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Abstract:

We investigate time dependent parabolic problems of diffusion type on
open subsets of RV*1 and on networks, where the domains are possibly
unbounded or non-cylindrical. The coefficients are assumed to be contin-
uous and may be singular or degenerate at the boundary. We are looking
for solutions which belong locally to suitable Sobolev spaces and vanish
at the boundary. The well-posedness of the homogeneous linear problem
is characterized by a barrier condition which is verified for a large class of
highly singular domains. Using this result, we solve the inhomogeneous
linear equation and obtain global solutions for Lipschitz nonlinearities of,
e.g., logistic type. These applications are based on an abstract approach
in the framework of local operators. In this context we derive maximum
principles and characterize the well-posedness of the Cauchy problem by
excessive barriers and Cauchy barriers. In the parabolic case, we construct
a ‘variable space propagator’ using an associated ‘space-time semigroup’.
The propagator then allows to solve the above mentioned problems.
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1 Introduction and general information

1.1 Introduction

In this work we investigate time dependent, inhomogeneous, linear and semilinear
parabolic problems of diffusion type with Dirichlet boundary conditions. In our prin-
cipal applications the problems are given on open subsets of RY x [S,T] and on
networks. Here we allow for unbounded and non-cylindrical domains with possibly
irregular boundaries and consider elliptic operators with continuous coefficients which
may be singular or degenerate on the boundary.

Our approach is based on the following idea which we describe in the case of a
linear, homogeneous equation on a cylindrical domain V x [0, T'] for an open, bounded
subset V of RY. We are looking for solutions of the problem

%u(x,t) = A(z,t, D)u(z,t), (z,t) €V x (0,7,

2 N

Z agi(z,t) ﬁ u(zx,t) + Z bi(x,t) aixk u(z,t) + c(z, t)u(z, t),

=1 k=1

x>

u(z,t) =0, (z,t) €V x[0,T],
u(-,0) = f € Co(V). (1.1)

We want to transform (1.1) into an abstract autonomous Cauchy problem. To that
purpose, we set

L(z,t,D) = A(z,t,D) — & and F(t)=f 0<t<T,

and let L be a suitable realization of L(x,t, D) in Co(V x [0,T]). We then study the
Cauchy problem

o v(o) =Lv(o), o>0,

v(0) =F (1.2)
in Co(V x [0, T)). This problem is well-posed if and only if L generates a semigroup! on
Co(V x [0,T]). Given a solution v of (1.2), we define u(x,t) = (v(t)) (z,t) = v(t, z, 1)
for (z,t) € V x [0,T]. The function u satisfies the initial and boundary conditions of
(1.1) and we have, formally,

0

0
o u(zx,t) = e v(o, z,t) . + 7 v(t,z,T) T:t
0 0
= A(z,t,D)v(t,z,t) — 9 v(t,z,T) ., + g v(t, z, T) .

= A(z,t, D)u(z,t).

1«Semigroup” always means “strongly continuous one-parameter semigroup of bounded linear
operators”.



60 G. Lumer, R. Schnaubelt

(See also [27] and [54, p.290].) Of course, this heuristic computation can only be
justified under strong regularity assumptions. Therefore we proceed in a somewhat
different and more abstract way. First, we have to define L in a precise way. Second,
we give conditions for L to be a generator. Third, we look for a representation of
the semigroup generated by L. Using this representation, we then obtain solutions of
(1.1) (and the more general equations indicated above). All this will be done in the
framework of the theory of local operators as introduced in [30, 31, 32]. We point out
that this approach allows to treat diffusion problems on networks at the same time.

We briefly outline the contents of the present paper, see also the sketch given in
[40]. In Section 2.1 and 2.2, we recall the definition and basic properties of (parabolic)
local operators. A local operator A is, roughly speaking, a collection of linear opera-
tors AV acting in C (V) for open subsets V' of a metric space  such that the operators
AV respect restriction to subsets. Parabolic local operators are defined on ‘space-time’
domains V. C Q2 x J for an interval J C R. We construct several extensions of a given
local operator A, in particular the ‘local closure’ A (cf. Theorem 2.12), where we as-
sume a condition of ‘local dissipativity’. Then we establish maximum and comparison
principles for locally dissipative, parabolic, local operators in Section 2.3 generalizing
results from [41].

In Chapter 3, we show that the Cauchy problem for the part Ay of A in Co(V) is
well-posed if and only if V' possesses a ‘Cauchy barrier’ in the sense of Definition 3.1.
This notion of a barrier is tailored to the Cauchy problems considered in this work. To
obtain this characterization, we assume that the local operator A is locally dissipative
and ‘real’, that Aq is a generator, and that the domains of A" are ‘large enough’. Our
arguments rely on methods from potential and semigroup theory and make heavy use
of the concepts of ‘excessive barriers’, cf. [16], and ‘local semigroups’, cf. [55, 56]. Our
main result Theorem 3.25 is a counterpart of the results in [30, 31, 32] where somewhat
different hypotheses were supposed, compare Theorem 3.14 and 3.27. The present
formulation is suited to parabolic problems on non-cylindrical domains. However, in
the applications to degenerate problems we will use both types of results.

In a third step we investigate the semigroup generated by Ly for a parabolic local
operator L. It turns out, Section 4.2, that this so-called ‘space-time semigroup’ is
induced by a variable-space propagator which satisfies the homogeneous equation.
Using this representation, we then solve the corresponding inhomogeneous problem
in Section 4.3 extending [42]. In the cylindrical case, similar results were obtained by
L. Paquet [47, 48, 50]. Space-time semigroups were introduced by J. Howland, [27],
in 1974 for an L2-setting, see also [17, 44]. More recently, they have been used to
study well-posedness and perturbation theory of non-autonomous Cauchy problems,
see e.g. [38, 39, 51, 52], and asymptotic properties of solutions, see e.g. [9, 28, 53, 57].

Combining these facts we can establish existence and uniqueness of solutions of

Lu = F on V,
u(z,t) = 0 on the ‘lateral boundary’ of V,
u(-,S) = f on the ‘bottom’ of V,
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if V.C Q x [S,T] possesses a Cauchy barrier with respect to L, see Theorem 4.15,
4.16, and 4.24. Based on this result, we then show existence and uniqueness of global
solutions of

Lut+®ou = 0 on V,
u(z,t) = 0 on the ‘lateral boundary’ of V,
u(-,S) = f on the ‘bottom’ of V,

where 0 < f <1 and ® is locally Lipschitz and satisfies a sign condition, see Section 5.

This theory is used in Chapter 6 to solve parabolic problems on open subsets
of RY x [S,T] and networks. Here we assume that the coefficients are real, con-
tinuous, and elliptic, but not necessarily bounded or uniformly elliptic. We allow
for unbounded and non-cylindrical domains with possibly irregular boundaries. The
class of admissible non-linearities contains, for instance, the logistic equation. By
determining L explicitely, we can show that the solutions belong locally to suitable
Sobolev spaces. In Section 6.1 we construct Cauchy barriers for several problems
in RY x [S,T]. This is done in the uniformly elliptic case for finite intersections of
C?-domains. For degenerate coefficients we consider regular boundaries, but also
degeneracies taking place on irregular parts like isolated points or ‘entering faces’.

For the convenience of the reader we add lists of hypotheses and notation.

