STRICHARTZ ESTIMATES FOR MAXWELL EQUATIONS IN
MEDIA: THE FULLY ANISOTROPIC CASE

ROBERT SCHIPPA* AND ROLAND SCHNAUBELT

ABSTRACT. We prove Strichartz estimates for Maxwell equations in media in
the fully anisotropic case with Hoélder-continuous coefficients. To this end, we
use the FBI transform to conjugate the problem to phase space. After reducing
to a scalar estimate by means of a matrix symmetrizer, we show oscillatory
integral estimates for a variable-coefficient Fourier extension operator. The
characteristic surface has conical singularities for any non-vanishing time fre-
quency. Combined with energy estimates, we improve the local well-posedness
for certain fully anisotropic quasilinear Maxwell equations.

1. INTRODUCTION AND MAIN RESULTS

Maxwell equations are the governing equations of electromagnetism. In media
they relate displacement and electric field (D,€) : R x R? — R3 x R? and magnetic
and magnetizing field (B,H) : R x R? — R3 x R? via

W D=V xH— T, V-D=p., (ta')eRxR3,
OB =-VXE—Tn, V-B=pnm,

where (pe, pm) : R x R?® — R x R denote the electric and magnetic charges and
(Jey Tm) : R x R? — R3 x R? the electric and magnetic current. (Space-time
coordinates are written as x = (t,2') = (29, 71,...,24) € R x R? and the dual
variables in Fourier space as & = (7,¢') = (£0,&1, ..., &) € RxR9.) We refer to the
physics’ literature for further explanations [4, 9]. It should be noted that magnetic
charges and currents are hypothetical, but included in the analysis to highlight
symmetry between electric and magnetic field.

To obtain a closed system in (1), one has to link the fields via material laws. In
the linear case, we consider the pointwise laws

(2) D(a) = e(2)E(x),  B() = pla)H(a)

for the permittivity and permeability e, p € C*(R x R%*R3**3) with 0 < s < 1,
whose values are supposed to be symmetric and uniformly elliptic, i.e.,

(3) INASO0:WweR), Vo eR': Ao < AY(2)vv; < A, A€ {e,u}.

In the above display sum convention is in use.

Strichartz estimates quantify dispersive behavior, and they are crucial tools in
the treatment of nonlinear problems, see e.g. [22, 23] for scalar quasilinear wave
equations. For the nonlinear applications one needs Strichartz estimates for lin-
earized equations with rough coefficients, say with derivatives in L?(0,T; L>°(R?)).
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A core step in the proof of such estimates is the analysis of Fourier extension es-
timates for the characteristic surface S of the problem. Here three main model
cases occur for the Maxwell system. As described below, in the recent work [15]
the first author treated the isotropic and partially anisotropic case. Here for fixed
x € R* and time Fourier variable & € R\ {0} the surface S is an ellipsoid (as for
the wave equation), respectively it consists of two ellipsoids touching at two points.
If we let u = po for simplicity, in these cases the permittivity £(x) has exactly
one, respectively two eigenvalues for all z. In the present work we tackle the fully
anisotropic case of three distinct eigenvalues, where S becomes the singular Fresnel
surface. This case appears in the study of biaxial crystals (cf. [5, 8]). Moreover, to
treat nonlinear material laws ((€), u(H)) in the quasilinear case, we need Strichatz
estimates for differentiated fields, see Section 5. However, these fields only fullfil a
Maxwell system with modified coefficients, which are possibly matrix-valued even
if the original (¢(£), u(H)) are scalar and thus isotropic.

In [15], the partially anisotropic case with e(x) = diag(e1(x),e2(x),e2(x)) and
w(x) = po was studied. Here the Maxwell system was diagonalized to a system
of half-wave equations, for which the sharp Strichartz range for the three dimen-
sional wave equation could be recovered in the isotropic case £1(x) = e2(z). In the
partially anisotropic case, £1(z) # €2(x), it remains an open question whether solu-
tions to Maxwell equations satisfy Strichartz estimates as for (half-)wave equations
in the C2-case. However, for Lipschitz coefficients in [15] the first author recovered
Strichartz estimates with derivative loss as for wave equations with Lipschitz coef-
ficients (cf. [22]). Moreover, in two space dimensions in [17] we established sharp
Strichartz estimates in the fully anisotropic case

11 12
e(z) = (imgg 222E£;> s (@) = po(x)
via diagonalization without imposing additional assumptions on €.

In three dimensions the fully anisotropic case (see (5)), Strichartz estimates
have not been studied before. In this case the diagonalization procedure introduces
singularities in the conjugation matrices, and we opt for a different approach. We
work under the following assumption on € and p, which can be described as uniform
anisotropic, possibly off-diagonal material law.

Assumption 1. Let ¢, : R x R3 — ngxn?; satisfy (3) and suppose that there is
® € O (R x R3; R3*3) with!

P11 P21 P31
D= (p1 92 @3)= P2 P22 @3], P(x)P(x)=1sxs,
©Y13 P23 ©33

and €, u? € C(R x R3; R3*3) with

el(x) = diag(c' (),£%(x),€%(2)) and p(x) = diag(p' (2), p*(2), 4*())
such that
el =ted, pd=dud,
and €%, u? satisfy

e'(x) Ej(.%‘)|
pi(z) o (x)

n & we deviate from the usual matrix index notation and consider ©; as column vectors.

HC>O:VQ:ER4:W7&]':’
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We let

o= (00 %)

such that (1) is concisely written as

Pa0) (5) = () 968 = e ) =

We write u = (€, H) and pem = (Pe, Pm)-

As noted above, in the isotropic and to some extent in the partially anisotropic
case, by [16] the solutions to the Maxwell system satisfy the same Strichartz esti-
mates like the scalar wave equation. However, in the fully anisotropic case already
for constant coefficients ¢ = diag(ey, ea,€3), u = diag(p1, po, pg) satisfying
(5) LpZapBas

H1 H2 M3 H1
Liess [11] showed that the dispersive properties in the charge-free case V- D =
V - B =0 are only the same as for wave equations in two dimensions, namely

(6) 1S, H) (0w 3y S (14 [8) 72 (1€, H)(0)] 1 ms)-

Here we use a homogeneous dyadic decomposition (S4)yecoz of spatial frequencies,
and (S))xeoz denotes a decomposition of space-time frequencies, see (18).

This surprising behavior is connected to the shape of the characteristic surface
depending on the eigenvalues of ¢ and p, which has been discussed in [16, Sec-
tion 2.3]. In [12] the first author and R. Mandel proved the existence of solutions
to the time-harmonic Maxwell equations in the fully anisotropic case under the
assumption that € and p are commuting. To the best of the authors’ knowledge,
this was the first time the condition (5) appeared explicitly in the literature. In
this case the characteristic surface of Maxwell equations ceases to be regular as the
union of two ellipsoids (as in the (partially) anisotropic case). Instead it becomes
the singular Fresnel surface, see [12] for a detailed quantitative analysis. The prop-
erties of the Fresnel surface are recalled in Section 3. We further note that the
characteristic surface can have more than four conical singularities if € and p do
not commute, see [3].

The decreased dispersive effect for the Fresnel surface requires us to consider the
wave admissibility condition in two dimensions:

2 1 1
(7) —+-<5, 2<pg=<oco

poq= 2
By (6) and the interpolation argument of Keel-Tao [7], for (p, q) satisfying (7) the
solutions (€, H) to homogeneous Maxwell equations with constant coefficients fulfill

the Strichartz estimate
D17, H)ll Ly (e, mey) S (€, H)(O)l| L2 (re)

in the charge-free case. We give the details and local-in-time estimates in the case of
non-vanishing charges in Section 2. In the following we denote space-time Lebesgue
spaces by LYL?, = LPLY for the sake of brevity, where L? = LPLP. In the above
display the derivative loss is denoted by p which satisfies the scaling condition

() p=3(3-2) .

2 q  p
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Furthermore, we use fractional derivatives given as Fourier multipliers by

(IDI"£)(&) = [¢[*F(©). (D'I"£)() = €1 F(©), (DY F)(&) = () F(©), ete,
where (z) = (1 + |z|?)!/2.

We first show the following Strichartz estimates for rough coefficients in the
diagonal case.

Theorem 1.1. Let T > 0 and § > 0, and suppose that e, € C*(R x R3;R3X3)

sym

with 0 < s <1 and ||0(e, p)||p2 L < oo satisfy Assumption 1 with ® =1. Let P
be as in (4). Then the estimate

—p+i=2-6 _lys—2
(D=2 " ul oo rinaqeey) S lwollzz, + 1Pullzy 2, + (D) 72775 pem (0)] 2,
_lys=2
(9) + D)2 OupemliLy 2z,

holds provided that p,q satisfy (7), ¢ # 2, and p is given by (8). The implicit
constant depends on &, T, ||(¢, p)llc=, and [|0(e, 1)l L2 1o -

We stress that both the different admissibility conditions and the appearance of
the charges highlight the effect of the system character of the Maxwell equations,
compared to the case of scalar wave equations treated in [21, 22, 23].

To establish (9), we first show

—pti2 5=2 _lys—2
(10) DI~ F ullprre ¢ = Pullrz +[[[D]72575F peml| 22

ullz +[||D

en)lles

(with a modification at the endpoint ¢ = co) if also % + % = % and g > p via phase
space analysis, see Theorem 3.2. The core step in the argument is an estimate
of a Fourier extension operator on the Fresnel surface S, where we can reduce to
scalar problem using a symmetrizer. The singularities of S are handled by a dyadic
scaling around them on annuli in Fourier space. Here we also use ideas from [12] in
the time-harmonic case with constant coefficients. The degeneracy at |£'| > |&o| of
the main symbol of the Maxwell system is treated using the charges in a separate
microlocal argument.

We note that the derivative loss p + 272 in (10) is the same as in [21] for scalar
wave equations. We actually improve the loss in (9), but so far we cannot reach
the sharp regularity loss established in [22, 23] for the wave equation or [17, 15] in
the 2D or isotropic Maxwell case. In contrast to these works up to now we cannot
use deeper properties of the Hamilton flow of the problem because of the strong
system character in the fully anisotropic case. In the aforementioned papers also
the case s € [1,2] and different norms on the right-hand side of (9) were treated.
We plan to address these issues in future work.

Starting from (10) we reduce the regularity loss by passing through short-time
Strichartz estimates. In Proposition 3.8 we show the endpoint estimate for p = 4
and ¢ = oo on finite-time intervals

s—2

a2 =2 1
1D+ Pl 1 S wollzz, + 1Pullzy iz, + 10 T pem Ol
=21
+[(D)F 20pemllrr?,
with implicit constant depending on ||(e, p)||c1, T and §, where we set LL.L?, =
LP(0,T;LY,). The different form of the charge term stems from an argument in-
volving Duhamel’s formula, see (54) and also [15, 17]. Theorem 1.1 then follows by
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interpolating the above display with the standard energy estimate

lullzserz, Siemlicr.r luollze + 1Pullry 2, -

We note that (10) is shown for ¢ > 6 and that our method of proof breaks down for
(p, q) closer to the energy point (p, ¢) = (o0, 2). Broadly speaking, by our arguments
we can prove Strichartz estimates for characteristic surfaces S = {¢(§o) = 0} with
isolated degeneracies G(&) = 0, V§(&) = 0, det(9%G(&y)) # 0.

Second, we establish the following variant in the possibly non-diagonal case.

Theorem 1.2. Let T >0, § > 0, and suppose that €,y € C*(R x R?’;Rg?ﬁ;) satisfy
Assumption 1. Let P be as in (4). Then the estimate

—p— L _
(D)™~ 2 2| oo, miza(roy) S luollze + [ Pull Ly 2,
+ D) pem ()2, + (D)= *Oupem |y 12,

holds provided that (p,q) satisfy (7), ¢ # 2, and p is given by (8). The implicit
constant depends on §, T, and ||(e, u)||cr -

To show this theorem, one uses the orthogonality transformation ® to pass to a
Maxwell-type system with the diagonal coefficents % and p¢ from Assumption 1,
but with modified differential operators in 2’ depending on ®. This system can be
treated similar to the system arising in the proof of Theorem 1.1.

