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ABSTRACT. In this article we provide a local wellposedness theory for quasi-
linear Maxwell equations with absorbing boundary conditions in H™ for
m > 3. The Maxwell equations are equipped with instantaneous nonlinear
material laws leading to a quasilinear symmetric hyperbolic first order sys-
tem. We consider both linear and nonlinear absorbing boundary conditions.
We show existence and uniqueness of a local solution, provide a blow-up
criterion in the Lipschitz norm, and prove the continuous dependence on
the data. In the case of nonlinear boundary conditions we need a smallness
assumption on the tangential trace of the solution. The proof is based on
detailed apriori estimates and the regularity theory for the corresponding
linear problem which we also develop here.

1. INTRODUCTION

The Maxwell system is the foundation of electromagnetism and thus one of
the core partial differential equations in physics. For nonlinear instantaneous
material laws, it can be written as a symmetric hyperbolic system under nat-
ural assumptions. On the full space R?, for such systems a satisfactory local
wellposedness theory in H*(R?) for s > 1 + % is provided by Kato’s work [12].
On domains G € R? the Maxwell system is characteristic, and with its standard
boundary conditions it does not fit into the classes of hyperbolic problems for
which one has a local wellposedness theory in H2. The available results are
stated in Sobolev spaces of much higher order and with weights encoding a loss
of derivatives in normal direction, see [10] or [20]. In the very recent papers
[22] and [23] by one of the authors, an encompassing local wellposedness theory
in H™ with m > 3 was derived for the Maxwell system endowed with perfectly
conducting boundaries, and it has been extended to interface problems in [19].

In this paper we treat the quasilinear Maxwell system (1.1) with absorbing
boundary conditions which occur if one has a finite, strictly positive conductiv-
ity at the boundary, see [9]. We establish a comprehensive local wellposedness
theory in H" with m > 3 for linear boundary conditions and also treat nonlin-
ear ones under a smallness condition (which automatically holds in the linear
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case). Our result provides the framework to show global existence and expo-
nential decay of the solutions if the initial data are small, see the companion
paper [16] co-authored by one of us.

For such boundary conditions, local solutions in H? were already constructed
in [15] under a similar smallness assumption. However, neither uniqueness,
nor blow-up criteria, nor the continuous dependence on data were addressed
in this paper. These results (and ours below) rely on a regularity theory for
the linearized non-autonomous problem. It seems to us that the corresponding
estimates in [15] were not precise enough to show uniqueness of the nonlinear
problem and to treat its wellposedness theory. The crucial problem in this
respect is to derive differentiability in normal direction to the boundary, whereas
tangential regularity can be shown in much greater generality, see [18]. In [3]
and [14] this difficulty was solved on the linear level by transforming the system
in a non-characteristic one, but the resulting estimates do not fit to the fixed
point argument for the nonlinear system, as already observed in [15] concerning
[14]. We note that [14] deals with a far more general situation.

In this work we study the Maxwell system

00.(E,H) =curlH — 0.(E,H)E — Jy, x € G, t > to,

00m(E,H) = —curl E, x € G, t > to,
Hxv=vx(({(Exv)Exv)+g, reX, t>t (1.1)
E(ty) = Ey,  H(ty) = Ho, z€G,

for an initial time ¢y € R, an open subset G of R? with a smooth compact
boundary 3, and the unit outward normal v. We look for the electric and
magnetic fields (E(t,z), H(t,r)) € U, where U C RS is a fixed open convex set.

The material laws 0 = (0¢,0,,) : G x U — RS are differentiable and their
derivative O g )0 is C™ for some m € N with m > 3, and it is assumed to be
symmetric and positive definite. The latter is a standard assumption already in
the linear case and was also imposed in [15], for instance. It is true for isotropic
nonlinearities and large classes of constitutive relations arising in optics, see
e.g. Example 2.1 in [13]. We refer to [2] and [9] for further background. The
conductivities g, and ¢ are also of class C™, and ( is symmetric and positive
definite. The given current densities Jy and g and the initial fields Fy and Hy
are supposed to belong to H™.

Guided by the basic energy estimate (3.1), we look for solutions

w=(B.H) e[ C(1H"(G))

having tangential traces in H™(J x X), where J = (to,T) for some T > t.
The space of these functions is called GY'. For such a solution the data and
coefficients have to satisfy the compatibility conditions (2.21). Assuming them,
in our main Theorem 6.4 we show that

(1) the system (1.1) has a unique maximal solution in G¥! with m > 3,
(2) blow-up can be characterized in the Lipschitz-norm,
(3) the solution depends continuously on the data in H™.
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In the case of nonlinear boundary conditions we have to add a smallness
assumption on the product %|0g((-, F x v)| for fields with |E x v| < K. So,
either the boundary condition is close to be linear or the solution has to be
uniformly small (as in [15]). We also deal with non-autonomous linear boundary
conditions, see (2.4), without assuming smallness. The smallness condition
is enforced by the basic energy estimate (3.1) which allows us to bound the
tangential traces of the solution in L?(J x X) by the boundary data in the
same norm, but with a constant which cannot be made small. This behavior
reappears on higher regularity levels and spoils the fixed point argument if
the boundary condition is nonlinear. Still the situation is much better than
for perfectly conducting boundaries where one may lose a derivative at the
boundary, cf. [7].

For linear material laws 6 one can treat nonlinear boundary conditions with
bounded ¢ even on an L?-level without a smallness condition, see e.g. [8]. These
results are based on the theory of monotone operators and semigroups. In our
setting it seems to be impossible to argue in this way, also in view of blow-up
examples in H(curl), see [5].

We follow the strategy of [22] and [23]. One freezes the solutions in the nonlin-
earities of the system and solves the resulting non-autonomous linear problems
via localization, duality and regularization with precise apriori estimates. Then
local solutions are constructed via a contraction argument. Similar ideas had
been used in [15], though there core parts (like the regularization procedure)
were not worked out. The improved blow-up condition and the continuous
dependence on data require additional significant efforts.

We first rewrite the system (1.1) in the equivalent form of a standard hy-
perbolic system in Section 2, where we also collect our notation. Moreover,
we describe the localization procedure. It is crucial for our arguments that in
various steps we can partly decouple the normal direction from the time and
tangential ones. To achieve this, we perform an additional transformation after
the localization in order to keep the form of the boundary condition and the
constant coefficient in front of d3. For perfectly conducting boundaries and
interfaces this has been discussed in [21] respectively [19], so that we can focus
below on the new boundary conditions. The compatibility conditions for the
linear and nonlinear problems are derived in (2.20) and (2.21). They differ from
those in [22] and [23] in several respects.

In Section 3 we first solve the non-autonomous linear problem in GOE with
L?data and Lipschitz coefficients and derive the basic L?>-estimate in Proposi-
tion 3.1. This result is known, see e.g. [3], but it is hard to find complete proofs
and we need more precise information about the constants than given in e.g. [3].
So we sketch the proof and also obtain a rather general uniqueness statement.
The apriori estimates in GY' are then proven inductively by combining bounds
for normal derivatives and for those in tangential and time directions. Here and
later on we can use the results in normal direction from [22] and [23] since they
do not involve boundary conditions. (And so we can omit a few very lengthy
and intricate proofs.) However, the absorbing boundary conditions lead to new
terms in the tangential bounds which have to be estimated carefully, since the
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nonlinear boundary conditions lead to coefficients at the boundary with less
integrability (only L? and not L* in time) than those in the interior. This fact
causes the smallness condition mentioned above.

In Section 4 we then derive the main linear regularity Theorem 4.7 needed for
the nonlinear theory. We again follow the procedure from [22] and employ dif-
ferent regularization procedures in normal, tangential and time directions which
have to be intertwined in a careful induction. We again have to deal with new
terms at the boundaries, but also various additional difficulties arise because
of the more complicated compatibility conditions due to the time-dependent
boundary coefficient on the linear level.

Based on the linear theory, we can then perform the core fixed point argu-
ment in Theorem 5.3. Relying on the reasoning from [23], we can focus on the
smallness conditions needed to deal with the semilinear boundary conditions.
They allow us to absorb error terms in the crucial estimates. In the last section
we derive our main local wellposedness Theorem 6.4. It is based on auxiliary re-
sults preparing the improved blow-up condition and the continuous dependence
on data. Compared to [23], we have to deal again with additional boundary
terms, the new compatibility conditions and the needed smallness assumptions.

2. AUXILIARY RESULTS AND NOTATION

Let m € N, m = max{m,3}, and G C R? be either an open set with a
compact boundary ¥ := 9G of class C™2 or G =R3 = {z € R?|z3 > 0}. Its
outer unit normal is v. We write ¢ and C' for generic positive constants, as well
as c(a,b,...) or C(a,b,...) if they depend on a,b,.... The range of a map v is
denoted by ran(v), and B(z,r) or Bys(z,r) is the closed ball in a metric space
M with center x and radius r. Let ty € R be the initial time, where we often
take tp = 0 in view of time invariance. To control constants, we partly fix a
time 7" > to and let T € (to,T"). For J = (to,T), we set Q@ = J x R3 | and
I'=J x (R? x {0}) & J x R%. Sometimes J also denotes other open intervals.

We often use the same symbols for spaces of scalar, vector or matrix valued
functions. Sobolev spaces are designated by W*P with W$? = H*. Spaces on
> are equipped with the surface measure, written as doz. For v > 0 and t € R
we set e_(t) = e~ 7. We employ time-weighted norms such as

||f||§{;n(9) = Z ||€fv5af||%2(n)7

laj<m

and denote the respective spaces by the subscript 7.

Let v : G — R3 be sufficiently regular. We write tr, v for the trace of the
normal component v - v on I', and tr; v for the tangential trace v x v on I.
We further employ its rotated variant tr; v = v X (tr; v) which is the tangential
component tr v— (tr, v)v of the full trace trv. Note that the Euclidean norms of
tr; v and tr; v coincide. For vector fields u = (u!,u?) : G — RS and k € {t, 7,n}
we further set tryu = (trg u', try u?). It is well known that the mappings

tr, : H(div) > HV3(2)  and  try: H(curl) —» HYA(E)3

are continuous, where their maximal domains H(curl) and H(div) in L*(G)3
are endowed with the respective graph norm, see Theorems IX.1.1+2 in [6]. For
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sufficiently regular functions w : J x G — R with I € {3,6} we set (try w)(t) =
try(w(t)), see also the remarks at the beginning of Section 3. We introduce

G™=GM(J x G) = ﬂf” CI(T,H"(@)°)  and
G" =G™(J xG) ﬂ W (J, H™ I (G)).

Our solutions have extra trace regularity expressed by the space
=GP(JxG)={uecG™JxG)|trrucH™(JxX)°},

which is equipped with its canonical norm. In the fixed point argument we also
need the slightly larger one

=GH(JxG)={uecG™Jx Q)| trruecH™(Jx %)}

We also use the subscript ¥ if G = ]Ri’r.

To reformulate (1.1) as a standard first order system, we write u = (E, H) =

(u',u?) for the unknowns and introduce the matrices and maps

0 0 O 0O 0 1 0 -1 0 _J
JIZ 0 0 -1 ) J2: 0 00 ) JSZ 1 0 0 ) f:< 00>,
01 O -1 0 0 0 0 O
co __ 0 _Jj — — _ (% 0
Aj = <Jj 0 > , 0= (0670771)7 X =040, o= <0 0) ) (2'1)

By =(try 0), By=(0 try), B(u)=By—vx{(Biu)B

for j € {1,2,3}. Observe that curl = J101 + J202 + J303. With this notation
the Maxwell system (1.1) becomes

))dpu(t) + ZACO@ u(t) +o(u®))ut) = f(t), =ze€G, t>t,
(2.2)
B(u(t)u(t) =gt), €%, t=to,
u(to) = Ug z € G,

where ug := (Ep, Hyp). A solution u on an interval J (with ¢ty € J) to this
system belongs to G¥(J’ x G) for every compact interval J' C J, u(t) takes
values in a closed subset of U for each t € J, and u satisfies (2.2) for ¢ € J.

Let U C R% be an open convex set. We write V' € U for open subsets V of
U with a compact closure V' C U. We assume that the coefficient § belongs to
C™(G x U,R%*®) and that

X =040 € C™(G xU,REE) o€ C™(G xU,R*C), (e CMTyZ, RS,

Sym sym

VYV el, aeNy, |af <m: sup(|0%| + |0%|) < oo, sup |0*¢| < oo,
GxV UxV

X6 =nl >0, (2.3)

for some number 1 > 0, where Ty¥ = {(x,v) |z € £,v € Bi(x)U}. Mainly to

unify notation, here we allow for a larger class of ‘conductivities’ than in (1.1).

The subscript 7 means that ¢ is tangential in the sense that (v+ C v+. Actually

we only need uniform positive definiteness on each set G x V, respectively ¥ xV,
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but we impose the above condition to simplify the presentation a bit. Below
we also state a variant of these assumptions for linear boundary conditions.

Let u € é’g with m > 3. We freeze the coeflicients in the nonlinearities
setting b = ((Byu), Ag = x(@), D = o(4), and

B(t) = B2 — VUV X b(t)Bl
for t € J. Such coefficients belong to the function spaces

F'=F"(JxG)={AeW'(Jx Gk |VaeN; with1<|a| <m:
0% A € L=(J, L*(@))},
Fm0 = pm9(@Q) = {Ac L®(G)** |Va e N} with 1 < |a| <m : %A € L*(G)},

which are endowed with their natural norms. The corresponding spaces for the
domains (2, Ri, Y@ INDIN 8Ri, and I' are denoted analogously. For b we need
the space

F=F7(J x %) =F" Y I x 2)NnH™(J x D)

whose norm is given by

Hb”%’{j(JXE) = [l Fm-1 sy + Bl3gm(sxsy  with
I:b:l'?_[m(JXZ) = Z HaabH%Q(JXE)’

a€NG,|a|=m

Here, k € N usually is 1, 3, or 6. If we drop J in I, we refer to the subspace
of maps being constant in time. The subscript n > 0 in any of these or other
spaces means that the functions take values in symmetric matrices with lower
bound 7 > 0; whereas cp indicates that the maps are constant outside a compact
subset of J x G, respectively G. (For bounded G the latter subspace is equal
to F™ or F™0.) In Lemma 2.1 and Corollary 2.2 of [23] one can find detailed
results concerning the mapping properties of xy and ¢ in these spaces. Several
variants of the product rules in G™, F™ and H™ are shown in Lemma 2.1 of
[22] for G (or in Lemma 2.22 of [21]), which easily extend to the boundary. In
the context of F}}'(J x X)) new issues arise for the terms of highest order, which
are discussed in the relevant parts of the proofs.

We also look at the case of linear non-autonomous boundary conditions as-
suming that

X € CP(G xURSE), o€ C™G xURY™), (=be F"(Ry x ),

Sym

VV elU, aeNy, |a| < :supgyy (|0%x| + |0%]) < oo, (2.4)

for some number 1 > 0. For time-independent b the above assumption is
(almost) a special case of (2.3), except that one requires H"™ instead of C™-
regularity of b.
Let Ag € Fj'(J x G), D € F™(J x G), b € Fj},(J x %), f € H™(J x G),
g € H™(J x ¥) with g-v =0, and vg € H™(G). We then look for a solution
6



v € GE(J x G) of the linearized problem

3
Ap(t)d(t) + Y ALO(t) + D(t)u(t) = f(t), zeG, t>to,
j=1
B(t)v(t) = g(t), zEY, t>t, (25)
’U(to) = o, z € G.

We solve the system (2.5) via localization, proceeding as in [19], [21] and
[22]. To this aim, we cover G with connected open sets Uy, Uy, ..., Uy where
Uy € Gand ¥ C UyU---UUy. For each i € {1,...,N} we fix a C""+2-
diffeomorphism ¢; from U; onto an open subset V; of B(0, 1) which maps ¥ NU;
onto {y € V;|ys = 0} and GNU; onto {y € V;|ys > 0} C R3 such that all
partial derivatives of (; and cpz-_l up to order m + 2 are bounded. The resulting

composition operators are denoted by
®;: L2(U;) —» LA(Vy); v vogst, @71 LA(V) — LA(U;); v vogp;.