1.2 List of hypotheses and definitions

(A) 63 (closed) parabolic boundary 74
Cauchy barrier 79 parabolic extension 70, 73
closed completed parabolic extension 72 (standard) parabolic local operator 70
complete 64 (standard) parabolic operator 98
completion 64 partition 70

(regular) excessive barrier 81 real 65

extension 64 (S), (S1), (S2) 65

(H), (H1), (H2) 81,91, 108 semi-complete 64

local closure 69 space-time semigroup 99

local operator 63 spatial parabolic extension 85
local semigroup 88 tangent semigroup 88

locally closed (u.c.) 64 translation invariant 73

locally dissipative 65 uniformly well-posed 109

locally excessive (K,n) (orin V) 81 variable space propagator 102
(LS), (OE) 91 weakly A-Dirichlet regular 80
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1.3 List of symbols and notation

J 69
A 69 L, 70,73
AV (or A), D(A,V) 63 L; 72
Av,D(Ay) 63 M(t), M(t), M, 69
Ac A 64 Q 62
A 64 O(Q), O(Q) 62
A 68 Q, 9, Qy 69, 96, 116
Ay 81 QF, QF, QF(1), Q8 74, 97
Ay, Ay 85 P (t) 82
C(V)a Cb(v)v CO(V)a CC(V) 62 Q#(')7 Q*#() 97
CR(V) 62 TT,FT,KT 73
Dp(S) 111 Uy(t) 82
0V, 0,V T4 Ul(t,s), U#(t s), U*#(t,s) 101
Ar 101 Ult,s), U#(t,s), U#(t,s) 102
E 96 U(t,s) 86,106
frof~ 62 Vo1V 63
fIM 63 V.,V Voo 69,96, 116
f#, f* 80,97 VEVEOVE VA VOV T4
[fllx 88 z 69
F(t), F(t) 96 X, Xy, X, 96
$s 100 X(t), X(t), X#(t), X*#(t) 96, 101
L, 0 T, T(s4+0) 97 X#, X# X* X* X¥* Xi* o7
Iy, SM7 TM 69 X (T), X (T)* 114
I, Vi, 70,72 Zy T4

J, Jo, J 69, 96

2 Local operators in general and parabolic local op-
erators

2.1 Basic notations, closure and completion of local operators

Here (and in the following section) we introduce basic concepts and notation related
to local operators which are used throughout this work.

By © we denote a locally compact Hausdorff space having a countable base. Let
O(9) be the collection of non-empty, open subsets V' of  and let O.(€2) consist of
those V' € O(Q) being relatively compact. For V' € O(Q2), we consider the spaces
C(V), Cpo(V), Co(V), C.(V) of continuous functions f : V — C which are bounded,
vanish at infinity, or have compact support, respectively. The space Cp,(V) is endowed
with the sup-norm ||f|| = supy, | f|. We designate by C®(V) the space of real valued
f € C(V) and analogously for the other function spaces. Also, f™ (f7) is the positive
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(negative) part of f € C®(V). By f|M we denote the restriction of a function f to a
set M. If V,, C Vi1 forn € Nand J,, oy Vo =V, then we write V,, T V.

Notice that € is metrizable and that there are sets Q,, € O.(Q) such that Q, 1 Q
and €, C Q1. Further, if V,,,V € O(Q) and V,, T V, then for each compact K C V
we have K C V,, for n > ng(K). Throughout, A denotes a base of O(€2). We use the
the following assumption.

(A) IEV,W € A, then VAW € A B
For each compact K CV € A, thereis W € ANO.(Q) with K CW CW CV.

Lemma 2.1. Let (A) hold and V.V, € A satisfy Vi, T V. Then there are Wy, €
ANO(Q) such that Wi, TV, W, C Wiy1, and Wy, C V,,, for a subsequence (ny).

Proof. There exist sets G, € O.() such that G, TV and G, C Gy Take ny with
Gy C an . Using (A), we ﬁﬂ Wy e AN OC(Q) with Gy C W7 Cc W7 C an . Next
choose k2 and ng such that Wi C G, C G, C V,,, and proceed inductively. O

Our approach relies on the concept of a local operator defined as follows, see e.g.
[30], [31], [32], [36].

Definition 2.2. A local operator A defined on a base A of O(Q) is a collection of
linear operators AV : D(A,V) C C(V) — C(V) for V € A such that 0 € D(A,V)
and for VW € A with W C V and f € D(A,V) we have f][W € D(A,W) and
AV (flw) = (AV )W

If it causes no confusion, we omit the superscript “V” and write f instead of f|V.
By (Ay, D(Ay)) we denote the part of AV in Co(V), that is,

Avf=AVf for fe D(Ay)={f € Co(V)ND(A,V): AV f € Co(V)}.

We give some examples of local operators in order to illustrate the above definition.
These operators will be used below to discuss some of our basic notions.

Example 2.3. For Q@ = R and V € OR"™) set Ay, = A for k = 1,2,3, and
D(A1,V) = C3(V), D(A2,V) = {f € W2P(V) : Af € C(V)}, D(43,V) = {f €
W2P(V): Af € C(V)}, where W2P(V) is the usual Sobolev space and p > n is fized.

loc loc

We note that D(As, V) ={f € C(V): Af € C(V)} for the Laplacian in the sense
of distributions, cf. [11, I1.3, Prop. 6, 8].

Example 2.4. For Q =R, V € O(R), and an unbounded function m € C(R) define
Asf =mf and D(A4, V) ={f € C(V) :mf € Cy(V)}.

Example 2.5. Let Q ={z € C:1 < |2| <2}. Let V C Q be a generic open rectangle
with sides parallel to the real and imaginary axis. Let A consist of Q and of finite
unions of such V. Also, for a compact K C C we denote by P(K) the uniform closure
of the polynomials p(z) defined on K. We set Asf = f' and D(A,W) ={f e C(W):
fIK € P(K) for all compact K C W} for W € A. Notice that (A) holds.
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In many applications, local operators are given by a partial differential operator on
an open subset  of R™. We refer to [33], [46], and the papers cited above concerning
elliptic operators and to [40], [48], [49], and Section 6.1 concerning parabolic operators.
However, local operators can also be used to study evolution equations on networks
and ramified spaces, see e.g. [34], [35], [37], and Section 6.2. Moreover, the concept of
a local operator turns out to be the appropriate framework for various extensions of
a given local operator A which we construct in this and the following section. These
extensions will be essential for our work.

Next, we introduce classes of local operators for which, in some sense, AV is
determined by AW for W C V.

Definition 2.6. Let A be a local operator on A.

1. A is called complete if, for V € A, a function f € C(V) belongs to D(A,V)
provided that for all x € V there is V, € A such that x € V, C V and
fIlVe € D(A,V,,).

2. Ais called semi-complete if, for V € A, a function f € C(V') belongs to D(A,V)
provided that there are A > V,, TV such that f|V,, € D(A4,V,,).

Of course, the operator A; in Example 2.3 is complete and, a fortiori, semi-
complete. The operator As in Example 2.5 is semi-complete but not complete. In
fact, it is easy to see that Aj is semi-complete. On the other hand, take g(z) = % for
zeQand K ={z€C:|z|=r} C Q. Then g ¢ P(K) since [, g(z)dz # 0 whereas
Ji 2" dz =0 for n € N. Hence, g ¢ D(A,Q). However, g|V belongs to D(A,V) for
each sufficiently small rectangle V' C  since g|V is given by a power series.

We say that a local operator A’ on A’ extends a local operator A defined on A if
AC A and, for f € D(A,V)and V € A, we have f € D(A", V) and Af = A'fon V.
In this case we write A C A’. We recall that for each local operator A defined on A
there exists the smallest complete extension of A, the completion A, defined on O(€)
which is given by

DAV)={feC(V):VzeVIV,e Awithz eV, CV, f|V, € D(A,V,)},
(A f)(@) = (AT f[Ve) () for V € OQ),
cf. [30, p.412]. It is easy to see that ;1; = As in Example 2.3. In the remainder of
this section we focus on the definition of a ‘local closure’.
Definition 2.7. Let A be a local operator on .A.

1. We say that A is locally closed if the part of AV in Cy (V) is closed for all V' € A;
that is, if f, — f and AV f, — g in Cy(V) for f, € D(A,V) N Cy(V), then
feD(AV)and AV f = g.

2. Aislocally closed u.c. if, for V e Aand f,g € C(V), the existenceof A3 V,, TV
and f, € D(A,V,) such that f, — f and Af, — g uniformly on compact
subsets of V (u.c.) implies that f € D(A,V) and AV f = g.