We believe that the global existence and regularity of eigenvectors as stated
in Assumption 1 is non-trivial. Hence, we devote Section 6 to a discussion of
existence and regularity of eigenvectors for parameter-dependent matrices. It turns
out that if the eigenvalues are uniformly separated and the parameter domain is
simply connected, the eigenvectors are as regular as the eigenvalues and admit
global parametrisations. The results of Section 6 imply the following proposition,
which leads to a corollary to Theorem 1.2 stated below.

Proposition 1.3. Suppose that p =1 and ¢ € CH(R x R3;R3X3) satisfies (3) and

sym
Je>0: Vo eRY: |g(x) —gj(z)| > >0, i#j,
where (£;(x))i=1,2,3 are the eigenvalues of (). Then (e, p) fulfills Assumption 1.

Corollary 1.4. Let € and u be like in Proposition 1.8. Then the Strichartz esti-
mates (9) hold true under the assumptions of Theorem 1.2.

In Section 5 we apply the Strichartz estimates from Theorem 1.1 to improve the
local well-posedness theory of quasilinear Maxwell equations
(11) D =V xH, V-D =0, D(0) = Dy € H*(R3;R3),
OB =-V xE, V.-B =0, B(0) = By € H*(R?; R?),

with small initial fields and such that €(€) has uniformly separated eigenvalues.
For sake of simplicity, we suppose that u = 13x3. Contrary to the isotropic Kerr
case analyzed in [17, 15], we cannot automatically deduce energy estimates by
symmetrization. It turns out that this requires additional symmetries of the per-
mittivity. We shall rewrite D = ¢(€)€ to € = ¢(D)D, which is possible for small
fields under mild assumptions on € by invoking the implicit function theorem. In
this form, we can phrase the condition for the existence of a symmetrizer as

(12) (D)) D’ =0

aD;
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for i € {1,2,3} and summation over j, k € {1,2,3}, where 7% denotes the Levi-
Civita symbol. (Such a condition was also used in [10].) We refer to the paragraph
before Proposition 5.3 for discussion of examples like

£ = diag(aé,sg,sg) + diag(a1|51|2, a2|52|2,a3|53|2).

It seems plausible that permittivities obtained like this can model biaxial crystals
with nonlinear electric response.

We show the following theorem, which improves the local well-posedness via
Strichartz estimates by 1/9 derivatives compared to energy arguments. It is the first
result of this kind for cases of fully anisotropic Maxwell systems. This improvement
is smaller than in [23] or [15, 17]. (For instance, for scalar quasilinear wave equations
in two dimensions one gains 1/6 derivatives compared to energy arguments by the
results in [23].) Strichartz estimates with smaller regularity loss would imply better
results, but it is unclear what can be achieved in the fully anisotropic Maxwell case.

Theorem 1.5. Let ¢; € C®(R;R) and let (€) = diag(e1(&1),e2(E2),e5(E3)) be
uniformly positive definite with uniformly separated eigenvalues, i.e., there are c,d >
0 such that for any £ € R® with || < § we have

lei(€) —€;(E)] > ¢ >0.

Write D = e(€)E as € = ¢¥(D)D for ||D||r~ < ¢ and assume that ¢ satisfies (12).
Then there is &' > 0 such that (11) is locally well-posed for s > 2 + 118 for initial
data |Jugl|gs < 6.

For the proof we use Strichartz estimates to improve on Sobolev embedding.
Under the above symmetry assumptions, we find energy estimates

1EH)Dme <

~

with A = ||(€,H)|| Lz Lo An estimate of [|O(E, ’H)HUTLEQ, based on Sobolev embed-
ding would lead to a regularity of s > 5/2. We want to use non-trivial Strichartz
estimates for [[0(€,H)|| 14 = provided that the coefficients are in C7'. The Hélder
norm is again controlled byma spatial Sobolev norm and we can close the argument
for s > 3/2 + «, if the derivative loss in the Strichartz estimates for 9(E,H) is
controlled in the regularity H®. This leads to the condition s > % + %. In the next
step, we control the L?-norm of differences of solutions v = (€, H!) — (€2, H?) by

lo(®)]| g2 < e o BEIs|14(0)| 2

with A = [[(EL,HY) s + [(E2H?) g and B(s) = [[(ELH)(s)l|s +
(€2, 1?)(s)||L>. By the same argument as above, we obtain Lipschitz continuous

c(A) fE110(E,H)(s)|Loc ds
s L5 %(€,1)(0)]

| e

dependence in L? for initial data in regularity H® if s > % + %. To find continuous
dependence to hold in H*, we use the frequency envelope approach due to Tao [20].
(See also [6] for an exposition, and [17] for a previous application in the context
of Maxwell equations.) This does not yield uniform continuous dependence, which
cannot be expected for a quasilinear hyperbolic problem.

Outline of the paper. In Section 2 we revisit Strichartz estimates in the constant-
coefficient case for fully anisotropic Maxwell equations. In Section 3 we prove
Strichartz estimates for diagonal variable coefficients in the uniformly fully aniso-
tropic case as stated in Theorem 1.1. In Section 4 we reduce the more general
case of Assumption 1 to the case of diagonal permittivity and permeability and
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prove Theorem 1.2. In Section 5 we argue how the Strichartz estimates for rough
coefficients improve the local well-posedness theory for quasilinear Maxwell equa-
tions. In Section 6 we show the global existence and regularity of eigenvectors in
case of separated eigenvalues of parameter-dependent matrices in simply connected
domains.

2. STRICHARTZ ESTIMATES IN THE CONSTANT-COEFFICIENT CASE

In this section we revisit the Strichartz estimates in the fully anisotropic case for
constant coefficients. For the remainder of the section, let

(13) E= diag(€1752,€3), nw= diag(ul,ug,,ug,) with &, wi € R<o.

By the symmetries of Maxwell equations (cf. [12]), we can reduce the general case of
positive definite €, pu € Rg’;n?l’ to (13) provided that e and g commute. We supplement
the linear Maxwell equations

(14) 0D =V xH, VD = p,,
OB =-V x €&, V-B=pn

on R x R? with the constant-coefficient material laws
(15) D=¢e€, B=puH, where (13) is true.

In the charge-free case, dispersive time-decay of solutions to (14) was proved
by Liess [11]. Here we deduce Strichartz estimates also allowing for charges. The
first observation is that non-trivial charges in (14) inhibit global-in-time Strichartz
estimates

D[ ullpogsre,) S lu(0)llre,

withu = (£,H), p=3(3 — ;) — 5. and 2+ 7 < 5.

Indeed, given nonzero (pe, pm) € HY x H7, let (®1, ®3) solve the elliptic equations
(16) V- (eVP1)=pe, V- (uVP2) = pp.

Then (14) possesses the stationary solution (€,H)(0) = u with £(0) = V®; and
H(0) = V®,;. We have (&, ®y) € H'2 and u(0) € H''. However, the solu-
tion does not decay, and hence global-in-time Strichartz estimates for (14) are not
possible. To obtain such estimates in the charge-free case, we use the following
dispersive estimate due to Liess [11, Theorem 1.3].

Proposition 2.1. Let u = (£, H) solve (14) with (15) and pe = pm = 0. We then
have

(17) I1S7u®) 2 S (L + 1) ™2 [w(0)| 1,

To define the needed dyadic frequency decomposition, let x € C°(R;R>g) be a
radially decreasing with x(z) =1 for x| <1 and x(z) = 0 for |z]| > 2. We set

o~ ~

(SA)E) = (x(IEN/A) = x(UIEN/22)) £(6),
S\f

(S3F)(€) = Gelllgll/A) = x(UlEll/22))F(©)

(18)
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for A € 2Z. Moreover, we write

Sh=1-> 8y, So=1-Y S, S=1-5, Sx1=1-5,

Ae2lo Ae2lo
8M 8M
1 } : ! 2 :
~M — S)\, SNM == S)\.
A=M/8 A=M/8

By Littlewood-Paley decomposition, rescaling, and the Keel-Tao interpolation
argument [7, Theorem 1.2], we find the desired global estimates.

Theorem 2.2. Let u = (£,H) be a solution to (14) with (15) and p. = pm = 0.
Then the global Strichartz estimates

(19) D™ ullpe@zs,) S Ilu(0)ll e,
hold with p given by (8) and (p,q) satisfying (7) and g < co.
Remark 2.3. For ¢ = oo, estimate (19) is true for the homogeneous Besov space:
||“HL§’(R;B;§(R3)) S HU(O)”Li,
To lighten the discussion in the following, we suppose ¢ < co. See also Remark 3.3.
We next show local-in-time estimates involving charges.

Theorem 2.4. Let e, u, p, p, and q be as in Theorem 2.2. We then have
(20) KDY Pullenpe, S TP (lu(O)llze + llpemll 1-).

Proof. We begin with estimating the low frequencies
_ 1
I{D") " Squll e ps, S T7[[u(0)] Lz,

by Holder in time and Bernstein’s inequality.

For the estimate of the high frequencies, we split the initial data into stationary
and dispersive components. Let (®1, P3) be the solutions to the elliptic equations
n (16). Since we confine to high frequencies, we can replace the homogeneous with
inhomogeneous norms. We have the stationary solution ustat(t) = S5, (V®1, VPs)
and we write -

51(€,H)(0) = S5,(VO1, VO2) + 5% (€, H)aisp (0).

We denote the solution emanating from the last term by ugisp, Which is clearly
charge free. Taking the Fourier transform of V - (¢£(0)) = V - (¢V®4), we obtain

i&peb™mE,(0,6) .
k i](- ) —_ (I)l(é-)
&ije
Plancherel’s theorem thus yields [|[V®y| 2z < ||E(0)]|z2 and likewise [|[V®Pa|rz <
[#(0)]| 2. Hence [[uaisp(0)|[z2 < (€, H)(0)]| 2
By linearity, we have S’Zlu = Udisp + Ustat and Theorem 2.2 implies

|||D/‘7PS/21UHL’%LZ,) < |||D/|7p5’21udisp|\L§Lg, + |||D/|7p5121ustat||L?Li,

1
S 185wz, + T7 ([ (pe: pn)ll 2

x

Inequality (20) follows. O

—1-



FULLY ANISOTROPIC MAXWELL EQUATIONS 9

We turn to the inhomogeneous problem

0D =V xH—-7T, V-D=p., D) =Dy,
8tB:—V><g_u7m7 vB:p’ﬂH B(O):BO

We write u = (£,H) for solutions to (21) as well as J = (Je, Jm) and V - J =
(V-Te; V- Tin).

Theorem 2.5. Let u = (E,H) be a solution to (21), (p,p,q) and (p,P,q) satisfy
(7) and (8) with q,§ < co. For T < oo, then the estimates

_ 1
1(D") = ul| Lo (0,77, La3)) S T7 ([u(0)] 22 + [pem (O}, £-1)
1
+T> (| TN o,m),02) + IV - T

(21)

(22)
),

Li([0,T],H? )

hold. If per, =0 and V - J = 0, we have the global estimates

(23) D" Pul| o @;zaqrsy) S [w(0)llzzqrsy + 1D 1PT || o par-

Proof. We denote the propagator for the free solution by U(t), so that we can write

(D, B)(t) = U(t)(D, B)(0) - / Ut - )7 (s)ds

by Duhamel’s formula. Since ||[(D"Y*u||pz ~ |[{(D')*(D, B)||r2, we can apply Theo-
rem 2.4 with initial time s and Minkowski’s inequality to find (22) to hold. Inequal-
ity (23) is a consequence of the dispersive estimate (17) and Keel-Tao interpolation
[7, Theorem 1.2]. O

3. PROOF OF STRICHARTZ ESTIMATES IN THE FULLY ANISOTROPIC CASE WITH
DIAGONAL MATERIAL COEFFICIENTS

In the following we consider diagonal permittivity and permeability
(24) e =diag(e1,e2,83), p = diag(p1, p2, 13),
which are supposed to satisfy the uniform ellipticity condition
(25) INA>0:Vz e R A< yi(z) < Afori=1,2,3 and v € {e, u}.
Furthermore, we require the following separability condition, which guarantees uni-
formity of the curvature bounds for the characteristic surfaces (cf. Assumption 1):
ei(x
pi(z
In the following we show Strichartz estimates for Maxwell equations with the
rough material laws as above

atD:VXH_jm V'D:p67 .’EER47
8tB:_vxg_u7m; VB:pm

We use the pointwise material laws (2). Setting

e (B0 50 vm (B) pen (2)

the Maxwell system (27) becomes

P(x,D)u = <_":77e ), V- D=p., V-B=pn.

