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Abstract: We consider time dependent perturbations B(t) of a non—
autonomous Cauchy problem v(t) = A(t)v(t) (CP) on a Banach space
X. The existence of a mild solution u of the perturbed problem is
proved under Miyadera type conditions on B(-). In the parabolic case
and X = LYQ), 1 < d < oo, we show that v is differentiable a.e. and
satisfies u(t) = (A(t) + B(t))u(t) for a.e. t. Our approach uses perturba-
tion results due to one of the authors, [29], and S. Monniaux and J. Priif},
[14], which are applied to the evolution semigroup induced by the evolution
family related to (C'P). As an application we obtain solutions of a second
order parabolic equation with singular lower order coefficients.

1. Introduction

Consider the non—autonomous linear abstract Cauchy problems

ault) = A(thu(t), gut) = (A®) + B(t)) u(t),
(OP){ du(s) = 1z, t>s, and (pCP){ du(s = x, t>s,

[43

on a Banach space X. In order to solve (pC'P) we assume that (C'P) is “well-
posed” and that the operators B(t) are “small with respect to A(¢#)”. In the
autonomous case, i.e., A(t) = A, B(t) = B, and A generates a Cy—semigroup
(T'(t))¢>0, there are various conditions on A and B ensuring that the operator
A + B is also a generator, and hence (pCP) is well-posed. For instance, if B is

A-bounded and satisfies the Miyadera condition

Ja >0, 5€]0,1) such that /a BT (t)x| dt < Bllzl|, x€ D(A), (1.1)
0
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then (A+ B, D(A)) generates a Cy—semigroup (Ts(%))t>0, [13], [29], where D(A)
is the domain of A.

In the present paper we prove a corresponding perturbation theorem in the
non—autonomous situation extending a previous result by part of the authors,
[24]. Here, instead of a Cy—semigroup (7'(t));>0, we consider an evolution family
U= (U(t,s))usep in the space L(X) of bounded linear operators on X, that is,

(E1) U(s,s)=1d, U(t,s) =U(t,r)U(r,s) for t >r > sin I and
(E2) the mapping D > (t,s) — U(t, s) is strongly continuous,

where I is an interval in IR and D = D; := {(t,s) € I? : t > s}. Observe
that for a Co—semigroup (7'(t)):>o the operators U(t,s) :=T(t — s), t > s, define
an evolution family with index set Dg. Further, for I € {[a,b], [a,0),IR} the
Cauchy problem (CP) is called well-posed (on spaces Y;) if Y, s € I, is dense
in X and for x € Y, there is a unique solution u € C*(I N [s,00), X) of (CP)
depending continuously on initial data. In this case there exists an evolution
family U such that u(t) = U(t, s)x, that is, U solves (C'P), see [19].

In contrast to the autonomous case, it can happen that the mapping ¢ —
U(t, s)x is differentiable only if z = 0 (e.g., take X = C and U(t, s) = p(t)/p(s),
where p,1/p € Cy(IR) and p is nowhere differentiable). Moreover, regularity
properties of U are not preserved even for bounded perturbations B(-), see [23,
Ex. 6.4]. Thus, at first, we will not assume that the evolution family i/ is differ-
entiable in any sense and look for an evolution family Ug such that the variation
of constants formula

Up(t, $)z = U(t, )z + /: U(t, 1) B(r)Us(, 8)z dr (1.2)

holds. If U is related to (C'P) then we say that t — wu(t) = Ug(t,s)z is a mild
solution of (pC'P). Note that if U solves (CP) on Y and 7 +— B(7)Ug(T, s)z,
x €Yy, is sufficiently smooth, then u satisfies (pCP), see e.g. [22, §5.5, 5.7].

In Theorem 3.4 we show the existence of Up by assuming a non—autonomous
version of the Miyadera condition (1.1). Our approach is based on the so—called
evolution semigroup T = (T(t))>0 on E = LP(I1,X) given by (T(t)f) (s) =
xi(s —t)U(s,s —t)f(s —t), f € E, see Section 2. We perturb 7 by the mul-
tiplication operator B = B(:) on E. By applying a Miyadera type perturbation
theorem for semigroups, [29], and an abstract characterization of evolution semi-
groups (see Theorem 2.4) we then obtain a perturbed evolution semigroup 7g.
Finally, the associated evolution family Up satisfies (1.2).

In Section 4 we consider evolution families U solving (C'P) where the operators
A(t) generate analytic semigroups and perturbations B(t) which are bounded
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operators from the domain of a fractional power of A(t) to X. For X = L4(Q),
1 < d < oo, we can show that ¢t — Ug(t,s)z, x € X, is differentiable for a.e.
t > s and satisfies (pC'P) for a.e. t > s. Our proof relies on a recent perturbation
result of Dore-Venni type by S. Monniaux and J. Prif, [14], which we apply to
the evolution semigroup 7. Finally, in the last section, we use the above results
to solve a second order parabolic equation with singular lower order coefficients.

2. A characterization of evolution semigroups

In this section we consider an evolution family U = (U(t, 5)),s)ep on a Banach
space X defined for a right—closed interval I C IR. We call U exponentially
bounded if there are constants M > 1 and w € IR such that ||U(t, s)|| < Me®*#=)
for (t,s) € D. For compact intervals I this estimate always holds with w = 0 due
to the principle of uniform boundedness. For exponentially bounded U,

U(s,s—1t)f(s—1t), ifs—tel,

(T(0)£) () = xals — D) Uls,s — ) f(s — 1) = {07 fo_tdl

defines a bounded operator T'(t) on the Bochner-Lebesgue space E = LP(I, X),
1 < p < oo, where x; is the characteristic function of /. It is easily seen that
T = (T(t))e>0 is a strongly continuous semigroup on F, see e.g. [27], [28]. We
call T the evolution semigroup associated with U and denote its generator by
(G, D(@)). For further information concerning this approach we refer to [5], [9],
[11], [12], [16]-[19], [21], [24]-[28], and the references therein.

The resolvent R(\,G) := (A — G)™', XA € p(G), has an important smooth-
ing property which is stated below. For I = IR this result is contained in [25,
Prop. 3.3]. The general case can be shown analogously and the proof is therefore
omitted, see also [28, Prop. 2.2]. For a similar result in the case of bounded
I we refer to [17, Cor. 4.7]. By Cy(I,X) we denote the space of continuous
functions f : I — X vanishing at a := inf I and at infinity (if / is unbounded)
endowed with the sup—norm || - || . (Notice that Cpo(IR, X) is usually denoted
by Co(IR, X).)

Proposition 2.1. Let I be a right—closed interval in IR and (U(t,5))ts)ep an
exponentially bounded evolution family on X. Let (G,D(G)) be the generator
of the associated evolution semigroup on LP(I,X), 1 < p < oo. Consider \ €
p(G). Then R(N\,G) : LP(I,X) — Coo(I, X) is continuous with dense image. In
particular, D(G) is dense in Coo(I, X).

Following an approach due to J. Howland, [9], we reduce the characterization
of evolution semigroups to the characterization of multiplication operators on E.
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We consider the space Cy(I, Ls(X)) of bounded, strongly continuous functions
M(:) : I — L(X), where I C IR is an interval. Clearly, M(:) € Cy(I, Ls(X))
induces a bounded multiplication operator M on LP(I,X) by setting Mf :=
M) f(-), and [|[M]|| = ||M(*)]|co- We need the following notion (see also [17,
Def. 4.4], [24, Def. 3.1)).