Local Operators and Time Dependent Parabolic Equations 65

3. Ais called locally dissipative if, for all V' € A, compact K C V,and f € D(A,V)
with supy\ g | f| < supy |f], there exists xo € V' such that |f(zo)| = supy |f]

and Re ((Af)(zo) f(z0)) <0 (where supy |f| := —00).

4. A'is a real local operator if f € D(A,V) for V € A implies that f € D(A4,V)
and Af = Af on V.

It is obvious that if A is real, then the part Ay in Co(2) (or the part in Cy(2))
is a real operator, i.e., for f € D(Ay) we have f € D(Ay) and Ay f = Ay f. A
straightforward application of Lemma 2.1 shows

Lemma 2.8. Let A be a local operator on A. If A is locally closed u.c., then A is
locally closed and semi-complete. The converse holds if (A) is satisfied.

It can be shown that the local operator A3 defined in Example 2.3 is locally closed
u.c., see [33], [46], and also Section 6.1. Notice that A; is a (semi-)complete local
operator which is not locally closed if n > 2, cf. [11, I1.3, Rem. 5]. On the other hand,
Ay from Example 2.4 is locally closed but not semi-complete.

The next lemma shows that local dissipativity is equivalent to a maximum modulus
principle provided that some mild seperation assumptions hold for the local operator
A on A. In the following conditions, we denote by 4y a base of O(Q) which is
contained in A.

(S) For W € Ag N O.(Q) and zo € W, there is h € D(A, W) N C(W) such that
h(zg) > supgy |h| and Ah € Cp(W) if OW # 0 and h(zo) > 0 if OW = 0.

(S1) For W € Ay and g € W, there is h € D(Aw) C Co(W) such that h(zg) > 0.
(S2) D(Aw) is dense in Co(W) for W € Ay.

By h € D(A,W) N C(W) we mean that the function » € D(A,W) has a continuous
extension to W usually denoted by the same symbol. Clearly, (S2) = (S1) = (S) and
each extension of A satisfies the same separation assumption.

Lemma 2.9. Let A be a local operator on A. If, for V. € A, the local mazimum
modulus principle

fE€DAV), zg €V, [f(zo)l =supy |f| = Re((Af)(x0) f(x0)) <0 (2.1)
holds, then A is locally dissipative. The converse is true provided that (S) is satisfied.

Proof. (1) Assume that (2.1) holds. Let V € A, K be a compact subset of V,
and f € D(A,V) satisfy supy g [f| < supy [f|. Then there exists o € K such
that |f(xo)| = supy |f|. Thus, (2.1) yields Re (Af(xo) f(z0)) < 0, ie., A is locally
dissipative.
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(2) Now assume that A is locally dissipative and that (S) holds. Let V| zg, f be as
in (2.1) and suppose that Re (Af(zo) f(20)) > 0. Then we can find W € AN O.(N)

and hg satisfying (S) such that zg € W C W C V and

Re(Af(z) f(z)) >a>0 (2.2)

for x € W. If OW = (), then W = W is compact and, by local dissipativity, there is
x1 € W such that Re (Af(z1) f(z1)) < 0. This contradicts (2.2). So assume OW # {).
We have f(zo) = A|f(zo)| for some A € C with |A| = 1. Set h = Ahp and g, = f+0h
for o > 0. The functions f, h, g, have continuous extensions to W which are denoted
by the same symbols. From (S) and f(z¢) = supy | f| we derive

190 (o)l = | M f(z0)| + oAho(0)| = | f(20)| + oho(z0)
> B> [f(z)|+ olh(z)] > |go(2)]

for x € OW and a constant §. In particular, the set K = {x € W : |g,(z)| > 8} # 0
is compact in W. Since A is locally dissipative, there is x5 = x9(0) € W such that

Re (Ag,(22) g5 (x2)) < 0. (2.3)

On the other hand, (S) and (2.2) imply

Re ((Ag5)77) = Re ((Af) f) + o Re ((Af) h) + o Re ((Ah) f) + o® Re ((Ah) h)
=Re((Af)f)+0(0) = § >0
on W for o > 0 small enough. This contradicts (2.3), and thus (2.1) holds. O
We note some consequences of the above result.

Corollary 2.10. Let A be a local operator on A which satisfies (S).

1. If A is locally dissipative, then the part Ay of A in Co(V) is dissipative for
VeA

2. Let A be real. Then, A is locally dissipative if and only if the local positive
mazximum principle

FeDAV)NCHV), 20 € V,0 < f(zo) =supy f = (Af)(x0) <0 (2.4)
holds for all V € A.
Proof. 1. For f € D(Ay) C Cy(V) there is xy € V such that |f(xo)| = ||f||. So the

dissipativity of Ay follows by considering the functional ¢ = f(20) 0z, -
2. Let A be real. First, assume that (2.4) holds. Let V € A, f € D(A,V), and
xo € V such that |f(zg)| = supy |f|. We may assume that |f(z)| > 0. There is

A € C such that |A\| = 1 and |f(zo)| = Af(xo). Let u = Re(Af) and v = Im (Af) .



Local Operators and Time Dependent Parabolic Equations 67

Hence, 0 < u(xg) = supy v and v(zp) = 0. Since A is real, we have u,v € D(A,V)
and Au, Av are real. Now (2.4) implies

Re (Af(20) f(20)) = Re (A(f)(20) \f(w0)) = Re (Au(wo) u(wo) + iAv(zo) ulwo))
= Au(xo) u(l‘o) <0.

Second, assume that A is locally disipative. Let 0 < f(xg) = supy, f for f € D(A,V)N
CE(V) and V € A. Suppose that Af(xg) > 0. Choose W € A such that zo € W C V
and f > 0 on W. An application of (2.1) shows that Af(zo)f(zo) < 0 which is
impossible. O

As a consequence, the operator A; from Example 2.3 is locally dissipative due to
the classical (strong) maximum principle. In fact, more general elliptic or parabolic
operators yield locally dissipative local operators, see [33], [46] for the elliptic case
and [40], [48], Chapter 6 for the parabolic case.

It is well known that a densely defined, dissipative operator possesses a dissipative
closure. In the sequel, we show an analogue of this result for local operators using the
mild seperation condition (S). Here we generalize [32, Thm. 3] where (S2) was used.

Lemma 2.11. Assume that A is a locally dissipative, local operator on A which
satisfies (S). Let V,V,, € A and f, € D(A,V,) such that V,, TV and f, — f,
Afp — g u.c. in C(V) as n — oo.

1. If there is xg € V with | f(xo)| = supy |f|, then Re (g(zo)f(z0)) < 0.
2. If f=0, then g =0.

Proof. Let V. V,,, f, fn,g be as in the statement.

1. Let |f(xo)| = supy |f| for some g € V. We may assume that |f(zo)| > 0.
Suppose that Re(g(xo)f(xo)) > 0. Then there exists W € AN O.() such that
Regf > a >0 on W for some constant  and there is h satisfying (S) for zop € W C
W C V. Without loss of generality, let W C Vi. Set A = f(x0) |f(z0)| ™" and h = Ah.