(26) Je>0:VoeR Vi j: |

) s,
) @ 2 ¢

(27)
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We first show the basic energy estimate which will be used later in an interpo-
lation argument.

Proposition 3.1. Let T > 0, ¢, u € C(R x R*; R3*3) satisfy (25) with O;(e,u) €
LLL. We then have the estimate

(28) HU”L;OLi, S lluollre + [[Pul[ s £z

Proof. We introduce an equivalent norm on L?(R?) by

fullpo = s (5 ) )

For homogeneous solutions we compute

8,5(/3 ED+ H.B) = /3(3t5)~D + £.(0:D) + (OyH).B + H.(0:B)

: ::IR+II+III+IV.
We find
H+IV:/SE.(V><H)—(V><8).H:
by the symmetry of the Curl—opeﬂiator. Note that
(01e)E +ehE =V xH <= OhE =c"'V xH—ec 1 (0e)€E,

(Op)H + pdH = -V xE <= OH=—p YV xE) —u (Ou)H

which yields

I+1II= /(5*1(v X H)).D —p NV x E).B— e 1((0;6)€).D — u ((Oep)H).B

- / (04)E.E +H.(Opp)H.

We obtain
[T+ IT1| S 118e(e, )| [lul G0,

which leads to the estimate
Oellullzo < 11(Dee, Depr) | Los Il o
Grgnwall’s lemma and the equivalence of the norms imply
Cll(Ore0ep)ll L1 pos
(29) lu®)lz> Se T [u(0) )12

For the proof of the inhomogeneous estimate we consider the evolution of the
variables (D, B). By (25), for vanishing currents Je,, = 0 we have

(D, B)(®)[> < (D, B)(0)][ >
Let U(t, s) be the propagator of the homogeneous Maxwell equations

at(DvB) = Q(Da3>7
{ (D, B)(s) = (D,B)y € L?,

The claim now follows from Duhamel’s formula, writing

(Q&szw®@ﬁthUwﬂ$JM@%

and applying Minkowski’s inequality and (29). O

C[O [|0¢ (e, HLoods
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We next show the following local-in-time Strichartz estimates.

Theorem 3.2. Let 0 < s < 1, g, € C5(RYR3*3) be as in (24) satisfying (25)
and (26). Suppose that p = 3(% — %) — %, 2<p<qg< o0, and %Jr% = % We find
the following estimate to hold:

(30)
as=2
DI~ T all(zoay, S A+ m)lleo)llullpz+[||D

Remark 3.3. We consider the Besov norm with mixed coefficients defined by

Ifllzrzn, = D 1S3 fllErra)®

Ae2Mou{0}

s—

2 _14s-2
> Pul|2+[|ID]72 777 peml| 2

on the left hand-side because at the endpoint ¢ = oo the Littlewood-Paley square-
function estimate fails. For ¢ < oo we can simplify (30) to

s—2
DI~ 7 ullpers S (L4 (e, 1)

s—

2 _1gs-2
> Pullzz + [[1DI7277 pem|| 2.

|ullrz + [ D

o)
We prove Theorem 3.2 by phase space analysis close to the endpoint. To this
end, we apply the FBI transform (cf. [21, 22, 23]) to change into phase space after

e reducing to high frequencies,
e spatial and dyadic frequency localisation of the solution,
e frequency truncation of £(z) and u(z).

After these reductions, as in [17, 15] we arrive at the following proposition.

Proposition 3.4. Let A > Ay with \g depending on the ellipticity of € and p and
(e, )llcs for 0 < s < 1. Let Py denote the operator P with coefficients frequency
truncated at frequencies < A/8 and let u be essentially supported in the unit cube.
Under asumptions of Theorem 3.2, estimate (30) follows from

s—2
NPT Sl rre < (14 ||(e, p)|

_1is=2
+ A7 2T Sapemll2

s—2
‘S)\UHL‘z +Az HP,\S)\UHLz

(31) ce)

The estimate corresponds to Strichartz estimates from [21] for wave equations
with rough coefficients with integrability exponents as in the two-dimensional case.
The reason that we cannot hope for the Strichartz range of the wave equation in
three dimensions is that the characteristic surface is no longer regular, but has
conical singularities. In [22, 23] Tataru used the regularity of the Hamilton flow
to recover the Euclidean Strichartz estimates locally-in-time for C2-coefficients and
coefficients with 9?g € L} L%. In the present context it is not clear how to take
advantage of the Hamilton flow due to the strong system character. For this reason,
we do not recover the derivative loss over scaling as for scalar wave equations with
Holder-continuous coefficients in two space dimensions proved in [22]. (Also note
that the results in [22] were shown to be essentially optimal in [18]).

In a first step we show the above reduction result.

3.1. Proof of Proposition 3.4. Choosing A large enough, the uniform ellipticity
is preserved because

[E>allee S A 6zalles, k€ {eu}
Using Sobolev’s embedding, we first estimate low frequencies by

_pys=2 1 s-2
ID|=#* 77 Soullrra S IDI2F7T Soull e S || Soul|ze-
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It remains to show the estimate
_ys=2
D=7 Ssqull (e ray, S 1+ [I(e; 1)
_1.s-2
+|||D| EA pem”L2

s—

2
T.F)’LLHLZ

|ul[z2 + (1|1 D

)

for high frequencies. To deduce this inequality from (31) by means of the definition
of (LPL?)4, we have to bound ||PySxu||zz by ||SxPu| r2 plus summable error terms.
We write Sy = Zii A8 S, and Py for the operator P with coefficients frequency
localized near A\. We then obtain

[SxPaSxull 2 < [[SxPSxul|ze + [|SxPurSaul| 2
< |[SxPullzz + [[SA[P, SxJul L2 + |SaPerSxu]| 2.
Since P is in divergence form, we can factor out the derivatives and estimate
ISA[P, SaJullze S Al(e, 1), Salullzz S A2 (e, )l osllull 22,
1S3 PoxSaull 2 S AN (Sa(e, ) Saull 2 S A2 (e, 1) o lull -

In the last step, we used a well-known kernel estimate. This finishes the proof of
Proposition 3.4. (I

In the following we tacitly suppose € and p are truncated to frequencies < A/8
to lighten the notation.

3.2. Applying the FBI transform. In this section we prove (31). In the follow-
ing we use the FBI transform to reduce to an estimate in phase space. We refer to
[17, Section 2] for further explanations.
For A € 2%, the FBI transform of an integrable function f : R™ — C is defined
by
Tof(z) = CoX'5 [ e 29 f(y)dy, 2 =2 —if € T*R™ ~ R2™,
RT‘VL

m _3m

Cp=2"27" 4.

The FBI transform is an isometric mapping Ty : L*(R™) — L3 (T*R™), where
d(z) = e~ But Ty is not surjective because T} f is holomorphic (which motivates
to write z = x — i€). The adjoint in L% provides the inversion formula T3 T\ f = f
with

TYF(y) = O\ / efg(éfy)zcb(z)F(z)dxdf.
R2m

Originally, the FBI transform was used in the context of microlocal analysis to
obtain an expansion of analytic symbols. Tataru reversed the logic in [21, 22] to
find expansions of rough symbols a € CZC2°, which satisfy suitable error bounds.

Let a € C2C° with a(x,£) =0 for £ ¢ B(0,2)\B(0,1/2) and

009a(x,8) 1
I

= Y (0 A" 8, — AE)P.

lorl+[B]<s

1

For s <1, we have a§ = a. Tataru proved the following approximation theorem in
[22, Theorem 5] and [21, Theorem 2].
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Theorem 3.5. Suppose that a € C5C®. Set ax(z,&) = a(z,{/\) and R
Thax(z, D) — a3 (x,&)Tx. Then,

(32) IR} 2—r2 S AT
Moreover, if Oa € LiOL;?, then

s _1
(33) HR,\HLg%Li,—w?D SATE.

We return to the proof of (31). Write PySxu = Jy and ThSxu = vy, Th(Jr/N\) =
fx- An application of Theorem 3.5 yields

pz,&va = fx+gx with [lgallzz Sjemie: A2 1Saul L2

p(,€) = (—if(ﬁ Z'C(ﬁl)) € C6%6

and

iC(g')  ibop
In the above display we denote C(£') = (—&"*¢;);; with (¢9%) the Levi-Civita

symbol such that (V x f)(&) =iC(&')f(€). The estimate (31) becomes
s—2
AT TR oA e e S (1 (I(e, )]
by invoking (32). It thus suffices to prove
(34) I Tiollere S X AT Joallzg + 25

2 s=2_ 1
U/\HL?I, + A2 f>\||L§> + AT T2 [[Sxpemllr2

cs)

_1
P(x,f)UAHLi + A7 2||Sxpem |l 22)-

By non-stationary phase, we can suppose that supp(vy) C B(0,1) x {1/4 < |£| <
4} =: U (up to a negligible error). In the following we reduce the vector-valued
estimate to a scalar one. For this purpose we adapt arguments from the analysis
of the constant-coefficient time-harmonic case given in [12]. Let

(35) (j(zvf) = 75(2)‘](%75) = 758(53 - 53‘]0(‘%5) =+ Q1(‘T75))’
where
_e by e 1 21 1
Dl@8) =& (€2M3 * M2€3) +£2(€1u3 * meg) * 53(51,“2 * 62#1)’
qi(z,§) (e167 + €265 + €383) (117 + p2&5 + pa3).

B €1€2E3 U1 2 143
The dependence of € and p on x is suppressed in the above display for the sake of
brevity.

Proposition 3.6. For the proof of (34) under the assumptions of Proposition 3.4,
it suffices to show the estimate

(36) IT5wAllore S AT lwall g, + A5 gz, wallr)
forwy : RYxR* — C with supp(wy) C [-1,1]*x{(&, &) € RxR3 : [&] ~ [€'] ~ 1}.

Proof. In the first step, we separate the evolution of the £- and H-variables by
passing to a second order system. We multiply p with the symmetrizer o

e 1 P N |
o(z,&) = <i,u126&()§’)51 ic Z‘gco(,f*)lﬂ ) c C6%6

(cf. [12, Proposition 1.2]), obtaining

(37) o(z,&)p(x,§) = (ME(x’of)_gg MH(-T7O§)_ %)'
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Here we set
Mp(z,€) = =~ (@)C(E ) (@)C(E), Mp(w,&) = —p(2)C(E)eH(2)C(E).
Moreover, in [12, p. 1835, Eq. (13)] it was pointed out that
q(x,€) = det(Mp(z,€') - &) = det(Mu(z,€) - ).

Let vy = (vx,1,vx2) denote the grouping into 3-vectors. By boundedness of the
entries of o(x, &) for £ € U, it suffices to prove

2=s 2+s _1
[TxvallzrLe S AN [[allzz + A7 |lo(z,Ep(z, Evallrz + A2 [[Sxpemllr2)
which can be written as

2-s 245
ITxosllere SANAT oaalz + AT [[(Me(2, &) — &)oanllez

(38) + AT Sapell22),
T oazlrpe S XA loaallz + AT (Mp(2,€) — €)oazlz
(39) F A2 |SApmllL2)-

The estimates will be proved in the regions

(1) {1~ S0l > [¢']},
(2) {1~ &> |]}, for which we have to consider the charges,

(3) {1~ [&] ~ €]}.
The region {1 ~ |§] > |&'|} is easy to handle. Here we have
[(Mx(2,¢') = &)oallrz Z lloallz, X € {E; HY,
and so the claim follows by Sobolev embedding via

1 14 s
I Txonillprra S N F2loalle S AT (Mx (2,€') = E5)vall Lz -

For the second region {|{y| < |¢'| ~ 1} the charges come into play. We decom-
pose vy 1 = 05 | + v} ; with

(&-Pvrn)€
=g =86,
again indicating the frequency cutoff of the coefficients temporarily. The contribu-
tion of vf | is estimated by Sobolev embedding:

!