Definition 2.2. Let M € L(LP(I,X)), 1 < p < oo. A subspace F of LP(I,X)
15 called M—determining if

(D1) F and MF consist of continuous functions;
(D2) F*:={f(s): f € F} is dense in X for all s € I;
(D3) F is dense in LP(I,X).

For I = R the next result was shown in [24, Prop. 3.3]. The proof carries over
to the case I # IR with obvious changes. For related characterizations we refer
to [5] and [9].

Proposition 2.3. Let I be an interval in IR and X a Banach space. Consider
M e L(LP(I,X)), 1 <p<oo. Then M = M(-) € Cp(I,Ls(X)) if and only if
there is an M—determing subspace F' of LP(I,X) such that M(pf) =@ Mf for
feF and e L>(I).

The right translations R(t), t € R, defined by (R(t)f) (s) := xi1(s — 1) f(s — 1)
for s € I and f € E, yield a Cy—semigroup (R(t))i>o on E = LP(I,X). For
X = C we write R(t) instead of R(t). Let I, := I'N(I+t) for t € IR. We identify
the space LP(I;, X) with a subspace of E' = LP(I,X), 1 < p < oo, by extending
functions by 0. Recall that a core of a closed operator (A, D(A)) is a subspace of
D(A) which is dense in the graph norm ||z|| 4 := ||z|| + ||Az||. Further, C}([) is
the space of continuously differentiable functions with compact support. Finally,
we make use of the following condition, cf. Proposition 2.1:

(R) There is A € p(G) such that R(\,G) : LP(I, X ) — Cyo(I, X) is continuous
with dense image D(G).

If I contains its left endpoint @ and U is an exponentially bounded evolution
family with index set Dj, then the restriction of U to the index set Dy, I' :=
I'\ {a}, induces the same evolution semigroup as U on LP(I,X). So, as in
[17], in our characterization of evolution semigroups it suffices to consider a left
half-open interval I, that is, I is left-open and right-closed. Observe that, in
general, an evolution family defined for a left—open interval has no continuous



extension to Dj. For instance, let X = C, I = (0,00), and U(t,s) = p(t)/p(s)
for p(t) =2 +sin 1.

We now formulate the main result of this section. It extends [24, Thm. 3.4]
where the case I = IR was considered. A closely related result for bounded
intervals [ is due to H. Neidhardt, [17, Thm. 4.12]. Evolution semigroups on
Coo(I, X) were characterized in [5], [12], [17], [21].

Theorem 2.4. Let I be a left half-open interval in IR. Consider a Co—semigroup
T =(T(t))s0 on E = LP(I,X), 1 < p < o0, with generator (G, D(G)). Let D
be a core of G. Then the following assertions are equivalent:

(a) T is an evolution semigroup induced by an exponentially bounded evolution
famaly (U(L, 5))t,5)ep-

(b) Condition (R) holds, and we have T(t)(¢of) = (R(t)p)T(t)f for ¢ €
L>(I), fe E, andt > 0.

(¢) Condition (R) holds, and for f € D and ¢ € CHI) we have pf € D(G)
and

Gof)=—d'f+9Gf. (2.1)

(d) Condition  (R)  holds, and  there is p € p(G)

such that R(u, G) (¢ R(u, G)f) = ¢ R(p, G)f — R(p, G) (¢f) for f € E
and ¢ € CH(I).

Proof. By Proposition 2.1, assertion (a) implies (R). The implications (a) = (c)
= (b) and (¢) < (d) can be shown as in [24, Thm. 3.4}, cf. [28, Thm. 2.6].

(b) = (a): Observe that the assumption implies T'(¢)f € L?(I;, X) for f € E and
t > 0. Set M; :=T(t)R(—t) and F; := R(t)D(G) for t > 0. By (R) the space
F; consists of continuous functions vanishing on I\ I;. We have

M (of) = (ROR(=t)p) T(O)R(=1) [ = o M f

for f € E and ¢ € L*>°(I) with support in [;. In particular, M, leaves L?(I;, X)
invariant. From (R) we derive that F} is dense in LP([;, X') and Cyo(l;, X). Thus,
F, satisfies (D2) and (D3) for the interval I;. Further, let f € F;. Then f = R(t)g
for some g € D(G), and

M f =THR(-)R(t)g =T(t) (x1_, 9) = xr. T(t)g = T(t)g € D(G) € Coo(I, X).

Hence, F; is M;—determining on L?(I;, X), t > 0. By Proposition 2.3 there are
bounded operators M(t,s), s € I;, such that M, = M(t,) € Cy(1;, Ls(X)),
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t > 0. Moreover, |M(t,s)|| < [|[M,|| < Me*" for some constants M > 1 and
w € IR. Notice that T'(t) = M(t,-)R(t). We set U(t,s) := M(t — s,t) for
(t,s) € D;. Then

T(t)f (s) = xi(s =)U(s,s — 1) f(s — 1)

for f € F, s €I, and t > 0. From the semigroup law for 7 one easily derives
(E1) for U, see e.g. [17, p.291] or [24, p.524]. It remains to show the strong
continuity of M(-,-). Fix t > 0 and s € I;. By (D2) and the exponential bound
for M(t, s) it suffices to consider x € Fy. Solet f € D(G) with f(s—t) = x. Set
g=(A—=G)f. Then, T(t)f = R(A\,G)T'(t)g € Coo(I, X) by (R). Thus we obtain
|M(t', s )x — M(t,s)x||

= [IM(#,s) (f(s =) = f(s' = 1)) + M(t', ') (f (s =) = f(s' = 1))
M) 7(" — 1) = Mt )"~ )+ Mt} (' ) = M(t,5) 7 (s — )]
M (IR(0)f (5) ~ RO ()] + IR ~R()])
HITE)Vf =T flloo + IT@f () =T @) f (5)]

for ' > 0 and s’ € I, N Iy. The first, second, and fourth summand converge to 0
as (t',s") — (t,s) since f,T(t)f € Coo(I,X). For the third summand we use

1T f =T @) flloe < IR G)llewe.con 1T(E)g = T ()9l

which yields the assertion. O

IA

Remark 2.5.

(a) Implication “(b) = (a)” is false if we drop condition (R). Consider for
instance X = C, E = L'(R), and U(t,s) = p(t)/p(s), where p,1/p €
L*>*(IR) are discontinuous, but p(r) — p(t) asr At for a.e. t € R. See also
[5, Thm. 6.4] and [9, Thm. 1].

(b) The results of this section remain valid if we replace LP(I, X) by an X—
valued Banach function space F(X) such that the norm on E is order
continuous and the translations R(t), t € IR, are uniformly bounded on E,
see [24] and [28].

3. Miyadera perturbations

In this section we show a perturbation result for evolution families by applying
Theorem 2.4 and the following Miyadera type perturbation theorem proved in
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[29, Thm. 1]. The proof of part (d) of the theorem uses an idea contained in
the proof of [30, Prop. 1.3]. Let (A, D(A)) and (B, D(B)) be linear operators.
Recall that B is A-bounded if D(A) C D(B) and ||Bz| < allz|| + b||Az|| for
x € D(A) and constants a,b > 0. Observe that if there exists A € p(A) then B
is A-bounded if and only if D(A) C D(B) and BR(\, A) is closed (and hence
bounded).

