ERROR ANALYSIS OF THE LIE SPLITTING FOR
SEMILINEAR WAVE EQUATIONS WITH FINITE-ENERGY
SOLUTIONS

MAXIMILIAN RUFF AND ROLAND SCHNAUBELT

ABSTRACT. We study time integration schemes for H'-solutions to the
energy-(sub)critical semilinear wave equation on R®. We show first-order
convergence in L? for the Lie splitting and convergence order 3/2 for a
corrected Lie splitting. To our knowledge this includes the first error
analysis performed for scaling-critical dispersive problems. Our approach
is based on discrete-time Strichartz estimates, including one (with a
logarithmic correction) for the case of the forbidden endpoint. Our
schemes and the Strichartz estimates contain frequency cut-offs.

1. INTRODUCTION

The semilinear wave equation 0?u — Au = +|u|* u is one of the most

important model problems for dispersive behavior. Its analytical properties
are well understood, see [23] for a survey. In view of the energy equality,
H' (or the homogeneous version H') is the most natural regularity level for
solutions u(t) and data.

On 3D-domains, in the case of powers « € (1, 3] one can study wellposed-
ness by means of the standard tools of evolution equations, whereas the
treatment of the case a € (3,5] is based on dispersive properties. To our
knowledge, in numerical analysis the latter situation has not been studied in
this setting so far. (Compare [19] for the case o € (1,3).) The strategy of
the error analysis for such problems goes back to the seminal paper [14] in
the case of the semilinear Schrodinger equation. In this work we establish
the first error bounds for time integration schemes for the semilinear wave
equation in the case o € [3, 5] with finite-energy data on the full space R3.

In the present paper we investigate the equation

O*u = Au — plu|*tu, (t,z) €[0,T] x R3,

1.1

u(0) = u®, dru(0) = 2", (1)
with finite-energy initial data (u’,v%) € H'(R3) x L?(R?), as well as parame-
ters p € {—1,1} and « € [3,5]. In this setting, a complete local wellposedness
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theory in the space H'(R3) x L?(R?) for (u, d;u) has been established, where
global existence is known for the defocusing case p = 1. If & > 5, the problem
is ill-posed at least in the focusing case u = —1. The energy-critical case
a = 5 is much more challenging than the subcritical range o < 5. The theory
is based on Strichartz estimates for the linear problem, see the monographs
[20] and [23].

To establish error bounds for time integration schemes, we show various
discrete-time Strichartz estimates in Section 2 Here one controls discrete-
time points (u(n7)),ez of the solutions to the linear problem in spaces like
¢P(Z,¢1(R3)) by L2-based norms of the initial data, where 7 € (0, 1] is the
time-step size. It is easy to see that a naive discrete-time version of results
in continuous time fails. Instead, one has to introduce frequency cut-offs 7
at level K > 1;ie., mg = ‘7:71]1{|§\§K}~7'— with the Fourier transform F. The
estimates then depend on K7, but are otherwise in complete analogy with
the estimates in continuous time. Similar results for the Schrédinger equation
have been obtained in [9] and [16], see also [17] and [15] for the case of periodic
boundary conditions. Moreover, Strichartz estimates for spatially discrete
Schrodinger equations were treated in the seminal works [10] and [11]. In
contrast to the Schrédinger equation on R™, in the wave case one has to work
with frequency-localized estimates and the Littlewood—Paley decomposition
already for the basic Strichartz inqualities. In Theorem [2.10| we also derive
local-in-time estimates at the forbidden endpoint (p,q) = (2,00) with an
additional logarithmic correction depending on K and the end-time 7". Such
an inequality was shown in [12] for continuous time.

The frequency cut-off has then to be introduced in the time integration
schemes, too (as in the Schrodinger case, see [9], [5], and [16]). We first
analyze the frequency-filtered Lie splitting scheme

Un+1 = eTA [Un - T(O7 7.‘,7_71(“|un|04*1un))}7
Uy = (m—1u®, m—10°)

for U, = (un,vy,) and the wave operator A(u,v) = (v, Au), see and
. We show first-order convergence in L2(R3) x H~'(R3) for data in
H'(R3) x L?(R3). In contrast to previous works on time discretization of
semilinear wave equations in low-regularity regime, such as [g8], [3] or [13],
in our setting there is no uniform spacetime L°°-bound on the solution
u available, since in three dimensions the Sobolev embedding H® — L™
requires s > 3/2, but we only assume H' regularity of u. Instead, our error
analysis is based on discrete-time Strichartz estimates. We use ideas from
9], [5], and [16], where a similar analysis was performed in the case of the
subcritical semilinear Schrodinger equation. However, because of the change
to a second-order problem the analysis differs in many points.

We treat the subcritical and energy-critical cases separately, since the
latter requires a much more delicate analysis. Our convergence result for the
subcritical case o < 5 reads as follows. It is proved at the end of Section [4]
see also Remark [3.4

Theorem 1.1. Let a < 5 and U = (u,du) € C([0,T], H'(R3) x L?*(R3))
solve the semilinear wave equation (1.1). Then there are a constant C > 0
and a mazimum step size 19 > 0 such that the iterates U, of the filtered Lie

(1.2)
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splitting scheme (1.2)) or (4.1)) satisfy the error bound
1U(n7) = Unll 2y g1 < CT

for all 7 € (0,70] and n € Ng with nt < T. The numbers C and 19 only
depend on T, o, and HUHLoo([QT],Hlea(W))-

For the critical case o = 5, the next result is shown at the end of Section

Gl

Theorem 1.2. Let a = 5 and U = (u,0u) € C([0,T], H'(R3) x L*(R3))
with u € L*([0,T], L'2(R?)) solve the semilinear wave equation (1.1)). Then

there are a constant C' > 0 and a mazximum step size 79 > 0 such that the
iterates U, of the filtered Lie splitting scheme (4.1)) satisfy the error bound

||U(TLT) - UHHL2><H71 <CTt

for all 7 € (0,79] and n € Ny with nt <T. The number C only depends on
T, ||UHLOO([O’TLHleQ(RS)), and ||ullpago,r),L12(rs)), whereas 7o only depends
onT, u°, and °.

The more sophisticated analysis for @ = 5 is reflected by the dependence
of the maximum step size 7y on the solution itself, rather than just on its
norm. A similar behavior occurs in the wellposedness theory, see [23]. To
our knowledge, this above theorem provides the first error analysis of a time
discretization for a scaling-critical problem.

As a first step to higher-order schemes, in the case @ = 3 we study a
corrected Lie splitting given in , where we now take the cut-off level
K = 773/2. A version of the scheme without frequency filter was recently
proposed and analyzed in [13] in higher regularity H7/4(R?). We can show
convergence order 73/2 for the error in L?(R3) x H~(R?), again using data
in H'(R3) x L?(R3). Formally, the scheme is of second order due to a well-
chosen correction term. This term also leads to an error formula without
second-order derivatives. The loss of 71/2 in our result corresponds to the loss
in the Strichartz estimates, so that we believe our result is optimal, compare
also [16]. In the proof we need the endpoint estimates from Theorem m
The convergence result is shown at the end of Section [f] Here we use the
endpoint versions of Strichartz estimates with logarithmic corrections from
Theorem [2.10] which seem to be new tools in the error analysis.

Theorem 1.3. Let U = (u,du) € C([0,T], H'(R3) x L*(R%)) solve the
semilinear wave equation (L.1) with oo = 3. Then there are a constant C' > 0

and a maximum step size Tg > 0 such that the iterates Uy, of the corrected
Lie splitting scheme (6.3)) with K = 7=3/2 satisfy the error bound

|U(n7) = Unll 21 < O3
for all 7 € (0,70] and n € Ny with nt < T. The numbers C and 19 only
depend on T and ||U || oo (o 77, i x 12(R3))-

Remark 1.4. In the defocusing case p = 1, energy conservation shows that
the solutions to (|1.1)) exist globally in time. Moreover, the numbers C' and
70 from Theorems [I.T] and [I.3] as well as the number C' from Theorem
then only depend on T, «, HVUOHL2(R3), and HUOHLQ(RB). See Remarks

and 3.4]
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We comment on variants of our results. A straightforward extension is
possible to more general nonlinearities with the same growth behavior, and
also to the Klein—Gordon case. Furthermore, exploiting the finite speed of
propagation for the wave equation, our analysis remains valid if one replaces
the spatial domain R? by the torus T? (where the Strichartz estimates only
hold locally in time). In this setting the above schemes become fully discrete.
They are studied in more detail in on-going work by the first-named author.
In (most of) these cases, one would have to work with inhomogeneous Sobolev
spaces instead of homogeneous (dotted) ones.

We do not analyze the Strang splitting (which is of second order formally)
since a preliminary analysis indicates that one only obtains convergence
order one for H'-solutions in the critical case & = 5. For a = 3, an order
74/3 seems to be feasible using Strichartz estimates. However, this is inferior
to the estimate for the corrected Lie splitting in Theorem In [8] and
[3], second-order convergence of the Strang splitting and closely related
trigonometric integrators has been shown in case of one space dimension or
H?2-solutions.

Our analysis does not distinguish between the focusing and defocusing
cases. Better results could be possible in the defocusing case, where the
energy dominates the H'-norm. For example, an error analysis on unbounded
time intervals was done in [4] in case of Schrédinger equations (under the
additional assumption that the initial value lies in the conformal space).

In Section [2| we establish the needed discrete-time Strichartz estimates,
adapting ideas from the continuous time. The local wellposedness theory is
recalled in Section [3] We introduce the Lie splitting with frequency cut-off in
Section |4} and then derive the core error formula . After estimating the
error terms in the subcritical case by means of our Strichartz estimates, we
show Theorem using a double induction, first iterating within a possible
small time interval of size T, and then performing a recursion over intervals
of length T7. The critical case is studied in Section [5] Here we use in addition
convergence results for H2-solutions in order to make sure that the discrete
approximation stays close to the PDE in H'. Moreover, in the argument
enters how fast the Strichartz norm ¢4L'? of a time-discrete solution gets
small on small time intervals. The last section is devoted to the corrected
Lie splitting which has a more sophisticated error formula and thus
requires additional estimates of error terms.

Notation. We write A < B (or A <, B) if A < ¢B for a generic
constant ¢ > 0 (depending on quantities «). Since we always work on R3, we
abbreviate LP for LP(R3) etc. We write F for the Fourier transform, where
we use the convention with the prefactor (27)~3/2. We also use the notation
4 = Fu. In the context of Fourier multipliers, we often just write & instead
of the map £ — &. For s € R, we use the inhomogeneous and homogeneous
Sobolev norms

lwlls = 1L+ 1EP) 20 L2, Nwlge = [1E[°D] 2,
ifwe Llloc. The homogeneous Sobolev space H® is defined as

HS ={weS :dell, and |w|| 7 < 00}
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This space is a Hilbert space if and only if s < 3/2 due to Proposition 1.34 of
[1]. Moreover, Schwartz functions with compact Fourier support in R?\ {0}
are dense in H® if s < 3/2, cf. Proposition 1.35 of [1].