1 FRS
T30 (llzrpe S A28 [l S A2 H(|£,|E-8AU,\,1)||L%;-
Theorem 3.5 and commutator estimates yield
!
I |§,| (o)l SATEuallze + ATHSAV (1) |-
€

By expanding e* = ¢ + (¢ — ), we find
ATHSV ()2 SATHISAV (€8) 2 + (e — €))SAE 2
S AT ISapellz2 + ATE(ISAE L2

This is an acceptable estimate for vi,l in terms of p. and €.
We turn to v} ; noting that f’.(es)‘vi)\) = 0. In the following we show that
(Mp(x,€) = &)vi| 2 [vf] for &.(e*vf) = 0 and {|&]| < [¢']}. We mit again
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the superscript A of the coeflicients. For & # 0 we have ¢(z,£) # 0. Let w =
(Mg — £2)v;. We have to show that

(Mg — &)~ | < Jw|

noting that ¢’.(sw) = 0. In [12, Section 2.1] the matrix (Mg — £3) was inverted by

s | . 2y -1 c
(M = &)™ = ¢ (@ 8adiMe — &) = a2 o (2, 8) 2 Freaes’

wher the components of Z = Z, ,, are given by

52 52 52 €2 €3 €2 €3
(= =2+ =) (6 + &+ 6+ &) + Eoeass,
a3 13 12 M2 M3 1251 M1

2 2 2
Z12(8) = Z21(€) = &1&a( & + & + S 258
Hopg  H1p3 142 U3

Z1 (&) =&

);

_ _ 3 &3 532, 2€2
Z13(8) = Z31(&) = &163( + + &%),
Hopg  H1p3 142 1%}
£ f% 532, 2/€1 .9 | 3,9 | E1l,9 | €39 4
Zn (&) =& + + — &=+ =&+ =&+ &) + &ees,
22(&) fz(wﬂg [0 43 M1#2) fo(,@fl ,u3§2 M1§2 ’u2§3) fo 1e3

Z93(§) = Z32(€) = §263( & + & + & —g
Hap3  H1p3 H1p2 Oul ’

2 2 2
( fl + 52 + 53 )
Hopk3  p1p3 o Hip2

It is a crucial observation that Z. , will be applied to vectors v with {.v = 0. This

reduces to ng{“ having the coefficcients

Z33(€) = &

€l €240  El,0 €209 4
—&(—=&8+ =G+ =&+ =)+ &eae
0t T Tttt fae

Zeff :725722+5732+i22+5732+455’
11 (§) fo(,u2§1 Msil lez leg) §oe2es
3

Zi5(©) = Z5(9) = —6 &8

Z£@22§@:—3%&&

eft :_222+§2+i2+§2+455,
22(5) 50(}@51 M3£2 ,u1£2 ,u2§3) 50 13
(s} (S 51
Zs5 (&) = Z55(6) = —ﬁzf?fga,
€1 €2 €1 €2
Zeff € — _52 7&-2_’_ 7&-2_’_ 752_’_ 752 +£45 £o.
33 (&) 0(M31 2 T ST, 3) +&oe1e2
We can write Z°f = §§Ze‘cf with Z°f having bounded entries for [£| < 1. This gives

(Mp(z,6) = &) 'w =g (z,§adj(Mp — w

-1 ~ €
= 7 .
(€= Cao(1,8) + q1(2,8)) P ereges

For [§o| < [¢'] or o] > [¢'], we have

€6 — €5a0(&) + a1(€)] ~ 1 provided that max(|&l, [€']) ~ L.
Consequently, for |§] < [&'| ~ 1, it follows

(Mg (z,§) — fg)U”Lg(U) 2 HU”Lg'
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This shows estimate (38) in the second region. (39) follows by exchanging the roles
of € and p.

We turn to the third region. Again we focus on (38), for which we prove
(Mg = €)vaallzz)

for vy supported in B(0,1) x {|¢]| ~ || ~ 1}. This inequality is a consequence
from (36). Indeed, for any component vy 1 i, k = 1,2, 3, the estimate (36) yields

2+s
4

2—s
[TXvxallzrze S AT loaallrz + A

~

2-s 245 3
1T o1 kllLrre S AT oakllpy + AT [(Zep—— (Mg — &)oa1)kllz2)
E1E92€3
because Zg =~ (Mg — £2) = q(x,€). The assertion easily follows. O

It thus suffices to show for scalar vy € L% supported in {} < |¢| < 4} that the
estimate

(40) IT5oallpore S MW A'T

allze + AT

a(@, orlzz)

holds true. We consider the operator

W)\ — T;\k — a’(l‘; g)
ATE 4 Adg(, €)]
with a € CZ° localizing to B(0,1) x {3 < [¢| < 4}. Hence it is enough to establish

1
[WillLz wrene S APTE

By the TT*-argument, we can likewise prove the estimate
. - 2 D(&)
Wl 10 srmra SATF2P 0V =T ? (a:,f) .
|| z\HL LY —LPLY ~S A ’\()\’Z+)\Z\q(m,f)|)2 A

For this estimate it is crucial to understand the curvature properties of {¢ € R* :
q(z, &) = 0}. Since q(z, &) is 4-homogeneous in &, we have

C](l'7§) = §§Q($, 1751/60)'

So it suffices to consider the Fresnel surface S = {¢’ € R? : ¢(z,1,¢') = 0}. The
Fresnel surface is classical and has been studied since the 19th century (cf. [2, 8, 5]).
We refer to detailed computations laid out in [12] and recall properties of the Fresnel
surface S. We can consider S as a union of three components S = S; U So US3 with

e 57 describes a regular bounded surface with Gaussian curvature bounded
from below and above,

e S5 is a neighbourhood of the Hamilton circles, which is regular, but has
one principal curvature vanishing along the Hamilton circles,

e S3 is a neighbourhood of four conical singularities.

We redenote a?(z, &) by a(w, &) for the sake of brevity, and split a = a1 + az + a3
and the operator V) = V) 1 + V) 2 + V) 3 according to the above components. We
establish the three estimates separately, which is meant to highlight a different
dispersive behavior. To see that the uniformity of the curvature bounds follows
from the separability condition (26), we revisit the analysis of the Fresnel surface
provided in [12, Section 3].

First, the analysis of Fresnel’s surface for [£y| ~ |€/] ~ 1

Seo = {€ € R : p(€0,€') = —&3(& — Gao(€) + au(€')) = 0}
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is reduced to the standard form p; = ps = pz = £ = 1 by means of the substitution
N G
fo/lirifire
Note that the change of coordinates is as smooth as p. We use cyclic notation
in the following, i.e., pq := p1 and ps = po, likewise for ¢;. In the following let
€ = % (the right-hand side refers to the original quantities).
We shall analyze S* = {\ € R®: 1 — ¢} ()\) + ¢f (\) = 0} with ¢ and ¢} denoting
the reduced polynomials gy and g1 for u;y = pe = pus = 1. We find that the
coordinates of the four singular points are given by

(i=1,2,3).

y2 o Eiva(Ei —g41)
J

) )\j+1 = 07 )\?+2 - 8j(8j+2 -~ €j+1)
&5 — Ej+2 Ej+2 —&j
for €41 € (gj,€;42), which denotes €11 € [€),€;42] U [gj12,¢;]. By uniform ellip-
ticity and the separation condition (26), the singular points vary as smoothly in
r € R* as (e, p).

To analyze the regularity of the curvature in (e, pt), we recall the parametrization
of the regular part of the Fresnel surface given by

s=M AN+ A2 N2 Feo)2 Fe3)? = greaest T
and
(t — 8)616263

s2t — (€1 + €2 + €3)st + (162 + €163 + €263)t — €162€3
In (s,t) coordinates, we have for the Gaussian curvature

(afs, 1) —e1)(a(s, ) — ea)(a(s, t) — e3)
a(s,t)(s —e1)(s—e2)(s —e3)

als,t) =

K(s,t) =

and for the mean curvature
[ IS SCEPN (e G CEPRILEEN
2 \/5 \/E (5*61)(5*62) (8*62)(5783)
(Oé — 51)(04 — 63)
o))
(s —e1)(s —e€3)
The limiting case s = ¢ corresponds to singular points. For separated s and ¢ we have
a > d > 0 and the uniformity of the curvature bounds follows. For the analysis
of the curvature close to the singular points, we rescale a dyadic decomposition
away from the singular points to unit distance (see below), for which the previous
arguments apply.

Kn(s,t) =—

We now conclude the proof of the Strichartz estimates in Theorem 3.2 for sharp
Strichartz exponents close to the endpoint. Note that the following proposition
implies Strichartz estimates for the contribution of V) ; like in (40) for the wider
range 11;4—% < % and 2 < p < ¢ < oo by Sobolev embedding. We recall the defintion
of V; in (44) below.

Proposition 3.7. Let p = 3(% - i) — % and 2 < p < g < oco. The estimate
(41) IVxill oo Lo S pppa S At
holds true, if
e i =1 and % +
e i €{2,3} and

Il
Q= o=
M

B0 =
N =
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For ¢ = 1,2, the assumption 2 < p < ¢ < oo is not necessary because we can
interpolate with (41) for p = co and g = 2. We show this case. In the proof we will
see that if fails for ¢ = 3 at the singular points because these satisfy O¢¢(x,&;) = 0.

After factoring out the FBI transform in the 2’ variables by virtue of its L2-
boundedness, we it remains to prove the boundedness of

(42) AT gai (2, €)®(€)0g=0Tn0 : Li L2 ¢ — L°LY o
for the restricted FBI transform T) o : L?(R") — L3 (R? x R"~!) given by

TN /ei%(%y”yf(yo,y’)dyo

[N

TX,Of(I07 507 y/) =27

with ®(zg, &, z') = e~ Mol?, (Compare the proof of Proposition 3.7 below.) Hence,
to establish (42), we have to show the boundedness of the kernel

K(yo’go) — )\% / dmoe—%(:Eo—yo)Qe_%(xo—Z?o)z / dfoei)\fw(yo—ﬂo)ao(wo,€0>5q:0_
R R
It is enough to check the hyperbolicity condition

(43) Otoq(2,8) #0 for a;(x,€) #0, i =1,2.
Indeed, from (43) follows

| / 00e 0 B0=10) g (0, 60)3,—o| < 1
R

and

[SIE

/dwoef%("”0’?’0)2673(“7@0)2 SATE,
R
yielding (41) for (p,q) = (00,2). For the remaining proof of (43), we consider

Deyq = 4€5 — 260q0 = 0.

This implies go = 2¢2. Since q(£o,¢’) = 0, we find ¢; = & and so q; = (%")2
By homogeneity of ¢, it is enough to consider £, = 1. Then we use again the

parametrisations of [12]:
s=EHE+ES,  e1b] +eabl +e3bl = ereaest,
&) =st"", q€)=1+st""

Let b= st™'. From ¢, = (%) follows b = (17“’)2 and hence (b— 1) = 0. In the
regular part of S we have s < t or t < s corresponding to the two sheets of S, where
t = s formally corresponds to the singular points. This ensures hyperbolicity within
supp(a1) U supp(az). However, within supp(as) the argument fails. We can thus
prove (41) only close to the endpoint, which yields the corresponding Strichartz
estimates.

Proof of Proposition 3.7. For ¢ = 1,2, the result is shown by a straight-forward
adaptation of Tataru’s arguments [21]. We shall be brief, but repeat the argument
because in the most difficult case ¢ = 3 we will elaborate on it. To prove a uniform
bound for the family of operators

ai(z, §)P(§)
(A7% + A q(z, §)])?

(44) ATV = AT Ty: LV LY — LPLY,
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we use the integrability of the weight

1
———5dq 5 1
/ (A77 + A1q[)?

and can reduce to level sets 4, ¢)—. by foliation. It is enough to consider ¢ = 0 as
{€ € R*: g(x,€) = 0} is a regular surface within the supports of a;, i = 1,2, and
the supports can be properly foliated.

For the proof of the non-endpoint estimate (41) in case 2 < p < g < oo, we
consider the analytic family of operators

0 ozprny €07 0
Vi = X0 e T (€ (. )Ty

such that A\™' 72V ; = V| .