Theorem 3.1. Let T = (T(t))i>0 be a Co—semigroup on a Banach space F with

generator (G, D(QG)). Consider a dense subspace D of F' and a linear operator
(B,D(B)) such that

(1)) T(t)YD C D C D(G)ND(B) and [0,00) >t — BT(t)f € F is continuous
for f €D;

(i1) there are constants o > 0 and v € [0,1) such that [ ||BT(t)f||dt < | fll
for f €D.

Then the following assertions hold:

(a) The operator (G + B, D) is closable. Its closure (Gg, D(Gg)) generates a
Co—semigroup Tg = (Tg(t))i>0 and satisfies D(Gg) = D(G). The operator

(
(B, D) possesses a unique G-bounded extension B to D(G) and we have
Gp = G + B. Further, D is a core of G and Gp.

(b) For sufficiently large real X € p(G) N p(Gg) there exists an invertible oper-
ator Cx € L(F) such that R(\,Gg) = R(\, G)C,.

(¢c) For f € D(G) and t > 0 we have

To(0)f = T()f + [ Tolt— )BT  d, (3.1)
To)f = TS+ [ Tt — 7)BTy(r) f dr. (3.2)
Moreover, Tg is the only Co—semigroup satisfying (3.1) for f € D.

(d) In addition, assume that B is closed. Then Bf = Bf for f € D(G).
Moreover, for all f € F we have T(t)f, Tg(t)f € D(B) for a.e. t > 0, the
functions BT(-) f and BTg(:)f are locally integrable on R , and (3.1) and
(3.2) hold for allt >0 and f € F with B replaced by B.

Proof. By [15, A-1.1.9] D is a core of G. Assertion (a) and (b) and uniqueness
follow from [29], Thm. 1, Remark 2, and (1.7). Equation (3.1) is shown in [29,
Thm. 1] for f € D. Since D is a core of G and B is G-bounded, (3.1) holds
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for f € D(G) by the dominated convergence theorem. For 0 < 7 < t and
f € D(G) = D(Gp) we have

Lt - Ta(r)f = ~T(t - 1)GT(r)f + Tt — 7)CsTo(r)f

dr ’
= T(t—7)BTg(7)f.

Integration from 0 to t yields (3.2).

Now assume that B is closed. Then B is the restriction of B to D(G), [29,
Cor. 4]. Further, (ii) holds for all f € D(G) by [30, Thm. 1.1]. Moreover, [20,
Lemma 1.1 yields [g* | BT(t)f|| dt < 725 || f[| for every f € D(G). One easily

sees that this implies

[iBr@yslar<clfl and [ IBTamfldr <l (33)

for f € D(G), t > 0, and constants ¢, ¢ depending only on t. Next, fix f € F.
Choose f,, € D(G) converging to f. By (3.3) the functions BT'(-) f,, and BTs(-) f»,
converge in L'([0,], F'), and thus (by passing to subsequences) they converge
pointwise a.e.. Since B is closed, we derive T'(t)f,Tg(t)f € D(B) for a.e. t > 0
and BT(-)f and BTg()f are locally integrable on IR, . Moreover, the estimates
(3.3) hold for all f € F and t > 0. Observe that (3.1) and (3.2) are satisfied for
f, with B replaced by B. Hence, due to (3.3) the last assertion in (d) follows by
approximation. O

In the sequel we need the following measure theoretical lemma which is essen-
tially shown in [17, Thm. 4.2], see also [26, Lemma 2.2]. Throughout “measur-
able” means “strongly measurable” and the integrals are Bochner integrals.

Lemma 3.2. Let X be a Banach space and let I be an interval in IR. Assume
that u : [e,d] — LP(1,X), 1 < p < o0, is integrable. Then there is a measurable
function ® : [¢,d] x I — X such that for a.e. t € [c,d] we have u(t) (s) = ®(t, s)
for a.e. s € I. Moreover,

®(-,s) is integrable and (/cd u(t) dt) (s) = /CdCID(t, s) dt (3.4)

for a.e. s € I. If, in addition, there is a measurable function @ : [c,d] X [ — X
such that for a.e. t € [c,d] we have u(t) (s) = u(t,s) for a.e. s € I, then (5.4)
holds with ® replaced by .

We often use the fact that for a measurable function u : [ x J — X and intervals
I,J C IR we have u(t,s) = 0 for a.e. (t,s) € I x J if and only if for a.e. t € [ we
have u(t,s) = 0 for a.e. s € J. This is an easy consequence of Fubini’s theorem.
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Let I be a left half-open interval in IR. Consider an exponentially bounded
evolution family U = (U(t, s)),s)ep on a Banach space X. Let T = (T'(t)):>0 be
the associated evolution semigroup on £ = LP(I, X), 1 < p < oo, with generator
(G, D(G)). In the next lemma we describe a certain class of functions contained
in D(G). To simplify notation we set U(t,s) := 0 for ¢ < s.

Lemma 3.3. Let x € X, r € I, and ¢ € CY(I) with p(s) = 0 for s < r. Set
F() i= oYU r)z. Then T(t)f = (R(t)@) U(-r)a and f € D(G).

For the straightforward proof we refer to [28, Lemma 1.12], see also [25,
Lemma 2.1]

We now introduce the assumptions on the operators (B(t), D(B(t))), t € I, on
X which are needed for our perturbation result. For ¢ > 1 we denote by ¢’ the
conjugate exponent satisfying % + % =1

(M) There are dense subspaces Y;, t € I, of X such that U(t,s)Y; C Y, for
(t,s) € D. Moreover, for all s € I and y € Y, we have U(t, s)y € D(B(t))
for a.e. t € I'N[s,00), B(-)U(+, s)y is measurable, and

[l 0 IBG+ UG+ Ll d < lylr (35)

for constants p > 1, a > 0 and 8 > 0 such that v := o'/’ < 1.

It is straightforward to see that (M) implies

d
/0 xi(s + 1) [|B(s + )U (s + ¢, s)yl[" dt < c|ly||” (3.6)

for s € I, d > 0, and y € Y, where the constant c is independent of s and y.
Observe that if (M) is satisfied for p > 1, @ > 0, and 5 > 0 then, by Holder’s
inequality, (M) is also true for p = 1, a > 0, and 7 € [0,1). Clearly, (M) holds
if ; = X and B(-) C £(X) such that ||B(t)|| < C for a.e. t € I and B(-)x is
measurable for z € X. Other examples will be studied in Section 4 and 5.

On E = LP(1,X) we define the linear operator B by setting Bf := B(-)f(:)
and D(B) := {f € E: f(s) € D(B(s)) for a.e. s € I, B(-)f(-) € E}. Further,
we consider the space

D:=lin{fecE:f()=p)U(1)y, rel,ycY, oc CHI) with ¢(s) =0, s <r}.