Let p € [1,00], J be a time interval and X be a Banach space. We use
the Bochner spaces L) X = LP(J, X) with norms

Pl = ([ 1F@I%)”

and the usual modification for p = co. In the case J = [0,7] we also write
T instead of J. If a “free” variable ¢t appears in such a Bochner norm, the
time integration is taken with respect to ¢. Further we denote by (P := (P(Z)
the sequence spaces over the integers and abbreviate P X := (P(Z, X)) in case
of Banach space valued sequences. In order to simplify notation we often
write || Fy||erx instead of ||(Fy)nezllerx, where again a “free” variable n is
assumed to be the summation variable. For a stepsize 7 > 0 and a number
N € Ny, we further introduce scaled norms

1
1Flleex = 1Fallex = (7 Il )"
ne”L

and the truncated variant
N 1
1Flle x = IEaller = (7 > 1Eal%)"-
n=

Note that in the case p = oo, the norm || ||, x = sup,,¢z || F||x does not
depend on 7. For intervals J C R we also use the notation

1
1PNz = [Ballex) = (7 3 1EI%)"-

ne’l
nreJ

2. STRICHARTZ ESTIMATES

Our analysis is based on time-discrete Strichartz estimates for the wave
equation, which are established in this section. We start with some standard
definitions and results regarding the time-continuous case.

Definition 2.1. Let x € C°(R3) be a radial function with x = 1 on B(0,1),
supp x € B(0,2) and
B(€) = x(&) — x(26), £€R

For every j € Z we define
0i(&) = (2

2—]) ¢eR, and Pju=F '(;0), ucS.
These definitions yield suppt; C {€ € R3 : 2771 < |¢] < 2771} and the
identity

S 66 =1, €eR3\ {0}

JEZL
We recall that the “Littlewood-Paley projections” P; are bounded in LP
uniformly in j € Z and p € [1, 00].



6 MAXIMILIAN RUFF AND ROLAND SCHNAUBELT

We define the operator |V| = v/—A via the Fourier multiplier |V|f =

F(|€|f), and analogously for cos(t|V|) etc. To solve the wave equation, we
will use the half wave group

6it|V| — .F_leit‘élf.
From Proposition ITI.1.5 of [20], we recall the kernel bound
IF )| S (L4 [E) 7" tER. (2.1)

The proof of the Strichartz estimates is based on the following known
frequency-localized dispersive inequality. For convenience, we show how it

follows from ([2.1)).
Lemma 2.2. [t holds

1P fllze S 290D (14 270D g
foralljeZ, teR, qge (2,00, and f € LY.
Proof. Let first f € L'. Young’s convolution inequality yields

1B Y fll e S IFH (M 0 e |1 £l e,

where we have
FHeMelyy) (@) = (2m) 722 [ el ety (2-ig) dg
R3

_ 93] -3/2 27z i27t|n|
29(2m) 02 [ ey ) dy
= 2% F1 (Pl (27z).
Estimate ([2.1) now gives
1PV Fll oo S 2% (14 27Jt) 71 | -

The assertion follows by interpolation with the L?-bound || P;ellVI || <
| fllz2, which is a consequence of Plancherel’s theorem. O

We now state some of the Strichartz estimates for the wave equation
to provide a background for our results. The next theorem follows from
Corollary IV.1.2 in [20] combined with formula (3.5) below. We call a triple
(p,q,7) wave admissible (in dimension three) if p € (2, 00|, ¢ € [2,00), and

1 1 1 1 3 3

Shi<o, S+ 2=Sy 2.2

p g 2 p oq 2 (22)
One then has v € [0, %), and the equality in (2.2)) is called scaling condition.

Theorem 2.3. Let (p,q,7) be wave admissible for dimension three. Then
we have the estimates

.
||€ 1t|v|f||L§Lq Sp,q HfHHw
t
+i(t—s)|V| :
| [ eI as] S 1Py

forall f € HY and F € L]%QHV.
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Observe that the triple (00,2,0) corresponds to the usual energy estimate.
In the above inequalities one increases the space integrability paying a price in
regularity and time integrability. For the last inhomogeneous estimate, there
are also variants involving L? L7 -norms instead of the L' L2-norm. Moreover,
for triples (p, 0o, y) with p > 2 that satisfy (2.2 . the above estimates remain
true if one replaces L™ by B . Since we will not need these facts, we omit
them for simplicity.

2.1. Time-discrete estimates. Now we turn our attention to the time-
discrete setting. In the following /P L9 estimates, the fP-summation is always
taken over the variable n. We start with frequency-localized inequalities.

Lemma 2.4. Let (p,q,7) be wave admissible. Then the estimates

Pieir=RIVIE, < 92(9% L 1)|F 2.3
| B Wl ppe Spa 27@7 A DI Fllgrpe, (23)
keZ
> Pe*ViE| < 277(25 +1)|1F| (2.4)
J k 12 ~Pd ' La .
keZ
1P Fllonpa Spg 27725 + 1)[|Pif | 2 (2.5)

hold for all F € (P’ LY, f € L2, and j € Z.
Proof. We first deduce from Lemma [2.2] the estimate

H %Pjei(n—k)ka oL < H ]2 Hpjei(n—k)W\FkHLq 3

< 23j(1—§)” | %l 1o i
kez (1+ 21| — k)~ '
< 22j(%+'y)H HFkHLq’

b (142 — k)7

where the last inequality follows from the admissibility conditions (2.2)). The
first assertion for p = oo is now clear. For p < oo we compute

22j(%+7)H | Fell o
: 2
kez (1 +27n — k|)» 4

(], + |

)

»)

iy (02 ||Fk||
< 22 (2% || Pl o + H 3 | M kllp
keZ n—

227(2% + 1)||Fl g 1

N7q

with the help of the discrete Hardy-Littlewood—Sobolev inequality (see
Proposition (a) in [21]). We note that in the case n = k the factor 2%/?
does not cancel. This is the main difference to the continuous case, where
such a term does not appear in the continuous Hardy-Littlewood—Sobolev
inequality. This proves (2.3)).
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The other two claims follow by a standard TT* argument that we sketch.
Using that Pje_ikm = e_ikW'Pj, from ({2.3]) we derive

| > Pe VIR ; =Y (> P RVIR, P, )
keZ n€e?Z keZ

2
S 22”(2 r + 1)||F||§P'LQU

implying (2.4). Here we write (-,-) for the L?-inner product. By duality, it
follows the estimate

1P fllerzs Spg 2727 + DI 2. (2.6)
To recover P; on the right-hand side, we use the fattened Littlewood-Paley
projection Pj := Pj_1 + P; + Pjy1 for j € Z, noting that P;P; = P;. Clearly,

(2.6) also holds with ISJ- instead of P;. In this inequality, we then replace f
by P;f to obtain the last assertion ([2.5). O

To deal with the additional factor 27 + 1, we include a frequency cut-off
in the discrete Strichartz estimates. For each K > 1 we define the Fourier
multiplier

Tk = F 'lpox)F- (2.7)
By Plancherel’s theorem, the operators wx are clearly uniformly bounded in
K on every L?-based Sobolev space.

We can now show the desired discrete Strichartz estimates. We stress
that these estimates fail without the cut-off if p < co. For instance, take a
function f € HY \ LY in . On the other hand, for f € HY the map mx f
belongs to all L" with r > gy and 3/2 — v = 3/qo by Sobolev’s embedding
and Bernstein’s inequality.

Theorem 2.5. Let (p,q,v) be wave admissible. Then we have the estimates

. 1
ke N e ra Spa (KT 11177 (2.8)

n—1
: 1
|7 >0 meed NI S (KPP F] g (2.9)
k=—o00

2 La
forallTe (0,1, K>7"', fe HY, and F € (" H".

Proof. By approximation, it is enough to take Schwartz functions and finitely
supported sequences. A scaling argument reduces the estimates to the case
7 = 1. Indeed, we can write

eVl f =D _ing.e7 VD, f, (2.10)
where the spatial dilation operator D, is given by (D, f)(x) = f(ax). As-
suming the case 7 = 1 is shown, we get the general case

. 1 . 1,3 .
lrxce™ ™V Fllgp po = 70 | Do mier V1D flrpa = 70 4wV De fl oo o

1,3 1 1,3 3 1
Spa 77 (KT 7Dy fll gy = 70T () f

= (K7)7 | £+

by the scaling condition in (2.2]), and similarly for the inhomogeneous esti-
mate.
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Solet 7 =1 and K > 1. By means of the Littlewood—Paley square
function estimate, Minkowski’s inequality, and Lemma [2.4] we compute

HWKeinmeszq

1
<o (X 1Pmre™Is )
JEZ

[SIE

< (X IPem £l o)

P L4
L JEZ

. 1 1
. J 5 1 . 3
Spa (21277 + P fI32)* S K7 (D127 P f13:)
JEZ JEZ
1
< K7 fll v
also using that Pjmx = 0 for K < 27. Thus, the homogeneous estimate (2.8)
is true. By duality, we infer the dual homogeneous estimate
1
| X mwe™VIGH| | Spa KF NG (2.11)
keZ

that is valid for all G € /7' LY.

The truncated inhomogeneous estimate (2.9) is proven by another duality
argument via

n—1
H Z eIV p
k=—o00

p L4

S (S e 6,)

= sup ‘
IGl o’ <1 mez  k=—o0
Oo .
= sup ’Z<Fk’ Z ﬁKel(k_”)lv‘GnM
1GH 1o <1 kez n=k+1
i(k—n)|V
<|[Fllpg  sup H S mdt G, |

/<1 kEZ —k+1

Using ([2.11]), the assertion now follows from

IG,r

sup H Z rrel-MIVig, H
G pr g <1 kEZ =k+1
— SUPH m|V|]]'{nZk+1}GnH .
||G|| ,<1 kezZ H=

S,p,q K sup sup ||Il{n>k:+1}G ”gp Ld = Kp

Gl g <1 kE
Alternatively, one could also employ the Christ-Kiselev Lemma [2.11] below
to deduce the inhomogeneous estimate from the homogeneous one. (]

We discuss some variants of the above results and proofs.

Remark 2.6. a) Using the Bernstein inequality ||7x fl| 5, S K[| f]|z2 that
holds for every L?-function f and v > 0, we can convert the derivative loss
from the discrete Strichartz estimates into a multiplicative factor of the form
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K7. This gives e.g.

; 1
7™ flpro Spa (K7)2 K| £ 24
and similarly for the inhomogeneous estimates.

b) In all the previous estimates we can replace the plus sign in the
exponential by a minus sign (e.g., eIVl instead of e”7IV]) since we can
instead of f resp. F' always use their complex conjugates and 1p(g x)(§) =
1 B(0,k)(—€)- This modification is employed below without further notice.

¢) In our applications, we will always deal with finite sequences, defined on
some set {0, ..., N} for an integer NV € Ny. In that case, the second estimate
of Theorem 2.5 takes the form

n—1
HT Z ﬂ_Kei(nfk)‘r\V|Fk
k=0

1
& La S,p,q (KT)p HFHQ,NAHW

where on the right-hand side we only need to consider the index range
{0,...,N —1}.

Remark 2.7. There exists an alternative (simpler) approach to time-discrete
Strichartz estimates, which uses the well-known continuous estimates just
as a “black box”. In the context of Schrodinger equations, it was used in
Lemma 2.6 of the recent preprint [25], see also Lemma 2.1 of [22] for a similar
technique. But this approach yields a weaker estimate compared to Theorem
in the case when K > 7~!. We give the details. For technical reasons,
here we have to replace the frequency cut-off mx by a version 7x with a
smooth cut-off function (similar as the Littlewood—Paley projections from
Definition . Let first 7 = 1 and K > 0 be arbitrary. For a function
f e H, we get

eV FIID, 1

n .
=5 [ e R a

nez
n . . n .
S X [ e =t 3 [ e Rt
nez’/n=1 nez’/n1

Note that the last term is equal to [V f||7,,,, therefore it can be
treated directly by the continuous Strichartz estimate from Theorem [2.3]
The first term can be rewritten as

S [ e - g =Y [ [ ] a
- nez "

nez” ™
<[ g, dodt
—1Jn-1

nez
n .
S K'Y [ €11 do
nez 1

where we used Bernstein’s inequality and the frequency cut-off 7x to get rid
of the differential operator. In this step it would be necessary to use 7x with
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a smooth cut-off function. Now we are again in a position to apply Theorem
23] Altogether, this gives the estimate

7™ fllerra Spg (L4 K)o

A scaling argument as in the proof of Theorem [2.5] then yields the estimate

7™ fllpra Spa 1+ KT Fll v
for general 7 > 0. We see that this estimate is inferior to Theorem [2.5] if
K > 771 but for K = 77! they are the same.