Define h, = oh for 0 > 0 and ¢,, = fr, — f and ¢, = Af, —g on W. Then ¢, ¢, — 0
in C(W). For each € > 0, we estimate

Re(A(fn + ho) (fu + ho)) = Re(g + ¥n + 0 Ah) (f + @5 + oh))
= Re(gf) + Re(g®n) + Re(vn f) + Re(vnpn) + o°Re(hAh)
+ o[Re(gh) + Re(¥,,h) + Re(fAh) + Re(p,Ah)]
> Re(gf) +O0(0) —e > a+0(c) —¢

on W for n large enough. Therefore we can find o9 > 0 and ny € N such that

Re (A(fo + ho) (Fo + ho)) > 2 >0 (2.5)
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on W for n > ng and o € (0,00]. On the other hand, for fixed o € (0, 0¢] condition
(S) yields

[(fn + ho)(@o)| = | X|f(20)] + ¢n (o) + Aoh(zo)| > | f(x0)| + oh(z0) — |on(z0)]
> B> > |f(2)| + oh(z)

for x € OW, constants 3, > 0, and n > ny > ng. Moreover,

|(Fa+ ho)(@)] < 1f(@)] + pn(@)] + oh(z) <

on OW for n > ny > ny. Fix n > ny. Notice that the set K = {z € W : |f,(z) +
he(z)] > B} # 0 is compact in W. Since A is locally dissipative, we find z; € W such
that

Re (A(fn + ho) (fn + ho))(21) <0

This violates (2.5), and so the first assertion is established.
2. Let f = 0. Suppose that |g(x¢)| > 0 for some zog € V. Then there is W €
AN O.(Q) such that

lg(z)| >0 for zeW (2.6)

and there is h satisfying (S) for zg € W C W C V. Choose 1 € W with |h(z;1)| =
supy, |h| > 0. Without loss of generality, let W C V;. We have f, + A\oh — Aoh
and A(f, + Aoh) — g+ AgAh in C(W) as n — oo for all ¢ > 0 and A € C. Also,
o|Ah(z1)| = supy, |ocAR|. So the first part of the proof shows

0> Re((g + Ao Ah)(z1) oAh(z1)) = o [Re (Ag(z1)h(z1)) + o|A[* Re (mAh(xl))]

Dividing by o and letting ¢ — 0, yields Re (Ag(z1)h(z1)) < 0 for all A € C. Taking
A = g(x1)h(z1), we obtain g(x1) = 0. This contradicts (2.6), and hence g = 0. O

Given a local operator A on A, we set

D(A,V)={f € C(V) : there are V,, € A, f, € D(A,V,,), g € C(V) such that
VTL T ‘/7 f'n - f’ Af’n — g u.c. in C(V)}7
AV f=gq on VeA, (2.7)

compare [32]. To show that AV is well defined, we assume that A is locally dissipative
and that (A) and (S) hold. Let f,g,9' € C(V), V,,VI! € A, f, € D(A,V,), and
fl e D(A,V!)such that V, 1V, V! 1 V,and f, — f, [, — f, Afn — g, Afl — ¢
u.c. in C(V). Then V,, NV, # () for n large enough and W,, = V,, NV, € A. Since
W, 1 Vand f, — fi — 0, A(f, — f) = g — ¢ uc. in C(V), Lemma 2.11 yields

that g = ¢’. Similarly, one verifies that A" is linear and that A is a local operator.
Moreover, we have
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Theorem 2.12. Let A be a locally dissipative, local operator defined on A satisfying
(A) and (S). Then A is a locally dissipative, local operator on A and the smallest
semi-complete and locally closed extension of A. If A is real, then A is also real.

Proof. By Lemma 2.11 and 2.9, A is locally dissipative. Let D(A,V,) 3 f, — f
and Af, — g u.c. in C(V), where V,V,, € A and V,, T V. We may assume that
V,, is compact and contained in Vj,;; due to Lemma 2.1. There exist V,;, € A and
fuk € D(A,Vyi) such that Vi T Vi and fur — fn, Afur — Af, uc. in C(V,) as
k — oo. For n € N, there is k,, such that

, and supy  |Afn — Afar,| <

S|
3=

vnfl C Vnkn ) Suan71 |fn - fnkn| <

Set Wy, == Vi, and hy = fur, € D(A,I/_Vn). Then Wy, 1V and hy, — f, Ahy — g
u.c. in C(V). That is, f € D(A,V) and Af = g. As a result, A is locally closed u.c.
and hence, by Lemma 2.8, semi-complete and locally closed. The other assertions are
clear. O

Definition 2.13. Let A be a local operator defined on a base A. If (2.7) defines a
local operator on A, then we call it the local closure A of A.

We can combine the completion and the local closure of A.

Theorem 2.14. Let A be a locally dissipative, local operator defined on A satisfying
(A) and (S). Then A exists and is a locally dissipative, locally closed, and semi-
complete extension of A defined on O(Q). If A is real, then A is also real.

Proof. In view of Theorem 2.12 we only have to show that A (which always exists)
is locally dissipative. To apply Lemma 2.9, let f € D(A, V), VeOW),and zg €V
with |f(xo)| = supy |f|. Then there is W € A such that AY f(xg) = AW f(z0). We
conclude Re (Af () f(x0)) < 0 by the local dissipativity of A. O

2.2 Parabolic extension of local operators in space-time

At first, we recall the concept of a parabolic local operator as introduced in [40],
[41], [48], [49], see also [38], [39], [42], [50]. For the remainder of this chapter we let
J € {]5,T[,]5,T],[S,T]}, where S = —oc0 and T = o0 is possible if S ¢ J and
T ¢ J, respectively. The collection of non-empty, open subintervals of J is designated
by J. Set Q = Q x J . We denote by V a generic non-empty, open subset of ) and
by z = (z,t) a generic element of 2. Further,

A={V=VxI:Ve0OQ),IeJ}
is a base of O(Q) satisfying (A). For M C Q and t € J, define

M(t)={z € Q: (x,t) € M}, M(t)=M(t)x{t}, M,={(z,s) € M:s>1t}
Iy={teJ:Mt)#0}, Syu=inf{teR:tely}, Tm=sup{tcR:tec Iy}
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Note that Sy < Ty and that Iy and V(t) are open in J and V, respectively, for
Ve 09Q).

The following definition is motivated by the properties of the local operator given
by L =2, — 4 on D(L,V) = C*> (V) with V. € O(R" x R).

Definition 2.15. A local operator L defined on A (or O(R2)) is called parabolic if,
for F € D(L,V), V. € A (or V. € O(Q)), and ¢ € C*(Iy) with ¢/(S) =0 if S € Iy,
we have oF € D(L,V) and L(pF) = ¢ LF — ¢'F.

If S € J and, in addition, LF = 0 on V(S) for all F € D(L,V), then we say that L
is standard parabolic.

Here, oF € C(V) is defined by (¢F)(z) = (t)F(z,t). Examples of parabolic
local operators are discussed in the above references and in Chapter 6. We first show
that parabolicity is preserved under completion and local closure.

Proposition 2.16. Assume that L is a (standard) parabolic local operator defined on
A (or O(R)). Then the local operators L and L (if the latter exists) are also (standard)
parabolic.

Proof. Assume that L exists. Let F € D(L, V),V € A (or V. € O(Q)), and ¢ €
Cl(Iy) with ¢/(S) =0if S € Iy. Thereare V,, TV, V, € A (or V, € O(Q)), and
F, € D(L,V,,) such that F,, — F and LF,, — LF u.c. in C(V). Denote the restriction
of p to Iy by ¢, € C'(Iy ). Then ¢, F, — ¢F w.c. in C(V), ¢, F, € D(L,V,,),
and

L(pnFp) = pnLFy — 9 Fn — @LF —¢'F

u.c. in C(V). Hence, L is parabolic. The other claims can be verified similarly. O

The following construction will be crucial for our characterization of the solvability
of Cauchy problems of diffusion type in Chapter 3. Let I =]a,b| for possibly infinite
a,band K C Z. A set {sy,k € K} C I is called a partition of I if s < sj41 for
ke K, {si,k € K} is locally finite, and J |sk, Sk+1[= I. We set I}, =]sp, sp41]
and V, =V x I,. Obviously, if I is bounded, then K has to be finite and sg = a
and s, = b (where we let 0 = min K and n = maxK). If I = R, then K = Z
and limg_, 4. S = Fo0; and similarly for semibounded intervals. In the following
definition we consider a local operator L defined on A. The analogous concept for a
local operator on O(Q) is introduced in Definition 2.24.