We now state the main result of this section. It generalizes [24, Thm. 4.2]
where the case U(t,s) = e(=94 was considered; cf. [18, Thm 4.3] for the case
U(t,s) = Id. Bounded perturbations B(-) were treated in [26, Thm. 2.3] with
the same approach; see also the references therein.
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Theorem 3.4. Let I be a left half-open interval in R. Let U = (U(t,s))w,s)ep
be an exponentially bounded evolution family on X and (B(t), D(B(t))), t € I,
linear operators on X satisfying (M). Denote by (G, D(G)) the generator of the

associated evolution semigroup T on E = LP(I, X). Then the following assertions
hold:

(a) There is a wunique exponentially bounded evolution family U =
(Us(t,5))ws)ep satisfying

Ug(t,s)f(s) =Ul(t,s)f(s) + /: Ug(t,7)B(T)U(T,s)f(s)dr (3.7)
for f € D and (t,s) € D.

(b) Assume, in addition, that (B,D(B)) is G-bounded and denote by
(Gg, D(GR)) the generator of the evolution semigroup Tg on E associated
withUp. Then D(G) = D(Gp) C D(B) and Ggf = Gf+Bf for f € D(G).
Moreover, (B, D(B)) is Gg-bounded.

(¢) Suppose now that (B(t), D(B(t))) is closed for a.e. t € I. Then B is G-
bounded, hypothesis (M) is valid with Yy = X for allt € I, and

U(t, ) = Ult,s)e + [ Us(t, ) B(O)U (7, s)x dr (3.8)

holds for all x € X and (t,s) € D. Further, for x € X and s € I we have
Ug(t,s)x € D(B(t)) for a.e. t € I N[s,00), the function B(-)Ug(-, s)x is
locally integrable and

Us(t, ) = Ult,s)o + [ Ut ) B(F)Us(r, s)z dr (3.9)

holds for all x € X and (t,s) € D.

Proof. (a) At first we verify conditions (i) and (ii) in Theorem 3.1 for T, G, B,
and D as defined above. By Lemma 3.3 we have T'(t)D C D C D(G). Using the
arguments of the proof of [11, Prop. 2.9] it is easy to show that D is dense in E,
cf. [28, Prop. 1.13]. Moreover, (3.6) yields D C D(B). Let f(-) = ¢(-) U(+,r)y for
rel,yeY,, and ¢ € C}(I) with ¢(s) =0 for s < r. Then for 0 < ¢, < d we
have

IBT(¢')f = BT(t)fIl; = /IH(R(t’)sO(S) — R(t)¢ (s)) B(s)U (s, 7)y||" ds

< IR = ROl [ IB$)UGs )yl ds.
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where ¢ only depends on d and ¢. By (3.6) this yields (i). In order to check (ii)
we consider a function f € D given by

f(s) = z o1(5) U5, 51)ui

Notice that due to (M) the mapping (t,s) — xr(s+1) [|B(s+t)U(s +t,s)f(s)|]?
is measurable. We compute

/Oa|]BT(t)f|\pdt _ /0 (/I ' ds)l/p dt
zn:gpk(s)B(s—i-t)U(s—i—t,s)U(s,sk)yk

a p 1/p
_ / ( / ds) dt
0\t flg=1

— /Oa </1 xi(s+1)||B(s+t)U(s+t,s)f(s)]” ds)l/p dt
< o ([* [l ) 1Bls + UG+ 1) f(s) P dsar)
= o ([ [ xals+ O IBGs + UG+ ) F )Pt ds)

, 1/p
< ([ Is)rds)
= a5,

3™ xi(s — Egn(s — £) BS)U (s, 51)us

k=1

where ;1) + ]% = 1. (Here we have used Holder’s inequality, Fubini’s theorem, and
(3.5).) By setting v := a'/?'8 < 1, we obtain (ii).

Hence, by Theorem 3.1, the operator (13, D) can be extended to a G-bounded
operator B on D(G), and Gp := G + B with D(Gg) := D(G) generates a Cy—
semigroup 7 on E. Also, D is a core for Gg. Since G generates an evolution
semigroup, Gp satisfies (2.1) in Theorem 2.4 for f € D. Further, (R) holds for
R(\,G), A € p(G), due to Proposition 2.1. So, by Theorem 3.1(b), R(\,Gp)
satisfies (R) for A € IR sufficiently large. Thus Theorem 2.4 shows that Tz is an
evolution semigroup induced by an exponentially bounded evolution family Up.

Fix f € D and t > 0. Equation (3.1) implies

R(-0T5(t)f = RI-OTOf + [ ul(r)ar

where u(7) := R(—=t)Ts(t — 7)BT(7)f, 0 < 1 < t. The function u : [0,t] — E is
continuous. For each 7 € [0,¢] we have

(u(1))(s) = x1(s+t)Up(s+t,s+7)B(s+1)U(s+1,5)f(s) =:u(r,s)
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for a.e. s € I. Since the mapping @ : [0,¢] x I — X is measurable, Lemma 3.2
implies

Up(s+1t,8)f(s) = U(s +1t,5)f(s) + / T Un(s + 1) BOU(r, $)f(s)dr (3.10)

for f €D, t>0, and a.e. s € I with s+t € I. Next we show that in fact (3.10)
holds for all s € I such that s ¢ € I.

For this it suffices to prove that the integral in (3.10) is continuous from the
left with respect to s. First notice that f(s) € Y; for s € I and f € D so that
due to (3.6) the integral in (3.10) is defined for all (s+t,s) € D. Clearly, we only
have to consider functions of the form f(-) = @(-)U(,ro)y for ro € I, y € Y,
and p € CH(I) with ¢(r) = 0 for r < ry. Further we may assume ¢ > 0 and
s >rg. Let s € [rg, s] with s’ +¢ > s. Then we obtain

/ T Un(s 4 67V BU(r, 8) f(s) dr — / U+ 1) B () () dr
= [ M) Us(s + .7 BOU(r,5)1(5) dr
[ M) Usls + 1,7) = Usls' +4,7) B (7,9)1(5) dr
4 [T + £ BEIU(S) (716) ~ U, ) () dr
() [ X () Un(s' + £, 1) B(r)U (. ra)y

The integrands of the first, second, and fourth term tend to O for a.e. 7 as s’ 7 s,
and they are bounded by C ||B(1)U(T,s)f(s)|| and Cq ||B(T)U(T,7r0)y||, respec-
tively, where C}, are constants independent of s’ and 7. So the first, second, and
fourth integral converge to 0 as s’ s due to (3.6) and the dominated conver-
gence theorem. Since f(s) — U(s,s")f(s') € Ys, by (3.6) the third summand can
be estimated from above by Cs || f(s) — U(s, s") f(s')]|, where C3 does not depend
on s'. Since f is continuous and U strongly continuous this term also tends to 0
as s’ s.

In order to show uniqueness of Up, let V be an exponentially bounded evolution
family satisfying (3.7) for f € D. Let (S(t)):>0 be the associated evolution
semigroup on E. As above, Lemma 3.2 implies that (S(t));>0 satisfies (3.1) for
f € Dandt > 0. Consequently, by Theorem 3.1, S(t) = T5(t), and thus V = Up.
This establishes (a).

(b) Since (B, D(B)) is G-bounded, we have Bf = Bf for f € D(G) by Theo-
rem 3.1(a). Also, B is Gg—bounded by Theorem 3.1(b). The other assertions in
(b) follow from Theorem 3.1(a).
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(c) Observe that (B, D(B)) is closed due to our additional assumption. Hence,
the first assertion in (c) holds by Theorem 3.1(d),(a). The remaining statements
are shown for U and Up, separately.