2.2. Endpoint estimates with logarithmic loss. The Strichartz estimates
from Theorem and are in general wrong if (p,q,7v) = (2,00,1), see
[22] or Exercise 2.44 in [23] for a discussion. In this section we show a
local-in-time estimate with logarithmic loss, which will be used to discuss the
corrected Lie splitting in Section [6] We follow the approach from Section 8
in [12] and transfer it to the time-discrete setting. First, we need two lemmas
with basic estimates. The first one is contained in the proof of Lemma 8.1 in
[12].

Lemma 2.8. The function

M:RxR*—=C, M(\z):= / €72 cos(N[€])e'* dg
B(0,1)

)

satisfies the decay estimate

1
A
for all \ € R and z € R3.
Lemma 2.9. The function
1 1
A:RxNygxNyg—=R, A(B,n,j) = — + .
0% Mo G d) = (5 g =51 * T 5 )
satisfies the inequality
N
max ZA B,n,7) <14 B tog(l + NB)

7=0,..
for all N € Ng and 8 > O.
Proof. Let j € {0,...,N}. We have

N 1 _ N 1 . N 1 - . NB 1 "
. =1+ + —
7;)”5(%])‘7;1%71 ,;1+Bn_ b /0 1+t
=143 tlog(1+ Np)
and
N 1 N )
— =1+ + —
ZH,@’\n il ZHB n) n_zj:-HlJrB(n—J)
=1+ <142
Zl—l—ﬁn nz::ll—l-ﬁn_ nzz:ll—{—ﬁn

<1428 1og(1+ NpB). a
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Now we show the announced time-discrete endpoint estimates with loga-
rithmic loss.

Theorem 2.10. The estimates
Ime™ ¥ fll o < /K7 +log(1+ KENT)| 7, (2.12)

N
> WKe*ilevleHHil S VET +log(l+ ENT)|Flle o (213)
k=0 '

hold for all T € (0,1], K > 7', Ne Ny, f € H', and F € (?L".

Proof. By duality, the two estimates are equivalent. Due to a scaling argu-
ment, for (2.12)) it is enough to show

Ime™ ¥ fllg o < 1+ BT ogU+ NB)fllin (219)

for any 8 > 0. Indeed, this estimate and (2.10)) imply

Imce™ ¥ fllgs g = 72 DKme™ VD fllp e

1 .
=72 ||7T1€mKT|V‘DK—1fHe§ I

< r3 \/1 + (K1)~ tlog(l1 + NKT)||Dg-1 fl| g
= (K7)5y/1+ (K7) " log(1 + NE7)| ]l
= /K7 +1log(1+ NE7)| fl -

We show via the dual estimate

| % 7r1e*i”mv|FnHH71 S /14 51 log(1 + NB)IFllg 11 (2.15)
n=0

for F € (2L, Instead of the exponential, we treat sine and cosine. From the
definition of the H'-norm and Fubini’s theorem, we deduce

N 2 N A~ 2
| 3 misinmBlVDE, -, = €7 3 Lo sin(nBle) Fae)]
n=0 n=0

L2

N

= - in in(j i i,
= 0 677 3 suusle) (oD €) ae

n,j=0

N

= (27)73 -2 in(n sin(y
=0 [ I3 sntmle) sinisle)

n,j=0
: /R 3 /R DR, () F5(y) da dydg

N
—en Y [ [ G088y - 9)F(@)F () dedy.

n,j=0
where

G_(a,b,z) = /

€17 sin(al¢]) sin(b|¢] )™ dE.
B(0,1)
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Analogously, we obtain

N 2
H nz;;m cos(nﬂ|V|)FnHH_1

N
) [, [ G088, — ) P FyGy) iy,

with
Gilobyz)i= [ e[ cos(ale]) cos(ble])ei** de.
B(0,1)

Trigonometric identities yield

G1(a,b,z) = %(M(afb,z):i:M(aer,z))

with M (X, z) from Lemma [2.8] Combined with this lemma, the above
equations lead to

N 2
| 2 me I,
H—l
n=

<3 [ L (00— 3y =)+ M50+ 59~ )

n,j=0
| Fn(2)|[Fj(y)| de dy

N 1 1
n%::()/ﬂgs /Rs (1_4_5’71_]" + 1 _,_mn_‘_j|)‘Fn($)HFj(y)’dxdy

N
= > AB ) Fall |1 Fjl 1
n,j=0

AN

with A from Lemma [2.9] We can now apply Cauchy—Schwarz twice and
Lemma Also noting that A(3,n, j) is symmetric in n and j, we estimate

N
> AB DI Fall a1 Fyl o

= N N 2,1
<IFlle [ 3 (X AB3mIE ) |
n=0 j5=0
N JN N 3
<UFlle i [ 30 (3 AB.3m)) (30 B IE )]
n=0 j5=0 j=0
N i 1
< (nHOIaXNZA(B’na]'))%(szBlaXNZA(B’n’j»éHF”%NLI
N o 520 ’

S (1487 10g(1+ NB)) I FII 1o,

which shows (2.15]). (]
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In Section [6] we also need an inhomogeneous estimate with the forbidden
exponents (p/,q’,1) = (2,1,1) on the right-hand side. Estimates with § # 2
can often be deduced by means of the Christ-Kislev Lemma from [7].

Lemma 2.11. Let X and Y be measure spaces, and E and F' be Banach
spaces, 1 <p < q< oo, and T: LP(X,E) — LYY, F) be a bounded linear
operator. Furthermore, let (X;)jen be a sequence of measurable subsets of X
such that X; C X1 for all j € N. We define the Christ-Kiselev maximal
operator

[T*h](y) = sup 1T (h1x,)](W)lF

j€
for all h € LP(X, E) and almost every y € Y. Then we have the estimate
« =1 =1y, _
IT*hlloqyy < (1 =277 =T N HTY (| Lo x )
for all h € LP(X, E).

We show the estimate to be used in Section [f] There we need uniformity
with respect to shifts s € R in the wave propagator.

Corollary 2.12. Let (p,q,7) be wave admissible. Then the inequality

n—1
HT Z ﬂ_Kei(nfk+s)‘r\V||v’lek
k=0

D
ZT,NLq

1
Spa (K7)2 K7\/KT +10g(KNT) [ Fll2 | 1o

holds for all 7 € (0,1], K > 771, s € R, N €N, and F € (L.

Proof. We define the sets Xo := () and X, := {0,...,min{j — 1, N}} for
jeN,and X :={0,...,N}. By the Christ-Kiselev Lemma it suffices
to prove the estimate for the operator given by

N
(TF), =71 Z i A vy 0%
k=0

We compute

N
HT Z ﬂ_Kei(n—k-i-s)T\V\ |V‘_1Fk
k=0

@ 1

1
Spaq (KT)P

N
- ﬂ_Kei(fk+s)‘r\V||v’lek '
> .

< (KT)%K’YHT iv: WKe_ikTW'FkHH_l
k=0

< (Kr)sK7\/Kr +log(1 + ENT)|[Fll2 .

Here we first use the homogeneous Strichartz estimate . Then we apply
Bernstein’s inequality to get rid of the derivative loss of order -, at the cost
of the factor K7. In the end, we employ the endpoint estimate from
Theorem O
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Furthermore, we need the following “hybrid” estimates to control time-
continuous solutions in time-discrete norms. Their proof is only sketched
since it does not require new ideas.

Corollary 2.13. Let (p,q,7) be wave admissible. Then the estimates

nT . l
| [ axeom=NUp @) s, Spa KON e (2.16)

| [* meom= ¥ (s) s

. < VET +log(1+ KNT)|Fll 1 jo.-. 1)
(2.17)
hold for all T € (0,1], K > 7', F € LAH", and N € N,.

Proof. Two proofs are possible. Since we have an L?-based Sobolev space in
the space variable on the right-hand side of the inequality, we can apply the
same technique as in the proof of (2.9) in Theorem [2.5] just replacing one
of the two sums by an integral. Fo one uses %D instead of .
An alternative way would be to proceed as in the previous proof and use
the Christ-Kiselev Lemma with the sets X; = (—o0, j7] C R for the first,
resp. X; = [0,min{j, N}7] C [0, N7] for the second estimate. So (2.16) is
reduced to , and to . O

3. NONLINEAR WAVE EQUATION

We introduce some notation and recall some well-known results from
the wellposedness theory of the nonlinear wave equation (1.1)). For the

nonlinearity we write g(u) = —u|u|* 1u. We will often use the elementary
pointwise Lipschitz bound
l9(v) = g(w)| S (IW|*™" + |w]*™ v — w] (3.1)

for g. It is convenient to reformulate (1.1]) as a system having first order in
time. Therefore we set

7=(2)= () 4= (8 5) er= () 0= (). 02

and obtain the equivalent first-order system
QU(t) = AU(t) + GU®), te [0,T],
U(0) =0°.

We are looking for a mild solution of (3.3)), i.e., a function U € C([0,T], H' x
L?) satisfying the Duhamel formula

(3.3)

U(t) = e4U° + /0 t e=)AG(U(s)) ds (3.4)

for all t € [0, T]. The group e is given by

o ( cos(tV]) |V "Vsin(t]V])
¢ ‘<—|V|sin<t|V|> costv) ) PR

Inserting (3.5)), the first line of (3.4)) reads
t
u(t) = cos(t|V])u’ + |V| ™ sin(t| V)0 + / V|~ sin((t — 8)|V|)g(u(s)) ds.
0
(3.6)

(3.5)
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For the linear part of the evolution we abbreviate
S(t)(u®,0°) = cos(t|V|)u’ + |[V| ! sin(t|V])2°. (3.7)

In this setting we can apply the Strichartz estimates as formulated in Section
since we can decompose

1 . . 1 . )
sin(t|V|) = E(elt‘v| _ e—lt\V\)? cos(t|V|) = §(€1t|V| + 6*1t‘V|).

In the case a = 3, Sobolev embedding shows that the nonlinearity G leaves
the space H! x L? invariant. Therefore, local wellposedness can be shown
in a standard way using the Duhamel formula and Banach’s fixed point
theorem. If o > 3, a more sophisticated analysis is needed since in that
case the nonlinearity loses too much integrability. By means of Strichartz
estimates, local wellposedness can be shown up to the critical power oo = 5.

Let o € [3,5]. We define an exponent p, € [4, 0o] such that (pa,3(a—1),1)
are wave admissible, i.e., by the relation

1 1 1

pa+a—1:§’

see . The local wellposedness theorem for the nonlinear wave equation
(1.1) reads as follows. A proof for the critical case a = 5 is given in, e.g.,
Theorem IV.3.1 of [20], and the subcritical case o < 5 can be proven similarly.
See also Sections 8.3-8.4 of [1] for related results and Chapter 3 in [23] for
an overview.