We use the same notation for the induced maps on Sobolev spaces, and also for
the spaces on the domains J x U; or J x V;. The extension by 0 or restrictions
of a function v are also denoted by wv.

Let {0;]i € {0,1,...,N}} be a smooth partition of unity subordinate to the
sets U;, and o; (resp. w;) be test functions in U; (resp. V;) which are equal to 1
on supp §; (resp. on K; := p;(suppo;)). We can find a constant 7 € (0,1) and
an index z(i) € {1,2,3} with |0,;¢i3| > 7 for each i, see e.g. Lemma 5.1 of
[21], where ¢; 3 is the third component of ¢;. We assume that z(i) = 3. The
other cases are treated analogously, cf. Section 5 of [21] and Section 3 of [19].
Let 1 € {1,...,N}.

The usual localization procedure leads to a first order system on Ri with
variable coefficient matrices, see e.g. (2.5) in [22]. For our analysis it is impor-
tant to keep the constant matrix A5° and the form of the boundary condition.
To this aim, we multiply the coefficients by xz-depending matrices R; defined
below. We first introduce the auxiliary function

03p; _
Bi = wi®i(030;3) + (1 — w;) 3@"3 (o7 M (wi)
0501 3]

for a fixed point y; € V;. The second summand is not important since we mostly
work on K; where we have 3; = ®;03¢; 3. It is easy to check the lower bound
|Bi| > 7. We assume that 8; > 7 as the other sign is handled in the same way,
cf. Section 5 of [21] and Section 3 of [19]. We then set

1 0 0 -
R=g (o Lo m= (g
wi®i(01pi3) wi®i(Oapiz) —Pi !
and define the ‘localized’ coefficients

6 =R, (wi<I)iA0 + (1 — wl)nI)RZT,

A= R (3 APo) 1 0 —wi)gii::’;(goi—l(yi))AEO)R?v

7



é: 507 (26)
i 3 i _
D' = wiRi® DR} =Y~ Aj0;(RY) ™R}

for j € {1,2} on R3 as in Section 3 of [19] or Section 2 of [22], where partly a
different notation was used. We note that A} belongs to F,TCP(J X ]Ri) and D°
to Fi(J xRY), and that their norms in these spaces are bounded by a constant
times the analogous norms of Ay and D. The maps A} and A} are contained
in the space
. N - 3
FR(R3) = {A € FR(RY) [T € FRLR): A=) Agmj},

and they are dominated in the norm of F™ by a constant only depending on
G, the charts, and w;. We stress that the functions u; are scalar.

To deal with the boundary condition, we set k; = —V;3-v € C’ﬁ”l(z NnU;).
Observe that Vy;3 = —k;v since V; 3 is normal to ¥ and that x; > 0 on
¥ NU; by the properties of ¢; 3. We further define

0 1% —LU9 0 -1 0
BO = —U3 0 V1 y B(C)O = 1 0 0] = J3,
vo —vi 0 0 0 0

= (B5 0), B = (0 B§°),

cf. (2.1). Abusing notation, we identify By with tr; at ¥ and B§° with tr; at
OR3 (where v = —e3). Asin (3.12) of [19] or Section 2 of [22], we then compute

co . 83901',3 - co\ P
By’ = R; (wi‘bi(fiiBo) + (1 —wy) BN (¥ "(v:))B§ )RzT

on R? x {0}. For the transformed coefficients, we take further cut-offs @; €
C2°(V;) which are equal to 1 on suppw; and define the auxiliary maps

bi(t) = @@k 1b(t)) + (1 — @)nl,
C(t) = BSb(t)®i(kiB1) + ®;(kiBo)bs (1) BSC,
OJZ‘I 0
a - (4 0)

We now introduce the localized boundary operators and coeflicients

; » 0 1 — co
B(t) = Bi wi®@i(iB(D))Q + (1 - w) ’ aii;i (07 (1)) BS (2.7)
O03p; — cop co
(1= w) T (o7 () Cilt) + (1 - i) 2B§bi(0) B | RY
03033

bi(t) = (RY)~'bu(t) Ry Y,
on R? x {0}. One can then derive the identity

Bi(t) = BS° + B°b;(t) BS°. (2.8)
8



For the reconstruction of the original boundary condition on ¥ from the local-
ized ones it is crucial to note that Bi(t) = R;®;(k;B(t))RY on w; H({1}). Re-
defining 7 if necessary, we obtain that b; is contained in Fﬁtn, Cp(F) and bounded
in this norm by a constant times the norm of b in F;]ZU(J X X).

Let h € H™(J x G) and v € G™(J x G). We introduce the transformed data
vh = (R))7'®i(0w0),  g' = Ri®i(Bikig), (2.9)
A , 3
fi = fi(h,v) = Ri (@i(em) +q>i(zj:1Aj ajew)).

These functions belong to H™(R%), H™(T), and H™(£), with norms bounded
by a constant times the corresponding norms of vy, g, h, and v, respectively.
(In the existence proof one has to construct a suitable map h for a given f.)
Instead of (2.5), we are now looking at the linear system

3
Aj)ow(t) + Y ALoju(t) + D (t)u(t) = fi(t), xR}t >t
j=1

. , (2.10)
Bi(t)o(t) = g'(t), x€IRL t>t,,

v(to) = vl zeR3,

for ¢ € {1,..., N} with the operators and maps from (2.6), (2.8), and (2.9).
Once we have established apriori estimates and the regularity theory for (2.10),
we obtain the corresponding assertions on GG in Theorem 4.7. To that purpose,
we also need the case ¢ = 0 which leads to a much simpler full space problem
already treated in [22], for instance. We put dy = 9; and define the hyperbolic
operators

3
L(w) = x(w)d; + ijl A9 +o(w)  onJxG,
3
L°(Ag, D) = L® = Ay, + Zj:1 A%9;+D  onJxG,
. . 3 . .
Ll(Ao,Al,Ag, :C))O,D) =L"= Z OA;(?]‘ + D? on €. (211)
]:

In the last operator and in (2.10) we often omit the superscript i.

If w or v in G™ solves one of the above linear or nonlinear Maxwell systems,
we can differentiate the evolution equation and the boundary condition m — 1
times and then take the time trace at t = ¢ty € J. The resulting compatibility
conditions on {tp} x ¥ are thus a necessary property for any sufficiently regular
solution. (From (2.1) of [22] and (2.9) of [23] (see also Lemma 2.31 of [21])
we first recall several important formulas relating time derivatives of a solu-
tion v with its value at the same time ¢y, where we assume conditions (2.4),
respectively (2.3) for the nonlinear boundary condition.

Take a time ¢y € J, an inhomogeneity f € H™(Q), and initial values ug, vy €
H™(R3). Let p € {0,...,m}. Assume that v € G™(f) solves (2.10) without
the boundary condition. Differentiating the evolution equation in time and
dropping the superscript 7, we deduce that this function satisfies

afv(t[)) = Sm,p,Aj,D (th U(tO)v f)7 (212)
9



for all p € {0,...,m}, where the term Sfrffp = Sm.p,a;,D(to, o, f) is defined by

lin
Sm,() = uo,

p—1

3
in _ _ in p— 1 in
Shn, = Ao(to) [ (1) = 3 40,88, EI( l )6€Ao<fo>%—z
j=1 =1

p—1
1 .
o ] U L AL (2.13)

=

An analogous formula is true on G if v fulfills (2.5) and we replace A; by A
for j € {1,2,3}.
Next, let u € G™(J x Q) satisfy (2.2). We then obtain

Ofu(to) = Smpx.o(to, u(to), f) (2.14)
for all p € {0,...,m}. Here we inductively define the maps S,r;}’p =
Sm,p,x,a(t07u07 f) by

nl
Sm,O = uo,

3 p—1
S = X(u0) ™ |0 F(t0) = D AP0 — Y (p l )Mlsnl,p !

j=1 =1

p—1 n
( I >Mésrr%,pll]7 (215)
=0

6 J
= Z Z Z C yl . 6yl Hk UO H S;;Ll ’Yz
i=1

1<j<p~y1,..,7€NI1,... . l;=
2 vi=p
where p > 1, k € {1,2}, 01 = x, 0 = o, MY = o(ug), and C(p,y) =
C((p,0,0,0),71,...,7;) is the constant from Lemma 2.1 of [23].
We have to estimate these maps. Lemma 2.3 of [22] (or Lemma 2.33 of [21])
shows the inequality

1S m.p,4;,0(to, wos f)ll3m-»(c) (2.16)
p—1
(7o, m,m,0) (Y 197 £ (t0) lem-1-5(6) + ollemicr )

Jj=0

provided that Ag € F]f(J x @), A1, Ag, A3 € F™(G) and D € F™(J x G) and
that the quantities

14k (to) | pa-.0(y D (t0) | 1.0 197 Ao (t0) 1313 (cry 10 D t0) 314 i

are bounded by rg for k € {0,1,2,3} and j € {1,...,m — 1}. Here one can
replace G by R3. Similarly, Lemma 2.4 of [23] says that

[Sm.p.x.o (tos w0, [l Hm—»(c) (2.17)
10
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p—1
< C(T(), .V, m,p) ( Z Hagf(to) HHm—l_J'(G) + HUOHH’”(G))y

§=0
if x and o fulfill (2.3), the range of ug is contained in V' € U and the number
in parentheses is less or equal rg. Lemma 2.4 of [23] also provides an analogous
Lipschitz estimate for arguments (ug, f) and (i, f).

On the other hand, for ¢ € H™(J x ) and v € G¥(J x G) solving (2.5)

we can differentiate the boundary condition in (2.5) up to m — 1 times in time
arriving at

Blto)ofo(to) =ofatt) +vx 3 (1 )obotomet o) (21)
k=1

on ¥ for all p € {1,...,m — 1}. Replacing By by B$° the same equation is true
on OR3 and a function v € GZ () fulfilling (2.10). Analogously, each solution
u e GE(J x G) of (2.2) satisfies

Blu(t)ofulte) = ofgtta) + v x 3 (7 obc(Bru)(t) B2t~ ulre)  (219)
k=1

on ¥ forall p € {1,...,m—1}. To express the factors 9F¢(Biu)(tp), as in (2.15)
we set
2 J
M= Yy CP,7)(9y,; - - - 9y, C)(Bruo) [1Bsa 0

1§j§p’yl,..‘,’y]’€Nl17...,lj:1 i=1
> vi=p

for p > 1. Taking into account (2.12) and (2.14), formulas (2.18) and (2.19)
lead to the equations

p
Bla)Sit, = ofo(to) +vx Y- (1 )obue s, b (220
k=1
~ (p
Blu(t)stly = ofatto) +v x - (7)) uiBsit, . (2:21)
k=1

on X for all p € {0,...,m — 1} respectively, which are called the compatibility
conditions of order m for the systems (2.5), (2.10), respectively (2.2). (For
p = 0 the sums are omitted.)

Remark 2.1. In the following two sections we develop the regularity theory
for the linear problem (2.10) with coefficients Ay € th(ﬂ), A1, Ay € FT(R3),
Az = AL, D € F™(Q), and b € Ff&n(l“), where we partly add further smooth-
ness and decay conditions (as || — 00) on the derivatives. In our reasoning, we
use results from Section 3 and 4 of [22] or [21] which only involve the evolution
equation L‘u = f but not the boundary condition.

We observe that there it is also required that the coefficients Ay and D are
constant outside a compact subset of Ri. For unbounded domains G, in the
main Theorem 1.1 of [22] it is thus assumed that Ay and D converge at infinity.

However, these restrictions only enter because of one result cited from another
11



work. They are needed in the basic linear wellposedness result in L? from [7]
to derive deeper trace results in the context of boundary conditions which are
different from ours. This result is replaced by Proposition 3.1 below, which
does not need that Ag and D are constant outside a compact subset. For this
reason we can use the results of Section 3 and 4 of [22], provided that they do
not involve the boundary condition.

3. LINEAR APRIORI ESTIMATES

We first state the basic well-posedness result of the localized linear problem
(2.10) on the regularity level m = 0. In particular, the data f, g and wg
belong to L2. If we have a solution u € L?(2), the evolution equation implies
that u is contained in H'(J,~(R3)). The initial condition thus makes sense
in H~1(R3). Moreover, the tangential trace can be extended from regular
functions on Q to those u € L*(Q) with Lu € L?*(Q) yielding a distribution
tr, u in H~Y/2(T), see e.g. Remark 2.14 of [21]. The boundary condition can
thus be understood as an equation in H~1/2(TI"). We put Div A = Z?:o 0;4;.

Proposition 3.1. Let t) = 0, A; = A;‘-F € Whe(Q)6x6  Aqg > nlI, A3 =
AL, D € Le(Q)%%6 b = b1 € L(I)3*3 with Ag,b > nl, up € L*(R})S,
f e L2()° and g € L*(T)* with g -v = 0. Then there is a unique solution
u € L*(Q)5 of (2.10). Moreover, u belongs to C(J, L*(R3)5), tr. u to L*(T)S,
and they satisfy equation (3.2) and the estimate

e 7T ”U(T)”iz(]gi) + HUH%Z{(Q) + | trr“”%g(r) (3.1)
< ¢ (/[ Ao(0)] Lo (g3 ) ”u0||%2(R1) +2 ||f||%g(§z) + ngig(r))

for constants ¢ = ¢(n, ||bllso) > 0 and vo(n,7) > 1 and all v > ~o(n,r) with
r:=||D — DivA/2| -

This result is essentially known, see e.g. Proposition 2.1 of [3], so that we only
indicate the main steps of the proof. Since the precise form of the constants
is crucial for us, we fully show the estimate (3.1) for a solution u € G° such
that also dju for j € {0,1,2} and A$*O3u belong to L?(€). Set v = e_u. The
equation Lu = f yields

/Lv-vdmdt:/(e_,yf-v—'yAgv-v)dazdt.
Q Q

Using the symmetry of A;, we next compute

3
1
/Lv'vdxdt: E /8j(AjU-v)dxdt+/(D—%DivA)v'vdxdt.
Q 245 Jo Q

The first term on the right-hand side is equal to
1 1
/ (Ao(T)v(T) - v(T) — Ap(0)up - up) do — = / ASv - vdadt.
2 Ri— 2 r
12



Basic vector algebra and the boundary condition in (2.10) then lead to
1 1
—= / ALv - vdedt = - / e_gy (u' - tryu? — - tryut) do dt
2 Jr 2Jr
— 1 2
= / e_oyu -tryu”drdt
r
= / e—ayu' - (g— (btryu') x v)dzdt
r
= / e_9y (g-trrut + (btryul) - tryu') do dt.
r

The assumptions now imply the basic estimate
—2yT
e T ()2 ) + v llullZz ) + il trr w175 1y
< %HAO(O)HLoo(Ri) HUOH%/?(]Ri) +r ”UHZLg(Q) + Hf‘uHL%W(Q) + llg-trs UlHng(r)-

By means of the Cauchy-Schwarz inequality and choosing v > 4r/n, one easily
deduces (3.1) with tr, u! instead of tr;u. The remaining summand can be
recovered from the boundary condition tr; u? = g — (btr; u!) x v. We note that
for v = 0 we also obtain the equality

J

FANT)u(T) - u(T) dz + /(btrt ut) - tryut d(t, x) (3.2)
3 r

=/, éAo(O)uo-uodx-i-/Q((%DiVA_D)U'U‘FU‘f)d(t’x)
R+

- / g - tryutd(t, ).
r

The other steps follow a standard procedure going back (at least) to [17],
see also [1] or [4]. Estimate (3.1) and a duality argument yield a solution u of
(2.10) in L?(£2). One can also show a variant of (3.1) for the interval J = R
without the terms at times ¢t = T and ¢ = 0, assuming analogous regularity
assumptions. One thus obtains a solution u in L?/(Q) of (2.10) on J = R
without an initial condition. Mollifiers in (¢, x1,x2) yield aproximate solutions
Uy, where A§°0su,, belongs to L%(Q) because of the evolution equation. Using
the variant of (3.1) on J = R for u,, we see that this estimate is also valid for
solutions in L% (R x R3) and that tr, u is an element of L?Y ().