(i) Let s € I, d > 0, and ¢ as in (3.6). Since Y is dense and B(t) is closed
for a.e. t € I one concludes that B(-)U(-,s)y € LP([s,s + d], X) and (3.6) holds
for all y € X, cf. the proof of Theorem 3.1(d). This shows (M) with Y, = X.
Let (t,s) € D. Since {f(s) : f € D} is dense in X and all terms in (3.7) are
continuous with respect to x = f(s), this equation carries over to all x € X.

(i) Next, we treat the assertions concerning Up. Fix f € D(G) and t > 0. We
claim that

h:[0,t]xI; (1,8) — xi(s —7) B(s)Ug(s,s —7)f(s—7) is measurable. (3.11)

We define g(7) := Tg(1)f for 7 € [0,t] and §(7, s) := x1(s—7) Up(s,s—7) f(s—7)
for (7,s) € [0,t] x I. Theorem 3.1(b) implies that 7 +— ¢(7) is continuous with
respect to the graph norm of G. Fix n € IN. There exist disjoint intervals J, , =
[tnk, tnk+1) and functions h,, € D, k = 1,---,m(n), such that [0,¢] = UkT
and

1
ke = g(D)llp + 1G (R = g(7))llp <~ for 7€ Jup. (3.12)

Let hy(T) := hy . and ﬁn(T, s) = hyi(s) for 7 € J, i, s € I, and n € IN. From
(3.12) we infer that h, converges to § in LP([0,t] x I, X). Further, (M) implies
that [0,¢] x I 3 (7,5) — B(s)hn(7,s) is measurable. Since B is G-bounded,
inequality (3.12) yields

C

1B h(7) = Bg(T)llp < ¢llhni = g(T)llp + c[|Glhnsk — g(T))llp < —

n

for each 7 € J, ) and a constant ¢. Hence, the function (7,s) +— B(s)h,(T, s)
converges in LP([0,t] x I, X) to a function ®. By passing to subsequences, we
can assume that h,(7,s) = §(7,s) and B(s)h,(7,s) — ®(7,s) for a.e. (7,s) as
n — oo. Since B(s) is closed for a.e. s € I, we obtain that g(7,s) € D(B(s)) and
B(8)hn(7,s) — B(s)g(r, s) for a.e. (r,s). This proves the claim.

If f € D(G) and t > 0, then Theorem 3.1(d) yields

R(-D)Ts(t)f = R(—)T{H)f + / 7)dr, where
o(r) = R( Tt —1)BTp(T)f

for 7 € [0,t]. Moreover, v : [0,t] — E is integrable and for each 7 € [0, t] we have
v(T)(s) =xi(s+t)U(s+t,s+7)B(s+7)Up(s+ 1,5)f(s) =: (7, s)
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for a.e. s € I. By (3.11) the function o : [0,¢] x I — X is measurable. Thus,

Up(s+t,s)f(s) =U(s+t,s)f(s) + /:+t U(s+t,7)B(T)Ug(7,s)f(s)dr (3.13)

for a.e. s € I with s+ ¢ € I due to Lemma 3.2.

As mentioned above, (M) also holds for p = 1 and with 3 replaced by v € [0, 1).
Therefore, for the remainder of the proof, we may and shall assume p = 1. For
f € D(G), the function h defined in (3.11) is measurable, and from (3.3) we
derive

t - t
/0 /Iuh(T, s)|| ds dr :/O IBTs() oty dr < fllrerxr (3.14)

Now, fix f € L'(I,X). Choose f, € D(G) such that f, — f in L'(I, X), and
denote by h,, the measurable function corresponding to f,,. Then (3.14), applied
to the difference f, — f,,, shows that the functions h,, converge in L'([0,t] x I, X);
in particular, a subsequence converges for a.e. (7,s). For a subsubsequence,
Ugp(s,s — 7)fu(s — 7) tends to Ug(s,s — 7)f(s — 7) for a.e. (7,s). Since B(s)
is closed for a.e. s € I we conclude that x;(s —7)Ug(s,s—7)f(s—71) € D(B(s))
for a.e. (7,s) and that (3.11) and (3.14) hold for all f € L'(I,X). Note that,
using Fubini’s theorem, equation (3.14) can be rewritten as

/I/Ot Xi(s +7) |B(s + 7)Us(s + 7, 8) f(s)|| dr ds < &l iy . (3.15)

Fix € X and 59 € I. For 0 < r < § with so +7 € I we define f(s) =

Xiso,s047](5) Un(s, s0)x. With this f, we have B(s 4+ 7)Up(s + 7,5)f(s) = B(s +
T)Ug(s + 7,50)x for s € [sg,s0 + r] and s + 7 € I. Hence, B(-)Ug(,so)z is
measurable and estimate (3.15) implies

6/8:0+T||UB(s,so)x||ds > /:”/;XI(HT) I1B(s + 1)U (s + 7, s0)l| dr ds
> /+ /TH xi(s0+7) |B(so + 7)Us(s0 + 7 50)z| dr ds
= 7 /:T X1(so+7) || B(so + 7)Ug(so + T, So)x|| dT.
Dividing by r and letting » — 0 we obtain
/Ot yi(s0 4+ 7) I1B(s0 + 7)Un(s0 + 7 s0)zl| dr < & |1z (3.16)

Applying (3.13) and (3.16) we can now conclude the proof in the same way as
we showed that (3.8) holds for all t > s and x € X: First, instead of f € D we
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take functions of the form g = ¢(-)Ug(+, s)z, where z € X, s € I, and p € C}([)
with ¢(r) = 0 for r < s. By Lemma 3.3 we have g € D(Gg) = D(G). Further,
we only used (3.10), strong continuity of ¢, and estimates as in (M) in the proof

of (3.8). Since the corresponding hypotheses are satisfied this proof implies (3.9).
O

The above result can be extended to closed intervals I C IR with ¢ = min [l €
IR. Assume that (M) holds for an exponentially bounded evolution family U =
(U(t,s))s)ep, on X and linear operators (B(t), D(B(t))), t € I. Set J :=
(a —1,00) N I. Define B(t) := B(t) and Y; := Y, for t € I and B(t) := 0 and
Y, =Y, fort e (a—1, a). Define an evolution family U with index set D, by

setting
J Idv CL>t>$>a_1’
t = ju -
vit.s) { U(t,max{s,a}), otherwise.

(See Section 4 for a different extension of ¢.) Then (M) also holds for ¢, B(-),
and Y; . Let (G, D(G)) be the generator of the evolution semigroup on L?(.J, X)
associated with .

Corollary 3.5. LetU, U, B(-), and B(-) be as considered above. Then there is an
evolution family Up with index set D; satisfying the conclusions of Theorem 3.4
fort, B(-), and G on D;. In particular, if B(t) is closed for a.e. t € I, then Ug
satisfies (3.8) and (3.9) for x € X and (t,s) € Dj.