Theorem 3.1. Let U° € H' x L2. Then there exists a time To > 0 and
a unique solution U = (u, Owu) of such that U € C([0,Tp], H' x L?)
and u € LP>([0, Ty, L*@=1Y). Moreover, U is bounded in the above function
spaces by a constant depending only on ||U°|| g1, 2, and in the subcritical

case o < 5, the time Ty only depends on |U°|| g1, 12

Remark 3.2. a) Since g(u) € C([0,To], L5*) — C([0,Tp], H™"') and Au €
C([0,Tp], H™') < C([0,Tp), H'), one can deduce from (3.6 that 0?u be-
longs to C([0,7p], H~ ') and that the differential equation in (1.1]) holds in
this space.

b) See Proposition for a choice of Ty in the critical case o = 5.

¢) In the defocusing case u = 1, one can show global-in-time wellposedness
using energy conservation. In the focusing case u = —1 however, blow-up in
finite time can occur. Moreover, if o > 5, the problem is ill-posed at least if
= —1. See Chapters 3 and 5 in [23].

d) In the subcritical case o < 5, one has uniqueness of solutions U =
(u, Oyu) to (1.1]) in the energy class C([0, Tp], H' x L?) without the requirement
that u € LP ([0, Ty], L3@~V), cf. [18].

From now on we assume the following.

Assumption 3.3. There exists a time 7' > 0 and a solution U = (u, dyu) of

such that
UecC(0,T),H x L*) and u e LP=([0,T], L**~1)
with bound
M = masc{[|U | e i g2y el 20 e 3 (3.8)
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Remark 3.4. If o < 5, the quantity M only depends on ||UHLOT0(Hle2).

Indeed, the “minimal” existence time Ty and the number M for T = Ty are
controlled by ||U°|| 712 in Theorem Hence, we can divide the interval
[0,T] into a finite number of smaller subintervals such that the Strichartz
norm of u is bounded on each of them. Moreover, in the defocusing case
© = 1, one can use energy conservation to show that the number M only
depends on ||U°(| 71, ;2. The latter even holds in the critical case a = 5, see
[24] and the references therein.

As a preparation for later sections, we now want to convert the continuous-
time Strichartz estimate into a discrete-time space-time bound for u from
Assumption [3.3] To apply the results of Section [2] we need to include the
frequency cut-off wx defined by .

Proposition 3.5. Let u, T', and M be given by Assumption and (p,q,1)
be wave admissible. Then we have the estimates

Imxu(nr + )l 10 Span (KT)7,

Imicu(nT +0)llp 1 Sarr (K7 +log K)2
forallT € (0,1, K>7"1 ¢>0, and N € N with NT +0 <T.
Proof. Owing to and , the solution is given by

Tru(nT + o)
— 1 S(n7)(u(o), du(o)) + /O"T |V Usin((nr — 8)|[V])g(u(o + 5)) ds.

We apply the homogeneous and hybrid Strichartz estimates and -
to obtain

I icu(n + 0)lle | Lo
Spa (K7) (@)l g1 + 190012 + llgCulo + Dllgy, 12
N (KT)% (M + | | L2>

(M+ >y L3”UHL°°L6)

1
S ()7 (M o+ T a9y M) Sarir (K7)5,

B

< (KT)

where we also use Holder’s inequality and the Sobolev embedding A — LS
to bound the nonlinearity. The estimate in the £2L>-norm follows in the
same way, using the logarithmic endpoint estimates (2.12)) and (2.17). O

Remark 3.6. With a similar calculation we can also show the continuous-
time bound

”WKUHLZ;LQ Spam,r 1.

Here we use the continuous-time Strichartz estimate from Theorem and
the uniform boundedness of the operator 7 in all L2-based Sobolev spaces.
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4. LIE SPLITTING

We consider a semi-discretization in time for , i.e., for a stepsize 7 > 0
and n € N we want to compute approximations Uy, = (up,v,) = U(ty,) at
discrete time points ¢, := n7. One can consider the following Lie Splitting
scheme (sometimes also called Lawson—Euler scheme)

Uni1 = €U, +7G(U,)]

with A and G from . In order to perform one step of the Lie splitting
scheme, we first apply one step of the exact nonlinear flow, followed by one
step of the exact linear flow. One can also derive the Lie Splitting by setting
s = 0 in the integral of the Duhamel formula

U(r) = e™U° +/ eTDAG(U(s)) ds.
0

To compensate the “bad” behavior of the nonlinearity G in the case a > 3,
we analyze a modified scheme that includes the frequency cut-off mx defined
in , where we choose K = 7!, (One could also take K = ¢! for
some fixed ¢ > 0.) Thanks to this choice, the factor (K7)Y? in the discrete
Strichartz estimates vanishes. We introduce the notation

-1 0
moe (0.

The modified scheme is given by
Ups1 = ®,(U,) = e™NU, + 1L G(Uy)),

4.1
Uy =11..U°. (4.1)

The filter is applied to the initial data, as well as in the iteration after the
application of the nonlinearity. Inductively, one checks that I1.-1U,, = U, for
all n. Let the solution U = (u, dyu) be given by Assumption In Lemma
4.2 we control the projection error U(t,) — IL,-1U(t,). Hence, to compare
the numerical approximation with U, we define the (main) error

By =11,1U(t,) — Uy, (4.2)

for all n € Ny with nt = t, < T. Note that with this definition we have
Ey = 0, since the numerical scheme filters the initial data. We write u,, for
the first component of U, as well as e,, for the first component of F,,. We
first establish a recursion formula for the error.

Proposition 4.1. Let E, be given by (4.2) and (4.1) for the solution U
from Assumption[3.3. We then have

t7L
Enin= AR, + I e(m*s)ABm(s) ds
0

n—1
+ > T e A A+ T Qi) (4.3)
k=0

for all 7 € (0,1], and n,m € Ny with t,,+, < T. The appearing terms are
given by

Bu(s) = G(U(tn +8)) — GULU (t + 5)),
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A, = /O T AGUIL AU (ty + 8))ds — TG(T, U (L)), (4.4)
Qn = G, 1 U(tn)) — G(U).

Proof. We use the Duhamel formula
tn
Ultmn) = €U (t) + / eMTDAG(U (b, + 5)) ds
0

for the solution U. For the discrete approximation U, defined by (4.1]) we
have the discrete Duhamel formula

n—1
Unan = €U + 13 e TG (U, 10, (4.5)
k=0

which is easily verified via induction. These equalities yields
Emin = Hq—*lU(tm—I—n) — Untn
= A, -1U(ty) — Up) + " L1 DAGU (ty + 5)) ds
n—1 "
-7 Z IL 1™ MTAG(Upis)
k=0

in
=e"AE, + / IL_1e™=)4B, (s)ds
0

tn
+ [ e AGAL Uty + 5)) ds
0

n—1 n—1
— 7Y L1 e™RTAGIL U (tag)) + 7Y I —1e™RTAQ, .
k=0 k=0

Furthermore, we can rewrite the last integral as

tn

IL -1 DAGQ(I, -1 U (t, + ) ds

0

n—1 thit

-y / T, e AG(IL 2 Uty + 5)) ds
k=0 "tk
n—1 r

= Z HT_16("7I€)TA/ e S AGIL 12U (tyyr + 5)) ds
k=0 0

to obtain the expression including the local error terms A, 1. O

We now quantify convergence nx — I as K — oo. In view of later
applications, the following two results are formulated for general K > 1. In
this section, we will only use the case K = 7~!. We give the proof of the
next (known) lemma for convenience.

Lemma 4.2. The estimate

1
I = 7) fll g < 221 f L

is true for all K > 1,y € R, and f € H".
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Proof. We simply use the support property of the Fourier multiplier 7,
Plancherel’s theorem and the definition of the Sobolev norm. This gives

I = ) s = 1P 0= Lo )l < |- S e fle

€]
. 0
Using this, we show an estimate for the terms B,,(s) in (4.4)).

Lemma 4.3. Let u, T, and M be given by Assumption[3.5. We then have

the inequality
1
lg(u) = g(mxw)llpy -1 Smr 5

for all K > 1.

Proof. We use estimate (3.1)), the Sobolev embedding L/5 < H~1, Hélder’s
inequality, the definition (3.8]) of M, Remark and Lemma to obtain

o) — gCmscwl g o
Sl + el = mrcul |l s o
< (HUHLQ 173(a—1) + ”WKUHL@ 173(a— 1))”“’ - 7TI{UHL%CLQ

1
SMT 7||UHLPOLL3(0¢ 1)||u||L%°H1 SM E U

We next bound the local error terms A,, from (4.4]). To differentiate g, we
identify C with R? using the real scalar product z - w = Re(zw), where we
omit the dot below.

Lemma 4.4. Let U = (u,0pu), T, and M be given by Assumption . We
then have the representation

Bn = /OT /OS e (g’(ﬂTlg(iiﬂl;%ijfﬁji)(tn + O’)> do ds. (4.6)

Moreover, the inequality

[AWS ||el (L2x H- )SJM,T 2
holds for all 7 € (0,1] and N € Ny with (N +1)7 <T.
Proof. Starting from , we write

A, = /0 e AGUL AUt + ) — G AU (1)) ds

= /()T /Os % {e“’AG(HTq Ult, + O'))} dods

‘/;/ose_‘ml‘(g 0) (atr, ruteu-+1)

+d(37(( _1u[() )]dads

o e A R
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Thanks to the regularization 7 -1 there are no problems taking the derivative.
We can now estimate
1Anllgr | (roxir-)

( g(mr—ru(ty + o)) >

g (mr—1u(ty + 0))m—10pu(t, + o)

<72 sup

o€[0,7] N (L2XLS/5)

ST osup llmau(tn + o) 1||1z1 (s *1u||L°°L6 + (|71 0pul| oo 1.2)
c€l0,7]

~T T 021[101)7} |7 r—1u(tn + U)nga L3(a—1) (H“HL%OHl + ”8tUHLT 2)
,SM,T 7—27
using Sobolev’s embedding, the estimate |¢'(w)z| < |w|*|z|, Holder’s
inequality, and Proposition O

Now we turn our attention to the terms @,, defined in (4.4)). To estimate
these terms, we will need an a priori bound on the numerical solution u,, in
the discrete Strichartz norm || - ||, L3ED)- Since such a bound is at first

unclear, we use the relation u, = m.—1u(t,) — e, combined with the discrete
Strichartz estimate for u from Proposition Hence, for proving the global
error bound in Theorem [I.I} we must in addition show the convergence
||en||£3 L3e-n = 0as 7 — 0, see Proposition . This idea goes back to

[14] (m a setting with maximum norms in time).

Lemma 4.5. Let u, T, and M be given by Assumption [3.3. Then the
inequality

lg(mr—1u(tmin)) — g(um—i—n)Hel JH
Smr t3+1 = (1 + ||em+n|| L3(a 1)) ||€m+n||€$ij2
holds for all T € (0,1] and m,j € Ng with (m + j)T <T.
Proof. Similar as in Lemma [{.3] we estimate
lg(mr-1u(tmin)) — g(um+n)”£1 JHT
(”WT 1u(tm+n)‘|ga 1p8a-1) T ”Um-&-nHZa 1r3(a— 1))
: ”7T “1U(tm4n) — um+n||£°° L2
<t (Hw vt ey + el o ) lemnlles, 1o

1 C!
NV t]+1 (Hﬂ-T 1U(tm+n)HZP3L3(a—1) + Hem-i-nH LS(a 1)>H€m+nH€ij2

SMT t]+1 = (1 + ”em+n”g4 les(wl)) ||€m+n||€3f>jL2-

Here we keep the power of ¢;,1 gained by Hélder from the change from the
EO‘ L to the 64 j-norm and we further insert umn = 7,1 U(tmtn) — €mtn-
The estimate i1 the last line follows from Proposition O
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Due to scaling considerations, the convergence order of ||e, || L3ta—1) Will
T,

be ﬁ — % since we only assume H' regularity of the solution u. Thus, in the
critical case o = 5 we cannot prove any convergence rate in this Strichartz
norm, which is one reason that makes this case considerably more difficult.
Another one is that it is no longer possible to gain a power of ;1 in the
previous lemma. We therefore first focus on the easier case v < 5.