The estimate follows from interpolation between A-independent bouns of

Ve, L? — L RO =0,
VI, LML LML, RO =0,

where p1,6; are chosen so that the following points are collinear:

11 11 1
45 77770 ) 77771 ) 77059 .
(15 (330 Cona (-o06)
The L?-estimate is immediate from the L?-mapping properties of the FBI trans-
form. For the LPi L' — LP* L™ bound, we compute the kernel K?i of V/gi as

Ki’i(y’g) = A6t dre=2W—2)° =3 (7-2)*
R4
e(0-1)°

< E =gy fo I )

We have the well-known oscillatory integral estimate (cf. [19, Chapter IX, Sec-
tion 1.2.3])

e0-1* i€ —6 acl < (1 (RO—1)— ki

|F(1 9 /Rd eV ay(z,8)q " (x,§)dE| < (1 + Jyl) :

where k1 = 2 and ko = 1 are the numbers of principal curvatures of the regular
surface {q(z, &) = 0}? bounded from below. Estimate (41) now follows in the same
spirit as in [21]. We give the details only for ¢ = 2 because the case ¢ = 1 is covered
in [21, pp. 363-364] verbatim. For i = 2, we find the kernel bound

S0, 3] < X MEED (L4 Ay - g) ™ E,

(46)

The relations 3 5 1 5 6
0——=————, 4—-002p+1)=-—+ -,
2 P oq P oq
hold for the first two points in (45). So they hold for the third, which gives
3 2 2
47 0hb—=—=——, 4—01(2p+1)=—.
(47) I 1(2p+1) o

Consequently, we have proved the kernel estimate

_2
|K§,1(y7y)‘ S ‘yfm Py, §}%0:91

2The surface is regular in £ within the support of a;, i =1, 2.
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The Hardy-Littlewood—Sobolev inequality then yields (41) for ¢ = 2.

We turn to the most difficult case i = 3. Since there are four isolated singular
points &, it suffices to estimate the contribution of each one separately. We make
the decomposition az(z,§) = 3~ ask(2,§) where

a3,k(x7 1, 5,) = &3,0(.13, 1, (fl - g/z)Qk)
localizes smoothly to a 2~*-annulus around ¢/. This cutoff is extended 1-homoge-

neously in &, i.e., ag x(x,&o,&") = &oas k(x,1,&'/&y). This is possible because || €
[1/4,4]. The kernel K}, of

aS,k(m7 f)@(g)

Ay p = T k(&
M g g2
is given by
y—=)? g—a)2 i (y—7) /
Kk(y,g)z/\Gf(QpH)/ dace*%e*%/ € - ag,k(%fo,i)_
R re  (ATT A+ ATq(z,8)])

By homogeneity of ¢(z, &, &) and az(x, &, &) in &, we find
ask(z, §0,8)a0(S) oas k(z, 1, g’)ao(ﬁo)~
(AT + A g(z, &, €D §OA3 " + Ag(x,1,8)))?

with £ = ¢’ /&, and a suitable smooth cutoff ag.
Furthermore, we carry out a Taylor expansion of ¢(z,1,-) around &, to find

<a§’§’Q(xa 17 glr)fla £I>
2

(@, 1,6 + &) = +O(E'P),

recalling that
q(a:,l,fé) =0, Vg/Q(ﬂf,l,g;) =0.

We write
2 / ! !
q(z,1,€) = g(z, 1,277 + €)= 2_2k(<8§/€q®’ ;,éx)f &)

=: 272qu(x, 1,&).

+0@27"¢?)

For the analysis of the kernel we perform the change of variables ¢ = 5’ + &, and
¢ =2F¢ to find
Ky (y,9) = )\67(2”“)/ da:e*%(y*m)rze*%(yfz)?/ déo 1
R4 R £o
: —k ’ 1=
% d§/2_3ia3_,(l(m7 1735/)61)\2 £t (v’ -7
B (ATTET + AT27 % qu (2, 1, 87)))°
- )\6*(2”“)/ da:e*%(yfx)%*%(yfzf/ déo eiAgo‘(yof%)eMgf‘”'(y ~ao (&)
R4 R &
; —k ’ r_ =1
. 2 Qkai”og’ 1,5/)612\2 So&"-(v'=7") .
R (AT 2R 4 AT qu(, 1,87)))?
The weight (22’“)\’%5544-)\5 lqr (2, 1,&")]) 2 is integrable with respect to the level
sets, and we have

ei)\ﬁo‘(yr)*yo) ei)‘gog; . (y/ 7@’)(1,0 (é‘o)

/OO dq < 272]@
o @A Ergap T
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After foliation over level sets g(x, &) = ¢, we are thus left with the operator having
the kernel

eiX0-(Y=7) irbo&y - (¥ _g/)ao (€o)

Ki(y,5) = A~ [ dgem 2o e 3—a)” / déo 7
R4 R fo

1=

- —k ’
8 /Ra dg'2 g o(x,1,")e™? O WG e o,

We estimate it by interpolation using the analytic family of operators V,g \ given
by the kernels

(48)
74)\ ’ ) I __ =
K§, = 207000 [ el 3-a) / dégeren o) Y Va0 o)
' R4 R o
y 6(9_1)2 dflz—k ( 1 f’) i>\27’€§of,.(y,—§,)( n ,0)_9

- aszo(x e i .

T(1—6) Jus 3,0\, 1, K
We show+ that the corresponding operators uniformly bounded on the spaces

Vi L? = L2 RO =0,
VY LWL — L L® RO = 6,
where p1, 61 are chosen so that the points
11 11 1
(75770)7 (77771)a (750791)
2°2 P q P
are collinear.
e Estimate of VY, : L? — L? R0 = 0: After inverting the changes of
variables and using the L2-boundedness of the FBI transform, we find

(49) VX kllz2 o2 S 2%

e Estimate of V)‘?,k C LY o P RO = 6y Inequality (46) implies the
kernel estimates

K il S N0CoD27R (1 4 X2 My — g [P0 3,
By the relations (47) and provided that |yo — Zo| < |y’ — 7’|, this gives
K4l S 25y — g7 < 20 F|yo — o] 7.

Since p; > 4, we can apply the Hardy—Littlewood—Sobolev inequality On
the other hand, if |yo — Zo| > |y’ — ¥'|, we can integrate by parts in &y in
(48), which gains factors (Ayo — 7o|) ~!. So we obtain

2k _k
||V]3A||LPI1L1—>LP1L°° 52171 *

Interpolation yields

11—«
LPILI P Loo

HVkO,AHLT”L‘Z'aLPL‘I S ||Vk9,>\||%2—>L2”VIf,/\
with

(=

11 1 2

b=
Q| =
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These identities imply 6; = % and (2k/p1)(1—2/q) = k(2/p—2/q), and thus

the operator norm
”Vko,)\”Lp’Lq’aLqu 5 2]@(%—1)22—’;(1—@) 5 2k(%7%) .

This is summable for ¢ > 6, but since % + % = % and p < ¢ this is always the case

under the assumptions. [

Note that (49) reflects the lack of hyperbolicity at the singular point. For this
purpose, we only prove the bounds at the level of the scalar equation close to the
endpoint. We remark that in two dimensions, it suffices to prove the (allowed)
endpoint estimate L} L°. We included the above arguments to show that the proof

remains valid for a characteristic surface S = {q(¢) = 0} in higher dimensions with
the degeneracy q(&) = 0, Vq(&) = 0, and det(9%q(&)) # 0.

3.3. Short-time Strichartz estimates. In the estimate (30) proved so far, there
is no gain in the regularity of the homogeneous part ||u|| 2 by the Strichartz estimate
over Sobolev embedding. Nonetheless, by passing through short-time Strichartz
estimates we show the claimed improvement (see also Bahouri-Chemin [1]). In the
following we recast the smoothing in the inhomogeneous term Pu as derivative gain
by using frequency dependent time localization.

Proposition 3.8. Let (e,u) € C2 for 0 < s <1 and d(e,p) € LZLS. Suppose that
the estimate

_pps=2 1
(50) DI = ullpars), <o llullzz + D] 2 pem|| L2

holds true with C' = C(||(e, p)|lcs, [|10(e, )l 2 ). Let 6 >0 and T > 0. We then
obtain the inquality

(51)
—pE2 52 1
(D) =452 "0 a0 ey < Cllluollzz, + [Pullzyzz, + (D) T~ pem(0)] e,

s—=2 s—=2

> Pullz + [[|D]=

s

+ H<D/>%_§atpem”L}Li/)
with C' = C(”(Ea /1')”057 HB(&—’N)”LfL"jvTv 5)

Proof. An application of (50) with Py (recall this is the Maxwell operator with
coefficients truncated at frequencies < A/8) on Syu yields

P s=2 =21
(52) AP+ ||5/\U||L;*L;? S [Saullpz + A2 HPASAu”LfLi, + AT 77 SxpemllLe-
For the proof of (51), we use Minkowski’s inequality to split

pys=2_8
(D) ~F*7s 2U||L4TL§3

2

— s—2_ 6
<3 D) E Sl
_pas=2_8 _pys=2_38
<3, DY 22858l aos + D) T 455 ull g 15,

where S{&7 projects to the space-time frequencies {\ ~ |7| > [¢'|}. In this region
the operator P is elliptic, which gains one derivative for Lipschitz coefficients. The
summand can then be bounded by Sobolev embedding. We refer to the proof of
[17, Corollary 1.7] for details on this estimate if d(e, ) € L2 L.

For the first term we want to apply (52). Let x € C°(—2,2) be radially de-

creasing with x(¢) = 1 for ¢ € [—1, 1]. Note that passing to X()\Q%St —n)u does not
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essentially change the Fourier support in time because the inverse Fourier transform
of X, 25 (t) = X()\%t — n) is essentially supported in a A% ball. We suppress
dependence on n in the following due to uniformity of the estimates. We will apply
(52) to Sg\x/\%u with I, = supp(x/\%) and I3 = {X/\% = 1}. At first, applying
O to X, 250 in [PA,X)\?] we derive

=52 a2
A IPax, 2z SaShull Lz S ISaSKull Lz (ryin2,) + A2 IPASNS ull L2122, -
This gives
ot 53=2_ 5 s—2
AT R ISaSSull e gy S SNl L2 ryn2,) + AT IIPASASAull L2112,
s=2_ 1
+ AT 2||S3\peM||L§(I>\;Li,)-

An application of Holder’s inequality on ||Sul| 2,2,y yields

—pr2_2 5-2 52
AT 2||SASS\U||L§(I;;L§‘}) SAE ||SIAUHL§°(1A;L§,) + A2 ”PAS)\S,AUHL%(IA;Li,)

s=2 1
+ A 2||S$\pemHLf(l,\;Li,)'

We sum this estimate over the TA*z" disjoint intervals I} partitioning I = (0,T)
in ¢* such that

s—2

— _9d 2—s —2 s—2
ATt 2||S/\SS\U||L‘;(I;L;<;) ST AE 5 ||51\U||L50L§, + A2 ”P/\S)\SS\uHLfLi,

s=2 1
+ATT T2 ”S;pemHLi-

Because of £2 < ¢* we do not lose powers of A when summing Py SaSiu and S5 pem.
By commutator arguments using [|0(e, p)|[p2p <1, cf. (4.4) in [23], we find

IPASxSAullpzrz, S IISAPullpzrz, + [Shullpere,

and hence,

3(s—2)
s

Cpps=2_ 8
AT HS/\S/AUHL;%(I;Lgs) St ||5/AU||L<;°L§, + A HPUHLfLi,

s—2

+ AT E S pem 12
Summing over A, we find the estimate
(53)
DY ullpa ) Srsx el rz, + 1Pullzaze, + 1D % pola
with X = ||(e, ) |lcs + ||8(6,,u)||L3L;<;. (Note that we can treat frequencies A ~

|7| > |¢'| as above.)
The LfLi,—norms are changed to L%Li,—norms by the energy estimate and Duha-
mel’s formula: An application of (53) to homogeneous solutions gives

—pEz2 _lys—2
DY+ 0wl s oy Srax [uollzz, + 1D 355 pem (0)ll 2,

Now we write the general function w by Duhamel’s formula u(t) = U(¢,0)ug +
fot U(t,s)(Pu)(s)ds and note that V - ((Pu)1(s), (Pu)2(s)) = (=0pe(s), Orpm($)).
We find after applying Minkowski’s inequality

B _1gs=2
[[20an 5U||L§(I;L:<;) Srex lluollzz, + [1Pullpyrz, + (D) 72 77F pem(0)]l 2,

_1.s-2
(54) 4D Bupernll 12,
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The proof is complete. O
Interpolation with the energy estimate from Proposition 3.1
lullz r2, < Ie(O)l2, + [ Pulls e,

yields Theorem 1.1 on the sharp line % +g = 1. The general case follows from

Sobolev embedding. In the next section we generalize the result in the Lipschitz
case to diagonalizable coefficients.