Remark 3.6. Let I, :== I N (—n,n], n € IN. We weaken the hypotheses of
Theorem 3.4 by only assuming that U is bounded on Dj, and (M) holds on I,
for all n € IN. In addition, let B(t) be closed for a.e. t € I. Then there exists
an evolution family U,, 5 with index set Dy, fulfilling Theorem 3.4(a)—(c) for I,,.
By uniqueness, Ug(t, s) .= U, g(t,s) for (t,s) € Dy, is a (well-defined) evolution
family with index set Dy which satisfies (3.8) and (3.9) for x € X and (t,s) € Dy.

4. Differentiability in the parabolic case

In this section we suppose that the evolution family U solves the Cauchy problem
related to operators (A(t), D(A(t))), t > 0, which satisfy the following assump-
tion. We set ¥ =%, :={0}U{A € C\ {0} :|argA| < ¢} for 0 < ¢ < 7.

(P1) D(A() is dense, p(A(£)) 2 S, for some § < ¢ < 7, [ RO\ AW)] < .
and
A RO A®) (A@®) ™ = A(s) Il < L |1t+_ |§‘|V

for A € ¥, t,s € I, and constants M, L > 0 and p,v € (0,1] with u+v > 1.
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In view of applications, cf. Section 5, this situation is referred to as the parabolic
case. Observe that A(-)~! is Holder continuous and A(t) generates a bounded
analytic semigroup. Condition (P1) was introduced (in a somewhat weaker form)
by P. Acquistapace and B. Terreni, [2]. Assuming (P1), there is a unique evolution
family U solving (C'P) on the spaces D(A(t)), [1, Thm. 2.3], see also [3], [31],
and the references therein. (To be precise, strong continuity of U at (s, s) follows
from the proof of [1, Thm. 2.3(ii)].) Moreover, U is exponentially bounded, see
(4.1) below.

We extend A(-) to the interval I := (—1,00) by setting A(t) := A(0) for
t € (—1,0). Clearly, the extension still satisfies (P1) with the same constants.
Further, we define

Ults) = e(t=5)A0) 0>t>s>—1,
’ Ut,0e40 t>0>s>—1.

Then U = (U(t, s))t>s>—1 is an exponentially bounded evolution family solving
(CP) on I. Let (G,D(G)) be the generator of the evolution semigroup 7 on
E = LP(I, X) associated with ¢ (where p € [1, 00) is specified below in condition
(B)).

For § € [0,1] and ¢ > —1, let Y; be the domain of the fractional power (—A(t))"
endowed with the norm ||z|ly, := ||(=A(t))%z||. (See, e.g., [22, §2.6] for the basic
theory of fractional powers.) By (P1) we obtain sup,c; |[(—A(#))7?| < co and
sup,e; |(—A#)?A@) 7| < oo (see [22], proof of Lemma 2.6.3). It is shown in
[6, Thm. 2.3] that U(t,s)X CY; fort > s> —1 and

I(=A@) Ut s)] < Ce” ™) (t—5)7" (4.1)

for (t,s) € D' = D} :={(t,s) € Dy : t > s} and constants C' > 1 and w € IR.
We denote by L

loe.u(I) the space of locally uniformly g-integrable functions on

I endowed with the norm

s+1 %
lellg, , = sup ([ le(rlar)”.

On the perturbations B(t), t > 0, we impose the following condition.

(B) Let p > 1 and 0 < 0 < 1 with p§ < 1. Let ¢ = (%—%)_1 for some
p € (pf,1). Let B(t) € L(Y;, X) and ||B(t)||zvi,x) < ¥(t) for a.e. t > 0,
where o € Lf,. ,(IRy). Finally, let B(-)U(:, s)y be measurable for s > 0 and
y €Y.

Notice that ¢ > p(1 — pf)~' and B(t)A(t)™* € L(X). We remark that in our
application B(t) is a differential operator and the assumptions on ¢, 8, p, p lead to
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an integrability condition for the coefficients of this operator. Let B(t) := 0 and
¥(t) :==0fort € (—1,0). On E = LP(I, X) we define a linear operator by setting
Bf :=B(:)f(-) for fe D(B):={f€E: f(t)eY,forae. tel, B(-)f(-) € E}.
In the next lemma we check the assumptions of Theorem 3.4(a),(b) for U and

B().

Lemma 4.1. Assume (P1) and (B). Then (M) holds for U, B(-), and Y; on
I. Assume, in addition, that B(-)A(-)"'z is measurable for all x € X. Then
(B, D(B)) is G-bounded.

Proof. (i) For the first assertion we only have to verify (3.5). Consider z € X
s> —1,t,r >0, and pu € R. Notice that by (B) and (4.1) we obtain

IB(s +)U(s +t,s)x|| < Ct=0% " (s + 1) ||z (4.2)

fora.e.t>0andallz € X. Set e := (u—w)p. Then (4.2) and Holder’s inequality
imply

/T le=™ B(s + )U(s + t, s)z||? dt
0

< Ol [ et (s +
0

cr p(/ —g ’f"dt>P

lel” (/) (e )

po
pb

</0r (e_%t@/)(s + t)p)(l ’
crlalr ([ emterde) " ([ e s + oy dt)g (4.3)

for some constants ¢, € R. For r < ry and p = 0, estimate (4.3) yields

IN

|
\
—
L
¥
~
~_
—
NE

r r % s+r %
/0||B(s+t)U(s+t,s)prdt < Gyl (/0 t”dt) (/ w(t)th)
< Gl el

A

for some constants Cy, k > 0. Letting  — 0 establishes (3.5). Further, let u > w.
Hence, ¢, > 0. We derive from (4.3) that

/°° le™™ B(s + )U(s + t, s)z||? dt
0

oo €1t % 0 ek s+k+1 b »
< Ol ([ mde) " (et [ ) < Culvll e
k=0 s oc,u

te +k

for a constant Cs > 0.
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(ii) Next assume that B(-)A(-) 'z, x € X, is measurable. Consider the space
F={fcE:ft)eY,forae tecl, (“A))f()ecE}

endowed with the norm || f||r := ||[(=A(-))?f(-)||z. Observe that F' is a Banach
space which is continuously embedded in F. Further we consider B as an operator
on D(Br):={f € F:Bf € E}. Tt can easily be verified that B: D(Br) C F —
E is a closed operator. Let f € F and t > 0. By (4.1) we obtain

I(=AE) (T L)) < [(=A) U(s, s=OI IR f (s)]] < Tt~ ™ [|R()f ()]

Thus, T'(t) € L(E, F) for t > 0. For t,t' > t, > 0 and f € E we have T'(t)f —
TA)f =T () (T(t—to)f —T(t' —to)f), and hence the function u : (0,00) — F :
t — e MT'(t)f is continuous, where A > w and f € E. Moreover,

e T < 0 ([IRWFEIP ds) < O]
1

As a consequence, u : IR, — F' is integrable. Since A dominates the growth
bound of 7, we infer that R(\,G) : E — F is bounded for A > w.