To measure the error simultaneously in two different norms, we define

1Bl = max {r N Eall 217 Henll gsan ) (47)

where j € Ny is a number with j7 < T and the parameter v, is given by
5 1 3
e —, 1.
T m%ehw

Hence, (4,3(av — 1), 7,) is wave admissible and v, < 1 if @ < 5. We are now
ready to perform the main step of the convergence proof in the subcritical
case. We proceed by a “double induction”, similar as in Section 9 of [16].

Proposition 4.6. Let « < 5 and U = (u,0pu), T, and M be given by
Assumption . Define E, by (4.2). Then there is a number 79 > 0
depending only on M and T such that we have the estimate

1Ball, 2} St 1
for all T € (0, 70].

Proof. Step 1. Let C7 > 1 be the constant from the discrete Strichartz
estimates from Section [2| with respect to the parameters (4, 3(a —1),v,) and
C3 > 0 be the maximum of the constants from Lemma [£.3] [£.4] and [£.5]
Since a < 5, we can choose a time T} € (0,T] such that

_a-1 1
201CoT, T < - (4.8)

2
Next, we define L = (%} € N and the maximum step size 79 > 0 by the
relations

1
<T L Q. —
=S T = 0,20,

where we again exploit that o < 5. For 7 € (0, 79] we set N := |T/7] € N,
Ny = |Ty/7] € {1,...,N}, and N, := mN; for all m € Ny. Note that these
definitions yield N < Np. Moreover, we define the number ¢ := | N/N;| €
{1,...,L}. We thus have the decomposition
/-1
[OvtN] = U [tNm’tNm+l] U [tNe’tN]a

m=0

(4.9)

where each subinterval is of length less or equal 77. To measure the error in
each of them, we define the error terms Err,, by Err_; := 0,

Err,, = HENm—l—nHT,N17 m e {O, R 1}, Err, = HENe-HLHT,N—Ne'

Step 2. Our next goal is to show the recursion formula

Err,, <2C1Erry,—1 +4C1Cy, m € {0,...,0}. (4.10)
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Note that as soon as (4.10) is established for all indices in {0, ..., m}, one
can deduce the absolute bound

Ui 2C,)mH —1
Err,, < 4C,Cy 3 (201)F = 40,0 29— 1
Ty, < 407 2;:%( 1) 12 m
a) Fix an index m € {0,...,¢}. If m > 0 we assume that (4.10] holds for

all indices in {0,...,m — 1}. We derive (4.10) by proving

< 4Cy(20)F (4.11)

HENernHT,j < 2C1Err,,_1 +4C1Cy, j € {O, ce ,min{Nl, N — Nm}},
(4.12)
via induction on j.
b) First let 7 = 0. If m = 0, there is nothing to prove since Fy = 0. If
m > 0, we directly obtain

| ENptnllzo < N ENp_y4nllrng = Bt 1,

which in particular shows (4.12]) for j = 0. Next, let (4.12)) be true for some
j€40,...,min{Ny,N — N,,,} —1}. Asin (4.11) the induction assumption
(4.10) then yields

1B, nllrg < 4C2(201)74. (4.13)

We apply the discrete Strlchartz estimates from Theorem ol and Corollary
- to the error formula . Observe that 1mphes E, =111E,

inductively. We also use Bernstein’s inequality to convert the derivative loss
|V[7> into a loss of 777 in this Strichartz estimate, as explained in Remark

a). Combined with the definition of the || - || ;-norm (4.7)), it follows

tn
[ allrgin < e B g + | [ Tae®7=94 By (5)ds

T,J+1

I a0,
=0 7

-1
<O (1BNu gz + 1Bnall: a2
J+1
—1
+7 ||ANm+n”z;j(L2xH—l) + HQNm-i-nHéi’j(LQXH—I))
< C1(Errpr + 7 lg(u) = g(mrw) g s
+77%A, ||e1 (L2xH1)

g (el n)) = 9 n) o et)
< CiErr,,—1 +2C1Cy

—1
4 10102tj+1 ( —|—HeNm-i-nH%_les(a—n)HeNm+nH£$f>jL2

< CiErry,—1 + 206102
+ T T (1 0D By 95 Bl

where we applied Lemma [4.3] [£.4] and [4.5] to bound the error terms. We
insert (4.13]), the step size restriction 7 < 7y from (4.9) and the definition of
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T, from (4.8)) to obtain

1—a=1
|EN,, +nllrj+1 < Ci1Erry,—1 +2C1Cy +2C1CT, * ||EN,4nllrj

T7j ‘

1
< CiErrp,—1 +2C1Ch + §||ENm+n|

In particular, |EN,,+nl/rj+1 is finite. Since ||En,,+nll7j < [ENp4nllrjt1, it
follows that

| ENptnllrjr1 < 201Erry, 1 + 4C1Cy,
which closes the induction on j. Hence, the recursion is true. The
assertion now follows from . (]
Proof of Theorem [I.1 We take 79 > 0 from Proposition and infer

[U(tn) = Unllp2 -1
<|NU(tn) = U)o r—1 + M= U(tn) — Unll g2y g
STNUE grwcre + 1Enll 2w SMT0 T
using the estimates from Lemma and Proposition U

5. THE CRITICAL CASE

We now consider the case a = 5. As a first auxiliary result we establish
convergence of the time-discrete Strichartz norm towards the time-continuous
Strichartz norm. This will be done for the homogeneous part of the evolution,
i.e.,

S(t)(f,v) = cos(t|V]) f + [V[~*sin(t|V|)v,

on a bounded interval J. We recall the notation

1
1l = (7 3 1Fal%)"

ne’
nreJ

Lemma 5.1. Let (p, q,7) be wave admissible, f € HY,ve H ! and JCR
be a bounded interval. Then we have the convergence

€™ Va1 fllep g0y — HeithfHL’;qu

1S ()1 (f, )2 .00y = IS, )l L2 Lo
as T — 0.
Proof. Let € > 0. We choose a Schwartz function ¢ € S such that supp ¢ is

compact and ||f — ¢4 < e. The function ¢ + ¢Vl is then continuous
with values in L9, since Hausdorff-Young and dominated convergence yield

eV — ¥l o = | FH (91 = @) |10 < [I(¥1 = D)) 1 — 0

as s — t. We also have m_-1¢p = ¢ for 7 small enough, because supp @ is
compact. It follows

HeimW'er@Hzﬁ(J,Lq) - HeitWWHLf’,Lq

as 7 — 0, as there are essentially Riemann sums on the left-hand side.
Putting things together, we conclude

im—\V\ﬂ_

it|V
lle 1 fle gy = 1€ s o
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< Heimlwﬂrl(f - @)Hzﬁ(J,Lq) + ’HeinTW'er@Heﬁ(J,Lq) - HeitW'(P”Lqu

1~ Pl
Spa 2lf —ellgy +e <3¢

for 7 small enough, using the reverse triangle inequality and Strichartz
estimates from Theorem [2.3] and Thus, the first assertion is shown. The
proof of the second one follows the same lines. O

To show the error bound in the critical case, we use a regularization
argument. For H? x H' initial data, it requires first-order convergence of
the scheme in the H! x L%norm. To use this fact, we also need the
continuous dependence on the initial data, both for the equation and
the scheme . We show these results under a smallness condition on a
Strichartz norm of the orbit, which can always be fulfilled by choosing a small
end time b, see Theorem We note that b in Proposition [5.2| corresponds
to a possible choice of Tj in Theorem cf. [20, 23]. In the following we
frequently use the discrete Duhamel formula

n—1
Up =™ LU + 73 IL-1e"P™G(U) (5.1)
k=0
for the scheme (4.1)), see (4.5). The first component of (5.1) reads as
n—1
Uy = St )1 U° + 7 > V|~ sin(t, 1| V) m—1g(ur), (5.2)
k=0

similar as in the continuous case (|3.6|).

Proposition 5.2. Let R > 0. Then there is a radius g = (50(R) > 0 such
that for any § € (0,30] the following is true. For all W° € H' x L? with
WO 152 < R and every b > 0 with HS(-)WOHLng < 6, there is a time
step T = 7(6, W9 b) > 0 such that the next assertions hold.

a) For every Y°,Z° € By, ;2(WP,0), the solutions Y and Z of (3.3)
with o = 5 and initial values YO resp. Z° exist on [0,b]. Moreover, we then
have the estimates

syt s o 202y < 6, (53)
lynllearo,p),012) < K9, (5.4)

1Y = Zl| oo jo,0), 1 x 12) < 2|Y° — Z% i1 125 (5.5)
1¥n = Znllgoo 0,47, 171 x 22) < 211Y° = Z% i1 2 (5.6)

for all T € (0,7], where Y, (resp. Zy) are the iterates of (4.1) for initial
values T1.-1Y? (resp. T,-12°), y, (resp. y) is the first component of Yy,
(resp. Y ), and k > 0 is a constant.

b) If Y° € H? x H' satisfies ||[YO — WO|| g1, 2 < §/2, then there is a
constant C = C(||[Y°|| g2 1) > 0 such that the error bound

1Y () — Yn”zgo([mb],HleZ) <Cr (5.7)
holds for all T € (0,7].
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Proof. Step 1. Let Cg, > 1 be the constant from the Sobolev embedding
H' < L% and C; > 1 be the constant from the Strichartz estimates in
Section [2] where we choose the exponents (p,q,1) = (4,12,1). We define

80 = min { R, (3Cs,C1(3+ C1)'R) ™3, (10Cs,Cr(3+ C)) 73} (5.8)

Let ¢ € (0, o). Since by assumption HS(-)WOHLng < 0, Lemma [5.1] yields a
stepsize 7 > 0 such that

1S ()Tt WOl g (0,0, 12) < 26 (5.9)
for all 7 € (0,7]. We first show
Walos gz <8R lonles g0 <B4CDS (510

for all 7 € (0,7] and j € Ny with j7 < b. This in particular shows the
inequality (5.4) with x =3 + C}.
We proceed by induction on j. For j = 0, we clearly have

Yol grosze <NV = WOllgnspe + IWollgnpe <O+ R<2R - (5.11)
since § < R. Theorem [2.5|and (5.9)) further imply
1
lynlles gz = THIS(O)IL -2 Y )| 12
< 7SO -1 (Y0 = WO)| gz + 71| S ()L W 12
<Y = WO 1y 2 +20 < C16 + 26 = (2 + C4)0.

For the induction step j ~ j 4+ 1, we assume that (5.10) holds for some
j € No with (j + 1)7 <b. We compute

||Yn“egf>j+1(H1xL2)

n—1
ntA 0 . (n—k)TA
< He ;1Y Hff”j_,_l(HleQ) + TH Z II,-1e G(Yk)HZoo, (H1xL?2)
k=0 Tt
<Yl grwre + H\yn’A‘ynHZ;’jm <2R+ HynHzlﬁjLtunHegijﬁ
< 2R +3Cs0(3 4+ C1)*0*R < 3R,

by means of the discrete Duhamel formula (5.1)), (5.11f), Holder’s inequality,

the induction assumption ([5.10)), and the definition of § from (5.8)). Similarly,
using ([5.2)) and Theorem [2.5, we estimate

[Ynlles , 122 < 1S ()1 Y0 les . 212

n—1
7| X VI sintta il Vg |,
k=0 T,J+1
< S (Y = WO lgs g1+ 1S () s WPOlpa a2
+ Cl”|yn|4yn||£i’jL2
< 016 + 20 + 305,01 (3 + C1)** R < (34 C1)0.