As in Theorem 6.11 of [4] one next shows that the solution vanishes on
(—00,0) if the same is true for f and g. For wy = 0, again by mollifica-
tion one can now construct a unique solution u € L%(Q) of (2.10) satisfying
u € C(J,L3(R%)5), trru € L*(I')5, (3.1), and (3.2). This fact also leads to
the uniqueness statement in Proposition 3.1. It thus remains to show that
for f = g = 0 the solution u is contained in C(J,L*(R3)%) and fullfills
tr,u € L?(T)%, (3.1), and (3.2). In view of the estimate one only has to consider
compactly supported ug. In this case, the available full space result and the
finite speed of propagation imply that u is continuous in L? (Ri) for small times
t > 0. The result then follows by mollification.

13



We next establish higher order apriori estimates for solutions u € G™ of
(3.1), extending the approach of [22]. In the first step we treat the ‘tangential’
derivatives 0%u with o € N§ and a3 = 0. We use the space H?({2) containing
those functions u € L?(Q) such that all such derivatives with |a| < m belong to
L?(€)), which is equipped with its natural norm. The space H{?(R? ) is defined
analogously. The number ~g is taken from Proposition 3.1, whereas d,,~2 is
equal to 1 if m € {3,4,...} and zero if m € {1, 2}.

Lemma 3.2. Let to = 0, T' € (0,7"), p,n > 0, r > 19 > 0, m € N, and
m = max{m,3}. Take coefficients Ay € F}"(Q), A1, Az € Fg’fT(R‘?) A = AS°,
D e F™(Q), and b € F;_?Zn(l“) satisfying

[Aillpr) <7, IDlpm@) <m0 [bllpamy <7y [blymry < p,

max{qu psoroges s, max_ 0 Ao(0) sgnor-e } < o,

max{[|D(0)]| pa-10ms), | _max 107 D(0) [l3gn-1-5rs )} < 70
for all i € {0,1,2}. Choose data ug € H™(R3), f € H(Q), and g € H™(T)

with g-v = 0. Assume that the solution u of (2.10) belongs to G™ (). Then it
is also contained in G¥%(§2) and we have

o, 112 2 2

|z<: 10 U”Gg(Q) +’7||“||’H§’;ﬁ(ﬂ) + ”trfu”ﬂgl(r) (3.3)
a|l<m
az3=0

m—1

< o | 0 PO sy + 1003 gy + Om20 | Bralce
7=0
ta

C
el + = (1B ) + Nl o)

for all v > ~o, where Cfy = Ci2(n,r,T'), Ciey = Cy2 (0,70, |blloc), and ¢ =
c(n,m, ||bllec). If b even belongs to b € F:"(F)SX?’ with norm less or equal T,
then one can set p = 0 in the above inequality.

Proof. Let a € N3 with |a| < m and ag = 0. We use the differential oper-
ator L = L'(Ag, A1, A2, AL, D) from (2.11). Let j € {0,1,2}. Exactly as in
Lemma 3.2 of [22], elementary calculations yield the equations
“u = fq, ajeRi, teJ,
0“u(0) = ug,a, zeR3,

for the functions

2
fa=0F =5 <g>aﬂAjaa—ﬁaju— Y (g)aﬁpaa—ﬂu,

j=00<B<a 0<B<a
U = P u( ) 8(0 a1,a2,0)5’m,a0,Ak7D(0’ ug, f)’

14



where we used A3 = A5°. Moreover, f, is an element of Hm_M(Q) and ug o of
H™lol(R3) satisfying

I fallzz@) < [[fllagz_ () +elm,m, T") |Jullgm (g, (3.4)
m—1
[wo.all3gm-tai gz ) < e, mﬂ"o)( > ”6£€f(0)HHm*1*k(Ri) + HUOHHm(Ri)>-
k=0

In particular, ®u has a tangential trace in H~'/2(I'). On the other hand, we
can apply 0; to tr; 0 % u = (—=0% “ug, 0 1,0, 0% “us, 0% “uy,0) in
H~'/2(T") and obtain 9 tr; 8*%u = tr, 8u for j € {0,1,2}. The boundary
condition in (2.10) thus leads to the equation

Bo“u = go :== 0% + v X Z <a> Pbtr, 0Pyt
0<B<a

on I'. We bound the terms of this sum in L?(T'), at first for b € Fq’zn(F). We
use the trace theorem in the form

0ol aqomsy < #1012 s + on ™ 105020 s (3.5)

for any x > 0, which can easily be derived using the Fourier transform.

Let 2 < |B| < m—1. Then the norm of 0°b in L>(J, L%(OR3)) is less or equal
[b]| g1, whereas v := e_ tr; 9 Pu! can be estimated in L2(.J, #*/2(0R3)) —
L?(J,L>°(0R%)) and thus, after taking squares, by

e lulld o)+ een) ™ ulZm) < e lulldg o)+ <70 ™ lullm ),

using (3.5) with kK = ey and any € > 0. If || = 1 we argue similarly, invoking
the spaces L>(J, H!(OR3)) < L>°(J, L*(0RY)) for b and L?(J, H'(R3)) for v.

The cases m € {1,2} are thus settled. It remains to consider the case m > 3
and o = 3. We can now only use the L?-norm of 8°b and bound v by its
sup-norm which is dominated by ||u|| Leo(JH2(R3))- We conclude

HgaH%g(r) (3.6)
< HgH%T(F)—s—c(m, r) [WHUH%QW(Q)+T/(57)_1HUH2G7m(Q)]"‘C(m)PQHtftulH%go(r)-

The last term disappears if m € {1, 2}.
Since g, - v = 0, Proposition 3.1 shows that tr, 9%u € L?(T") and that

10%ul2g 0y + 7 10%ul22(0y < € (7o) w0l Zagus ) + 2 1 falZaey + lgalZ2 )

for a constant ¢ = ¢(n, ||b]|~) and all v > ~o(n, 7). We now insert estimates
(3.4) and (3.6). Fixing a small number ¢ = ¢(n, m,r) > 0, one can absorb the
second term in the right-hand side in (3.6) by the above left-hand side. The
assertion follows.

If b belongs to F,;Nf‘cp (T'), then we can always estimate 0°b in L>(J, L?(0R3)),
so that (3.6) is true without the last term and we can proceed as above. g

The normal derivatives can be treated by means of Proposition 3.3 of [22]
which is independent of the boundary condition. We recall this result, see also
Lemma 3.11 of [21] and Remark 2.1. Let the coefficients and data satisfy the
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assumptions of Theorem 3.3 below with m = 1 and m replaced by 1, and let
u € GH(Q) solve L(Ag, Ay, Ag, A3, D)u = f and u(0) = ug. Then there are
constants C] g = C1 o(n,70) > 1 and C] = C1(n,r,T") > 1 with

2
HVu%am)<eqT@cao+Tco[§%u@uﬁgm)+Hfmni%m)+wuw;qmg
j:

Chooro
+;Wﬂm“m) (3.7)

for all v > 1.

The full apriori estimate now follows by an induction argument. We note
that for m € {1,2} one can probably reduce the regularity conditions of the
coefficients here. For m = 1 it should be enough to require that they belong
to W C F1 and for m = 2 one seems to need W1 > and that the second
order derivatives of the coefficients are contained in L>(J, L3(R3)). Since we
are mostly interested in the case m > 3 and for the ease of the presentation, we
do not elaborate on these points. For m = 1, Theorem 1.3 of [3] provides such a
result in a setting including more boundary regularity. For different boundary
conditions and m = 1, one finds related partial results in Corollary 3.12 in [21]
and in the proof of Lemma 4.2 of [13].

Theorem 3.3. Let tg = 0, T € (0,7'), p,n > 0, 7 > 19 > 0, and m € N.
Take coefficients Ag € F"(2), A1, As € F(R3), A3 = AP, D € F™(2), and
be F;_?Zn(F) satisfying

[Aillpr) <7, 1Dllpm@)y <7 ey <70 Blymey < p,

maX{||Ai(O)||Fm_1,o(R3+), 1§Ijn<8;7>1<71 ||8£A0(0)\|Hm—1—j(Ri)} <ro,

max{HD(O) Hmel,O(Ri), lgrjng%—l HagD(O)Hqufj(Ri)} <

for alli € {0,1,2}. Choose data uy € H™(R2)S, f € H™(Q)®, and g € H™(T)?
with g-v = 0. Assume that the solution u of (2.10) belongs to G™ (). Then it
is also contained in GF () and there is a number vp = Ym(n,7,T") > y0 with

ellZi ey + 7 el + 1 607 By (3:8)

m—1
mC1T j 2 2 2
< (Om,O +TCpp)e™? ( § - H5§f(0)||ymflfj(R:i) + ||u0HHm(]Ri) + ||g||qu(F)
j:

Crm
+ Sms2p” HBIUH%E;O(F)) + THfH?{;n(Q)

for all v > ~y,, where Cp, = Cpy(n, 7, T") > 1, Cro = Crno(n, 70, ||blloc) > 1,
and Cy = Ci(n,r,T") does not depend on m. If b even belongs to th(l“)?’x‘c}
with norm less or equal v, then one can set p = 0 in the above inequality.

Proof. For m = 1 the result follows from (3.7), Proposition 3.1 and Lemma 3.2,
after choosing 1 (n,r,T") > 7o large enough. We now assume that m > 2 and
that the assertion has been shown for m — 1, keeping the assumptions on the
coefficients.
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We take the derivative d, of (2.10) for p € {0,1,2}. The function d,u then
satisfies

2
L(Aj, D)dyu = fp :=0pf — Y _ 0pAiOiu— 9p,Du on Q,
i=0
Boyu = gy := Opg + v x (Opbtryu’) onT, (3.9)
Ipu(0) = ugp = Opup  on R,
where doug = Sm,1,4,,0(0,u0, f). By straightforward estimates, the functions
fp and g, belong to H™~! and are bounded by

1fpllzem—1) < [ fllaie) + clm, P)l[ullgr @),

m—1
o pllzem—zt) + 198 S (O Epnscsasy < enr0)( S 1O SO pnsnges
k=0
o+ o es ) (3.10)

for j € {0,...,m — 2}. See the inequalities before (3.38) in the proof of Theo-
rem 3.4 of [22], or Theorem 3.13 of [21]. As in (3.6) we infer

190151 1y (3.11)
< gl ey el ) [l T (€9) B ) em)? e [ oy

where the last term vanishes if m =2 or if b € F;" (T"). We apply the induction
hypothesis to (3.9) and insert (3.10) and (3.11). It follows

el gy + 7 il ) + 1l trr wlimepy + D 10ptlms (3.12)
p=0
m—1
CiT
< (Cong+TCh )™ T[S0 F(O) 21y + I103pm sy + 1903 o
]:0

+ Om>20” [ Brullise(ry | + 7’” (I B + Il o)

where we already have absorbed the term c(m,r)ey [lull3,m (@) by the left-
ta,y

hand side fixing a small ¢ = ¢(m,n,r) > 0. To control the remaining normal
derivative 05"u, we apply (3.7) to 8;”71% Since the boundary condition does
not enter, we can directly use (3.42) of [22] (or (3.57) of [21]) yielding

2

m, [|2 1T 2
105 el < (Cona + TCIEAT (105 0y + 1O inescy
p:

Ci,
Hlwolnes)) + =2 (U Bipey + i) (313)

For v > 7, and a sufficiently large v, = vm(n,7,T’), the inequalities (3.12)
and (3.13) imply (3.8). O
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Using the trace theorem and the estimate (3.8) for m = 2, we can get rid of
the extra term in this inequality.

Corollary 3.4. Let the assumptions of Theorem 3.8 be true with m > 3 and
r > p. Using the notation of this theorem, we obtain

By + 7 e+ 1457wl (3.14)
m—1

< (Cmpo + TCm)emclT( Z Haif(O)Him—l-j(Ri) + HUOH?Hm(Ri) + M%{;ﬂ(l“))
=0

+ Cme(m+2)clT[Hu0Hi{2(Ri) + Hf(O)H?Lp(Ri) + Hatf(o)H%%Ri) + ”g”ig(r)]

Cm o112
+ 7||f||%;n(ﬂ)‘

Unfortunately, the estimate (3.14) does not fit to the nonlinear fixed point
argument since the constants in front of the data in [...] depend on r and thus
on the size of functions inserted in the fixed point operator, see (5.21).

4. LINEAR REGULARITY RESULTS

We still have to construct solutions of the linear problem (2.5) in the class
GY¥}. In view of the localization procedure, we can focus on the halfspace case
(2.10). We start with the L%-solution from Proposition 3.1. Different regular-
ization techniques in normal, tangential, and time direction have to be applied.
The apriori estimates from the previous section then allow us to pass to the
limit and derive the required smoothness. We can directly use the results of
[22] concerning normal regularity since they do not involve boundary condi-
tions. The relevant Lemma 4.1 and Corollary 4.2 of [22] are stated below as
Lemma 4.3. To regularize in spatial tangential variables, we employ the norms

ol ey = [ [+ 162 Fa0) € mn) P ag o,

o msy = [ [T ERH A+ 186 (P ) d s

for k € Z, § > 0, and functions v € &' (@) whose Fourier transform Fyv in
(z1,72) belongs to L2 (R3). The space Hf, (R3) consists of those v with finite
norm Hv||H£c (R3)- For k € Ny we obtain the standard tangential Sobolev spaces

as defined before. (See Sections 1.7 and 2.4 in [11].) The norm of Hf;l(Ri)
dominates that of Hfaﬁ(Ri). Conversely, if H’UHHE S(B2) is bounded as § — 0,

then v is contained in Hf;l(Ri), see (2.4.4) in [11].
To construct mollifiers, we take a map y € C°(R?) such that Fox(¢) =
O(J¢|™*1) as € — 0 and Fox(t€) = 0 for all ¢ € R implies £ = 0. Set y.(v) =
e 2x(e7tx) for all x € R? and € > 0. The convolution in spatial tangential
variables (x1,x2) by x. is called J.. We collect the properties of J. in the
above norms which follow from Theorems 2.4.5 and 2.4.6 in [11]. There it was
assumed that the coefficient A belongs to Schwartz’ class. An inspection of the
proofs in [11] shows that it suffices to require the regularity stated below.
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Lemma 4.1. Let k € {0,...,m}, § € (0,1), v € Hi, 1 (R2), and A € F™(R%)
with 0*A € L*(R3) for all a € Nj. Then there are constants ¢,C > 0 not
depending on § and v such that

_ 52
Moyt gy < Il / ool e (14 %) de

<
— C ||U||7_[f;61(Ri)7

1 2
0\ —1
2 —2k—1 2
/0 HAJEU—JE(A’U)HLQ(Ri)E (l—i— 52) de < CHU”H@:?(Ri)'

We also use the analogous results on R? =2 8R§’r (dropping the subscript
ta) which are taken from Theorems 2.4.1 and 2.4.2 of [11]. Because of the
above lemma, for some time we have to work with smooth coefficients whose
derivatives of arbitrary order belong to L?. An approximation argument will
bring us back to limited regularity of the coefficients later. The next result
provides tangential regularity.