It follows from [1, Thm. 2.3] that D" 5 (¢,s) — A(t)U(t, s)z is continuous for
r € X. Hence, by the measurability of B(-)A(-)"'z, € X, the mapping

D' 3 (t,s) — Bt)U(t,s)f(s) = B(t)A{t) TA®)U(t, s)f(s)
is measurable for f € E. Now let f € C.(I, X) with support J. Then
IB(s)(T(®)f)(s)|IF < CPe P 77 || fIIB ()P xs(s — 1),

for t > 0. Because of ¢ > pwe have ) € L} (I), and thus T'(t) f € D(Br) C D(B),
t > 0. Moreover,

IBT(t)f — BT(t)fllp < /I¢<s>p I(=A(s)"U(s, 5 = to)|I”
1U(s = to, s — 1) (R()f)(s) = Uls — to, s = 1) (R(¢') f) ()" ds

for t/,t > to > 0. Clearly, the integrand converges to 0 for a.e. s € I as t’ — t.
Also, the integrand is bounded by Cy ¥ (-)Pxk(-) for a constant C and a compact
interval K C I. Therefore the mapping (0,00) > t — BT (t)f € E is continuous
for f € C.(1,X) due to the dominated convergence theorem. Further, we derive
for A > p > w and u(t) = e NT(t)f, f € C.(I,X), that

[un

/O°° 1Bu(t)|[pdt = /0°° (5=t (/I e | B(s)U (5,5 — t)xa(s — £)f(s — t)H”ds)p dt
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B =

IN

Cs (/OOO /I e B(s)U (s, 5 — t)x1(s — £) f (s — £)|[P ds dt)

1

= G ([ [T e 1Bl + UG+ 1)1 ()| de ds)
< aff ||f<s>||pds);—06 11l (4.5)

for constants Cy > 0. (Here we have used Hoélder’s inequality, Fubini’s theorem
and estimate (4.4).) Thus, Bu : IRy — E is integrable. Now Hille’s theorem, [8,
Thm. 3.7.12], yields R(\,G)f = [ u(t)dt € D(Br) € D(B) and BR(\,G)f =
Jo° Bu(t)dt. In particular, by (4.5) we have |[BR(\,G)f|lg < Csl/fllg for f €
C.(I, X).

Finally, we show that (B, D(B)) is G-bounded. Let g € D(G) and f = (A
G)g € E. Choose a sequence (f,) C C.(I,X), converging to f. Then g, =
R(\,G)f, € D(BF) tends to g in the norm of F as n — oco. Moreover, there
exists £ — lim,, o BR(X\,G)f, =: h. Since B is closed in F' x E, we infer that
g € D(Br) C D(B) and By = h. Hence, ||Blls < Cs | flls = Cs |\ — G)glls
for g € D(G). O

So we can apply the results of the preceding section. In fact, we can even
improve them considerably and show that the function ¢ — Ug(t,s)z, s € I,
x € X, solves (pCP) for a.e. t € (s,00). For this we have to introduce some new
concepts.

Let 1 < p,d < oo and let X = L%(Q) for a o-finite measure space (€2, ). Then
E = LP(I,X) is a UMD-space, see e.g. [3, [11.4.5.2]. We assume (P1) and that
the operators (A(t), D(A(t))), t > 0, satisfy the following condition, where ¢ is
determined by (P1).

(P2) The operators (A(t
and [|(=A(1)"] <

), D(A(t))) admit bounded imaginary powers (—A(t))™
ce™ 9l for + > 0, r € IR, and a constant c,

compare [3, 14] and the references cited therein. Clearly, the extension of A(-)
to I = (—1,00) given by A(t) = A(0), —1 < t < 0, also satisfies (P2). In
Section 5 we will see that (P1) and (P2) can be verified for a large class of elliptic
operators A(t). We define a linear operator A on E by setting Af = A(-)f(-)
for f € D(A) := {f € E: f(s) € D(A(s)) fora.e. s > =1, A(-)f(-) € E}.
Notice that (A, D(A)) is closed. Consider the first derivative Gof = —f’ on E
with domain D(Gy) = {f € W'?([,X) : f(=1) = 0}. Then it was shown in
[14], Cor. 2, Thm. 2, that the operator (Gy + A, D(Go) N D(A)) is closed and
(w,00) C p(Go + A) for some w € IR. Further, we set

Dy :=lin{f € E: f(-) =) U(-,r)y;r € I,y € D(A(r)), ¢ € CL(I) with ¢(s) =0, s < r}.
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Since the Cauchy problem (C'P) related to A(-) is well-posed, it follows from
28, Prop. 1.13], cf. [11, Prop. 2.9], that D; C D(A) N D(Gy) and the generator
(G,D(G)) of the evolution semigroup is the closure of (Gy + A,D;). Hence,
Go + A extends G. Since there exists A € p(G) N p(Gy + A), this implies

(G, D(G)) = (Go + A, D(Gy) N D(A)). (4.6)
This fact plays a central role in the proof of the next theorem.

Theorem 4.2. Assume that the operators (A(t), D(A(t))) and (B(t),Y:), t >0,
on X = LYQ) satisfy (P1), (P2), and (B) for 1 < p,d < oo. Moreover,
assume that B(-)A(-)"'z is measurable for x € X. Then there is a per-
turbed evolution family Up = (Up(t,s))i>s>—1 satisfying the conclusions of The-
orem 3.4(a) and (b). Set u(t) = Ug(t,s)x fort > s > 0 and v € X. Then
u € C([s,00),X) and u(s) = x. Further, we have u(t) € D(A(t)) for a.e.
te (37 OO)} u € I/Vllog((& OO)’X)7 (A() + B())U() € Llloc((sa OO),X), and
jtu(t) = (A(t) + B(t))u(t) for a.e. t € (s,00).

Proof. (1) The existence of Up = (Ug(t, s))i>s>—1 follows from Lemma 4.1 and
Theorem 3.4. Let Tp be the associated evolution semigroup on £ = LP(I, X') with
generator G = G + B, where D(Gp) = D(G) C D(B) and B = B(-). Observe
that the generator (Go, D(Gy)) of the left translation semigroup (R(—t));o is
given by Gog = ¢ for g € D(Go) = W'(I,X). Let f € D(G). We have
Ts(t)f € D(G) = D(A) N D(Gy) € D(Gy) and G = Gy + A+ B due to (4.6).
Hence,

L RATor)f = RT)GTo(r)] +R(~7)CoTn(r)f
= R(—7)(A+ B)Tg(1)f =:v(1),

and v : [0,] = E is continuous. Integration from 0 to ¢ yields
R(-O)Ts(t)f = f + /0 "R(=7)(A+ B)Ts(r) ] dr. (4.7)
Moreover, for 7 € [0, ¢] we have
v(1) (s) = (A(s +7) + B(s + 7))Up(s + 7,5) f(s) =: (7, 5)

for a.e. s > —1. Since (A, D(A)) is closed and ATp(7)f = AR\, Gp)Tp(T)(A —
Gp)f, we derive from (4.6) the continuity of 7 — ATg(7)f. By Lemma 3.2 there
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is a measurable function ® : [0,¢] x I — X such that for a.e. 7 € [0,¢] we have
[

]
1]

(R(—7)AT(7)f)(s) = ®(7,s) for a.e. s > —1. That is, for a.e. 7 €
A(s+1)Up(s+1,8)f(s) = ®(7,9), and hence (4.8)
Up(s+7,8)f(s) = A(s+7)'®(r,s) (4.9)

for a.e. s > —1. Observe that both sides of (4.9) are measurable with respect to

(1,s). Thus (4.9) and, hence, (4.8) hold for a.e. (7, s), and so the left-hand side
of (4.8) is measurable on [0,¢] x I. Then the function

[0,8]xI > (7,8) = B(s+7)Up(s+7,8)f(s) = B(s+7)A(s+7) "t A(s+7)Up(s+7, 5) f(s)

is measurable by the assumption. As a consequence, v : [0,t] x I — X is measur-
able. From Lemma 3.2 we deduce that o(-, s) is integrable for a.e. s > —1 and
(4.7) implies after a change of variables

Ug(t,s)f(s) = f(s) + /:(A(T) + B(7))Ug(7,s)f(s)dr (4.10)

for s € (—1,00) \ N(f), t € [s,00), and a null set N(f). (Notice that both sides
of (4.10) are continuous with respect to t.)