Hence, the claim ((5.10) is true for all j7 < b.
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Step 2. Estimate (5.6)) is shown by an analogous argument starting from
(5.1). Using also (5.4) for z,, we deduce the inequality

1Y = Znll oo (0,4, 171 x £2)

<NY? = Z% e + ol *yn — |20l 2nller (0.67,22)
5
<NY? = Z%0 gy + §|I(|ynl4 + |20 M)yn — znlllex (o),22)

< HYO - ZOHJL]{le2

5)
+ §<||yn||?¢([o,b]7u2) + Hzn||21gx_([o,b],L12)) 9 — 2nlleso (j0,0),L5)
< ||YO - ZOHHle? +5Cs0(3 + 01)454||Yn - Zn”ﬂg@([o,b},Hle?)
1
<NY? = Z%0 gy + ¥ = Znlgeo ([0,0], 11 x 12)
which in turn implies
1¥n = Zull oo o1, i 22y < 21Y° = 201 g1 2,

as desired.

Step 8. The existence of the continuous solutions Y and Z until time b as
well as the estimate are part of the known local wellposedness theory of
(3.3)), cf. Theorem and Chapter 5.1 of [23]. We therefore omit the proof.
To carry it out, one can proceed analogously to Step 1 and 2, replacing the
discrete norms by the continuous ones and the induction by a fixed point
argument. The estimate in discrete Strichartz norm can be shown in a
similar way as .

Step 4. Now we want to show the error bound for better data
Y% e H2x H! with ||[Y? — WO ;1. ;2 < 6/2. Since the nonlinearity G leaves
the space H? x H' invariant and is Lipschitz continuous on balls, there
is a unique solution Y € C([0, Tinax), H? x H') of with initial data
Y on a maximal existence interval [0, Tiuax). By Sobolev’s embedding, the
integrability condition § € Lit ([0, Tinax), L'2) is satisfied. Hence, Y coincides
with the H' x L%-solution Y on [0, 0] by uniqueness, as long as they are both
defined.

In the following, we show that Ti.x > b. By a standard blow-up criterion,
it suffices to show that ||[Y[|zec([0,5), 52 x 1) 18 finite. First, note that (y, d;y)

belongs to C([0,b], H' x L?) and that the L*norm of y stays bounded since

t
ly@)lz2 < [ly(0)] 22 +/0 10cy(s) || 2 ds < [V e + b0yl oo (j0,4],22)

< 00

for all ¢ € [0, b].

For the boundedness in the H2 x H'-norm, we use that the Sobolev
norm of a function can be expressed by bounds on the norms of difference
quotients. For any h € R3, we introduce the spatial translation operator 7y,
by (Tu(f,9))(x) == (f(z + h),g(z + h)), where f and g are functions on R3.
By Proposition 9.3 of [2],

ITY° = YO iz SIRIIY O grse -
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Therefore, there is a number hg > 0 with || T,Y? — Y| 51, ;2 < §/2 for all
|h| < hp. From now on we assume that |h| < hg. The triangle inequality
yvields || 7,YY — WO 1,2 < 8. Since T,Y solves (L.I) with initial value
TxYO, from (5.5) we can deduce that

ITRY =Y\l g o2y < 20TRY°0 = YOl g e SIRIY Ol gz
Proposition 9.3 of [2] now yields Y (t) € H? x H' for t € [0,b] and

Y | oo o.07, 272 21y S Yl o - (5.12)
Thus, Tinax > b.

Step 5. We can now estimate the error [|Y (tn) — Yallyeo (0,0, 115 12)- L€t
7 € (0,7]. For the rest of this proof, we allow our implicit constants to

depend on [|YO| 2 1. First, Lemma and imply
1Y (tn) = Yol goo ((0,0), £ x £2)
< H(I - Hrfl)Y(tn)Hzgo([o,b},Hl x L2) + Hﬂrly(tn) - Yn”zgo([o,b],Hlxm)
< 7Y () lpoo o, 2 irry + =1 (tn) = Yallgoo (0,47, 11 22)
ST+ L -2Y () = Yallpeo (jo,5,171 x 22)- (5.13)

To estimate I1.-1Y (¢,,) — Y,, we use the expressions from Proposition to
write

I, Y (tn) — Yy

ln

n—1
_ HTfle(nT_S)ABO(S) ds + Z HT—le(n_k)TA (Ak + TQk)a
0 k=0

where the terms By, A, and @), now include Y instead of U. A direct
estimate gives
ML 1Y (tn) = Yallgoo (jo,61, 61 x 2.2)
< llyl'y = lmr1yl ' 7yl L 2
+= /0 TS AGUIL Y (b, + 5)) ds — GIL 1Y ()
-1y (ta) | Ty (tn) = [ynl Ynller(po,),22)- (5.14)

Here we interpret [0,b — 7] = 0 if 7 > b. The three summands in ({5.14))
can be bounded similarly as in the Lemmas [£.3] [4.4], and [£.5] For the first
summand, using Lemma [£.2] we infer

L1([0,b—7],H xL2)

lyl*y = 1wyl ' 7yl ae S I(yl* + [may Dy — 71yl 22
< (Iyllfa pra+ syl poo) (T = 7 )yl oo
SN =)yl S TIYll e S 7

Here, the bounds for the LngQ—norm follow from Theorem and Remark
since our b corresponds to a possible choice of Ty in Theorem By
(4.6) and Proposition the second summand is bounded by

L L (it ol ot +.0)) A

£1([0,b—7],H xL?2)
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ST SL[BP} [ —1y(tn + U)H;}ﬁ([o,bfﬂ,Lu) (H‘Vﬂrly‘HLgOLG + HﬂrlatyHLg%G)
oe|0,7

ST
Finally, we estimate the last part of (5.14) by
71y (t) -1y (tn) = |ynl *Ynlle (0,5,22)

)
< 5(||7TT—1y(tn)”?ﬁ([o,b},Lm) + ||yn\|?;1([o,b],L12)) [7r-1y(tn) = Ynllee (j0.5),26)
< 5C50(3 4+ C1) 6T 1Y (t,) — Yol goo (jo,51, 1 x 22)

1
= §HHT’1Y(t") = Yallgze o, i1 x£2):

using (5.3)), (5.4)) and the definition of dy in (5.8)). This term can be absorbed
by the left-hand side of (5.14). Putting things together, (5.13]) and (5.14))

imply (5.7). O

Proposition [5.2] only gives a local statement on a possibly small time
interval [0, b]. Since we want to show a global error bound on the potentially
much larger interval [0, 7], we need to apply Proposition recursively. To
this aim, we first have to iterate the smallness condition in Lf;LlQ.

Lemma 5.3. Let U = (u,0pu), T, and M be given by Assumption
with o = 5 and let § > 0. Then there are a number L € N and times
0=To<Ty <---<T =T, such that the inequality

ISOU(T)lzg g <6

holds for all m € {0,...,L — 1}, where we set by, := Ty1 — T, > 0. The
number L € N only depends on 6, M, and T.

Proof. Let C be the constant of the Strichartz estimates from Theorem [2.3]
with respect to the exponents (4,12,1). We define

NI
7 = min {5, <W) } (5.15)

Since HUHL‘;LU < M is finite, we can find times 0 =Tp <1y < --- < T =T,
such that the inequality

lull a1 Toga ] L12) ST

holds for all m € {0,...,L —1}. Here we can choose L = [||ul|7, ;.,/r"].
T
Let now m € {0,...,L — 1} and b, := Typ41 — Tp, > 0. Starting from ({3.6))

and (3.7)), Theorem and (5.15)) imply
ISOUT g 1o

< T+l g+ | [ 1917 st = D (alT + 5))

Li 012
<+ Clllul*ull g1 T 22) < 7+ OMIullLaa, 1,,0000,002)
<r+CMr<s. O
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We now show the global error bound for the critical case. We use ideas
from the proof of Theorem 1.6 in [5], where similar arguments were used
in the context of nonlinear Schréodinger equations, but only in the energy-
subcritical case. The proof will be divided in three steps. In the first step, we
define the needed variables and divide the interval [0, 7] into a finite number
of subintervals, which are so small that we can apply Proposition [5.2] on each
of them. In the second step, we first prove the convergence of the scheme in
the H! x L% norm without any convergence rate. This fact ensures that the
discrete approximation stays close to the solution in the H' x L?norm if
7 is small enough. We can then apply Proposition [5.2] iteratively. Finally,
in the last step, we estimate the error in the L? x H~'-norm to obtain the
convergence of order one. In contrast to Theorem the maximum step
size 19 will now not only depend on the size M of the solution u and on the
end time T, but also on further properties of the solution u to (1.1)).

Proof of Theorem[1.3. Step 1. Let R = ||U|| poo(po.17, 511 x12) < M < 00. We
take 09 = do(R) given by Proposition We define
1
§:=min {6y, —— L (5.16)
{ k(10Cso) T }
where x > 0 is the constant from Proposition nd Cso > 0 is the norm of

the Sobolev embedding L6/5 < H~'. Lemma provides a number L € N
and times 0 =Ty < Ty < --- < T, =T such that

[SOUTn)llps 112 <6 (5.17)

holds for all m € {0,...,L — 1}, where b,, = T),41 — T;, > 0. Here, the
number L € N only depends on M and T'. We now define

0
=— 1
€= 5 o0 (5.18)
By continuity of U, there is a number p > 0 such that
1U(Tm) = U@l g1p2 <€ (5.19)

for all m € {1,...,L} and t € [0,T] with |T,, — t| < p. We pick functions
YO ..., Yl e H? x H' with

Y™ = U(Tm)ll e <€ < (5.20)

RS

for all m € {0,...,L}. Due to Theorem we find a time by, > 0 such that
ISOUT)llg 122 < 0. (5.21)

We define the maximal step size 79 > 0 by

p br . £ .-
T L Gy i, 7O U ), b))
where the numbers C(Y™) = C(||Y"|| g2x 1) and 7(8, U(Ty,), byn) are taken
from Proposition [5.2

Let 7 € (0,79]. To decompose the interval, for any m € {0,..., L} we set

Ny, = mz_l Lbj

Jj=0

To = min{ (5.22)

JGNO.

T



LIE SPLITTING FOR SEMILINEAR WAVE EQUATIONS 31

The intervals J,, are defined as Jy, = [tn,,,tN,, ] if m € {0,...,L —1} and
Jr, = [tn,, T]. Hence, we have

L
0,7 = | Jm-

By construction, each subinterval J,, is of length less or equal by,. This also
holds for the last interval .Jr,, because of

bm b

oty = 3 (b= [2]7) €3 (bn— (22— 1)r) = Lr < 529

where we use (5.22)).