4. REDUCING TO THE CASE OF DIAGONAL MATERIAL LAWS

We now prove Theorem 1.2 by transforming permittivity and permeability to
diagonal matrices. In the following we consider e, u € C*(R x R3; R3X%3).
4.1. Orthogonality transformations. Suppose there is ® € C*(R*;R3*3) with
(55) O (2)D(x) = 13x3, €% =ded, pt=2'ud.
Write ® = (¢1 p2 v3). We use the transformations
E=071, H=0"H, Th=90"'T, ke{em}
to reduce the analysis to the case that € and p are diagonal matrices. If £, H, J
satisfy (27), then &, H, J satisfy the system
0i(c9€) = @'V x (PH) — (0,@)e?E — T,
(56) O (uM) = -V x () — (P u"H — Iim,
Pe =V (®clE), pm=V-(PuiH).
We write @ = (£,H). The curl transforms as follows. We denote
Vx f=iC(D)f, C()=(=e""¢)y, C(€)v=¢ xu.
The leading order term of ®*(V x (®-)) can be written as
o1 / /
b | (€ x o1 € xpa & xps)=(pi (& x))ij =& (@5 x0:))ij
4
= (= op(x) - €)ij =2 (C())ij-
We let ng(x, &) = pi(x) - & and® ng (D, z) = > 95(prj(x)). Consequently,
(@'(V % (®))),; = (—e" pr(x) - Var)ij + bij(x)

ij
with [|bij]|ze < ||®|lcr. In the following we use that ¥ and u? are diagonal as in
Assumption 1:

(57)  e¥(x) = diag(ef (), e5(2),e5()), p’(x) = diag(pf (z), (), u(x))-
For the electric charge we note that
3
pe=V-(e£) =V - (ela') = Z 0 (prjeta}) = n(D,x) - it
Jok=1

For the magnetic charge we find similarly
pm = 1(D,x) - (u'@?).

31t is important to work with operators in divergence form. We highlight this by the notation
a(D, ).
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We define
(58) pe =n(D,x) - (€%d"), pm =n(D,x)- (u'@*).
It follows

o) AT < (@O _ [ ~dheh)  CoDa
<<I>f<w<<1><->>> &r(u) )(an(D,x» Or(u) )*R”

with R(z) € L. Let
5_ [ —0ueh)  Cn(D,x))
(59) P= ( 2 > .

We have the following lemma:

Lemma 4.1. Let ¢ € C’l(R‘L;}R?’X?’) satisfy (55) and ¢, u? be like in (57). Set
= (E,H) = (®1EPH), T = '\ Th, k € {e,m}, e = Dled, pd = d'ud,
and

- —875( d.) C( (D,JC)) . - .
P:(C(n(Ds,a:)) ;W.) ) Pem = (n(D, z) (%), n(D, z)(u?a?)).

Suppose that

(60) DI F il garm), S lallze + 11DI7 Ptz + 1| DI pern| 2.
Then, for 0 < 4§ < %, the following estimate holds:

(61) DI * Pullzaz=y, £ lullze + 1172 Pullgz + D] perm]| -
The implicit constants depend on ||(®, ®)||c1, ||(e, )|l o -

Proof. The low frequencies can be treated like in the proof of Proposition 3.4 by
Sobolev embedding. For 0 < § < %, we thus obtain

1l
IS0l DI~* =3 %ul pape < Jlull g2
For high frequencies M 2 1, we write
1_ 1l _
1Sarl DI~ %ul| (pagoey, ~ M7P7570|Sa (@1@)| oo

SM P50 N (1SS (@1a) oo
1<K<M
+ M0 S S (@1 | e
The second term is estimated
M2 0[S S (@) | papee S M@l

by Bernstein’s inequality, with easy summation in M. Hence, it suffices to estimate
the spatial frequencies, which are greater than 1. To this end, we also use para-
product decompositions both in space and space-time frequencies. First, we write
(with X = L L)

190 S (@' )| x < 150 ((SLpe @) (S s )l x + 190s (S (S5 e @) (S5 1))l x
(62) + 1150 (S e @) (S @) | x -
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Bernstein’s inequality implies for the first term in (62)

STMTTECN T IS (S @S )| iz )

M>1 1<K<M
<N M EME(Y KR SKetSL gl e )
t,a!
M>1 K<M
_5 1 20 ~ -
ST MTE(CY K3V Sk d ) [l S 19120 113
M>1 K<M

The second term in (62) can be estimated likewise:

Z 204 ( Z HSMS}((S’ZK@S’ZK@) ||L;1L;<;)2

M>1 1<K<M
_ 3 ~ 2 -
S MY KIS @1 15 ellzz)” S 02 1l
M>1 I<SK<M

For the last term in (62), we additionally make the paraproduct decomposition
in space-time frequencies

150 (St g @*S) | x < 1(SaS% k@) (Secns S )] x
(63) + (1507 (S5 01 St e @S> 00 SL i) || x
+ 1S« S g @) (Sonr Sk @) | x-

The first and second term in (63) can be estimated using Bernstein’s inequality.
For the first term in (63) we find

STMEECYT (SuSe @) (SanrSLic)l|por)”

M>1 1<K<M
o 3 1 . 2
S MY KIMA|Su 0 i ] o)
M>1 1<K<M
< S MMM Syt 2 ]2 S (102 2.
M>1

The estimate of the second term in (63) is given by
—op—1 . 2
> M 3 ( D> 1Sm(So S k' S50 S pcll) || Liz~)
M>1 1<K<M

34,3 - -
S MTMEB| [l 7a S (P2 ] 7e-
M>1

For the third term in (63), we find

STM PN (Senr Sk @) (Smnr S g )| iz )

M>1 I<K<M

_ 1 - 2

SN0 = D M2 (Y D) Sar Sl o)
M>1 1<K<M

- 1 _3 .
S @~ (a2 + IDI72 Pal gz + [|DI7% pem | £2)*.
In the last step we used the hypothesis. It remains to show

~ _1 5. _3 . _1 _3
lallz> +[[[DI72 Pall2 + D73 peml 2 S llullze + [1D]72 Pullp2 + DI 2 peml| L2
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We first note that the definitions imply
_ 3 _3
[@llz2 + IDI77 pemllL2 < lullez + 11D % pem | 2

We turn to the estimate of the second term. By the above we can write Pi =
P4 + Ru with

/ _at( d') (I)t(v ((I))) o
P= (cbtv xg(q») at(:jd') ) frel™.

Moreover, P'ti = Rii + ®' 7, where we write ®* instead of diag(®*, ®*). Since P is
in divergence form, the low frequencies satisfy with implicit constant depending on
the coefficients:

DI S0 (P22 < e
For the high frequencies, we plug in the above relations to find
IIDI72S21(Pa)z2 < 1D S21(Ri+ Ru+ @' Pu) 12
S Rl + | Rl ) lull 2 + D] % S22 (2" Pu)| 2.
For the last term we again use a paraproduct decomposition, writing
182 (@ Pu)l[ 2 < [[(Snr®")Scar (Pu) Lz + [|(Scar®)Sar (Pu)| 22

(64) +1 Y Sk® Sk (Pu)| L2
K>M

for M > 1. The first term in (64) is estimated by

Y M TS S (Pu)llze S D0 MTSu® T~ Y 1Sk (Pu)e

M>1 M>1 K<M
S M YIS 3~ > K|[D]72 Sk (Pu)lf3s
M>1 1ISKKM
_1
<3 15u @3 1D % Pul2,
M>1

S @) 1DI7% PullZ.
Similarly, for the second term in (64) we obtain

ST MY |Senr® Sar(Pu)|3z < (94121 DI72 Pulf3..
M>1

Finally, we estimate the third term in (64) by

M>1 K>M
<SS MY K|Sk |3 K7 Sk (Pu)f3
M1 K>M
<N MY @2 |IDI7E Pul2s < (9|2 ||D]7F Pl O
~ ct Ullp2 S ct ullp2-

M>1
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4.2. Proof of Strichartz estimates for the transformed equation. The proof
of Theorem 1.2 in the general case revolves around the proof of analogs of (30),
which is
(65)
1 ~ 1 R
DI~ %l (Lo Loy, S L+ (1 1))@l e + 1D172 Pall g2 + [[1D]7 % ferm | 2

Using Lemma 4.1, this inequality allows us to complete the proof of Theorem 1.2.

Proposition 4.2. Let ¢¢, u¢ € C1(R x R?; sR3X%) be diagonal matrices, which are
uniformly elliptic. Let P Pe, and pm be and in (58) and (59) Then we find (65)
to hold for 2 < p < q < o0, p—3( (11)—7,and —l—f 5

In the following we apply the analysis of Section 3 with the role of the partial
derivatives Oy presently played by the differential operator n; = <p,§)‘ - V. By
dyadic frequency localization and the usual commutator estimates, (65) follows
from

5,1 ~ 1, ~ _3 ~
ATPTE|ISN Lopa S |ISaullpe + AT 2| PaSyullpz + AT |[Sxpem || 22 -

Above Py denotes the frequency truncated version at frequencies < /8 of P given
by
o= (el s
Cim(D,x))  du(ug)

In n<y the coefficients of ¢ are also frequency truncated at frequencies A/8. The
frequency truncation is suppressed in the following to lighten the notation.

We apply the FBI transform and let vy = Tha) and T)\(j/)\) = f\. For C'-
coefficients an application of Theorem 3.5 yields

Pz, ua = fa+gx with |lgallzz Syea pa) A2 Sy ul| 2

Hcl

ikt @) o
p(”””f)‘(wn(x,f)) i€op! )ECG -

and

The estimate (65) becomes
AT Al rze S (L I el + A2 Al + A% [Sxfemll 2.
We recast this as
(66)  IT5olzozs S N AT [Eallrz + AT 5w, )oallLs + A2 [[Sxpeml|2)-
Next, we reduce (66) to a scalar estimate. For this purpose, corresponding to
(35) we let
q(z,€) = =& (&5 — & ao(x, 1 (€)) + au (=, (),
with ¢o and ¢; defined like in Section 3 and define the symmetrizer
~ —ifoey ! ieg 'C(n(, 5))%1 ) 6x6
o(x,)=1(. _ _ e C"7,
©9= (cniei

obtaining
42
e gpe = (NP TS —a)

compare (37). We state the announced reduction.
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Proposition 4.3. For the proof of (66) under the assumptions of Proposition 4.2,
it suffices to show the estimate

(67) T wallzozs S AP lwallzz + A% ld(e, Ewallrs ).

Proof. Clearly, (66) follows from
IT50x o ra S NN oallzz + A6 (2, €)p(x, €)tallzz + A~ [[Sxpemllz2)-

For this purpose, we show that
(68)
IT5oxllrza SN HTall L2 + AN (M (@) = €)oxallz + 221535l 2),

(69)
ITx0x2lore S N4 |0x 2l g2 + A% (M (2,1) —Z5)0r 2

g A2 1S5 Pml22)-
In the following it becomes relevant that |n’| ~ |£’|. We prove the estimates in the
regions

(1) {lgol > 7]},
(2) {|¢] < ||}, for which we take the generalized charges into account,

(3) {lgol ~ I'l}
The first region is handled like in the proof of Proposition 3.6 using |n’| ~ |¢’|. For
the estimate in the second region, we focus on (68) because (69) can be proved in
a similar way. We decompose vy 1 = 03 ; + ﬁ§,1 with
(-5 1)

Iﬂ’lid

The contribution of 55,1 is treated by Sobolev embedding

~P —
U1 =

- 1.
||T:\FU§,1||LPL‘1 S APz ”U§,1”L

~

1 ~
2 SN (' eSoa) s -

By Theorem 3.5 and a commutator estimate, we find
_1 "(z,D
I (on )l S A Hoalze + 15, L8
Secondly, it follows like in the proof of Proposition 3.6 by the same algebraic rela-
tions, replacing & with 7/, that |(Mg(z,n') — &3)v}| 2 Jvi] for 7'.(e48]) = 0 and
{|€] < [€’|}. The details are omitted.
Similarly, by replacing 7’ with £, we argue that the estimate

ITxoxallzors S XA sz + X4 (Mg — &)oaalrz)

~

(Sdg)”L‘L

holds true provided that

I T5vx 1k llzrre S A o kllzz + X742,

~

d
€ 2
Teded (Mg —&)oa)ellzz),

but this is (67). O

To prove (67), we modify the arguments of Section 3. We consider the operator
T * CL(iL’, 5)
=T\~ 3 - )
AT+ AT gz, €]
for which we shall prove

IWallL2ospore S APT2.
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By the T'T™*-argument, we can likewise prove the estimate

~ " a?(x,n)®
B gy DO g
(A7 + Atlg(z, §)])
Again we have to understand the curvature properties of {& € R* : G(z,¢) = 0}.
Note that ¢(z,€) is 4-homogeneous in &, i.e.,

Q(xa 507 5/) = 536(1'7 ]-7 5//50)

This reduces again to the analysis of the surface S = {¢/ € R® : §(z,1,¢') = 0}.
By the change of variables 7)) = go,?‘(x) - & we can reduce to the Fresnel surface
S={¢eR3:q(x,1,¢) =0}. Like in Section 3 we split replace a?(z, &) by a(z, )
and split it into @ = a1 + az + a3 according to the regions of the Fresnel surface S.
Correspondingly, we decompose XN/A = f/,\@ + ‘7)\,2 + ‘7)\’3. We arrive at the following:

Proposition 4.4. Let p = 3(% — %) — % and 2 < p < q < oco. The estimate

||‘7>\77:||LPILQ/‘)LPLQ SJ )\1+2p

holds true, if
e i =1 and % +
e i €{2,3} and

Il
Q= o=
|-

N

B0 =
_|_

Proof. For fixed z € [—1,1]* we observe that the change of variables
(70) o= (@) €

is non-degenerate for A > 1. Indeed, |Jn/| = | det(o=*, o5, 3)| ~ 1.
Hence, for ¢ = 1,2, a uniform bound for the family of operators

A1y f“(m’ ,17)(1)(5) Ty : P LY — LPLY
(A71 + A1lq(z, §)))?
follows from the integrability of the weight

/ %d(j <1,
(A7% + Aqg))?
by which we can reduce to level sets 04, ¢)—. by foliation. Note that within
supp(a;) U supp(az) the surface {¢ € R* : §(x,&) = 0} is a regular surface. By
the regular change of variables (70) the curvature properties are inherited.