(2) Now fix x € X and s > 0. Choose 1, \ s and ¢,, € C}(I) with ¢, =0 on
(—1,s] and ¢, =1 on [r,, 7, + 1]. Set fn(-) :== ©n(-)Up(+, s)x. By Lemma 3.3 we
have f, € D(Gg) = D(G). There exist s, € [ry,, r,+ 1] such that s,, ¢ N(f,) and
$n \( 8. From the first part of the proof follows that Ug(t, s,) fn(s,) € D(A(t))
for a.e. t € [s,,00), (A(:) + B(:))Ug(", $n) fu(sn) € L}, .([$n,o0), X) and (4.10)
holds for ¢ € [s,,00). As a consequence, Up(-, 5p) fu(5n) € Wt ([s5, 00), X) and

d

3 UB(ty8n) fulsn) = (A(t) + B())Us({, 51) fu(5n)
for a.e. t € [s,,00). Set u(t) := Ug(t, s)x for t > s. Since u(t) = Up(t, sn) fn(Sn)
for t > s,, the theorem is established. O

Other perturbation results in the parabolic case can be found, for instance, in
[10, Thm. 6.1] or [7, Thm. 7.1.3]. There B(-) satisfies certain Holder conditions
which lead to stronger regularity properties of Up.
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5. An application

In this section we investigate the following initial value problem with mixed
boundary conditions:

Dyu(t,§) = zn: Dy (aw(t, &) Dyu(t, €)) + Zn: be(t, &) Diu(t, &) + c(t,&u(t, &), t > s, £ € Q,

k=1 k=1
u(t,§) =0, €£ely, t>s, (IVP)
Z nk‘(f) a’kl(t>€) Dlu(tag) = 07 6 € 1—‘1 , U>s,
k=1
u(s,€) = 2(6), €€
9

Here D; = &, and Dy = % denote derivatives in the sense of distributions and
the boundary conditions are understood in the sense of traces. Moreover, we
consider the following hypotheses:

(A1) 2 C R" is a bounded domain with compact C?~boundary 99, T'; are open
and closed in 92 such that 0Q =TqUT, ToNTy =0, Ty # 0, and n(§) is
the outer normal of OS2 at & € 0f).

(A2) aw = ayp, : Ry x Q — IR is continuous with bounded partial derivatives

with respect to & € Q, ay, Djay € C*(IR4,C(Q)), 1 < k,1,j < n, with

> %, and
1 n
5 1> > > an(t, &) mm > 6 |nf?
k=1

for a constant 6 > 0, n € R", ¢t > 0, and £ € (.

(A3) by,c€ Lj,. ., Ry, L7(Q2)), where r >n and ¢q > (l - ﬂ)_l.

2 2r

(A3") by=0and c e L], (Ry,L"(2)), where 2r > n, r > 1, and ¢ > (1 — 2%)_1

loc,u

Assumptions (A1) and (A2) were already considered in [14, §6].
On the space X = L4Q), 1 < d < oo, d < r, we define the second order
operator

n

A(t)l’ = Z Dk (akl(t, )Dll'()), t Z 0,
k=1

n

D(A(t)) = {zeW> Q) :2() =0,£ €Ty, > ne(Qan(t,)Dx(§) =0, & €T}

k=1

(with constants p and v = %) and (P2). (See also

Then it is shown in [14, §6] that the operators (A(t), D(A(t))), t > 0, satisfy (P1)
. 1 1

] and [31] for the verification
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of (P1) and the references in [14] concerning (P2).) Denote by U the evolution
family solving the Cauchy problem (C'P) corresponding to A(-).
Next, we introduce the (formal) first order operator

zn: ) Dga(+) + c(t, )z (), t>0.

Assuming (A3), resp. (A3’), one can see that there are numbers 6 > % + 55, TESp.
0 >, p>1 and p < 1 such that 1 > p > pf and ¢ = (%—%>_1. As in
the preceding section Y; is defined as the domain of (—A(t))? endowed with the
norm || - ly,. Let § = E—f>0 Then ¥ > d and £ + & =1+ 2 — 2 for
j € {0,1}. Since § > L+ 2 we obtain by [7, Thm. 1.6.1} that Y; C WH?(Q) and

|z||wio < K||z|y, . The proof of [7, Thm. 1.6.1] and the estimate
A 2|l < K ||2|a, r € X, (5.1)

(see for instance [14, (6.6)] or [3, (IV.2.6.19)]) imply that the constant K does
not depend on t. Moreover, we have %+ % + % = 1, where §+ % = 1. Hence, by
Holder’s inequality we derive for 2 € Y; and y € L¥ (Q)

(B < [ (et 001 + Xt ODa(m)) de
< 3 (el W)l ol + o @)l ol

< () lallwo ylla
< Ko@) [[zlly: l[ylla,

where (t) := max{]|c(t)]|

1Bl ewvix) < 9(t) = Ko (t
Now we show that B(-)

Nirenberg inequality (see e.

1Dk (A(t) ™" = A(s) ™)z la

N

w W@l & = 1,---,n}. Thus B(t) € L(Y:, X),
( ) and Q)D S Llocu(IR-f—)'

A(-)7'z, x € X, is measurable. The Gagliardo-
g. [22, Lemma 8.4.1]), (5.1), and (P1) imply

for constants C;. Hence, B(-)A(-)"'z is measurable if b,,c € L®(Ry x Q),
cf. [26, Lemma 2.4]. The general case follows by truncation of the coefficients
b, and ¢ and an application of the dominated convergence theorem. Finally,
from B(t)U(t,s)z = B(t)A(t) ' A(t)U(t,s)r we derive the measurability of
B()U(-,s)x for x € X.

As a consequence, Theorem 4.2 yields the following result which extends [24,
Ex. 4.6], where the case by = 0 and A(t) = A was considered.
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Proposition 5.1. Assume (A1), (A2), and (A3), resp. (A3’). Let X = L4(Q),
1l <d < oo,d < r, x € X, and s > 0. Then there is a function
u e Wiht((s,00),X) N C([s,00), X) with u(s) = x such that u(t) € D(A(t))
for a.e. t € (s,00), (A(:) + B(-))u() € L}, .((s,00), X), and u satisfies (IVP) for
a.e. t € (s,00) and & € Q.

In [4] D.G. Aronson has studied a more general version of (IVP) (however with
Dirichlet boundary conditions) and obtained weak solutions of (IVP) by PDE

-1
methods. We point out that in [4] the conditions » > n and ¢ > (% - %) , cf.

(A3), also play a crucial role.
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