Step 2. We prove the convergence in the H' x L?-norm, namely
”U(tn) - Un”f?"([(},T],Hl ><L2) —0 (524)

as 7 — 0 (without any rate). To measure the error in each subinterval J,,,
we define the error norms Err,, by Err_; := 0 and

EI‘I‘m = HU(tTL) - Un|‘Z$O(Jm,H1XL2)’ m 6 {0, ceey L}.
Next, we show the recursion formula
Err,, < 2Err,,—1+9, me{0,...,L} (5.25)

via induction on m. First, let m = 0. We introduce the notation U (t, W?) :=
W (t), where W is the solution of (3.3) with initial value W°. Recall the
definition of @, in (4.1]). We get

Errg = [|U(tn) = Unllgoo (g, 111 x 12)
<|U (tn, U%) = Ultn, YO)”ego(JO,HleQ)
+ U (tn, Y°) = LY ) |l goo (g 11w 22)
+ [P 1 Y®) = T2 U°) | poo g w12
<20U° = YOy yo + COYO) T + 2| U° = YO 11, 12 < e,

using the estimates from Proposition [5.2| and the relations ([5.17)), (5.20) and
G.22).
For the induction step m — 1 ~» m, we first deduce from the induction

assumption ([5.25) the inequality

m—1
1U(tn,.) — Unyllgriscre < Brrmoy <92 ) 28 =92(2™ — 1) < 92(2" — 1),
k=0
As in (5.23]), we obtain
m—1 b
_ - |2
| T — tN,, | = Z (b] L_JT) <mr < Lt <p, (5.26)

7=0
using also (5.22). Hence, (5.19) and ([5.18) imply
1U(Tn) = Unpull 12
<NU(Tm) = UN) 1wz + 1UEN) = Ung |1 2
<e+9:(2l —1) <92l <. (5.27)
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So we can apply Proposition [5.2| (with W9 = U(T,,,)). Furthermore, we write
Errm = HU(tTL) - Un’|€$°(Jm,H1XL2)
= U0, U(tn,)) = QFUN) g0 ((0,6], 11 x 12)-

In the case m = L, we would have to replace the interval [0, b,,] with the

interval [0, T — ¢y, ] (which is smaller by (5.23)), but for simplicity we keep
this abuse of notation. As noted after (4.1), we have U, = II,-1U,. Using

also and , we can now estimate similar as for m = 0 and conclude
Errm = [U(tn, U(tn,.)) = PEUN leoo 0,5,0], £ x 22)
< |U(tn, U(tn,,)) = Ultn, Ym)|’z$°([0,bm],H1xL2)
T U, Y™) = @ (Mrr Y™ || poc (0,0, 17 x 22)
+ ([ Q7 AL -1 Y™) — QXL -1 UN,,, )l poo 0,01, £ % 2.2)
S2U N, = Y™ [[grype + CH™)T+2(Y™ = Un,, [l g1 2
<2UEN) = Y™ g1z + 6+ 2V = Ultn) |l g
+2|U(tN) = Uni Il i r2
S AU N, = U(Tm)ll g2 + 41U (Tm) = Y™ ([ g1y o + € + 2Erry,
< 9¢ + 2Err,, 1.
Therefore, is true. It follows that

m
Erry, <9 ) 28 =9¢(2™H — 1) < 9e(2"+! — 1)
k=0

for all m € {0,...,L}. This also shows the convergence in the H' x L?-
norm as stated in , since L is independent of e, which we could have
replaced by any £ € (0,¢]. To complete the proof of Theorem (1.2 we will
actually not need the full statement of . It is enough to know that
|U(Tm) — Un,y |l g1 2 < 6 for all m € {0, ..., L}, as noted in (5.27).

Step 3. We show the convergence of the scheme in the L? x H~'-norm.
Recall the notation E,, =L, -1U(t,) — Uy. Let m € {0,...,L}. We use the
recursion formula and estimate similar as in the proof of Proposition
to obtain

HE””E%’(Jm,L?xH*l)
= ||ENm+n||Z30([0,bm],L2><H*1)

A
< 1" BN llese (0.6m), 2% 1-1)

. H /Otn HT,le(nT—s)ABNm(s) dsH@o([O’meprﬂ)

n—1
+ H kz:% L _1e(nF)m4 (ANerk + TQNm+k) H@([O’bm]’Lngfl)

< ||ENm||L2)<H71 + ||BNmHLl1)m(L2>(H*1) + 7-_1||ANm+n||£71_([O7bm]’L2><H71)
FNQNm+nllez (0,01, 225 1-1)

S NEN Nl 21 + lg(w) — 9(777—111)HLlTBF1 + 7'_1||An||g;([o,T],L2XH71)
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+ Csollg(mr—1u(tNy+n)) — 9(UN )01 (0,6,0],2675)
5
SNEN I p2xg—1 +2CFT + QCSO<H7TT—1U(tNm+n)||z}jl_([0,bm],L12)

+ ||uNm+n||?§_([g,bm],L12)) |71 u(tNy4n) — uNm+n||£$°([0,bm],L2)

<N BNyl p2si-r +2CFT + 50505 6 | Enll g5, p2x7-1)
1
< HENm||L2><H—1 +2CFT + §”E"HZ$°(Jm,L2><H—1)'

Here we used Lemma and (with constant Cr), the bounds from

Proposition and the definition of § in ([5.16]). We could apply Proposition
thanks to the estimates on U(T},,) in (5.17) and (5.21)), on Un,, — U(T})

in (5.27), and on 7 in (5.22). The above inequality in display leads to

||En||€§(Jm’L2XH71) < 2[|En, [l 2w g1 +4CFT
< 2 Enllgge (g, z2xirr) +ACFT

if m > 0. Since Ey = 0, this recursion formula yields the global bound

L
1Enllpee 0.0y, 2 051y < 4CFT D 28 = 4CR (28 = 1)7.
k=0

This shows the assertion since we can again use Lemma [£.2] as in the proof
of Theorem [L.1] O

6. CORRECTED LIE SPLITTING

In this section we only consider the cubic wave equation, i.e., the case
a = 3. For simplicity, we set g(u) := —puu?, one could similarly deal with
g(u) = —plul>u in case of complex-valued functions. We prove an error
estimate with order 3/2 for a frequency-filtered variant of the corrected Lie
splitting recently proposed in [13]. The original form of the method reads

Un+1 - eTA[Un + TG(UTL) + 7—2@2(_2TA)H(UN)]’

where the operator A and the nonlinearity G are defined in (3.2). We thus
have added a correction term to the Lie splitting. Here we set

. —g(u) — ! _ eat wdo
H(u,v) = (g,(u)v) and  o(tA)w = /0 (1- o)™ wdo  (6.1)

for t € R. Since v corresponds to 0;u, the nonlinear term H now contains a
derivative. The operator py(tA) can also be understood by the functional
calculus for A and the function s(z) = (e* — z — 1)/22, which is bounded
on iR. The expression for the wave group €' leads to the formula

1 —cos(t|V|)  t|V|—sin(t|V])
t2|V’2 t2|V|3
sin(¢|V|) —t|V| 1 —cos(t|V])
2| V| t2|V[?

pa(tA) =
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This implies a smoothing property for the operator ¢y(tA). Using the
functional calculus for ¢|V|, we deduce the smoothing property

Jeatta) (§)

of py(tA) that is valid for all z € H~ and t # 0.

As explained in [13], the corrected Lie splitting is formally of second
order, but, in contrast to classical second-order integrators for the wave
equation, only first-order spatial derivatives appear in the local error. In
[13], a second-order error estimate in H' x L? was shown for solutions u
with H'*4/4 regularity, where d denotes the spatial dimension. Since here,
we only assume H' regularity of the solution, we have to use the discrete
Strichartz estimates from Section [2| to deal with the error terms. Therefore,
as in Section {4} we include the frequency filter 7x from in the scheme,
which gives

Un+1 = eTAHK[Un + TG(Un) + 72@2(_2TA)H(U71)]7
Uy = U,

Szl g (6.2)

L2xH-1

(6.3)

Here, we again set

_(mx O

me= (7 0.
We write w, (resp. vy,) for the first (resp. second) component of U,. In
contrast to the previous sections, we do not set X = 7!, since such a choice
could only lead to an estimate of order one in L? x H~!, because the error
coming from frequency truncation would dominate (of order 1/K, see Lemma
4.2). To get an improved convergence, we therefore have to choose some
K > 771 As seen in Section [2| this leads to a multiplicative loss of the form
(K7)Y/? in the discrete Strichartz estimates. Therefore, we cannot reach the
optimal order two for the scheme . It turns out that with the choice

3
KNT_E

we can optimize the global error and get an error bound of order 3/2. See
[16] for a similar discussion in the context of Schrédinger equations.

For the rest of this section, we fix K = 773/2. As in case of the Lie
splitting, we define the error terms

Ep =TxU(ty) — Uy (6.4)

for all n € Ny with ¢,, <T'. For the first component of E,, we write e,. We
first show an error recursion for (6.4]) which is similar to (4.3)).

Proposition 6.1. Let U and T be given by Assumption with a« = 3 and
let K =773/, The error defined in (6.3) and (6.4) then satisfies

tn
Em+n — enTAEm + i HKe(nT—s)ABm(S) ds

n—1
+ Z HKe(nik)TA (£m+k + T@m-‘rk) (65)
k=0
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for all T € (0,1], and n,m € Ny with ty+n < T. The appearing terms are
given by

A, = A, — T2 (—21A)H(IIx U (t,)),

@n = Qn + Tp2(—27A4) [H(HKU(tn)) - H(Un)]7
where Bp,(s), A, and Q, are defined as in (4.4]) with TI—1 replaced by Tk,
and H and @a(tA) are introduced in (6.1)).

Proof. For the discrete approximation U, defined by (6.3), we have the
discrete Duhamel formula

(6.6)

n—1
Upin = €U + 7 Z My eHRTA (G(Um+k) + Tcpg(—QTA)H(Um+k)>.
k=0

Proceeding as in Proposition we derive
Eern - HKU(thrn) - Um+n

t’IL
= " AMkU(tm) —Un) + | Mg DAG(U (£, + 5)) ds
0

n—1
7Y Hgelnhra (G(Um+k) + T@g(—QTA)H(U,m_k))
k=0

tn
=e"AE,, + / HKe(”T_S)ABm(S) ds
0

n—1

+ Z HKe(n_k)TA (Am—I—k + TQm-‘rk)
k=0
n—1

—7? Z e 400 (—27 A)H (Upy i)
k=0

tn
=B, +/ HKe("T_S)ABm(s) ds
0

n—1

+ Z HKe(n_k)TA (Aerk + T©m+k) . U
k=0

As we see in the next lemma, in the error formula all second deriva-
tives of u cancel, only first-order derivatives remain. This is the advantage
of the corrected Lie splitting in comparison with classical second-order in-
tegrators, such as the Strang splitting. We first deal with the local error
A,

Lemma 6.2. Let U = (u,0wu), T, and M be given by Assumption with
o =3 and let K = 773/2. We then have the representation

N T N —20A 7 sA 0
An—/o (tr—o)e /0 e (dl(T,s,n)+d2(T,s,n)) dsdo, (6.7)

where we abbreviate

di(r,s8,n) = g¢"(mru(tn + 3))[(TrOu(t, + s))2 — (Vrgu(t, + s))Q],
do(7,8,n) = ¢ (mgu(ty + )T g(u(ty, + s)).
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Here we use the notation (Vf)? = ?:1(83-]“)2. Moreover, the inequalities

N-1
N—k)TAX 3
H Solge™ RN Gl Sy e,
L2xH-1

k=0

3 1
S1-7)-4

n—1
H Z TrS((n — k)T) Atk SMTpg T
k=0

P
ZT,NLq

hold for all T € (0,1}, N € N, m € Ny with ty+n < T, and wave admissible
parameters (p,q,7).