Definition 2.17. Let L be a local operator on A, where J =S, T[. The parabolic
extension L, of L is defined by

D(L,,V)={F € C(V) : there is a partition {sx,k € K} of I and G € C(V) such
that Fj, = F|V, € D(L,V,) and LF}, = G|V, for k € K},
LF=G on V=VxIcA
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The union of two partitions of I is a refinement of both partitions. In view of this
fact, it is casy to see that Ly is a well-defined linear operator in C(V) for all V € A.
Similarly, a partition of I induces a partition of any open subinterval I’ C I. This
implies that L, is a local operator on A. Thus we have

Proposition 2.18. Definition 2.17 yields a local operator L, on A extending L. If
L is real, then L, is also real.

At first, we consider permanence properties of the parabolic extension.

Proposition 2.19. Let L be a parabolic local operator on A with J =]S,T[. Then
L, is parabolic.

Proof. Let V. =V xI € A, F

€ D(L,,V) with a partition {s;}, and ¢ € C(I).
Then, (¢F)r = (¢llx) Fr € D(L, V)

and
L(eF)i = (plIx) LFy = (plIx) Fi = (¢ LyF — ¢'F)|V,
since L is parabolic. So oF € D(L,,V) and L,(¢pF) = ¢ L,F — ¢'F. O

Proposition 2.20. Let L be a locally disspative, parabolic, local operator on A with
J =18,T[. Then L, is locally dissipative.

Proof. Let V.=V x I € A, 0 # F € D(L,,V) with a partition {sz}, K C V be
compact, and
|[F(z)| < B <supy |F|=|F|| forzeV\K

and a constant (3. Clearly, ||F|| = maxy |F| and V is not compact since [ is open.
Define V) = V, U(V x {sg41}) and M = {z € V : |F(z)| = ||F||}. Then M is
compact, not empty and contained in K. Since the partition is locally finite, there is
a lowest index m with V! N M # (). Notice that |F(z,)| — ||F|| for z,, € V implies
that a subsequence z;, converges to some z, € M since z,, € K for large n. Therefore,
there is a constant § < a < ||| and a compact set K C K such that M C K,

[F(z)] < o <supy [F| = [|[F[|  forzeV\K, (2.8)

and KNV, =0 for k <m. Set K,, = KNV, . For every sufficiently small ¢ > 0,
there exists §1 €]s,, Sm+1] such that

sup [F(2)| = [|[F]| —& > e (2.9)
z€V, \(VXx]51,8m+1])

Choose 32 €131, 8m1] and ¢ € Cl[sm,smtl] with support in [s,,, 52| satisfying 0 <
<1, ¢ < 0, and ¢ =1 on [Sm,51]- Set K, = KN (VX ]sm,32]) C K,,. (WeNIlote
that §1, 52, », K,,, may depend on £.) From K N (V x {s,,}) = 0 follows that K, is
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compactinV, . OnV, \K, = (V, \K) U (V'x]52, sm41[) we have either |F| < o,
by (2.8), or ¢ = 0; thus |pF| <aonV, \ K, . So (2.9) yields

supg |@F| > a > |(pF)(z)| forzeV, \K,,. (2.10)

By (2.9), (2.10), and the local dissipativity of L, there exists z, = (2.,t.) € K
satisfying

m

[E] = [(pFm)(z )| = supy [oFn| = [Fll ¢ and (2.11)
Re (L(pFm)(z.) (pFn)(z.)) <0, (2.12)

where F,,, = F|V,,. We may assume that ., — z, € K,, as ¢ — 0. Now (2.11) gives

F
1= & <y @l gy,

el = IE]
and therefore p(t.) — 1 and |F,,(z.)| — |F(zy)| = || F|| as € — 0. From (2.12) and
the parabolicity of L we infer

0> Re |(¢*Fo LEn)(z2) — (99 [Fml*)(22) | > o(t:)* Re (LFm)@s)Fm@s)]~

Finally, LF,,(z.) = L,F(z.) — L,F(z,), and the assertion follows. O
An inspection of the above proof shows the following result which is needed in

Section 6.1.

Corollary 2.21. Let L be a parabolic local operator on O(2x 1S, T]). Assume that the
restriction Lo of L to O(Qx ]S, T]) is locally dissipative. Then L is locally dissipative.

Combining Theorem 2.12; Proposition 2.16, 2.18, 2.19, 2.20, and Theorem 2.14,
we obtain

Theorem 2.22. Let L defined on A (with J =]S,T[) be a parabolic, locally dissi-

~ —

pative, local operator satisfying (S). Then there exists the local operator ((L),)7)
which is a locally dissipative, parabolic, locally closed, semi-complete extension of L
on O(Q). If L is real, then ((L),)")~ is real.

Definition 2.23. Let L be a local operator defined on A (with J =]S,T). If the
local operator Lj := ((L),)”)~ exists, then it is called the closed completed parabolic
extension of L.

Next, we consider the parabolic extension of an operator defined on O(Q). For
I,eJand Ve O(Q), weset Q, =Qx [pand V,, =V.NQ, .
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Definition 2.24. Let L be a local operator on O(Q2), where J =]S,T[. The parabolic
extension L, of L is defined by

D(L,,V)=A{F € C(V) : there is a partition {sx,k € K} of Iy and G € C(V) such
that F, = F|V, € D(L,V,) and LF}, = G|V, for k € K},
L,F=G on V.eO(Q).

As in the case of Definition 2.17, one checks that L, is a well-defined local operator
extending L. Also, one sees that L, is parabolic if L is parabolic as in Proposition 2.19.
The next result relates both definitions of the parabolic extension.

Proposition 2.25. Let L be a parabolic, locally dissipative, local operator on O(£2)
(with J =1S,T[) which satisfies (S) on a base A, whose intersection with A is still a

base of O(Q). Then the local operator (L)~ on O(L) exists and is parabolic, locally

dissipative, locally closed, and semi-complete. Further, (Lo)g extends (Ly,)~, where
Ly is the restriction of L to A.

Proof. First, notice that L( satisfies the assumptions of Theorem 2.22. Let V € A
and F € D(L,V). We find V,, € A and F,, € D(L,V,,) such that V,, T V and
F, — F, LF, — LF u.c. in C(V). Thus, F € D(Ly,V) and LoF = LF on V. Using
the definition of the parabolic extension, we then derive

—

Ly € (Lo)p € (Lo)z-

In particular, Ep is locally dissipative. So the local closure of Ep exists and has the
asserted properties. O

We will need the concept of a ‘translation invariant’ local operator on space-time in
the next chapter. To that purpose, we define theset V__ = {(z,t) € Q: (z,t+7) € V}
for 7 € R and V € O(Q) and the continuous function (T,F)(xz,t) = Fr(z,t) =
F(z,t+7) for (z,t) € V__and F € C(V), where J =R.

Definition 2.26. Let L be a local operator defined on A (or O(£2)), where J = R.
We say that L is translation invariant if, for V.€ A (or V. € O(Q)), 7 € R, and
FeD(L V), onehas F, € D(L,V_)and LF_ . =(LF)_, on V.

A standard example for this notion is furnished by the local operator L = A, — %
on C*H(V x I), V € O(R™). We note the following permanence properties.

Proposition 2.27. Let L be a translation invariant, local operator defined on A or
O(Q) (where J =R). Then the local operators L, L, L, and Lz are also translation
invariant (if they exist).
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Proof. Let 7 € R, F € D(L,,V) and F}, = F|V, , where V, are the sets given by
the partition {s;} for F. We denote by the subscript & also the kth subdivision of
the translated partition {sx + 7} of V... Then, (F_;)r = (Fkx)-r € D(L,(V},),) and
L(F_;)k = (LFy)—7 = (LpF)—r on (V) = (V)i by the translation invariance of L.
As aresult, F_, € D(L,,V.) with partition {s; + 7} and L,(F_;) = (L,F)_,; that
is, L, is translation invariant. The other claims can be verified in the same way. O

2.3 Maximum principles for parabolic local operators

In this section we prove one of the most important features of parabolic, locally
dissipative, local operators: they satisfy a parabolic maximum principle. Among
other things, we will use this fact in Chapter 4 to show uniqueness of solutions to
Cauchy problems of diffusion type on non-cylindrical domains V.