Lemma 4.2. Let ) > 0 and m € N. Take Ag € F]'(Q), A1, Ay € F(R3),
Az = A, D e F™(Q), and b € F}}, (T'). We further assume that 9A;,0°D €
L2(Q) and 9°b € L2(T) for all « € N}, B € N, and i € {0,1,2}. Choose
data ug € H™R3), f € HI(Q), and g € H™T) with g-v = 0. Let u
be the solution of (2.10) from Proposition 3.1. Suppose that u belongs to
Ny CI(J,H™ I (R3)) and tryu to Ny HI(J,H™ I (OR3)). Then u is an
element of C(J,H=(R3)) and tr- u of L*(J, H™(ORY)).

Proof. 1) We first show that u belongs to L°°(J,H=(R3)) and tryu to
L2(J,H™(OR3)). Let €,6 € (0,1) and v > 0. The generic constants below
do not depend on § or v. We let ty = 0 for simplicity.
Applying the operators L = L(Ag, A1, A2, AS°, D) and B = BS° — v x bBY{°
to J.u, we obtain
2
Llou=J.f + ) [Aj, J]0ju+[D,JJu  on,
§=0
BJ.u = J.g — v x [b, J.]BS°u on T,

(4.1)

where [A;, J.] = AjJ. — J-A; etc. Lemma 4.1 implies the commutator estimate

2t (14, JJosu(t) 2 —am-1(1 4 ) g 42
Je 0 H[ 'K 8] Ju(t)HLQ(]Ri)S ( +?> edt ()
2 2
<c (||U||L’2Y(‘]’H$_61(Ri)) + HatUH,nyn—l(Q))

for all j € {0,1,2}. The other commutators are treated analogously. In partic-
ular, LJ-u is an element of L?(Q), J.ug of L?(R3), and BJ.u of L*(T"). Hence,
the apriori estimate from Proposition 3.1 can be applied to J.u. We first use
Lemma 4.1 to derive

T
Ss —iupe “29 |y (¢ )”H’" R / e 2| tr, u(t)||ign,1(R2)dt (4.3)
eJ 0
19



2

=) )

1
—27t 2 2 —2m—1
< esupe  (Jult) s, + [ Il oy e (14

T
—i—c/ e 2| tr, u(t)H%mq(Rq dt
0
52
—i—c/ / 2| tr, Jou(t )”LZ(RZ dte=2m= 1<1+ ) de

1
< e (s + e ulgosy + [ IeulBagey + 1 b wlf e
('52 _
—2m—1
€ (1—1—;2) ds).

By Proposition 3.1 and (4.1) there are constants Cp,p > 0 such that the term
in brackets [...] is bounded by Cy times

T
etolBaqes, + [ € (100 Eaqae) + 1 BTt )

1T
+ / e e F 12 s+ NI )2 s +Z|| (A JE10u(0) Fa sy |a

for all v > 9. We insert these quantities in (4.3) and interchange dt and de.
Combined with Lemma 4.1 and (4.2), it follows

S5 < ¢ [0l gy + 11 t0r 021 gy + N0y + 77 (1 Bapey (49)
+ HU’H2 Hm 1 ]RS + ||8tUHHm 1 Q))+ ”g”Hgn(I‘)—i_ H trTuHL%(Jngn*%RQ))] .

The last summand is bounded by || tr, u||? We can absorb the term with

HM71(F)'
u in the regularized norm by the left—han(f side choosing a sufficiently large =,
depending on T”. As a result, the quantity Ss is bounded uniformly in § € (0, 1).

We conclude that u belongs to L>(J, H{Z(R3)). Fatou’s lemma further yields
[ —— / —m/ (1 + €[2)™ | Fa(trr u)(t, €)]2 dé dt

< limin / 2 [ @ I 18R P ), O de e

6—0

= hf{félf || trr uHL%(LH?,l(RQ».

The right-hand side is finite because of estimate (4.4), and so tr; u belongs to
Lg/(J, H™(ORY)).

2) Step 1) and Lemma 4.3 below imply that u is an element of H"(€2). To
show u € C(J,H(RY)), we fix a € N} with |a] = m and ag = a3 = 0. Using
that u € H™(Q) solves (2.10) and that tr, u € H™(I"), we derive

% = 9°f — Z 3 ( )aﬁA o Pou— Y <;>35Daa—ﬁu — fo,
7=0 0<B< 0<p<a
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Bo“u = 0% + v x Z (a) b try 0% Pul =: g,
0<B<a
0%u(0) = 0%up.

The function f, belongs to L?(), go to L*(T'), and 9%ug to L*(RY), cf. (3.4)
and (3.6). Proposition 3.1 then shows that 0%u is contained in G°(f), as
required. ]

The following result summarizes Lemma 4.1 and Corollary 4.2 of [22] (or
Lemma 4.1 and Corollary 4.2 of [21]). See also Remark 2.1.

Lemma 4.3. Let the coefficients satisfy the assumptions of the previous lemma,
up € H™RL), f € H™Q), and let u € (L, C/(J,H™I(RL)) fulfill
L(Ap, A1, Az, A3, D)u = f and u(0) = ug. Take k € {1,...,m} and a multi-
index o € N} with |a| =m, ag =0, and ag = k. Suppose that 0°u is contained
in G°(Q), respectively L*(2), for all 3 € N} with |3| =m and B3 < k—1. Then
0% is an element of GO(Q), respectively L?(12).

The next lemma allows us to gain one derivative in time. In the proof one
constructs a solution v to the initial boundary value problem which d;u formally
satisfies. One then checks that the time integral of v coincides with u. Here
and in the next proposition the compatibility conditions enter in a crucial way.

Lemma 4.4. Let n > 0 and J = (to,T). Take coefficients Ay € F;?(Q),
A1, Ay € FA(RY), A3 = AL, D € F3(QQ), and b € Fi’m(I’). Choose data
ug € HY(R3), f € HY(Q), and g € HY(T) with g-v = 0. Assume that the tu-
ple (to, Ao, A1, A2, Az, D, b, ug, f,g) fulfills the compatibility conditions (2.20) of
order 1. Let u be the solution of (2.10) from Proposition 3.1. Assume that u be-
longs to GL(J'xR3) wheneveru € C*(J', L*(RY)) and tr; u € H'(J', L*(0RY))
for every open interval J' C J. Then u is contained in GlZ (Q).

Proof. 1) Without loss of generality we assume J = (0,7). Take r > 0 with
[Aillra) <7 [IDllpa) <70 [bllpg ) <7
e 450 e . s 107 A0) i) } < 7

mase{|[ D(t) | paoges . macc 10 D(O)llo-sas)) < 7

foralli € {0,1,2} andt € J. Let v = v1(n,r,T) > 1 be defined by Theorem 3.3.
We further choose a number Cy = Cy(n,r,T) > 1 dominating the constants
in (2.16), Proposition 3.1, and Theorem 3.3. We finally set

Ry = e Colll 112 ) + 11320 + 9l oy + H“0||3{1(Ri))~ (4.5)

2) Take an initial time tg € J and assume that u(tg) belongs to Hl(Ri) with
Hu(to)Hg{l(Rg) < R;. Choose a time step
+

0 < Ty < min{1, (6Cor*)'}.
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Following the proof of Lemma 4.5 of [22], we want to construct a function v in
C([to, T2], L*(R3)) satisfying

Lv =0 f — GtD(/t v(s)ds + u(to)) on ¢,

to

t
Bu = 8ig + v x 8tb( / B®u(s)ds + Bfou(to)) onl',  (4.6)

to
v(to) = S1,1,4,,0(t0, fu(to)) =vg  on R
Here we define T! = min{to+Ts, T}, J' = (to,17), ¥ = J'xR3, IV = J' x OR3,,
and L = L(Ag, Ay, Ay, A3, 3, Ag + D). To solve (4.6), we set
R := (4C2(1 + Cp) + 6 + 6Co(1 + c2)r*)R1 > Ry,

where ¢, is the norm of the trace operator from H!'(R3) to L?(0R3). Let E
be the closed ball in G%W(Q’) with radius R'/? and center 0. Take w € E. We
look at the problem

t
Lv=08f— &,D(/ w(s)ds + u(to)) = fw on ',
to
t
Bv = 0yg +v x 8tb( B{°w(s)ds + B‘fou(to)) =gy, onl', (4.7)
to

v(to) = vo on R3.

Note that the data in the above problem fulfill the assumptions of Proposi-
tion 3.1. (Use (2.16) for vg.) This proposition thus provides a unique solution
®(w) € GY, () of (4.7). Proposition 3.1 and (2.16) imply that

D)2y @) < Co (ool + 1 FullZaan + lowlZan)
< 2C3 (17 (O)agus ) + I10(t0) 12 s )+ 3Co (10013 ) + 19u913 )

/

T! t
+3C’07“2/ Ol [Ts/ ()| Zaquy) + v () Z2(omz)) ds

to to
o b0 + It u(to) |22 ey |
< 2C3(1+ Co)Ry + 3Ry + 3Co(1 + c2)r* Ry Ty + 3Cor?Ts kug% o) S R
Y
Hence, ® maps F into itself. In a similar way we estimate
AN (12 2 2
18 (w) = @(@)ligy, (o) < Colfo = fallLz @) + 9w = g0z )
2 N2 1 A2
<r°CoTs ||w - w”g%ﬁ(Q/) < 6 Hw - w”g%ﬁ(Q/)
for all w,w € E. The contraction mapping principle thus gives a unique function
v € E solving (4.6).
3) In this step we assume that u(to) belongs to H!(R3) with Hu(to)Hg{l(Rg) <
+

R; and that the tuple (to, Ao, A1, A2, A3, D, b, f, g,u(to)) fulfills the compatibil-
ity conditions (2.20) of order one; i.e., B(to)u(to) = g(to) on OR%. We use the
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solution v € G%(€') of (4.6) on the time interval J’ from part 2) and define

t
0(t) = u(to) —|—/ v(s)ds
to
for t € J'. An elementary calculation shows that L(A;, D) = f on € and
0(to) = u(to). (See Step II) of the proof of Lemma 4.5 of [22] or Lemma 4.7 of
[21].) Using also (4.6), we compute
t
B(t)o(t) = B(to)u(to) + (B(t) — B(to))u(to) + [ B3 v(s)ds

FOBRGE —ult) x v
— g(to) + (b(t) — b(to)) Bulte) x v+ (b(t) B (5(t) — ulto)) x v

+ [ Owg(s)ds — / (O4b(s)B{°v(s) 4 b(s)Bi°0w0(s)) x vds

to to
=g(t)

for t € J’. The uniqueness statement in Proposition 3.1 thus yields that v = ©
on J' (where we use the obvious variant of this result with initial time ). We
conclude that u € C1(J’, L*(R3)) and tr, u € H'(J', L*(OR3)) as tr, commutes
with integration in time, and hence u belongs to GlE (Q) by the assumption.

4) Let to = 0. By the assumptions and HUOH%I(RS) < Ry, step 3) shows that
+

u belongs to GL((0,Tp) x R3) with Ty = min{Ts, T}. If Ty = T, the assertion
is shown. Otherwise, Theorem 3.3 and the definition (4.5) yield the bound

1
||U||ég(g) = Co(”f”égm) + ||U0||§{1(Ri) + ||9||3.L1y(r) + ;||f||§{%(g))
< e_Z’YTRlv

so that H“(TO)H?-,fl(Ri) < Ry. Because u € G solves (2.10), the compatibility

conditions of first order are also valid for the initial value u(7p) at time Tp, cf.
(2.20). We conclude the proof in finitely many iterations. O

For smooth coefficients we now obtain the desired regularity properties on Ri.

Proposition 4.5. Let n > 0 and m € N. Take Ay € F]ﬁ(Q) with 0yAg €
Fy b3 (), Ay, Ay € FF(RY), Ay = AP, D € F™(Q), and b € Fj}, (D).
We assume that 0 A;,0°D € L*(Q) and 9°b € L*(T") for all « € N}, g € N3,
and i € {0,1,2}. Choose data ug € H™(R3)®, f € H™(Q)®, and g € H™(T)3
with g - v = 0 such that the tuple (to, Aj, D,b,uo, f,g) fulfills the compatibility
conditions (2.20) of order m. Then the solution u of (2.10) from Proposition 3.1
belongs to G (2).

Proof. We proceed as in the proof of Proposition 4.7 of [22], letting to = 0 for

simplicity. The result for m = 1 is a consequence of the three previous lemmas.

We assume that we have shown the assertion for some m € N and that the

assumptions are satisfied for m + 1. Hence the solution u of (2.10) belongs to
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G¥(£2). With the notation of the proof of Lemma 4.4, we see that the function
v = Opu fulfills

Lv= O f — OrDu =: fy on (V,
Bv =09+ v x 0tb B{°u =: gy on I, (4.8)
v(0) = Smy1,1,4;,0(0,u0, f) =: vo on Ri.

Observe that the coefficients and data in (4.8) satisfy the regularity assumptions
of the induction hypothesis. For the compatibility conditions, we note that
Lemma 4.6 of [22] (or Lemma 4.8 of [21]) yields

Sunpa;,0 (0005 fu) = Smt1pr1,4;,0(0, uo, f)

for all p € {0,1,...,m — 1} and D := 8;Ag + D. Equations (2.12) and (2.20)
thus imply

B(0)S,, ,4,,5(0, 00, fu) = B(0)Smi1,p+1,4,,0(0,u0, f) (4.9)
p+1 1
1 co 1-k
= " g(0) + v x ;< i >6kb( )BSeoP R (0).

On the other hand, by means of v = J,u we calculate

B u(0) +l/><z< ) b(0) B0F 0 (0)

=" g(0) + v x Z < )8k+1b (0) BSCOP ™ u(0)

—I—uxz< > 0)BSeaP 1 (0)

p+1

=" g(0) + v x Z <p;; )afb( 0)BSCoP 1k 0).

Combined with (4.9), we have established the compatibility condition (2.20) of
order m for (4.8).

The induction hypothesis now shows that Ou belongs to G¥(£2). By
Lemma 4.3, Lemma 4.2, and the fact that tr, commutes with differentiation in
time, the map wu is thus contained in G’Z”H(Q). O

Above we have assumed extra smoothness of the coefficients. This assumption
can be removed by an approximation argument. Take Ag € F,;h(Q), Ay, Ag €
F?(RY), A3 = AP, D € F™(Q), and b € F{;”’n(l“). Using standard methods,
one constructs functions Ag . € Féﬁ(Q), Ay, Ay € FM(R3), D, € F™(Q), and
be € Fﬁn(f‘) for € > 0, which are uniformly bounded in the respective F—space
and tend uniformly to Ag, A1, A2, D and b, respectively, as € — 0. Moreover,
all their partial derivatives are contained in the respective F—space and thus
in L?. The analogous results are true for Ag .(0) and D.(0) with m replaced by

m — 1. (Compare Lemma 2.2 of [22] or Lemma 2.21 of [21].)
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We again choose data ug € H™(RY), f € H™(2), and g € H™(T') with g-v =
0 such that the tuple (0, Ay, A1, Aa, Az, D, b, ug, f,g) fulfills the compatibility
conditions (2.20) of order m. To use the approximating coefficients, one has to
modify the initial value in such a way that (2.20) is still satisfied.

Lemma 4.6. Under the above assumptions, there is a number g > 0 and func-
tions ugc in H™(RY) fore € (0,e0] such that the compatibility conditions (2.20)
of order m are satisfied by the tuple (0,Apc, A1e, A2e, As, De,be,uoe, [, 9).
Moreover, the new initial values ug . tend to ug in ’Hm(Ri) as e — 0.

Proof. Slightly modifiying the notation in (2.12), (2.13) and (2.20), we set
S'};LITP(UO) = Sm,p,Aj,D(Oa 'LL(], f) = 8flu(o)
for p e {0,...,m — 1} as tp = 0 and f remain fixed. We further define
Bi=(~I BEb(0)) and  B.i=(—I Bb.(0)).