Proof. The error representation of the Lie splitting (4.6]) and Fubini’s theorem
yield

A, = /OT /0 e "AH(MgU(t, + o)) dods
_ /oT(T — 0)e TAH (KU (ty + o)) do.
Moreover, the definition of @9 in and a substitution lead to
00 (~2r AV H (KU (1)) = 72 /0 (1= 0)e AR U (1) do

_ / (7 — o) 2AHTTKU (1)) do.
0
From it thus follows
Ap = Ay, — 7200 (=27 A)H(IU(ty))

_ /OT(T — 0)e A [P AH (KU (b + 0)) — HIIKU (1)) do

— /OT(T — U)e_QUA /OU % [eSAH(HKU(tn + S))} dsdo.

We compute the derivative by

% (A H (Ut + 5))|

_ d[€SA ( —g(mru(ty + s)) ) ]
ds g (mrulty + s))TEOpu(t, + s)

=3 8) s )

( —g' (rgu(ty, + 8))mrOu(ty, + 5) )
g (mru(ty, + 8)) (T Oty + 5))? + ¢ (T u(tn + 8)) Tk Opulty + s)

sA 0
¢ (dl (1,8,n) + ¢ (mru(ty, + 8)) K [Onu(t, + s) — Au(t, + s)])

— GSA 0
dl(T,S,n)+d2(T,S,n) ’

where we used the formula Alg(w)] = ¢"(w)(Vw)? + ¢'(w)Aw and the fact
that the differential equation (1.1])) holds in C([0,7], H~'). Because of 7
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there is no problem in justifying the above differentiations. Thus, the error
representation formula (6.5)) is true.
For the error estimates, we first prove the inequalities

_1
sup Hdl(T,s,n)HEzN N2 ST T4, (6.8)
s€[0,7] AT
sup ||do(7,8,n)|[|pn -1 Smr 1 (6.9)
s€[0,7] m»N-1

Note that we have set g(u) = —pu?, hence ¢'(u) = —3pu® and ¢”(u) = —6pu.
We derive

ldi(r,5,2) e o

< lg"(mrcultn+ )l pll(TxOeultn + ) = (Vagu(tn + )=, 1
S llrgu(ts + S)H@,N_ILOO (HWKatu”%;op + HWWKUW%%OL?)
SM,T (KT +logK)% < T_i,

uniformly in s € [0, 7], where we used Proposition and the relation
K = 773/2_ The second term is easier to estimate, we can directly infer

lda (5,1 v S N9 (mreultn + s))mreg(ultn + 5))lle - rors
ST HQI(WKU)HL§9L3H7TK9(U>HL39L2
S H(”Ku)zHL;OLBHU?’HL%Om

= Hﬂ—Ku”%%OLGHUH%%OLG S HUHi%oHl Sum L

This shows and .

Now we turn to the error estimates, starting with the L2 x H~-norm.

Formulas and (3.5)), the endpoint estimate (2.13)) and the inequalities
and (6.9) imply

N—-1
H Z HKe(N—k)TAAm+k’
k=0

N-1

L2xH-1

I efkTA 0 ’
K dy(1,8,m+ k) + da(7,s,m + k)

§7'3 sup iy
selo,7] " 120 L2xH~

N-1
<72 sup (HT Z rreP* VI (7,5, m + k)H .
s€[0,7] k=0 H-!

+ldo(r s m )l )

1
Smr T sup ((KT+10gK)5Hd1(T,S,m+n)||132N L1 "‘1)
s€[0,7] i
1 3
2.

1
ST TiTi=1
For the estimate in the /2 L9-norm we can proceed similarly, where we now
employ Theorem [2.5] for the da-term. Moreover, for the inequality involving
d1 we have to use Corollary since we have non-L?-based spaces in the
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spatial variable on both sides of the inhomogeneous Strichartz estimate. This
gives

S S — KA
H
k=0

n—1
<7 sup TZ?TKS((H—/{?)T—I-S—QO')
$,0€[0,7] k=0

P
KT,NLq

0
. (dl(Ta s,m+ k) + dao(1,s,m + k))

Spar TAKT)P KT sup (K7 +log K)2 di (. 5,m + 1) 2

s€[0,7] -1

P
KT,NLq

Ll

+ lda(r,som+m)ll - es)
Swr T w (T_% * 1) <70,
as desired. O
We further need a product estimate in H 1.
Lemma 6.3. The inequality
lowl| g S Mol g lfwl] -y
holds for allv e H' and w € g:n Llloc.

Proof. We use the duality between H*® and H~* for |s| < 3/2. We estimate

vwl| ;-1 = su vwzdx’< su vzl w1
fowls = sup | [ vwzda|< szl ey
ll2ll 1<y ll2ll 1 <q

Next, we use the fractional product rule

V¢ (2)llzr S IIVI*0llze 2] Loz + ([0l Lo [[[V]*2]] o2
1 1 1

for a € (0,1) and pj, g;, 7 € (1, 00) with piquq% = ;T4 = 7 see Proposition
3.3 in [6]. It follows
1 1
lozl ;3 S MVl zslizllzs + [0l Lsll[ V]2 2] s
1 1
<913l g el + ol 191221
S ollgnllzl g

using also the Sobolev embeddings H' < L% and H 3 L8, O

To treat the error term @n, we use to decompose

=~ 0 —qi(7,n)
Qn B <q1 (T7 n)) * T(’02(_2TA) <CI2(7', n)1+ q3<T7 n)) (6.10)
with the definitions
q1 (7—7 n) = g(ﬂ-KU(tn)) - g(un)v
Q2 (7,n) = ¢ (mrru(ty)) [Tk Ou(t,) — vy,
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a3(7,n) = vnlg' (Tru(tn)) — g'(un)],

where U, = (up,vy,). This time we need to measure the error simultaneously
in three different norms, namely

Bl = max {r™ 2| Bullp (pxsz-1),7 llenlles ro, 75 lealles 12},
(6.11)
where j € Ny is a number with j7 < T. The rates are consistent with those
obtained in Lemma since the parameters (4,6, 2) and (4,12, 1) are wave
admissible.

Lemma 6.4. Let u, T, and M be given by Assumption with o = 3, and
let K = 73/2. Define the error E, by (6.3) with K = 773/% and (6.4). Then

the estimates

1 s 1 2
i (7, m + n)”el’ji{—l SMr 7532-5-172 (1 + 72 H‘Em-I—nH‘T,j) H‘Em—knmr,j

P,
laz(r,m+ )l g2 Svr t7a72 | Eminll

ri 1Bl
hold for all T € (0,1] and m,j € Ny with (m+ j)T < T.

1
las(rm + )l S a7 (1Bl

Proof. For simplicity, we set m = 0 in the proof of these three estimates,
since the shift by m > 0 does not affect the argument. The first estimate is
the same as in Lemma now with o = 3, implying

e (rom)llgs s+ = la(mscu(tn)) = a(un) s -+
1
Sar i (L lellZs po)llenlles 22

1 s 1 2
< 62,72 (L+ 72| BallZ ;) Bl -

For the second inequality, we use the product estimate from Lemma [6.3| and
note that ¢'(u) = —3pu®. We compute

laa(m )l s

< Nlg Grculta)) g mxcuu(tn) = val,. -
7,7 T,j

_3.1
< Imulta)lle s Imicu(t)lle g™ Hlimacdrultn) = vallgs, -1
L 1.3
SMr T 4+4IIWKU(tn)IIg;-_?jmIIIEnIIIT,j

i1
Sum a2 1Bl 5

employing also Proposition for the estimate in £2L°° and Bernstein’s
inequality to change from H —1/2 {6 1. Recall that E, = lIgE, and
K = 773/2_ The third inequality is shown similarly by

las(7, n)Hez (L1
»J

< Nonlles, 229/ (ricu(tn) — o (un) 21

Su (14 Irdputtn) = vnllie 12) (Ircutta)lle pie + llunlle o)
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eal, o 3
1
S (14 772 Imrdutn) = vallpe g1 ) (It e gz + lunlles o)
J
<yt -3 s0-1
i 3
St (B, + IEE,),
where also the Sobolev embedding HY/* < L'2/5 was used. U

We can now estimate the remaining part of the error formula (6.5]).

Lemma 6.5. Let U = (u,0u), T, and M be given by Assumption with
o =3, and let K = 773/2. Define the error by (6.3) with K = 73/2
(6.4). Then the inequality

75 met 474G, |
k=0

and

T,7+1
Sarr max {2 120} (1Bl + 7 1 B2
holds for all T € (0,1] and m,j € Ng with (m+j+ 1)7 <T.
Proof. We first estimate in the £2°(L? x H~')-norm by means of the decom-

position (/6.10]), obtaining

UG

L(L2xH-1)

T7m+n
S ”ql(Tam + n)“qu—jH71 + "7—802(_27-14) <q1< 0 )>

Zi,].(LQXH—l)
+7llaz(r,m 40l i

H Z e <q3(7' gwr k ) Hgoo (L2xH1)

‘r+1

Srlla (77 mAn)llp g rla(mm )y g

3
+T4||q3<f m+n)lle o
Sarr 278 (14 7 Bl 2 1 Bl + 20073 N1 Bl

s (1Bl + 1Bl

3

3 1 3
< rhmax{t!y, 20} (1Bl + 73 Bnll2)- (6.12)

Here we use inequality ([6.2)) for the second term involving q; and the endpoint
estimate ([2.13)) for the term involving q3. In the end, the bounds from Lemma
[6.4] were applied.
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Let now (p,q,7) be wave admissible. The definition of ¢y in (6.1)) and
Corollary 2.12| lead to

Hfzgws«n — k)T)pa(~274) <q3(7' v k))

£ 1L

1 n—1 0
_ 2
= H/o (1—o0)r kz::OwKS((n —k—20)7) (q3(77m N k:)> dUHKf,JHLq

n—1
) 0
= 021[1017)1] HT k=0 T‘-KS((n —k- QU)T) (q3(T7 m+ k)> HKI;J-HLQ

1
Spair TUCT) (KT 4 log K>%||q3<f,m+n>uml

The other terms can be estlmated in (PL? as in (6.12]), now using Theorem
. Altogether we obtain

‘ ZWKS n—k )Qerk

P
£ e

Tum+n
SP#LT qu(T,m + n)||e1 -1+ HT(‘D2 2TA) (Ch( ))

0

€ (L2xH-1)

+rllaz(rmAn)lp g + 7 las(r, m+n)le

< ||q1(7,m+n)||él e —I—T||q2(7,m~l—n)||g1 S +7‘1Hq3(r,m—|—n)||gz’jL1

< rdmax{t? g 2} (1Bl + 71 |HEm+nu|m)
The claim now follows from the definition of the |||-[||,. ;-norm. O

The next core a priori estimate can be shown followmg the proof of

Proposition [£.6] One only has to replace Lemmas [£.4] and [4.5] by Lemmas
[6.2] and [6.5] We thus omit the proof.

Proposition 6.6. Let U = (u,0pu), T, and M be given by Assumption
with « = 3 and let K = 773/2. Define the error E, by with K = 773/2
and . Then there is a number 9 > 0 depending only on M and T, such
that we have the estimate

1Bl ) Savr 1
for all T € (0, 70].
Proof of Theorem[1.3. We take 79 > 0 from Proposition and infer
1U(tn) = Unll 2 1
< NU(En) = Mg U (tn)ll 2 g + MK U (tn) = Unll g2, g1
< 73U s + 1 Ball o i Sarr 72

for 7 < 79, using Lemma and Proposition with K = 773/2, O
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