Let L be a local operator defined on O(Q), V € O(Q), and V. € O(Q). Since V.
is not required to be relatively compact, we have to consider the one point compact-
ification 2* = Q U {oo} of 2 and the set Q* = Q* x J. We identify V. (or V) with
a subset V* (or V*) of Q* (or Q). Further, V* (or V*) is the closure of V (or V)
in Q* (or Q*). The boundaries are given by V* = V*\ V* and 9V* = V*\ V*,
respectively. Also, for F' € C(f), we denote the restriction of F' to V by the same
symbol and write F' € C(V*)ND(L, V) if the restriction belongs D(L, V). Recall that
J e€{]5,T],]S,T),[S,T] } with possibly infinite S < T if S ¢ J or T' ¢ J. Therefore,
V™ is compact in Q* if Sy and Ty are finite and belong to J.

In order to define a ‘parabolic boundary’, we always assume that Sy and Ty are
finite and Sy € J for a given V. € O(Q). Set Q*(¢t) = Q* x {t} for t € R, and let Zy
be the largest subset of Q" (Ty) N OV which is open in 9V *. Then we define by

5,V = (AV*\ Zy)UV(S) and 8,V = (9V*\ Q" (Tv)) UV (S) (2.13)

the (maximal) closed parabolic boundary 5,V and the (maximal) parabolic boundary
0,V , respectively, where V (S) = 0 if S = —oco. Of course, Zy or V(S) may be empty
and the unions in (2.13) need not to be disjoint. However, 9,V # 0 since either
V(S) = V(Sy) # 0 or there is (z,Sv) € dV" due to Sy € J. To illustrate the
above notions, let V.=V x]S,T[ and V' =V x [S,T] belong to O(Q x [S,T]). Then
5,V =6,V = (Vx{SHU(OV*x[S,T]) and 8,V = 9,V = (Vx{SHU(OV*x[S,T[).

Since 6,V is the closure of 9,V in OV*, we have
sups, v |F| = supy, v |F| (2.14)

for F' € Cy(6,V). Observe that 4,V is compact in Q* if Ty € J.

For relatively compact V, the following results are essentially contained in [41].
There, however, a somewhat smaller ‘parabolic boundary’ is used, namely the set of
those € 9,V “which can be reached from below”, cf. [20, §2.1]. The next lemma
provides the essential step in the proofs of our main theorems below.
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Lemma 2.28. Let V. € O(Q) with finite Sy ,Ty € J. Let L be a locally dissipative,
parabolic, local operator defined on O(Q). Assume that F € C(V*) N D(L,V). If
LEF =0o0nV, then

sup;, v | F| = supy |F|. (2.15)
Moreover, if FF >0 and LF >0 onV, then

sups, v I = supy F'. (2.16)
Proof. (1) Let F € C(V*)N D(L,V) and LF = 0 on V. We may assume that
|F|| = supy |F| > 0. Suppose that (2.15) does not hold. Choose ¢ € C'[Sy, Tv]
such that 0 < ¢ < 1, ¢'(Sy) = 0, ¢'(s) < 0 for Sy < s < Ty, and p(Tv) ||F] >

¢(Sy) sups v |F|. In particular, F1 = ¢F € C(V*) N D(L,V) also violates (2.15).
Set K ={z e V" :|Fi(z)| = |F1l|} # 0. Then K N,V =0, and we have either

(a) Kn@V*UY(S)=0 or (b) 0 £ KN OV UYV(S)) C Zy.
First, suppose that (a) holds. For |[F1| > a > supgy-yy (s) [Fi], we define
K, ={z eV :|R@)] = a} #0.

Observe that K, C V and K, is closed in f Therefore, K, is compact in V. Using
local dissipativity of L, we find z; = (z1,t1) € K, satisfying |Fy(z;)| = || Fi] and
Re ((LFy)(zq)F1(z1)) < 0. Since L is parabolic and LF = 0, this implies

0> Re(—¢'FF)(z,) = —¢'(t1)e(t1)| F(z,)].

Due to K, N (V" U V(S)) = 0, we have ¢t; > Sy and, hence, —¢'(t1)p(t1) > 0.
Consequently, |F(z;)| = ||Fi|| = 0, which is impossible.
Second, suppose that (b) holds. There exists § > 0 with

||F1|| > [ > Sups, v |F1| (217)

Define o
Kg={zeV":|Fi(z) = 5} # 0.

Let 0 < & < ||Fy|| — 8. Since Fy € C(V*) and V is open, there is z, = (z2,12) € V.
(depending on ¢) such that |Fy(z,)| > ||Fi]| — € and Sy < t2 < Ty. Take t3 € Jto, Ty |
and . € C[Sy,Ty] satisfying 0 < 9. < 1, 9L <0, ¥ = 1 on [Sy,t5], and ¥. = 0
on [ts,Tv]. The set

Kjy={(z,t) e Kg:t<t3} #0

is closed in V* and ng N Zy = 0. Therefore, (2.17) implies that K'ﬁ is a compact
subset of V. Also,

Sup g, [V F1| > |Fi(zs)| > || Fi1]| —e > 3 > 0. (2.18)
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On the other hand, K\Kg = V\KyU((KznY) \K’ﬁ) On V \ K4 we have
[ Fy| < |F1| < B3, while on K 5\ K5 the function . vanishes. As a result,

SUPy\ k7, [YeF1| < B < supg, |=F1l. (2.19)

By local dissipativity of L, there exists 2. = (z¢,t.) € K} such that [y Fi(z.)| =
[ F1|| and

0 > Re[L(F)(z.) (0eF)(a,)]

= Re[W2FLR)(.) - (Wl |F[)(a.)]
= 2t (t)p(t) [P () = wh(t)ve(t) | Fi ()

¢’ (te) 2

> it F 2.20
> —yZ(te) o00) [Fa(z )|, (2:20)
where we have used that L is parabolic and LF = 0. Further, by (2.17), there exists

a constant v > 0 such that t. > Sy + for all ¢ > 0. Hence, — ‘g((:z)) > > 0 for some

constant 6. Moreover, we infer from (2.18) that

|Fill — e < |(WeF1)(z,)| < ||Frlls and so
£ |F1 ()]
1- < 5 ts S e te S 1.
T < Vel TR < velte)

Thus, 9:(t:) — 1 as ¢ — 0, and (2.20) implies Fi(z.) = 0 for small € > 0. This
contradicts z, € K 3 and so the first assertion is established.
(2) Now assume that F' > 0 and LF > 0 on V. and that (2.16) does not hold.
Then,
sup, v I = sups v |F| < supy |F| = supy F'.
We proceed as in the first part of the proof and consider F} = @F and the alternatives
(a) and (b). Observe that

FILF, = - 0 F2+ Q’FLF > -0/ F? >0 (2.21)

on V \ V(Sv) since L is parabolic and F' > 0, LF > 0.

In case (a), we define K, as before and obtain by local dissipativity a point
z, € V\ V(Sy) such that Fy(z;) LF(z;) < 0 which violates (2.21).

In case (b), we consider again ., K3, and z, € V.\ V(Sy) for 0 <e < || Fy|| - 6.
The same arguments as above yield

0 = (L(YeF))(z.) (Ve Fr)(z)
= Y2(te)(Fy LFy)(z.) — ¢r(te)ve(te) Fi(z.)®
> W2(t)(Fy LFy)(z.).

As in the first part of the proof, we obtain ¥.(t.) > 0 for sufficiently small € > 0.
This leads to a contradiction with (2.21). O
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Theorem 2.29. Let V. € O(Q) with finite Sy € J and Ty. Let L be a locally
dissipative, parabolic, local operator defined on O(). Assume that F € Cp(V* U
0,V)ND(L,V) and LF =0 on V. Then,

supy |F| = Supy, v |F|.