The compatibility conditions (2.20) can be rewritten as

p
BAYP S (uo) = O g(0) +v x Y (Z) OFb(0)BS) 1. (uo), (4.10)
k=1

P
. P . T
B sty i)+ (0.3 (7) obu0) 5, )| = oa(0
k=1
on 8Ri. Here and below, sums from 1 to 0 or from 0 to —1 are defined as
zero. Here we understand B{°® just as matrix and not as a trace operator.
Since 9Fb(0) € H™F=1/2(R?) for all k € {0,...,7m — 1}, the extension result
Theorem 2.5.7 in [11] yields a function b € H™(R3) such that trogs kb =
dFb(0) for all k € {0,...,7m — 1}. In particular, we can extend 9fb(0) by 9%5b to
a function in H™*(R3). We write Spn(ug) for the term [...] in (4.10), where
we extend it to a function on Ri as described above. This term is expanded as

p—1
Sin (ug) = APug + Y Cppj03uo + By, (4.11)
§=0
where A := —Ay(0)"!Aj3, the tangential differential operators ép,p,j belong

to L(H™I(R3),H™ P(R%)) and B, is an element of L(H™(Q), H™ P(R3)).
These mapping properties can be shown using the product rules Lemma 2.1 of
[22] (or Lemma 2.22 of [21]) and the regularity of 95b.

By B., S’i,ifp,e, A: and ép,p—j,a we denote the variants of the above operators
for Aj., D, and b, where we obtain b, as b above. As in the previous paragraph,
one sees that the functions Cp ;. are bounded in L(H™7(R3), H™ P(R%))
uniformly in € > 0 by the properties of the coefficients. We further note that
OFb.(0) converges to 0Fb(0) as ¢ — 0, since b. tends to b in H™(T'). Since
the extension map from Theorem 2.5.7 in [11] is continuous, we infer that b,
converges to b in H™(R3) as € — 0. One can thus show that in H™ P(R3) the

maps S}iln’pﬁ(uo) tend to S}}gp(uo) and (b — BE)Blggffp(uo) to0ase — 0.
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We are looking for functions ug. € H™(R3) satisfying
B.ALSE (ug.) = dPg(0) = BA%OS’ngp(uo) on IRY.

m,p,e

Let ug = ug + h for some h € Hm(Ri). The e—variant of (4.11) yields

p—1
Sgl,np e(uﬂ + h) S:;@np s(uo) + ‘Agagh + Z vap*]'vfaij’)h'
=0
We thus have to find a map h € H™(R3) solving
p—1
BL A ALORh = B. A [ i (u0) — S, (w0) = 3 CppjcOih]
=0

+ (B — B:)AS Sy (uo)
= BAF[ S () — S, (o) = 3 CoposcOhh (412)

J
+ (0, (b — bo)B§ SR (uo))T] .

We first construct functions a? € H™~ p(R3) for p € {0,...,m — 1}, € €
(0,&0) and some gy > 0, which sat1sfy the variant of (4.12) where we drop B.
and replace &5h by al € H™J(R3). Moreover, the functions a? tend to 0 in
H™P(R3) as e — 0.

This is done via induction over p. For p = 0, set a? = (0, (b — b.) B{®u)” in
H™(R3). Let the functions af be constructed for 0 < k <p—1<m — 1. The
right-hand side of (4.12) without B; is equal to A$°v. for maps v., which tend
to 0 in H™ P(RY) as € — 0 by the above observations. We now use Lemma 4.9
of [22] (or Lemma 4.11 of [21]) which does not depend on boundary conditions.
It yields functions af for ¢ € (0,g0] and some €y > 0 such that e — 0 in
H™— p(RS ) as e — 0 and A ALal = ASPv.. So the maps af exist.

Again by Theorem 2.5.7 in [11], we can find functions h. € H™(R3) satisfying

tros Bhe = troms af for p € {0,...,m — 1}. Moreover, h. converges to 0 in
Hm(Ri) as ¢ — 0. The maps h. thus satisfy (4.12) and up. = ug + h. fulfills
the variant of (4.10) for the approximating coefficients. O

Based on the results established so far, we can now derive the desired regu-
larity result. Recall that we allow for G = RE’;.

Theorem 4.7. Let T € (0,7"), p,n > 0, r > 19 > 0, and m € N. Take
coefficients Ag € F'(J x G), D € F"™(J x G), A3 = A, and b € Fj, (J x X).
If G = R3, pick Ay, Ay € F:?(sz’r) Otherwise, let Ay = A® and Ay = AS.
Assume that the coefficients satisfy

1Aill prrxay <7 IDpagxey <7 [bllpe-1xsy <7y [blamxs) < o

maX{”Ai(O)”FﬁL*LO(JxG)aj . HB"AO( Mwm—1-it < ro,

max{ || D(0)[| pm-1.0(7xG)» e H@JD( Nwm—1-iyt < 1o,
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for i € {0,1,2}. Choose data uy € H™(G)S, f € H™(J x G)%, and g €
H™(J x £)3 with g-v = 0 such that the tuple (0, Ag, A1, Aa, A3, D, b, ug, f, g)
fulfills the compatibility conditions (2.20) of order m.

Then there is a unique solution v € G{(J X G) of (2.5) and there is a number
Ym = Ym(n, 7, T') > 1 such that

H“HQGgL(JxG) + ||tr7u||§{m(JX2) (4.13)

m—1
< (Cm.0 +TC’m)emclT( Z H(?Zf(O)Ilimflfj(G) + ||U0||§-Lm(G) + Hgng(sz)
j=0

C
2 2 2
+ o2 |Brulie s ) + =2 Wy )

for all v > ~p, and with constants C; = Ci(n,r,T') > 1 for i € {1,m} and
Crmo = Cmo(n, 70, ||blloc) > 1. If b even belongs to F,TT(J x ¥)3%3 with norm
less or equal r, then one can set p = 0 in the above inequality. For m > 3 and
r > p we further have the estimate

”UHé‘gl(JxG) + [ trr wlFpmxxy (4.14)
m—1

< (Cmpo + TCm)emCIT( D 18 FO)3m 1y + lluol3m () + ||9||3{;n(Jx2)>
=0

+ Cme(mH)ClT(H%H%#(G) + Hf(@”%l(c;) + Hatf(O)H%%G) + HgH?{g(sz))

Ch 9
+ 7||f”mn(JxG)'

Proof. We only sketch the proof since it is very similar to those of Theorems 4.10
and 1.1 of [22] (or Theorem 4.12 of [21]). We first treat the localized problem
(2.10) on Ri. We take approximating data as in Lemma 4.6 for ¢ = % Propo-
sition 4.5 then provides solutions u, € G%(€) which are uniformly bounded
in this space due to (3.8) and (3.14). From Banach-Alaoglu we thus obtain a
weak* accumulation point u of (u,) which belongs to G(Q). We apply (3.1)
with the given coefficients to the difference u, — u. By means of the uniform
convergence of the coefficients, it follows that the maps u, tend to u in G%(€2).
Using this fact, one sees that u satisfies (2.10).

To show that u € GF(Q), one first applies 9;" ' to the system (2.10). The
resulting data satisfy the compatibility conditions (2.20) of order 1 as the given
data fulfill them up to order m. Since ;" 'u € G%(Q), as in step 2) of the
proof of Lemma 4.2 we can deduce that 9" *u belongs to C(J, H},(R%)). By
Lemma 4.3, the function 9;" 'u is an element of G'(J’ x R3) provided that
oy tu € CY(J', L*(R%)) for any open interval J' C J. Lemma 4.4 then shows
that 9" u is contained in G%(0). As in the proof of Theorem 4.10 in [22], one
now inductively infers that u belongs to G¥(£2).

Finally, one passes to the domain G # Ri by a localization argument. See
steps IV-VT of the proof of Theorem 5.6 in [21] or of Theorem 3.1 in [19]. O
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If G is unbounded, the above result imposes decay of the derivatives of Ag
and D as |x| — oco. Actually, if these derivatives are bounded one obtains the
same results much easier. As in [22], we have thus focused on the case treated
in the theorem and describe the easy extension in the next result.

Remark 4.8. Let G be unbounded. As in Remark 1.2 of [22] we can weaken
the regularity assumptions in Theorem 4.7 to Ag, D € W*(J x G) and

VaeN§ with 1< |a| <m: 0%Ay,0°D € L®(J, L*(G))+L>®(JxG). (4.15)

One further has to assume that the corresponding norms of Ay and D are less
or equal 7, and 9%A4y(0) and 9*D(0) are bounded in L?(G) + L>(G) by rq for
all || < m—1. Here one can also replace G by Ri. The conditions on b remain
unchanged. Throughout, in new terms involving bounded parts of 3%*Ag and
0D these derivatives can easily be estimated by their sup-norms. %

5. LOCAL EXISTENCE AND UNIQUENESS

The apriori estimate of Theorem 4.7 does not allow us to treat the nonlinear
absorbing boundary conditions as described in (2.2) and (2.3) in full generality.
The problem arises in the terms with highest derivatives of b = ((Bia) for
a function 4 € G%’(J x G) with range in Y. For simplicity we first look at
the problem on I', the case J x ¥ then follows by the localization procedure
described in Section 2 and in [21]. We often use Lemma 2.1 and Corollary 2.2 in
[23] which deal with mapping properties of substitution operators. This lemma
yields the formula

By = >y > Yo Gl (B

BAENS,Bo=0 1<i<|v| v1,...,7;ENZ\{0} 1, 05=1
B+y=a D=y

2
)

J
. (ayzj .0 8(517,32)0(3111) H 3%‘(31@1”
i=1

Y, Yx

for « € N} with |a| < m. We take m > 3. This expression can be written
as a sum Spain of the terms with a = v and j = 1 plus the sum Syem of the
other terms. The summands in Syem can be estimated by the norm in H!(R3)

of the product ngl 0% (Byu);; using the trace theorem. The product rules in
Lemma 2.1 in [22] or Lemma 2.22 of [21] (and localization) lead to the inequality

HSremH%?(sz) <T ||Srem‘|%oo(J,L2(z)) <cT(1+ HaHQan}l(JxG)) =C(R)T, (5.2)

where ||4]lgm(sxq) < R. If [a| <m, one can estimate the full function 9%¢(B14)
in this way.

To treat the term Smain = 0:((B14)0%(B1u) in the case |a| = m, we define
the quantities

oF) = max 0C@0 (%) = 2(F) (5.3)
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for & > 0. Let |[B1(0)| oo (sxx) < K. Assuming also that [|i|gp(sxc) < R, we
estimate

10e¢(B10)|| oo (1xs) < [10eC(B1(0)) | oo sy + TI0FC(Brat) Bryt]| oo (g
< 20(R) + C(R)T|litllgs (s ) < 20(R) + C(R)T.
We derive
||Smain||%2(J><2) < C(Zo(ﬁ)2 + é(R)TQ) HBlaH?{m(JXZ)‘
It thus follows
S 10°CBr) sy < OT + 20(F)?). (5.4)

|a|=m
We further take functions ¥ and v with ranges in U, ||B19(0)||e(sxx) < F,
19]le (7x@) < R, and analogously for v. In a similar way we estimate

1(C(Br) — C(B1)) Broly sy < OT + 2(8)%) |l ]

Ixy) = (5.5)

2
aelte
The constant C' depends on R, ¢, and a time 77 > T. In the fixed point
argument, one part of the resulting right-hand sides can be made small choosing
a small time interval (0,7") depending on the radius R. For the other one we
will have to assume that z(%) is small, which either means that we are close to a
linear boundary condition or that we deal with electric fields having uniformly
small tangential traces initially. In the linear case, where ( does not depend
on the state u, the number z(K) is even 0. Here we actually allow for time
depending coeflicients b = ¢ in F,TT(J x X)), see (2.4). This case is much easier
to treat since for linear boundary conditions with such coefficients we can use
our main linear estimate (4.13) with p = 0, i.e., without an additional boundary
term involving w on the right-hand side. Inequalities like (5.4) and (5.5) are
used several times below.

Exactly as in Remark 2.5 of [23], for unbounded G in our proofs we will make
a simplifying assumption on the coefficients y and ¢ in order to avoid certain
easier terms in the calculations.

Remark 5.1. Let G be unbounded, m > 3, & € G™(J x G), and Y and
o be given by (2.3) or (2.4). As noted in Remark 4.8, for our linear results
we can admit coefficients Ay = x(4) and D = o(4) belonging to the space
described in (4.15). The additional bounded terms can easily be estimated in
each computation. Without loss of generality, in the proofs we will therefore
exclude such terms by imposing extra decay on the space derivatives of xy and o
as |x| — oo. More precisely, for all multiindices o € N with ay = ... = ag =0
and 1 < |a| <m, R>0,V €U, and v € L*>(J, L?(G)) with range in V and
V]| oo (7,22(c)) < R we require that

(0°X)(v), (0%0) (v) € L*(J, L*(G)),

10“X) (V)| oo (g,22(cy) + 1(0%0) (V)| oo (5,22 (@) < Cs (5.6)
where C' = C(x,0,m, R, V). With this assumption, Lemma 2.1 of [23] yields
that x (@) and o(u) are contained in F™(J x G). O
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We start with the uniqueness of solutions to (2.2).

Lemma 5.2. Let t; > tg in R and J = (to,t1). Assume that either (2.3)
or (2.4) is valid. Let uj,us € G%(J x G) solve (2.2) with inhomogene-
ity f, boundary value g, and initial value ug at initial time to. If assump-
tion (2.3) is satisfied, we require that zo(%1)*k3 < (2Co)~! where By >
maxjey 2} || B1ugl oo (xx), Fo > minjeq oy [[Biujll o sxx), and Cy is taken
from (5.7) and depends on the norm of uy and ug in W (J x G) and on the
lower bound n of x and (. Then uy = us.

Proof. We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one from (2.4) at the end of
the proof. Let Ty € J be the supremum of all ¢ € J such that u; = us on [to, t].
The two functions coincide on [tg, Tp] by their continuity.

We suppose that Ty < t;. We take a time 7" € (Tp, t1) and set J' = (Tp, T").
We fix a compact set V' C U containing the ranges of u; and us on J’. The maps
uy and ug in G3,(J' x G) both solve (2.2) on J’ with the same initial value u1 (Tp),
inhomogeneities f and g, and the operators L; = L(x(u;), A{°, A5°, A, o(u;))
and B/ = B(uj) for j = 1, respectively j = 2. Without loss of generality
we assume that ||Biua|peo(sxx) = minjeqi oy [[Biujl|pe(sxx). The difference
up — ug fulfills

Li(ur —u2) = (x(u2) = x(w1))0puz + (0(u2) — o(ur))uz =t f1  on J' x G,
Bl(ul - UQ) = ((C(Bﬂtg) — C(Blul))BluQ) XV =:0q1 on J/ X 2,
(u1 —u2)(Tp) =0 on G.
Lemma 2.1 of [23] and Sobolev’s embedding theorem yield that x(u;) and o(u;)
are elements of F(J x G), and ((u;) of Fj (J x £). Moreover, x(u1) and ¢(u1)
are symmetric and bounded from below by n > 0. Let r (resp. R) be the
maximum of the norms of u; and ug in Wh(J x G) (resp. in G%(J x G)).
Then the Lipschitz norms of x(u1) and o(u;) and the sup-norm of ((u;) are
bounded by a constant depending on . Proposition 3.1 now provides constants
Co = Co(n,r) and v = v(n,r) such that
[lur — U2||g;0m(fx(;) < Co (Hf1||%g(J/xG) + HQlH%g(J'xz))- (5.7)
The Lipschitz estimates on x and o from Corollary 2.22 in [23] imply
11122 (< < el BT = To) [lur — u2l|Eo (yrxcr) - (5.8)
Recalling the definition of 7; in the statement and of z in (5.3), we next derive
Hgluig(mz) < 20(F1)R3 || trr (w1 — u2)HQLg(J/xG) : (5.9)

By the assumption on %;, we can choose 7" > Tj so small that (5.7), (5.8), and
(5.9) imply that u; = ug on [Ty, T”] and thus on [tg, 7']. This result contradicts
the definition of Tj, and hence u; = ug on J.