For the more involved case of neighbourhoods of the conical singularities, the
additional dyadic decomposition is carried out in n. After rescaling to unit distance
of the singularity, one can then proceed as in Proposition 3.7. (I

4.3. Conclusion of the proof of Theorem 1.2. With the estimates for ‘N/,\J at
disposal, the propositions of the previuous subsection yield the Strichartz estimates

—p—1 . ~ _Li1 . _3
11D % all gareey, S 1+ 10, u?) o) @l 2 + 1D 2 Pal g2 + D] fem |l 2

These estimates transpire to the original quantities by the considerations in Section
4.1, leading to

_p—1 1 _3
D™t ullpares S (1 +[10(e, p)llzee)lfull2 + I1D]72 Pull 2 + [[[D]™ 7 pem | 2
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We can now conclude like in Section 3.3. Proposition 3.8 implies
o1l
[(D)~"~3 5UHL§(0,T;L;<;) < C(|luollz2 + ||PU'||L1TLi,

_5 _5
+ (D) 75 pem (0)llz2, +IKD") " * OepemllLiz2,)

with C = C(X,T,6), X = ||0(e, )| L. Interpolation with Proposition 3.1 yields

Theorem 1.1 for % + % = % The general case follows from Sobolev embedding. [

5. APPLICATION TO QUASILINEAR MAXWELL EQUATIONS

With the Strichartz estimates at disposal, we can improve local well-posedness
results for quasilinear Maxwell equations in the fully anisotropic case. This section
is devoted to the proof of Theorem 1.5. By local well-posedness we mean existence,
uniqueness, and continuous dependence of the data-to-solution mapping. We focus
on proving estimates in rough norms for smooth solutions, whose existence we take
for granted. The data-to-solution mapping can then be extended by continuity to
rough initial data via standard arguments. We also refer to our previous work [17].

We consider

(71) 0D =V X H, V-D =0, D(0) = Dy € H*(R?;R3),
0B =-V x &, V- -B =0, B(0) = By € H*(R3;R3),

with fields

(72) €L + (1Bl < 9,

0 to be specified later, and constitutive relations

e=e(€) eRYZ =134

sym
such that (&) is uniformly elliptic and has uniformly separated eigenvalues for
|€] < 6. We use this smallness condition to guarantee these two crucial properties
of the permittivities, it is not used in the wellposedness analysis given below.

We let u = (D, B) in the following because these are the variables of which the
time-derivative is given. The proof of the theorem follows along the lines of [15, 17].
This is in turn based on the outline given in [6]. Set A = supg<; <, [[u(t')[|z> and
B(t) = IVoru(®)| .

e We show energy estimates to hold for s > 0:
(73) B (u(t)) < B*(u(0))e s 2%

with E®(u) =4 ||ul|gs.
e For differences of solutions we prove L2-bounds depending on the H*-norm

v = u! — u? of the initial data:

lo(®)llz2 < llvollzz for 0 <t < T = T([[u’(0)] =)
e We use the frequency envelope approach due to Tao [20] (see also [6]) to

show continuous dependence (but no locally uniform continuous depen-
dence).

To improve on the threshold s > % dictated by the energy method, we want to

estimate [|0yul|11 o by Strichartz estimates. This is carried out via a bootstrap
’ 3

argument. For u a solution in H ,j,Jra, the coefficients of the quasilinear Maxwell

equation are o Holder-continuous and in the scope of Theorem 1.1. If the provided

3
. . . s+t
Strichartz estimates can control [[Oul|z1 o in terms of the H7 ~-norm, we can
x
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close the iteration. To find «, we equate the derivative loss p + 1 of the Strichartz
estimates with % + «, obtaining
1 1 1 2—-« 3
Z_ )= 1=— a, = 00, = 4.
<2 q) D + 2p + 2 + ¢ b

This gives o = % and suggests that the argument closes for initial data with regu-

; 5 _ 1
larity s > 5 — 3.

One new ingredient compared to previous works is to find the energy norm for
(71), which is carried out in detail below. It turns out that in the fully anisotropic
case introducing a suitable energy norm requires more care than in the isotropic

case considered in [17, 15]. We recall the following fact from [15].

Proposition 5.1 (Existence of energy estimates). Suppose that there is symmetric
C(u) such that

(74) A (w)'C(u) = C(u) A (u),
and C(u) is uniformly elliptic. Then, we have

E*(u) := ({D')*u, C(u)(D")*u) =4 ||ulF-
and (73) holds, for s > 0.

To this end, we rewrite Maxwell equations in conservative form dyu = A7 (u)d;u.
However, to state (71) in conservative form, we have to recast £ = ¢(D)D, for
which we can formulate a necessary and sufficient condition on the existence of
symmetrizers. Note that ¢(D) is symmetric for symmetric ().

Proposition 5.2. There exists

_(C'(w) 0 6x6
(75) C(u) = < 0 13)(3) €Rm
with CY(u) € R3*3 that satisfies (74) if and only if
(76) e7*9,4(D)De = 0

fori € {1,2,3} with summation over k,j € {1,2,3}.
Proof. We write for j =1,2,3

(0 A
#0= (0

)i Al Ao e w2
with (A])mn = —€jmn. For the special form (75) the equation (74) translates to
(77) (A])ct = Al
We compute A%} from
—(V x ((D)D)); = (A(D); D),
where we have
(V x (¢(D)D)); = £7*0;((D)D)s,
= £7%0;(¢(D)km Drm)
= 75 [ (D) kim0 Dim] + £7*0th (D) (9, De) Do
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We define the matrices
B, =—e%)(D)pm, €, =—7%00(D)uD,
and let A = B/ + C7. We obtain

0 0 0
B'=| ¥(D)si  ¥(D)s2  ¢(D)ss |,
—¥(D)21 —¥(D)22  —Y(D)23
—(D)31 —¢(D)zz —¥(D)33
B% = 0 0 0 ,
Pp(D)1n YD)z Y(D)is
P(D)ar Y(D)aa  Y(D)as
B =|-¢Du —¢(D)z —¥(D)s
0 0 0
Moreover,
0 0 0
C'=| 0(D)3De (D)3 De  93¢(D)3cDs |,
—01Y(D)2¢Dy  —029)(D)2¢Dy  —03v%(D) 2Dy
—(D)3De  —0(D)3De  —39%(D)3¢De
C2: 0 0 0 I
01p(D)1eDy (D)1 Dy  03¢(D)14Dy
019(D)2¢Dy  02)(D)2¢Dy  03¢(D)2yDy
C* = | -010(D1Dy —02(D)1yDe  —03%(D) 14Dy
0 0 0
Note that

This yields

0 0 0 —Ch —Cl, —Ci
(A)'Ct = ( Ci  C3  Ci ) , (A})fCt = ( 0 0 0 ) ;
—C3 —Ch —Ci Ch Ol Ci
Cy  Cp  C
(Ai’)tclz *0111 *0112 *0113
0 0 0

A comparison of the coefficients in (77) yields (76) by symmetry of (D). For
instance, we find

((A))'CH)21 = C31 = (D)1 + 819(D)a Dy,
((AD'CM)z1 = Oy = (D)3 + 339 (D) 1Dy
This gives e17%9,4(D),Dy = 0. The other conditions are found likewise. O

We remark that this assumption can be difficult to verify starting with e = ¢(&).
It turns out that the seemingly natural ansatz

e(€) = diag(sé,sg,sg) + diag(ay, g, a3)|E?
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for e} # €3 # €} # ¢} fails if oy # «; for some i # j. An admissible choice of ¢ is

(78) (&) = diag(ep, e5, €5) + diag(a |€1 %, aa|Ea|?, a3|E3]?)

with €} > 0. In this case, we have D; = (&} + a;|&;|?)E;, which admits inversion as
€ = ¥i(Di)D; and ¥i(0) = ()"

By this we can verify (76). Instead of starting with ¢ = ¢(£), one can make the
ansatz

(79) Y(D)ij = 5%‘ + a;;D;D;,

for which it is easy to see that (76) requires symmetry of (5%)2-]- and (o;)i;. Then,

by the implicit function theorem, for small fields

(30) €]l + D]~ <8

we can rewrite D = £(£)€ with (£) = ¢(D(€)) L. Clearly, (£) is symmetric as an

inverse of a symmetric matrix, and the uniform anisotropy and ellipticity are true

for small ||€||~. Taking ¢ smaller than in (80), if necessary, specifies 4 in (72).
By the assumptions of Theorem 1.5, the energy estimate

(81) lu@)llzrs S [[1w(0)]] e Jo Blods

is true for ||u||L;><3, < 0. In the next step we use Strichartz estimates to show a

priori estimates for s > 2 + %. Note that by Sobolev embedding (81) yields a

priori estimates for s > g

Proposition 5.3. Under the assumptions of Theorem 1.5, the a priori estimate
sup |u(t)|lme S [[u(0)]a-
t€[0,T]
holds for s > 2+ 1%, T = T(||luo| u+) and |Jug||g= < & for some § > 0.
Proof. Suppose that the smooth solution v = (D, H) exists for [0,Tp]. Let 0 < T <
To. The proof follows from bootstrapping the energy estimate (81)
E*(u(t)) Sa e 0 PO E (u(0))
and the Strichartz estimate
(82) 100t . Lo S (D) ullpge 2
for s > sg > 2+ %. The constant in the Strichartz estimate has to be uniform
provided that T, [[0zul| 14 Lo, ”u||c%+” are bounded and s > sg.

We have to establish (82), for which we make use of commutator arguments.
These only apply after changing Maxwell equations to non-divergence form. Let

(&) = diag(p1(&1), p2(&2), p3(E3))

and denote
5(5) = diag(él (51),52(52),53(83)) with 51(5) = (Pi(gi) + @2(&)51
Note that 9, (£(£)E) = E(€)0E.
For the proof of (82) we have to show
3 8

102 (& )l g S WEH)Lgpny, for s2s0>5+3.
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Via a continuity argument, we shall control

3 8
DY E A s, S IE Mg, for 52 50> 5+,
q large enough, and (4 + S, ¢q) being a sharp Strichartz pair. The slightly larger
exponent in L allows us to bring powers of T' into play. The positive number & is
chosen such that || f||ze®s) < [[(D')" fllLews) by Sobolev embedding.

We consider the Maxwell system

QEE) =V xH, V()
8t7-L:7V><5, V- -H

p€7
0
and denote

5_ (—0E) Vx _ . 3 3., o3
P_(Vx 8t>’ v = (v,v2) : RXxR° = R> x R”.