Proof. Since V_ is open, for all € €]0,Ty — Sy|[ there is ¢. €Ty — ¢, Ty[ such that
V(te) #0. Set

Vo={(z,t) eV :t <t} and Y.=0VINQ(t).

Then, V> C 9,V UY; and 9,V C 9,V. Further, Y. N Q*(Tv) =0, Y-NV(S) =0,
and
VICVIUud,V. UY. CV*Ua,V.

Hence, F € C(V7). As a consequence of Lemma 2.28 and (2.14), we obtain
supy |F| = Supy, v |F| < Supy, v |F'| < supy |F|.
The theorem now follows from sup..qsupy |F| = supy |F]|. O

Theorem 2.30. Let V. € O(Q) with finite Sy € J and Ty. Let L be a locally
dissipative, parabolic, local operator defined on O(). Assume that F € CR(V* U
0,V)ND(L,V) and LF >0 on V. Then,

supy F' < supy, v F+.

Proof. Consider ¢, and V., as in the proof of the preceding theorem. Again we
have F' € C(V?). Suppose that

supy F >a >supyy FT >0 (2.22)

for some constant «. Then the set W, = {z € V_ : F(z) > a} is open and not empty.

Moreover, F' € C(W?) and F > 0 on W,. Since OW: N9,V = 0, we have F = «

€

on 0,W_. So Lemma 2.28 and (2.14) imply F' < a on W, which contradicts the
definition of W . Therefore, (2.22) is false and

supy I = sup_.osupy_F < sup..oSupy,y_ Ft= supy, v F+. O

For parabolic operators L defined on A we immediately obtain the following result
by considering the completion L defined on O(2).

Corollary 2.31. Let L be a locally dissipative, parabolic, local operator defined on A
with J = [S,T]. Let V. = Vx|s,t[ for V.€ O(Q) and S < s <t <T. Assume that
FeCWV*xIs,t))ND(L,Y). If LF =0 on V, then

supK|F| = supy v |F|.
Moreover, if F' is real and LF >0 on V. , then

supy F' < supy, v Ft.
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We conclude this chapter with a comparison principle for semilinear equations
which is needed in Chapter 5.

Theorem 2.32. Let V € O(Q) with finite Sy € J and Tv. Let L be a locally dissi-
pative, parabolic, local operator defined on O(Q) and ® : R — R be locally Lipschitz.
Assume that F,G € CR(V* U 9,V)N D(L,V) satisfy

LF+Qo0F<LG+®0oG onV and F>G ond,V.
Then F > G on'V.
Proof. Define u = G — F. Suppose that the open set
VP={zeV:u(z)>0}

is not empty. Clearly, V°(S) =0 and u < 0 on GI,KO. Set ex(t) = e~ for A > 0 and
t € Iyo . The parabolicity of L yields exu € D(L,V°) and

L(exu) =ex Lu+ Xexu > ey (Au— (Po G — Do F)).
There is a constant k > 0 (depending on max{||F|,||G||}) such that
[@(G(z)) — 2(F(z))| < k[G(z) - F(z)] = ku(z)
for z € V. Combining these inequalities, we obtain for fixed A > k
L(exu) > (A—k)u>0 on V.
Therefore, Theorem 2.30 implies
Supyo exu < supy yo (exu)™ = 0.

This violates the definition of V°. As a result, F > G on V. O

3 Localization and well-posedness of Cauchy prob-
lems

3.1 Introduction

Let A be a real, locally dissipative, local operator defined on O((2) which satisfies (S).
Then the local closure A exists by Theorem 2.12. Given a set V € O(Q2), we study
the Cauchy problem

du(t) = Avu(t)a t>0,

(CFv) { “u(0)

I
Kﬁ
m

S
N
=
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in Co(V), where (Ay, D(Ay)) is the part of A in Cy(V). The Cauchy problem (C'Py)
is called well-posed if for all f € D(Ay ) there is a unique C'*function v = u(-, f) such
that u(t) € D(Ay) and u satisfies (CPy) for all t > 0 and if u(t, f,) — 0 uniformly
for 0 <t < T as D(Ay) > fn — 0 in Co(V). By the closedness of Ay, the Cauchy
problem is well-posed if and only if Ay generates a semigroup (e tAV)tZO on Cy(V);
and then u(t, f) = e!4v f. However, much more can be said in our situation since Ay
is dissipative and satisfies a positive maximum principle by virtue of Corollary 2.10:
Ay generates a Feller semigroup, i.e., etV is a positive contraction on Cy(V) for
t > 0, if and only if D(Ay) and (A — AV) (Ay) are both dense in Co(V) for some
A >0, see e.g. [8, Thm. 2.2]. The latter condition can be checked for a large class of
elliptic operators A and sufficiently regular V. In fact, in this case one has:

(*) There is an exhaustive base B C O.(Q) of O(Q) such that D(Aw) and (X —
Aw)D(Aw) are dense in Co(W) for some A > 0 and all W € B,

cf. [33] and [46]. Here “exhaustive” means that for each compact subset K of V' €
O(Q) there exists G € B such that K C G C G C V. Further, if (*) holds, then the
well-posedness of (CPy) is equivalent to the density of D(Ay) and the existence of a
‘Cauchy barrier’ for V, [32, Thm. 6] (see also [30], [31], [36], [48], [55], Theorem 3.14
and 3.27 for similar results). Here we use the following definition.

Definition 3.1. Let A be a local operator defined on O(Q). A set V € O(Q) possesses
a Cauchy barrier h (with respect to A) if there exists a compact subset K of V' and
a function h € D(A,V \ K) such that b > 0 and (A — A)h <0 on V \ K for some
A > 0 and for all € > 0 there is a compact set K, with K C K, C Vand 0 < h <e¢
on V\ K..

We refer to [30, §6], [43, §6,7], [49], and Section 6.1 for examples and applications of
this concept, in particular to degenerate problems. The main purpose of this chapter is
to characterize well-posedness of (C'Py ) by the existence of a Cauchy barrier without
assuming (). Instead, in Theorem 3.25, we will suppose that Aq is a generator on
Co(f2) and that A satisfies some mild additional conditions.

Before proceeding, let us briefly discuss the concept of a Cauchy barrier. First,
let h € CR(V)N D(A,V) satisfy (A—A)h <0 for V€ O.(Q) and A > 0. Then h is a
‘barrier’ in the sense that, for u € C®(V) N D(A, V) with Au = \u and v < h on 9V,
we have u < h on V, see [30, Thm. 5.3] or [31, Thm. 2.9]. For later use we state the
easy part of the above mentioned characterization of well-posedness.

Proposition 3.2. Let B be the generator of a bounded, positive semigroup (P(t))t>0
on Co(Y). Then, for each A > 0, there exists h € D(B) such that h(z) > 0 and
(B =MNh(z) <0 forx €.

Proof. An application of Urysohn’s lemma (in the version of [15, Cor. VIL.4.2]) to the
Gs—set {oo} yields a strictly positive function feCy(). Let h=(A—B)"1f for a
given A > 0. Since h(z fo e M(P(t)f)(z)dt and P(t)f > 0, we have h(z) > 0 for
x € ). Moreover, (B /\) )*ff( ) <0 for z € Q. O
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We further want to relate Cauchy barriers with the classical notion of ‘local bar-
riers’ used in partial differential equations and potential theory. To that purpose, we
introduce the following concepts.

Definition 3.3. Let A be a local operator defined on O(2) and V € O.().

1. V is called weakly (A-)Dirichlet regular if for all f € C(9V) there is unique
u e C(V)ND(A,V) such that Au = 0 on V and u|0V = f (i.e., u solves the
Dirichlet problem).

2. A function h, is a local barrier for A at x € OV if there is a neighbourhood
U € O(Q) of x such that h, € D(A,VNU)NC(VNU), hy >00on VNU\{z},
hy(z) =0, and Ah, < Ah, for some A > 0.