Under assumption (2.4) we have the boundary conditions

BU,j = (BQ — UV X bBl)Uj =g
and hence B(u; — uz) = 0. So the above argument can be used with g1 := 0

and thus without any assumption on %;. O
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We next construct local in time solutions of (2.2) using Banach’s fixed point
theorem and our linear result Theorem 4.7. Special care in the treatment of
the constants is required to close the argument, and we need the structure of
the estimate (3.8) here. For the data we define the quantity

k—1

di(J) := HUOH%k(G)"‘Z Hagf(to)H?{k—l—j(g)"‘”f”?{kuxa)+HQH§#€(JX2)- (5.10)
j=0

Moreover, Cy is the norm of the Sobolev embedding H?(G) < Cy(G). We note

that below the number Cjy only depends on a radius r3 > d3(J )1/ 2 instead of r,
as an inspection of the proof shows.

Theorem 5.3. Let to € R, T > 0, J = (to,to + 1), and m € N with m >
3. Assume that either (2.3) or (2.4) is valid. Choose data ug € H™(G)S,
feH™JxG), and g € H™(J x £)3 with g -v = 0 such that the tuple
(to, x,0,C,up, f,g) fulfills the compatibility conditions (2.21) of order m. Pick
a radius v > 0 satisfying

dm(J) < 12,

Take a number k > 0 with
dist({uo(x) |z € G},0U) > k.
If (2.3) is valid, we take kK > 0 with
2(%) < min { 1(Cr 00) 712, (2C0)7/2}. (5.11)

and assume that || Biug||peo(sy < K. The constants Co, Cr, and C depending
onx, o, C, m,r, k, and T are given by Lemma 5.2, (5.17), (5.4), and (5.5).

Then there is a time T = 7(x,0,(,m,T,r,k, k) > 0 such that the nonlinear
initial boundary value problem (2.2) with data f, g, and ug has a solution u
on [to, to + 7] which belongs to G%((to,to +7) x G). It is unique among those
solutions with || Byul| poo (1 to+7)x5) < K-

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one under hypothesis (2.4)
at the appropriate points. Without loss of generality we assume ¢y = 0 and,
if G is unbounded, that x and o satisfy (5.6), cf. Remark 5.1. Moreover, the
quantities dg(J) can be chosen to be positive since u = 0 is the unique solution
of (2.2) for (uog, f,g9) =0 by Lemma 5.2.

Let 7 € (0,7] and R > 0. We introduce J; = (0,7) and

V. = {y e U] dist(y,0U) > k} N B(0,Csr).

Note that ran(ug) is contained in the compact set V. Our fixed point space is

E(R,7) = {v € GE(J; % G) | [0l g s,y < B 10— toll oo ) < /2

éﬁv(()) = Smjx.o(0,u0, f) for 0 < j <m —1}

endowed with the metric induced by the norm of G~ (J, x G). We have

ran(v) C V,, := V., + B(0,k/2) CU (5.12)
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for v € E(R,7). Lemma 5.4 and a localization provide a function w €
GE(J, x G) satisfying the initial conditions in E(R,7). Using Lemma 5.4
and the estimates on Sy, jy,0 from Lemma 2.4 in [23], one obtains a constant
Cs.4 = Cs5.4(x,0,m,T,r, k) such that Hw”ég < Cs4r. Take R > Cs.47. Since

w(t) —ug = /0 Osw(s)ds,

we can bound [[w — u|[ 00 (s, x@) < CsRT. As a result, E(R,7) is non-empty,
if we choose R > Cs4r and 7 € (0,x/(2CsR)]. To show completeness of
E(R,T), we take a Cauchy sequence (u,) in E(R, 7). It then has a limit u in
G‘g_l(JT X G) < L*°(J; X G), which satisfies the initial condition and the L>°—
bound of E(R, 7). Moreover, the m-th order derivatives of u,, have weak* limits
in L>=(J,, L*(G)), respectively weak limits in L?(J,, L2(0G)). These limits are
the corresponding derivatives of u which thus belongs to G (J, x G) with norm
less or equal R.

2) Let 4 € E(R, 7). Take n > 0 from (2.3). Then Ap := x (@) is contained in
EM(Jr x G), b= ((Byi) in F}}, (J> x £), and D := o(@) in F™(J; x G) by
Lemma 2.1 of [23], Remark 5.1, Sobolev’s embedding, and the remarks before
(5.4). The tuple (0, x(a), Af°, AS®, A, o (), ((0), uo, f,g) satisfies the linear
compatibility conditions (2.20) due to the formula

Sm,p,x(ﬂ),Ago,a(ﬂ) (0, ugp, f) = Sm,p,x,a(oa up, f) (5'13)

from Lemma 2.6 of [23], the initial conditions in E(R,7), and formula (5.1).
Theorem 4.7 yields a solution v € G¥(J; x G) of the system (2.5) with the
coefficients Ag, D, b and the data ug, f, g. In this way one defines a mapping
¢: 4 — u from E(R,T) to G¥(J; x G). We want to prove that ® is a strict
contraction on E(R, T) for a suitable radius R and a sufficiently small time step
T.
To this aim, take numbers 7 € (0,7] with 7 < k/(2CsR) and R > Csur
which will be fixed below. Let & € E(R, 7). Because of (5.12), the map ()
is bounded by a constant ¢(Vy). Using Lemma 2.1 of [23], one finds radii
ro =71o(x,0,(,m,r, k) and Ry = R1(x,0,(,m, R, k,T) such that

mase{ [ x(8)(0) | -togys | max O (@)(0) sgnt-1(69} < o

mac{o(@)(0) | sy, | max (0o @O) -1} <o, (5.14)

IX( @) 7 rxcys Nlo(@pmgxays 1@ 1m—1rxq) < R (5.15)
(See step II) of the proof of Theorem 3.3 in [23].) Moreover, the relations (5.4)
and (5.12) imply the bound

S 10" B Bagys) < O R T )7+ 20(FP). (5.16)
|a|=m

Let the constant

Cm,o = Cm,O(X, g, C? T, ﬁ) = Cm70(77(X> C): ’I”()(X, g, Cv m,r, H)> C(Vﬂ)) (517)
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be given by Theorem 4.7. The radius R = R(x,0,(,m,r,k,T) for E(R,T) is
now defined as

R := max {« /32Cm 07, Csar + 1}. (5.18)

Let v = Ym(x,0,¢(T,r, k) and Cp, = Cp(x,0,(,T,r, k) be the constants
from Theorem 4.7 with n(x, () and R;i(x,0,(,m,R,k,T). Lemma 2.1 in [22]
(or Lemma 2.22 in [21]) yields product rules and Corollary 2.2 in [23] Lipschitz
bounds of composition operators. We write Cs 1 3] for the maximum of the
constants in Lemma 2.1 in [22] and Cj 3 3 for that of Corollary 2.2 in [23]
applied to our material laws and with the numbers m and R and the set V.
We finally introduce the parameter v = v(x,o,(,m,T,r, k) and the time step
T=71(x,0,(,m,T,r K,K) by

~ 1= max {'ym, C;L’locm}, (5.19)
- min {T f 2 Cmo (166, C(UR> + CAT(T + (%))
' "05R 2y mCy Gy L ° ’ ’

(16C.00) ", [32R20m70022_17[22]022.27[23]]‘1}. (5.20)

3) With the definitions and notations of step 2), Theorem 4.7, (5.16), and
Sobolev’s embedding yield

AN (12 2 AN (12
12(@) Gy (1, ) = &7 2@y (1. xc)

m—1
< (Cmo + 7Cm)e ™ (SO FO)B 1506y + 0 ]Em ey
j=0

_ N A Con por
+ ||9||3{;n(JTx2) +C(r + ZO(RZ))HBl‘I’(U)H%go(Jsz)> + Te% HfH?,Lt;n(JTxG)

< 200 2(r? 4+ C(r + 20(R)2) 2l Brwollf sy + 27210 Br(@) [, 3 )
< 8Cyn o (1 + T + 20(R)) R + T*CRIP(@)]1Eg (1, xc))- (5.21)
Employing (5.11) and R > 1, we thus obtain

12(@) (7, ) < 16Cmo(r? + Tl + 20(7)2)?)
R? — —
<5+ 16Cy, 0C R2T + 160, 0C2(RF)* < R2.

Step III) of the proof of Theorem 3.3 in [23] shows that the map ®(u) satisfies
the initial and sup-norm conditions in F(R,7) which are the same as in the
fixed-point space used in [23]. Hence, ® maps E(R,7) into itself.

In the case (2.4) with linear boundary conditions, we can apply Theorem 4.7
with p = 0, so that in the third line of (5.21) the term with pre-factor C
disappears. Hence, (5.21) is even true with the smaller right-hand side 80m707“2
and the invariance is valid without a condition on K.

Take 4,0 € E(R, 7). Set u = ®(4) and v = ®(0). As above, we look at the
linear system (2.5) with coefficients Ag = x(4), D = o(4), and b = {(B14).
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The difference v — u solves this system with initial value 0 and inhomogeneities
f=(x(@) = x(9)0w + (o(@) = a(8))v,  §= Bo(¢(Bi@) - ((B19))Byv.

We can thus use Theorem 4.7 as in (5.21) with (0, f, §) instead of (uo, f,9g).
Lemma 2.1 in [22] (or Lemma 2.22 in [21]), Corollary 2.2 in [23], (5.5), and
(5.20) then yield

H(I)({)) ( )”Gm 1 (JrXG) < eQ'YT H(I)(@) ( )”Gm 1 (JrxQ)
1 — ~ L
< 1 | u”Gmfl(JTXG) +4C 0C(T + Z(H) )d — nggfl(L}Txg)
3
< 1 |0 u”G”*(LxG) . (5.22)

(Compare step IV) of the proof of Theorem 3.3 in [23].) Together with
Lemma 5.2, the result is proven under assumption (2.3).

In the case (2.4) with linear boundary conditions, we simply have § = 0 and
we can use Theorem 4.7 with p = 0. As a result, estimate (5.22) holds with
factor i instead of % without a condition on . O

We add a lemma used in the proof of Theorem 5.3.

Lemma 5.4. Let m € N and k € {0,...,m—1}. Take maps hy, in H™ *(RY).
Then there is a function u € G™(R x R3) such that OFu(0) = hy, for all k, the
trace of u on OR3. belongs to H™(R x OR3), and

[[wll Rde) + 19} “||L2 (R,AH™+1/2-5(R3)) + |l tr8R5 Ul 2m (RxOR3)
<c kZ_O ekl 2 (5.23)

for all j € {0,...,m} and a constant ¢ = c¢(m).

Proof. Let k € {0,...,m — 1}. Take gx € S(R?). Fix a map ¢ € C2°(R) which

equals 1 in (—1,1) and vanishes on R \ (—2,2). We define the function v by

m—1
oit,w) = F7 (w420 D iy ) (t,) € R,
k=0

where F and the hat denote the spatial Fourier transform. Observe that we
apply F~! to a function in S(R*). The dominated convergence theorem yields

07 v(0) = g
for all k. To show (5.23) for v and g, we take j € {0,...,m} and compute

1071 s sy = 310 [ 1+ €)™ | F (@) 1. ) e

m—j ' 121)g ﬁ ’
<cup [ 0+ s S (e
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L

1

SUP/RB(1+ |f|2)m—j—k|gk(£)|2 ‘05[@[1((1—!— |£|2)% (1 + |£| )i ‘ de

INA

Q
3
LL

(1+ 1€*)™*lgn(€)I? Sup |04 (w(s)s®)|? de

i
o

IA
Q
—

m—1

(AHEP™ PIgR©OP g = C Y I grlzm-r (gsy-

k=0

So the first estimate in (5.23) has been shown.
For the second one we proceed similarly, now abbreviating ;5 = (s —
¥(s)s*)D for each 1 € {0,...,m}. We then derive

10 s pomen sy = [, [ (L 6P F @, o) gt

Il
Q
=NA 3
vglo

| /\

Z/ (L+[EP)™ " |gn(¢ \Q/WM (1 +[EDY20))? (1 + €[> /2 at de
k=0

m—1

m—1
= O3 [lnaloas [ (4R H P 6 < O3 Ikl

Denoting (1, x2) by 2’ and (&1,&2) by &, we finally compute

m—1 k
_ R
opo(t.a’,0) = O F (W +1-)2) Y gupr ) @,0)
k=0
m—1
1 ’ tk
_ = 1{E L - 1/2 A v /
-5 7= Lo (10 X auter ) asace

The spatial Fourier transform on R? of 9{"v(t,2’,0) is thus given by

m—1

Frle - 0)(€) = o= [0 (6 +16220 S 310 ) de.

k=0

We next fix a time ¢t € R\ {0}. Since 1 vanishes on the complement of (-2, 2),
the integrand above vanishes if |{3| > 2/|¢|. This fact yields the estimate

m—1

FE ot )N < C 3 [ [ (1416877 0] (1 + I6)21) da]
k=0
<c Zﬁ g / (14 6™ O W s((1+ )20 a6
— J2yp R

m—1

c / (1+ €)™ (0

k=0 /R

Yk (1 +[€%)2H)
|(1+ [§]2)1/2¢]

(1+ (€112 dés.

Since k < m, at least one derivative falls onto v in ty, = O/ (t — ¥ (t)tF). As
1 is constant on (—1/2,1/2), the function v, j, vanishes on this interval, and
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hence the map s — Wmr ()l belongs to C2°(R). We infer

Is

00 Oy = | [ PO (e, 00 (€ A’ at
m—1
wm,k’ S 2 m—k|~
<o [ 1m0l g [ i @ ds <0 Y ol v
k=0
Also employing the trace theorem, we obtain (5.23) for the functions v and gy.
The assertion now follows by approximation. ([l

We assume that the conditions of Theorem 5.3 concerning the data are valid
and that the inhomogeneities f and g belong to the spaces H™((to,T) x G)
respectively H™((to,T") x X), for all T' > 0. For the assumption (5.11) we take
the quantity d,,,((to,to + 1)) unless something else is specified. We then define
the mazimal existence time by

T+ = T+(m7 t07 uo, f)g)
== sup{7 > to|3 unique Gy'-solution u, of (2.2) on [to, 7|} (5.24)

The interval (tg,T) =: Jmax is called the mazimal interval of existence. These
notions are modified in a straightforward way if the inhomogeneities are given
only on a bounded interval (¢9,71). Theorem 5.3 shows that T > to. (If
there were two solutions, one can shrink 7 to use the uniqueness assertion in
Theorem 5.3.) Since we have included uniqueness in (5.24), we can define a
mazximal solution u of (2.2) on Jyax by setting u(t) = u,(t) for t € Jyax and
any 7 € (t,7%). The function u thus belongs to G¥((to,T) x G) for all T' < T..
In the next result we also state the basic blow-up condition. To show it, assume
that T < oo and conditions (a)—(c) were wrong. Theorem 5.3 would thus allow
us to extend u beyond T using Theorem 5.3, which is impossible.