We can choose &, 3,0 > 0, v € (0, %)7 and ¢ < oo such that W% — L%, 3 + % +
v+ o < sg and such that the proof of Theorem 1.1, see (53), yields

(83) D) *vllgasors, Smsc llogrz, +I1Pllzaze, + 11V - Ev)llzzre,

fors+rk>s90—1,a=3+yand C = H@wéHLzTL;c; + ”5”05“' By Moser estimates,

we have [|€]lca Sjej €llca. To estimate the space-time Hélder regularity, write
1E, H)lleg S IME W) llegrs + (€, H)ll Lo, -

We have

IE H)llLg=ce, S N(EH) varer (€M) S IEH)|

3
o 72
L H

3 .
Leeg2tete
.

The first estimate is immediate from Sobolev embedding. The latter estimate fol-
lows for « € {0, 1} from Sobolev embedding and the equation. Then we interpolate
to obtain bounds in C*L> with o € (0,1).

We pass to non-divergence form in the Maxwell system setting

—éat V x

V x 8,3 ’
By Hélder’s inequality and distributing derivatives, (83) gives

n(m,D) = (5181 5282 &:383) and pl = (

(D)~ vllzgres SIDY) "0l paropa, S [0l Lge 22, + 11 P"0ll 2 12, + [0 (x, D)vr| L2 12, -
with § = §+k > sg—1. We apply these inequalities to v = (D’)5T1(€,H), obtaining
1DYE Mg rs S IDVFE M e re, + 1P (D) (E )1z,

(84) + In(a, DYAD)* ) pa re,,
KDY= H) | oo, S IDYFHE H) e, + 1P (D)THE H)) s e,
(85) + In(a, DYAD)* )2 re, -

To conclude the argument, we prove commutator estimates for the last two terms.

Here we need to have operators in non-divergence form. For solutions to (71), we

note that P’(€,H) and n(z, D)€ vanish since 9, (¢€) = £0,€ and V-(e€) = n(x, D)E.
We turn to the proof of the first commutator estimate and compute

IP' (DY HHE M) ez e, S IKD")THPIE H) 1z 2, + I[E (D)0 2.1,
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Here and below the implicit constants depend on |(£,H)[|z~. The Kato-Ponce
commutator estimate at fixed times and Hoélder’s inequality imply
IE, (D) o€z r2, S 1DV el g r2, 106€ L2
+ ||3w5~||L<;L;7 H<D/>§at5||L4TL§,-
By Moser estimates, we have

D"y * el ez, S DY E N pgere, -

For the second term we rewrite the Maxwell equation as 0;£ = £7'V x H and
estimate by the fractional Leibniz rule
KDY (E'Y x H)ll s 12,
S ||<D/>§(§_1)”L%°Li, IV X Ml a1 + €7 Lo [{D")*V x Hllraz2,-

Using again the fractional Leibniz rule, Moser estimates and the Maxwell system,
we derive (with w = (£,H))

IP'((D")*  w)l g2 2, S D) wll pge 2, IND")wll b2 pos + (D )wll 1 Lo
(86) : (||<DI>§w||L;°L§, ||<D/>w||L4TL;°, + H<D/>§+1w|\L4TL§,)'
We turn to the last term in (84), which leads to

In(e, DYDY )31, < (DY (e, D)E) gz, + E (DY +110uE s 12,

By the Kato-Ponce commutator estimate at fixed times and Hoélder’s inequality, we
obtain
185D M0l p2 2, S I(D") el Lge 2, 10:E 1 12 L

(87) ~ %
+ 198" |2 o5 (D) 0ill e 12, -

This estimate can be handled as in (86).
We turn to the continuity argument. Let F(T) = |[(D")!*#(E,H)| 1+5,4 and
T !

E(T) = supyeporp lu(t)||ms with s = 5+ 1 > 2+ % Inequalities (84)—(87) and
(81) imply

F(T) S E*(T)+ TAF(T)E*(T) + T F(T)2E(T) + T E*(T),

1

E(T) < " FO|u(0) -
At this point a continuity argument allows us to choose T* = T'(||ug|| =) such that
F(T*) S ES(T*) < ||Ju(0)]|g=. The proof is complete.

We give the statement on the L2-bound for differences of solutions.

Proposition 5.4. Let u' = (£',H"), i = 1,2 be solutions to (71) under the as-

sumptions of Theorem 1.5 with finite A and B, and set v = u' — u?. Then the

estimate
[o(t)]|22 S e Jo BEDS 14032,
with
A= [ulllze + [u?l| e and B(s) = [|Oaru ()| 5 + | 0aru?(s) 5
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holds true. Moreover, if s > 3 + 3, there is a time T = T(||[u*(0)| u+) such that T
is lower semicontinuous and

sup [lv()llre Sjui o))z 100 L2

t€[0,T]
The proof is an obvious modification of the proof of [17, Proposition 6.2].

Lastly, continuous dependence is proved using frequency envelopes (cf. [17, 6]).
We refer to [17, pp. 358ff] for the details. This finishes the proof of Theorem 1.5.
]

6. EXISTENCE AND REGULARITY OF EIGENVECTORS FOR SELF-ADJOINT
MATRICES

In this section we prove regularity results for eigenvectors of differentiably vary-
ing self-adjoint matrices.

6.1. Local existence and regularity. We start with local existence and regular-
ity of eigenvectors of differentiably varying self-adjoint matrices provided that the
eigenvalue is simple. This is well-known in the literature, but included for the sake
of completeness.

Lemma 6.1. Let k,n,l €N, and U C R* be open. Suppose that A € C'(U; R ™)
and that X\, is a simple eigenvalue of A(z) for some z € U. Then, there is V C RF
open with z € V and v € CY(V;R™), A € CH(V;R) such that \(z) = )., |lv|l2 = 1
and A(x)v(z) = Mx)v(z) for any x € V.

Proof. The claim follows by applying the implicit function theorem (IFT) to

Fla,v,)) = <(A(""”) - ””) .

vl =1

Note that by assumption there are exactly two vectors w € R™ with F(z,w, A,) = 0.
‘We compute

Alx) =X 2
(88) 3(1;,/\)F($ava/\)_< v g’).

To apply the IFT, we prove for (u,A) € ker(9, ) F'(z,w,A;)) that (u,\) = 0. By
the second line of (88), (u,w) = 0. By multiplying (A(z) — A;)u — Aw = 0 with
(A(z) — A;), we find (A(z) — A.)*>u = 0. This implies u = aw, which is easy to
see after changing to Jordan normal form. Hence, u = 0 as w 1 w. Thus, the IFT
applies and yields eigenpairs as smooth as the matrix. ([

We do not know how to generalize the argument to eigenspaces of higher dimen-
sions. Possibly, one can consider maps

F:RF x Gr(2,n) — Gr(n), F(z,E)=(A(z) - \E

to at least show regular dependence of the eigenspaces.
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6.2. Globalizing non-degenerate eigenpairs. It is unclear how to construct a
mapping F' : U — (R")* € C! from F : U — Gr(k,n) € C! in the general case.
Indeed, we have the following counterexample:

Example 1. We remark that globalization of the local solutions is not always
possible as this example
& & >
A =
©) (fz =&

for ¢ € S* shows. For ||¢|l2 = 1, A(¢) has the eigenvalues £1. We identify R? = C,
parametrize £ € S! as ¢ = €%, denote z € C and A(£) as mapping z — €92z with
e’?. Then, denoting the eigenvector to 1 by z(¢), we have

ez = 2(p) = €% = 2%(p).
But the square root cannot be continuously extended to the unit disk.

In case of non-degenerate eigenvalues on simply connected domains, we can glue
together the local solutions to obtain a global solution. We use the results of
Rheinboldt [14], whose terminology is repeated here for convenience.

Let X, Y be topological spaces with the Hausdorff property. For simplicity, we
consider only relations ¢ C X x Y with D(¢) = X.

Definition 6.2. A relation ¢ C X X Y is said to be a local mapping relation, or
to have the local mapping property, if for each (zg,y0) € ¢ there exist (relatively)
open neighbourhoods U(zg) of z¢ and V(yo) of yo such that the restriction ¢ =
¢ N (U(zo) x V(yp)) is a continuous mapping from U(zg) into V(yo).

For Q@ C X, P(Q) denotes the set of all possible continuous paths p : [0,1] — Q.
p,q € P(Q) are called equal, p = ¢, if p(7(t)) = ¢(t), t € [0, 1], where 7 : [0,1] —
[0,1], 7(0) =0, 7(1) = 1 is a continuous, strictly monotone mapping.

In our context, we consider the local mapping relation relating x € R™ with
the normalized eigenvectors ||v(z)|]2 = 1, of which there are exactly two if the
eigenspace is one-dimensional. The local continuity follows from Lemma 6.1.

To prove existence of global solutions derived from a local mapping relation,
Rheinboldt introduced the continuation and path-lifting property.

Definition 6.3. A relation ¢ C X xY is said to have the continuation property for
the subset Px C P(X) if for any p € Px and any continuous function ¢ : [O,f) -
J — Y with p(t)¢q(t) for any t € [0,#) there exists a sequence (t) C [0,#) with
limy o0 tx = £ such that limg_,o ¢(tx) = § and p(#)og.

Observe that for Example 1, the continuation property fails. We turn to the
second definition:

Definition 6.4. A relation ¢ C X x Y is said to have the path-lifting property
for a set Py C P(X) if for any p € Px and any yo € ¢[p(0)], there exists a path
q € P(Y) such that ¢(0) = yo and p(t)dq(7(t)). We call ¢ a lifting of p through yo
and write peq.

One of Rheinboldt’s main results is the equivalence of the path-lifting and con-
tinuation property:

Theorem 6.5. Let ¢ C X XY be a local mapping relation. Then ¢ has the path-
lifting property for Px C P(X) if and only if ¢ has the continuation property for
Px.
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Next, we suppose that X is Px-simply connected if it is path-connected under
Px and if any two paths of Px with the same endpoints are Px-homotopic. In
this case, we have the following global result.

Theorem 6.6. Let ¢ C X XY be a local mapping relation with the path-lifting
property for Px C P(X) and suppose that X is Px-simply connected and locally
Px -path-connected. Then, there exists a family of continuous mappings F,, : X —

Y such that x¢F,(z) and ¢[z] = (F#(x))ueM‘

By considering local mapping relations for the eigenvectors, we would like to
apply the above theorem to find global parametrizations of eigenvectors. It turns
out that the following is sufficient to yield the path-lifting property:

Definition 6.7. A relation ¢ C X xY with D(¢) = X is called a covering relation
if for each z € X there exists an open neighbourhood U(z) such that ¢[U(z)] =
UueM Vy., where the V,, are disjoint open sets in R(¢) and for each p € M the
restriction ¢, = ¢ N (U(x) x V,,) is a continuous mapping from U(z) into V,,. U(x)
is called an admissible neighbourhood of .

The above certainly applies to our eigenvector mappings as the normalized eigen-
vectors are antipodal. Hence, the following theorem can be applied:

Theorem 6.8. A covering relation ¢ C X XY is a local mapping relation with the
path-lifting property for P(X).

This guarantees the path-lifting property and by Theorem 6.5 the continuation
property. We can prove the following global result on eigenvector parametrizations.

Theorem 6.9. Let U C R* be simply connected and A € CH(U;R™ ™) such that
for any x € U, A(x) is symmetric. Suppose that there is A € C(U;R) such that
Az) is a simple eigenvalue of A(x) for any x € U. Then, there is F € CY(U;R™)
such that for any x € U, ||F(z)||2 =1 and A(x)F(z) = Ma)F(x).

Proof. Lemma 6.1 yields A € C'(U;R). Moreover, Lemma 6.1 shows that ¢ C
U x R™ with z¢w(z) for w(x) the two normalized eigenvectors of A(z) is a covering
relation. Hence, Theorem 6.8 yields the path-lifting property and by Theorem 6.5
the continuation property. Applying Theorem 6.6 finishes the proof. O

We remark that even in the case of higher dimensional eigenspaces, we have
global parametrizations A € C1(U;R) of the eigenvalues, e.g., by Theorem 1.1 (E)
in [13] for I > 2. Theorem 6.9 also yields that, if A € CY(U;R"*"), where U
is simply connected, such that for any « € U, A(z) is symmetric with simple
eigenvalues, we find the eigenvalues to be given by functions Ay, ..., \, € C'(U;R)
and corresponding eigenvectors given by vy, ...,v, € C{(U;R").
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