Proposition 5.5. Let tg € R and m € N with m > 3. Assume that either
(2.3) or (2.4) is valid. Choose data (ug, f,g) such that ug € H™(Q)%, f €
H™((to, T) x G)8, g € H™((to,T) x X)3 for all T > tg, g-v =0, and the tuple
(to, x,0,C,up, f,g) fulfills the compatibility conditions (2.21) of order m. If
assumption (2.3) is valid, we require condition (5.11) and that || Biug||pe(s) <
K. Let u be the mazximal solution of (2.2) on Jmax introduced above. If Ty < oo,
then one of the following blow-up properties

(a) liminf; »p, dist({u(t,z) |z € G},0U) =0,

(b) limy s, [|u(t)llm () = oo,

(¢) limsup, s, [[Biu(t)||pe(zy = & for any K satisfying (5.11),
occurs, where the last item is removed if (2.4) is satisfied. In (c), we assume
that (a) and (b) do not occur and define the constants in (5.11) for the quantities
k= dist({u(t,z) |z € G,t € (to, T1)},0U) > 0 and r? = d,, (T — 6, T +6) for
some 6 € (0, Ty —to) and with |[uollpm () replaced by liminfy ~7 [[u(t)|ymq)-

6. LOCAL WELLPOSEDNESS

In this section we improve the blow-up criterion of Proposition 5.5 and show
the continuous dependence on the data. For various quasilinear hyperbolic
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systems, one has established such criteria in terms of Lipschitz norms. (See
Section 4 of [23] for references.) These results rely on Moser-type estimates as
stated in Lemma 4.2 of [23]. They will imply in particular that the maximal
existence time is independent of m > 3 in the case of linear boundary conditions.
The next proposition is the key step in this direction, where we recall the
definition of di(J) in (5.10). Since we have to localize again, we recall the
abbreviations 2 = J x R} and I' = J x 9R3.

Proposition 6.1. Let m € N with m > 3 and ty € R. Assume that either (2.3)
or (2.4) is valid. Choose data ug € H™(G)®, f € H™((to,T) x G))®, and g €
H™((to, T) x X)3 with g-v = 0 for T > to such that the tuple (to, X, o, (, vo, f, )
fulfills the compatibility conditions (2.21) of order m. Let u be the mazimal
solution of (2.2) provided by Proposition 5.5 on Jymax = (to, T+). We introduce
the quantity
w(T) = sup |Ju(t)llwre=q)
te(to,T)

for every T € (to,Ty). We further take r > 0 with dp(Jmax) < 72. We set
T =Ty if Ty < oo and pick any T* > ty if T = oco. Take wg > 0 and a
compact subset Uy of U such that w(T') < wp and ranu(t) C Uy for allt € [to, T
and some T € (to, T*). If (2.3) is true, we also assume that (5.11) is valid for
® and that

2(7)° < 1/(2C0), (6.1)
where & = || Brul| poo ((¢y,1)xx) and Con = Crn(x, 0, Cym, 1y wo, Uy, T* — to) is de-
fined as maxi<p<m Z\a|=k Ch,a with Cy, o appearing in (6.5).

Then there exists a constant C = C(x,0,(,m,r,wo,Ur, T* —to) such that

[ullEg (tom)xc) < C dm((to, T)).

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one under hypothesis (2.4) at
the appropriate point. Without loss of generality we assume tg = 0 and that,
if G is unbounded, the nonlinearities x and o satisfy (5.6), cf. Remark 5.1.
We fix a number 7" € (0,7*) such that w(7”) < wp and ranwu(t) C U; for all
t € [0,7. Let T € (0,7'] and set J = (0,7). We have to work with the
localized nonlinear problem on G = R3 and coefficents Ay, As € F7(RY) and
Az = AS°. The full space case has already been treated in Proposition 7.20 in
[21]. We do not repeat the localization procedure itself, cf. Section 2. Using

B 3
o =x(w) ™ (f = olwu— " Adu).
we obtain a constant ¢ = ¢(x, o, r,wp,U;, T™) such that
[ullwroe ) < [|0kull Lo () +w(T) < c.

We put L(u) = L(x(u), A1, A, Az, 0(u)). Let a € N§ with |a| < m. In view
of differentiated versions of (2.2), we define

2
fa=f— (;‘)aﬁx(u)ataa—%—z 3 <g>aﬁAjajaa—ﬁu
0<B<a =1 0<p<a
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- <g) 8% (1)8° P,

0<B<a
goa=0"9+vx Y ( )aﬁg BS°u)9* =P BSou
0<B<a

As u solves (2.2), the function v = 0%u satisfies the system

L(u)v = fa, reRY, te(0,7),

6.2
v(0) = 90orezas)g  o(0,up, ), x€RL (62
If additionally as = 0, it is a solution of the boundary value problem
L(U)U:fou $€Ri, le (OaT)7
B(u)v = ga, zedR3, te(0,7), (6.3)

v(0) = 8(0’0‘1’O‘Q’ag’)Sm,aO,X’J(O,uo, f), xz¢€ Ri.

Here we used that & u(0) = Sm.jn,o(0,uo, f) for all j € {0,...,m} by (2.14).
Let |o/| < m — 1. Step I) of the proof of Proposition 4.4 of [23] shows that

[ fallz2@@) < ||f||7-¢\a\(g) +C”uHHIa\(Q),
[ farllzr @) + 1 for (Ol p2rs ) < edjarj2(T) + cllullzgariin gy

with a constant ¢ = ¢(x, o, m,r,wp,U1). These estimates follow from the Moser-
type Lemma 4.2 of [23] which is actually true for u € H™ (), cf. Lemma 7.19
of [21].

As in (5.4), we reduce most terms in g, to those appearing in f, by means
of the trace theorem. The main ones then lead to a summand involving z(R).
So we arrive at

lgall 2y < lgllagerry + € (lullpga @) + 2(F) [1BE°0%ull 12 (r) ).

19arll3¢ry < HQHHIa’IH(F) + ¢ ([lullzgar ) + 2(%) Z HBan'BU”m(F)),
Bl=la’|+1

where ¢ = ¢(x, 0,(, m,r,wo,Ur). Under assumption (2.4), for linear boundary
conditions g, is defined with b instead of {(B{°u) so that g, does not contain
highest order derivatives of u. The above estimates are thus true without the
summands involving z(%), which then also do not appear below. Hence, the
result is valid without conditions on % in this case.

2) We next show that there are constants Cy, = C(x, 0, ¢, m, 7, wo, U1, T*) with

Haau|]2co( + das0|0 ao’al’o‘Q)trTuHLg < Crdi(J) (6.4)

for all @ € N} with |a| = k and k € {0,...,m}. Proposition 3.1 yields the
case k = 0 as in the proof of Proposition 4.4 of [23]. So let (6.4) be true for all
j €10,...,k—1} and some k € {1,...,m}. Take o € N} with |a| = k. We
first show that there is a constant Cy o = C (X, 0, {, m,7,wo,Us, T*) with

107 ulZo 0y + Fagoll 01 trr ) oy (6.5)
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T
SCkﬂ[dk(J)—f—Z/O [HaBU(S)H%Q(Ri)+653OZ(E)2HBfoaﬂu(S)H%%aRi)]ds]
|Bl=k

for each o € N} with |a| = k. This claim is shown via induction over as.
So let aig = 0. Since 9%u solves (6.3), Proposition 3.1, the bounds on f, and
Ja, and estimate (2.17) yield a constant ¢ = ¢(x, o, (, k, r,wo, U1, T™) such that

10%ulZ (o) < € (di () + ullFyai ) + 2(R)? D I1B°0 ulZz(r)-
|8|=F
The derivatives of u of order up to £k — 1 can be bounded by the induction
hypothesis (6.4). So we have shown (6.5) for k£ and a3 = 0.
In another induction assume that (6.5) is true for k£ and all a3 € {0,...,l1—1}
and some | € {1,...,k}. Set o’ = a — e3. The function % u then satisfies the

initial value problem (6.2) without a boundary condition, where « is replaced
by /. Estimate (3.7) applied with v = 1 thus yields

2
10%ullZo) < IV ullggq) < € (D 110507 ullZoy + I1for (0) 72y
j=0

+ H3(0’a1’a2’a3_1)5m,ao,x70(Ov fs UO)H?{l(Ri) + Hfa’H'?—(l(Q)),

where ¢ = ¢(x,0,(, k,r,wo, U, T*). We then employ the induction hypothe-
sis (6.5) for a3 = [ — 1 to the terms ||8j6°‘/u|\éo(m, the bounds for f,/, and
estimate (2.17) to infer that

2
107 ullZqy < e(dn(T) + ulZpoien) +¢( 3 Crarte, ) [d()
§=0

T
+ Z/O [H(‘?BU(S)HQLQ(Ri)+55302(E)2HB%O@BU(S)H%Q(aRi)]dS].
18I=k

Using the induction hypothesis (6.4) for k—1 once again, we conclude that (6.5)
is true for all a3 = [, and thus for all ag < k.

We now sum in (6.5) over all a € N§ with |a| = k. Assumption (6.1) then
allows to absorb the boundary terms in the left-hand side. Afterwards, we use
Gronwall’s inequality to obtain a constant Cy = Cj(x, o, (, m,r,wo, U, T*) such
that

> (10%ullgo(qy + Fas0l|0 012 trr ul|72 1) < Crdi(J). (6.6)
|a|=k

We have thus shown (6.4). The assertion now follows by induction. O

The blow-up criterion for (2.2) will be established in the local wellposed-
ness Theorem 6.4 below. Before, we provide auxiliary results needed to show
the continuous dependence on data, starting with an approximation lemma in
lowest order. Its proof is omitted since it is a minor modification of that of
Lemma 5.1 in [23].
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Lemma 6.2. Let J C R be an open interval and tq € J. Take coefficients
Ao, Ao € F(Q), A1, Ay € F5(R3), A3 = A, D, D € F3(Q), and b,,b €
F%m(F) for alln € N such that (Ao pn)n, (Dn)n respectively (by)n are bounded in
Whee(Q) respectively WH>°(T) and converge to Ay, D respectively b uniformly.
Let Bj = Bj° for j € {1,2} and G = R3 . Choose ug € L*(RY), f € L*(Q), and
g€ L*(T) with g-v = 0. Let uy,u € GL(Q) solve the linear Mazwell system (2.5)
with the above coefficients and data. Then (uy)y tends to u in G%(€).

The next result is the core of the proof of continuous dependence. It improves
the norm in which solutions converge by one regularity level, provided one has
appropriate apriori information.

Lemma 6.3. Let J C R be an open bounded interval, to € J, and m € N
with m > 3. Assume that either (2.3) or (2.4) is valid. Choose data ug,ug, €
H™QG), f, fn € H™(J xG), and g, gy € H™(J x X) with g-v =0 and g,-v =0
for all n € N such that

w0 — vollgmcy — 0, |lfn = fllamixa) — 05 llgn — gllamixoc) — 0,

as n — oo. We further assume that (2.2) with data (to,uon, fn,gn) and
(to, w0, f,g) have G (J x G)-solutions u, and u for all n € N, that there is
a compact subset Uy of U with ranu(t) C Uy for allt € J, that (uy), is bounded
in G (J x G), and that (uy), converges tou in G2 (J x G). If (2.3) is valid,
we require that

(R < 1/(26) (6.7

for a fized number & > || Byu|poo(ry, where C, = C’m(x,a,c,r, U, T") appears
in (6.17), [J| < T', and r only depends on dp(J), |[ullgp(ixa) and Q. Then
the solutions u,, converge to u in G (J x G).

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one under hypothesis (2.4) at
the appropriate point. Without loss of generality we take tg = 0, J = (0,7") and
that, if G is unbounded, the nonlinearities x and o satisfy (5.6), cf. Remark 5.1.
Moreover, T is less or equal than a fixed time 77 < co. As in Proposition 6.1 we
have to work with the localized nonlinear problem on G = sz’r and coefficients
Ay, A € Fg?(Ri) and Az = A5°. We do not repeat the localization procedure
itself, cf. Section 2.

Throughout, we let o € N} with |a| < m and n € NU {oc}, where we put
Uso = u etc. Due to our assumptions, we can fix a number r > 0 that only
depends on dy, (), [|ullgp (7xc). and € and that dominates the quantities dy, (/)
for the data (uon, fn, gn) and the norms of u, in G#(2) and L*>°(12) as well as
A and Az in F™(Q). Here and in the next statement we may omit n < ng
for some ng € N. Let x = dist(U,0U) > 0 and U] = Uy + B(0,k/2). Then we
obtain & > || Byl pe(ry and ranu,(t) € U] for all t € J and n € N. There
is another radius R = R(x,0,(, m,r,U;) dominating the functions y(u,) and
o(un) in F™(Q) and ((B{°uy) in F}(I).

Let L, and B, be the differential and boundary operator from (2.5) with
coefficients Ay = x(uy,) and D = o(uy,) respectively b = ((B{°u,). We use the
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modified inhomogeneities

2
fam =0"f = ) <B>a X (1n)3,0° Py, — Z

0<B<La

3 <g> 020 (1) 0° Py,

0<fB<La

=0% + v x Z < )85C B$°u, )% P B{°u,,

0<B<a

(g) 0% 4,;0,0°Pu,,
0<f<a

where we assume that oz = 0 when considering g, , here and below. Exploiting
that Az and Bj° are constant, we see that the function v = 9%u,, solves the
linear initial boundary value problem

V= fan, xERi, teJ,
Bnv = gan, x € 8Ri, telJ, (6.8)
v(0) = a(O,m,az,as)Sm’ao’Xp(0’uOyn’ fa), wE€ R3 :

if a3 = 0. We further introduce the auxiliary map

YT S Y 10 0,00 (0)

i=1 0<j<m 0<v<a,v=0 I1,.. ,l]—l
Iy|=m—j

— (O, -

J

DD Z Dy, DT C) (B (1))

0<i<m 0<~y<a/ ,y=0 l1,.. Jj—l
Iy|=m—j

(71:72:73) g,
-0y 070 0;) (u(t) || oo (s )

- (ayzj e 8@/11a:(c%m)C)(Bfou(t))HLoo(aRi),

where t € J, n € N, 61 = x, 0 = 0, 05 = x7}, and o/ € N3 with |o/| = m.
Observe that the functions h,, tend to 0 uniformly as n — co.

Using the calculus results Lemma 2.1 of [22] (or Lemma 2.22 of [21]) and
Corollary 2.2 of [23], one can show that all maps f,, and g, are bounded
in L2(Q) respectively L?(I") by a constant ¢ = c(x, o, (,m, Uy, T"). If |a| <
m — 1, then we have analogous bounds in H!(92), G°(2) respectively, H!(T).
We further derive the inequalities

= foooBny < [ 1n= FIimcqy + ltn = wllEm-s () + jaiim—t) 1 m

/ S 10 () — u(s)) ey ds].

a€N3$ﬂ
| fan— fa,OOH2GO(Q) <c (||fn - f||ém—1(9) + [lun — UHQGm—l(Q))a (6.9)

I9a.n— ga,ooug.[k(g) < C{Hgn_ g”%m(r) + [Jun — uH%;mfl(Q) + 5|a\(m—k)th||c2>o
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/ S 9% (unls) — () ey ds

&ENG,|&|=m

/ S BP0 (un(s) - u(s))|72ozs ) ds
&€eN3 |a|=m

for k € {0,1} and |a|] < m—1, using also (5.4) and (5.5). Here the first and the
last estimate are also true for |a| = m in the case k = 0. For linear boundary
conditions under assumption (2.4), in g, we replace d°¢(B$°u,) by b, so that
highest order derivatives of u do not appear in g,,. For this reason, the last
summand and hence z(%) disappear in the above estimate and the calculations
below. So the conclusions will be true without restriction on .

2) We first treat tangential derivatives with a3 = 0. We set wg, =
8(0’0‘170‘2’0)5’%&0,%0(0,uoyn,fn). To decompose 0%u,, = w, + z,, we use the
solution w, € G%(£) of the linear system

Lot = fa.c0, reRY, tel
Bpv = Ga0os z€dR3, tel, (6.10)
v(0) = wo 00, reR3,
with fixed data, and z, € G%(Q) of the linear problem
Lpv = fan — facor z e R3, ted,
Bpv = gan — Ja,c0s zedRY, tel, (6.11)
v(0) = wo,n — Wo 00, T € Ri,

with data tending to 0 as we show below. These solutions exist due to Proposi-
tion 3.1, and we have ws, = 0%u by uniqueness and (6.8). By our assumptions,
the coefficients x(uy), o(u,) and ((B{°u,) converge uniformly to x(u), o(u)
respectively ((B$°u). In view of the estimates in step 1), Lemma 6.2 shows
[wn — 0%ullgo (@) = llwn — weollgo, @) — 0, n — 0o. (6.12)

Let v = vy(x,0,¢(,m,r,U;,T") > 1 be the parameter vo(n, R) from Proposi-
tion 3.1. We now apply this result to (6.11). By means of (6.9), we thus obtain

lonlZg @ < c[d" () + ltn = ulim-s gy + onll (6.13)

a o CO 2
5 / 10 (atn(5) — () By + 27107 BEan(s) — () 22 o) ]
a,af

for a constant ¢ = ¢(x,0,(, m,r,Uy, T"), where we sum over all multi-indices
& € N§ and o/ € N3 with |a|, [o/| = m and @3 = 0, and the quantity d7,(J) is
defined as in (5.10) for wg, — uo, fn — f and g, —g. We write I,,(T) for the
above sum of integrals. Since 0(u, —u) = w, — 0*u + 2, by uniqueness again,
estimates (6.12) and (6.13) imply the bound

10 (un () — w(t) [Zages ) + 10 007t — ) Zaqry < tan + eIn(T)  (6.14)

for all t € J and numbers aq,n tending to 0 as n — oo.
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We want to extend the above estimate to the general case as < m; i.e., we
have to show the claim

t
Haa(un(t) - U(t))”%mgi) < aan + Cma Z /0 0% (un(s) — U(S))H%%Ri) ds

a'eN
la’|=m
2@ 2Cma 3 107 B (un — w) ey (6.15)
B’'eNg
|8 |=m
for null sequences (aq,n)n, a constant CA'm@ = Amya(x,a,g“,r,ul,T’), and all
t € J and a € N with |a| = m.
We show this claim by an induction over | = ag € {0,1,...,m}. Let the
inequality
t
10 (n(®) = ) Baqa) < g+ Cone 3 [ 10 (anls) = u(s)) ey s
ja/[=m *©
+2(R)*Cna Yy 107 B (un — 0)l[72y  (6.16)
|8'|=m

be true for null sequences (af, ,,)n and all ¢ € J and o € N§ with a3 =1 — 1 for
some [ € {1,...,m}, where we sum over o/ € N§ and 8’ € Nj.

The case | = 0 was settled in (6.14). To show the claim for a3 = [, one
needs a version of Proposition 3.3 in [22] (i.e., our estimate (3.7)) which can
be applied to the differences u — u,,. Unfortunately, this result does not apply
directly since it only involves a fixed operator. However, the arguments in its
proof can be extended to the case of data and coefficients that converge as in our
situation. This has been carried out in steps III)-V) of the proof of Lemma 7.22
in [21], see also step III) of Lemma 5.2 in [23]. In this reasoning the boundary
conditions do not enter. The boundary terms in the right-hand side of (6.15)
only appear since they are needed for the pure tangential case [ = 0. They are
then carried on when invoking the induction hypothesis. So (6.16) follows from
estimate (7.150) of [21]. We have thus shown (6.15).

Next, we sum in (6.15) over all o € N3 with |a| = m and a3 > 1 and in (6.14)
over all € N} with |a| = m and ag = 0. Combining the resulting inequalities,
we arrive at

> 10%(un () — w(®)|Z2m3 ) + o 197 trr(un = w)Fary

aeN,|al=m BENS,|B|l=m
t
<an+Cn 42 /Ouaa (un(s) = u(s)) [ 2(gy ) ds (6.17)
o/ eNg, o’ |=m

@ S 07 B — )2y
BENS,| B |=m

where a, = ZaeN§,|a|=m Qq,n and Cn = C’m(x, o,¢, Uy, T") is given by C =

ZaeNéJa\:m Cm,a~



One can then use the smallness assumption (6.7) on z(&) to absorb the bound-
ary terms on the right-hand side by the left-hand side. Finally, Gronwall’s
inequality implies that 9%(u, — u) and 9 tr,(u, — u) tend to 0 in G°(Q) re-
spectively L?(T") as n — oo, where |a| = |3| = m. The lower order derivatives
converge by assumption. O

We finally establish the full local wellposedness theorem. For times tqg < T
we introduce the data space

Mx,o‘,(,m(thT) = {(ﬂoafa g) € Hm(G) X Hm((thT) X G) X Hm((tov ) X Z) |
(x,0, ¢, to, f, §, o) is compatible of order m, §-v = 0}
and endow it with its natural norm.

Theorem 6.4. Let m € N with m >3 and ty € R. Assume that either (2.3)
r (2.4) is valid. Choose data ug € H™(G), f € H™((to,T) x G)), and g €
H™(((to, T) x X) with g-v = 0 for all T > ty such that ran(ug) CU and the
tuple (x, 0, to, w0, f,g) fulfills the compatibility conditions (2.21) of order m.
If assumption (2.3) is true, we pick k > 0 satisfying (5.11) and we require
||Bl’u,0HLoo(g) < E/4
Then the mazimal existence times Ty (k, to, uo, f,g) from (5.24) do not depend
onk € {3,...,m} if (2.4) is true. Moreover, the following assertions hold.

(1) There ezists a unique mazimal solution u of (2.2) which belongs to the
function space G ((to,T) x G) for all T < T4

(2) If T+ < o0, then

(a) the solution u leaves every compact subset of U, or

(b) Timsup, s, [[Vu(t)| () = 00, or

(c) condition (c¢) from Proposition 5.5 occurs or (6.1) fails as T — T';.
If (2.4) is valid, the last condition can be dropped.

(3) Let T € (to,Ty). Fiz T € (T,T4). If assumption (2.3) is true, let (6.7)
hold on (to,T") and assume that || Byul|peo(@o,yxx) < /4 and that (6.21)
is valid for k. (The constants in these conditions depend on r from (6.19),
(T' —t9), and k = 5 dist(Us, OU) for a compact subset Uy C U with ran(u(t))
Uy for all t € [to,T'].) Then there is a number 6 > 0 such that for all da
(@0, f,9) € My,o.¢;m(to, T) fulfilling

o — uollmmay < 8, |f = Fllam(torxay < 0 15— gllam (o1 x5) < 6

c
ta

the mazximal existence time satisfies T4 (m, to, f.,q. to) > T. Let u(-;uo, f,g) be
the corresponding mazimal solution of (2.2). The flow map

v BMxygyc’m(to,T’)((uﬂa fvg)v(s) — Gg((tﬂuT) X G)7 (/ELva’ g) = u(';iZOa fvg)v

is continuous. Moreover, there is a constant C = C(x,0,(,m,r,T' —to, k) with

||\Il(ﬂ0,17f~1>§1) - \Ij(ao,vaZagQ)HGm 1 ((to, T)XG (618)

< Cllto — o2 #m(c) Z 18] f1(to) — & fa(to) lpgm—i-1(c
=0



+C A = Follam(omxa) + Cllgr = G2llam—1((t0.1)x5)
fOT all (ﬂoJ, f'j,gj) € BMX’mC’m(tO,T’)«uO? f7 9)75)'

Proof. Assertions (1) and (2) follow from Propositions 5.5 and 6.1.

1) To show (3), let to < T < T’ < T be as in the statement and J' = (t9,T").
Again, we focus on assumptions (2.3) concerning nonlinear boundary condi-
tions, and indicate the necessary changes for the linear one under hypothe-
sis (2.4) at the appropriate point. Let C'y be the norm of the embedding of
H™(J' x G) in G HJ' x G) and Cg of H?(G) into Cp(G). We take a radius
r > 0 such that

[uollagm () + 1 fllam—1(srxa) + 1 fllamrxay + gllam sy < r/(mCs),
lullag ey <, (6.19)

Let Uy C U and K > 4||Byul| poo((1y,77)x5) be given as in the statement. Using
Lemma 2.1 of [23] and (5.4), one finds a radius 7 = 7(x, o, (, m,r, k,U;) larger
than the norms of #(u) in F™((to,T") x G), of ((Biu) in Fj}((to,T") x ¥), of
O(u(to)) in F™10(@) and that of 8/60(u)(to) in H™ 1-3(Q) for j € {1,...,m—
1} and 0 € {x,0}. We fix a number x < 3 dist(Uy, OU) and set

V. = {y e U] dist(y,0U) > sk} N B(0,2Csr) and V, =V,+B(0,x/2) CU.

We take R = R(x,0,¢,m,4r, K ,T") > 4r of (5. 18) in the proof of Theorem 5.3.

Choose a number T € (tg,T") and data (i, f,§) € My »cm(J') such that
Uy maps into Vi, and the data satisfy the bounds (6. 19) with 2r instead of r.
Let J = (to,T). We assume that a solution @ € Gm(J x @) of (2.2) exists for
these data with norm less or equal R in this space and taking values in V.. Let
% > K bound the supnorm of Bj4 on (%, T) x 2. Then there exists a constant
C =0C(x,0,6,m,2r,R, V.., T") and a time step 7 = 7(x, 0, (, m, 2r, R, V., &,T")
such that the difference of u and @ is controlled by

m—1

I = sy < € [0 = w0lBum-1(y + 3 10 F(to) = 0] £20) m 516y
7=0

P = s ey 16 = 00 sy, (6:20)

where J = (to, 1o + 7) and we assume that
7,2(k)* < (6CC(R))™! (6.21)

with C = C(R) from (5.4) and (5.5) and C introduced below. To show this
claim, we note that @ — u solves the linear problem (2.5) with coefficients Ay =
x(u), D = o(u) and b = ((Bju), as well as data @y — ug,

o =f—f+ (x(u) = x(@)di + (o(u) — o(a)),
Y =g — g+ Bo(((Biu) — ((B11))Bri.

We now apply the apriori estimate (4.13) in Theorem 4.7 to this problem, using
(5.4) and the bounds on the coefficients stated after (6.19). Inequality (4.13)
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yields constants ¢ = ¢(m,n,r,7,T") and vo = vo(m,n,r,7,T’) such that

m—1

I = w21 ey < e[lla0—olEin-16y+ 3 107 (t0) Bgnessiy 11
, 2

= . ~ R 1
+ s O+ 20(FP) I Buli =) 5y + el )

where G := J x G and v > 7. To treat the extra term in the case m > 4, we
first note that zo(%)? < ¢(r) because of (6.19). As in (5.21) we additionally use
Sobolev’s embedding to estimate

1B1 (i)

Lee(ixs) =2 0 — uol[F oo sy + 277100 —

W12 sy
< c(||ﬂ0 - UOH?Hm—l(G) + 7lla — U”vanfl(jxg))‘

The functions ¢ and 1 can be controlled by means of (5.5) and the calculus
results Lemma 2.1 of [22] (see also Lemma 2.22 of [21]) as well as Lemma 2.1 and
Corollary 2.2 of [23]. We then obtain a constant C' = C(x, o, ¢, m, 2r, R, V., T")
such that

= w21 gy < € (Mo = uolen-16) 1007 (t0) — 00 £ B
7=0

1
I = A3y + 19 = 91150 ey 58 ~ullgp- 6

FCRE + 2P~ ullgr )

for v > 79. Fixing a large ~, condition (6.21) implies (6.20). In a linear
boundary condition we only have ¢ = g — § and thus the term with C'(R) is not
present above, so that we do not need assumption (6.21) in this case. This fact
allows to omit the restrictions on x below if we work under assumption (2.4).

2) We take as a time step 7 the minimum of 7 in step 1), of kK/(2CsR),
and of 7(x,0,(,m,T",2r,k,K) from (5.20). There is an index N € N with
to+ (N —1)7 <T <ty+ N1. Weset ty, =to+ k7 for ke {1,...,N—1}. If
to+ N7 < T, we put ty = to+ N7; else we take any ¢ty from (T,T"). Next, we
choose a radius dy > 0 which is less than r/(4mC%), £/(4Cs), and k/Cs. Let
(ap, f,g) € BMX,U,C,m(to,T’)((UOv f+9),90) =: Bar(do). These data thus satisfy the
bounds (6.19) with a right-hand side dg +r/(mC%) < 2r/(mC%). We also have
| Biiio||o(x) < Csdo + K/4 < K/2 as well as [Jug — tg||p~(c) < Csdo so that
the range of g is contained in V.

As a result, Theorem 5.3 yields a solution @ € G¥((to,t1) x G) of (2.2) with
data (o, 1, g) instead of (ug, f,g). The proof of this theorem also shows that u
is bounded by R in G¥}((to,t1) x G) and thus ¥ maps Bjys(d) into the ball in
G¥ ((to, t1) X G) with center 0 and radius R. Moreover, both || Byu||feo((49,¢,)xx)
and || B11| oo ((t9,41)xx) are smaller than & by the choice of 7. It follows that
estimate (6.20) is true for @ instead of 4, with time step 7 and constant C’,

because K satisfies (6.21).
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Next take a sequence (U, fn, gn)n in Bt o o (t0,T7) ((uo, f,9),00) which con-
verges to (ug, f,g) in this space. Since

108 Fulto) — 90 £ (1) < mChlfu— 12
ijo 107 fn(to) — tf(tO)”Hm—j—l(G) < mCgl| fn — f”Hm((tO,T/)Xc) — 0
as n — oo, estimate (6.20) yields the limit
1V (w0, frs gn) — ‘I’(U07f,g)Hgg—l((to,tl)xc) — 0.

Lemma 6.3 thus shows that (V(ugn, fn,gn))n converges to ¥(f,g,ug) in
G¥((to,t1) x G). We conclude that ¥ is continuous in (uy, f, g). Using (6.19)
and the choice of k, we then find a number §; € (0, ] such that for all data

(1107 f~7 g) € BMX’U’C’m(t(),T’)((um f7g)> 51) the solution ‘I/(QTL(), f~>§) exists on [t()v tl]
and satisfies (6.20) on (to,¢1) and

19 (g0, F, )l G (to,t1)x)

< ¥ (io, £,3,) — W(uo, £, 9)llaw (o) xc) + 1% (w0, £, 9) lam (ko) %) < 27
[ Bra(t1)|| Lo (z) < K/2,
dist(ran ¥ (do, f, §)(t),0U) > &k

for all t € [to,t1]. In particular, (i, f,§)(t1) satisfies the assumptions of
Theorem 5.3 with the same parameters as used before.

3) We can iterate the above argument up to time ¢ty > T, arriving at a final
radius § := d for the data (cf. the proof of Theorem 5.3 in [23]). In particular,
the final existence time T’y (m, to, 1o, 1, g) is larger than T if (%o, 1, g) belongs
to Bas(8). Next fix two tuples (g, f;,J;) from this ball. Replacing u by
W (i 2, fa, §2) in step 1), we deduce from (6.20) that

19 (0,1, f1, 1) — W (iio 2, f2’§2)||ég—l((to,T)xG) (6.22)
< (lluo 1= 02l3m(cy + 1t = FallGom—1 (om0 + 181 = Gll3m1 (10 1y x5
#3101 Fatto) = 0] Falto) o))

where C' = C'(X, o,(,m,2r, R, V,,T'). This estimate implies (6.18).

Finally, take a sequence (iign, fr, Gn)n in Bar(6) with limit (@1, fi,d1) in
this ball. Inequality (6.22) shows that the solutions (g n, fn,dn) tend to
W(iio,1, f1,d1) in G ((to, T) x G) as n — oo. Lemma 6.3 thus shows that this
convergence takes place in G¥((to,T) x G). So also part (3) is established. [

Remark 6.5. Reversing time and adapting coefficients, data and smallness
assumptions accordingly, we can transfer the results of Theorem 6.4 to the
negative time direction, cf. Remark 3.3 in [21].
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