For sufficiently regular elliptic problems, V' € O.(R™) is weakly Dirichlet regular
if and only if there exists a local barrier h, for all € 9V, see e.g. [6, Chap. VIII],
[11, §IL.4], [21], [22]. In [6, Chap. VIII] or [20, §3.4] one can find analogous results
for parabolic equations. Moreover, for A = A it is not necessary to require strict
positivity of hy on d(V NU) \ {z} due to [22, Thm. 8.18, 8.22], cf. [6, Chap. VII].
Note that a Cauchy barrier is a local barrier in this weakened sense.

In case of unbounded domains this equivalence needs some modifications, compare
[22, p.193]. In particular, there can exist a Cauchy barrier (and local barriers) for A
and V but the corresponding Dirichlet problem is not solvable for all f € C(9V™*).
This can be seen by the following example taken from [30, p.423]. Let Q =] — 1, 00],
V =10,00[, and A be the second derivative. Then h(z) = x for 0 < z < 1 and
h(z) = e ® for & > 1 is a Cauchy barrier for V. But there is no function u €
C?]0,00[N C0, 00] such that u” = 0 and u(0) # u(c0).

On the other hand, for uniformly elliptic operators in divergence form the well-
posedness of (C'Py) is equivalent to the existence of local barriers for Ve O(Q2) by [1,
Thm. 4.1]. Together with Theorem 3.25 or 3.27 this shows, roughly speaking, that the
existence of local barriers and Cauchy barriers are equivalent in this case. However,
our main interest is directed to parabolic problems in Chapter 6. Moreover, we point
out that Cauchy barriers allow to handle degenerate problems, see [30], [43], [49], and
Section 6.1.

Finally, we observe that under mild conditions weak Dirichlet regularity implies
well-posedness of (CPy). We denote by f# € Cy(Q) the extension by 0 of a function
f € Co(V).

Proposition 3.4. Let A be a locally dissipative, local operator defined on O(QY) satis-
fying (S). Assume that Aq is a generator on Co(Q). If V € O.() is weakly (A —1)-
Dirichlet regular and D(Ay) is dense, then Ay is a generator on Co(V) and, by
Proposition 3.2, V possesses a Cauchy barrier.

Proof. 1t suffices to show that 1 — Ay is surjective. For f € Cy(V), set g1 = (Aq —
1)~1f# and g = ¢1|V. Since V is weakly Dirichlet-regular, there exists h € D(A, V)N



Local Operators and Time Dependent Parabolic Equations 81

C(X:/) such that (A —1)h =0on V and h =g on 9V. Then, u=h —g € D(A,V)N
C(V),ueCy(V),and (1—Au=fonV. O

3.2 Excessive barriers and approximate solutions

Throughout the remainder of this chapter we make use of the following hypothesis.

(H) A is a real, locally dissipative, local operator defined on O(2) such that (S)
holds and Aq generates a (Feller) semigroup (P(t)):>0 on Co(£2).

In order to characterize well-posedness of (C Py ), we will work to a large extend with
a ‘barrier’ for P(t) rather than for A itself; see [16] for a similar concept in the context
of Markov processes.

Definition 3.5. Assume that (H) holds.

1. Let K C Q be compact and n > 0. A function 0 < h € Cy(Q) is called locally
excessive (K,n) (with respect to P(t) or A) if P(¢t)h(z) < h(x) for z € K and
0<t<n.

2. Let V € O(Q). A function 0 < h € Cp(R2) is said to be locally excessive in V
(w.r.t. P(t) or A) if for all compact K C V there is ng > 0 such that & is locally
excessive (K, nk).

3. Let V € O(Q). A function h € Cy(V) is an excessive barrier for V (w.r.t. P(t)
or A) if it is strictly positive on V and h# € Cy(£2) is locally excessive in V for
e MP(t) = et12=A) and some A > 0. If we can take A\ = 0, then h is a regular
excessive barrier for V (w.r.t. P(t) or A).

Let Ay = A— X for A € C. Notice that (A))y = Ay — X for V € O(Q2). Thus,
V has an excessive barrier w.r.t. A if and only if V' admits a regular excessive barrier
w.r.t. Ay for some A > 0. We will see in Remark 3.20 and Lemma 3.24 that a Cauchy
barrier is also an excessive barrier under weak additional conditions.

Given a compact subset K of  and a function h being locally excessive (K, 7),
we define the spaces

C={feCy(Q): —h < f<h},
CK ={feC&Q): —h(x) < f(zx) < h(zx) for z € K},
NE ={feC¥Q): f(z)=0for z € K},

and the (nonlinear) mappings S(t), A(t) : Cx(Q) — C&(2) given by

S(t)f = sup{—h,inf{h, P()f}} €C  and  A(t) = S(t) — P(t)
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for t > 0 and f € Cx(f2). The positivity of P(t) implies
P(t):C—CK and A(t):C— N for 0<t<ng, andso (3.1)
At —[L) S (o) f e NE for 0 <o <nx, feCHQ), t>o0. (3.2)

Here, [ﬁ] is the integer part of g Fix ¢ > 0 and write t = ko 4+ 7 for t > 0, where
k= [5} and 0 < 7 < 0. We define a mapping

Uy(t) : CH(Q) — C by Uy(t) = S(t)S(o)*. (3.3)
Observe that U,(-) is strongly continuous on [0,c0[. This map can be expanded in
the following way. We set Py (t) = P(t) for t > 0 and Py (t) =0 for t < 0.
Lemma 3.6. For U,(t) defined in (3.3), we have

U, (t) = P(t) + A(t — [L]o) S'7)(o +ZP+tfna (0) 5" (o) (3.4)

fort >0 and o > 0, where we have used the notation introduced above.

Proof. For 0 <t < o, we have Py (t —no) =0 forn=1,2,---, and thus (3.4) follows
from S(t) = P(t) + A(t). Further, from S(c) = A(o) + P(0) one easily derives by
induction that

S(o) +ZP ) Ao) S(o)F

for k =1,2,---. This yields, for ko <t < (k+1)o and 7 = ¢ — ko,

Us (t) = (A(7) + P(1)) S(0)"
k
= P(r+ ko) + A(T)S(0)F + Y P(r+ (1 - 1)0) A(o) S(0)*
=1

which is (3.4). O
We will use the operators U, (t) to construct ‘approximate solutions’ of an ‘exten-
sion’ of (CPy). To that purpose, let J = R and define a local operator L on A by
setting
D(L,V)={FecC(V):F(,t)e D(A,V) fort € I, F(x,-) € C*(I) for x €V,
V3 (z,t) = G(z,t) == (AF(-,t))(z) — (L F(z,-))(t) is continuous},
LF =G onV=VxIecA. (3.5)

Lemma 3.7. If (H) holds, then (3.5) defines a real, parabolic, translation invariant,
locally dissipative, local operator L on A satisfying (S).
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Proof. Clearly, L is a real, parabolic, translation invariant, local operator. To check
(S), let zy = (xo,t0) € W =W x I € A, where I is bounded and (S) holds for A,
h, and zg € W € O.(Q). Choose ¢ € C}(I) with 0 < ¢ < 1 and p(ty) = 1. It is
easy to see that F' = ph satisfies (S) for z, € W. So we can use Corollary 2.10 to
show local dissipativity of L. Let V. =V xI € A and F € D(L,V) be real with
0 < F(zy) = supy F for some zy, = (x0,t9) € V. Since t — F(x0,t) has a maximum
at t = tg, we have (%F(mo, ))(to) = 0. Simlarly, AF(xg,ty) < 0 because A is locally
dissipative and real. As a result, LF(z,) < 0. O

By virtue of Theorem 2.22, there exists the closed completed parabolic extension
M of L, i.e., -

M =L;=((L)p)")” defined on O(Q), (3.6)
and M is real. Since L is translation invariant, the local operator M is transalation
invariant by Proposition 2.27. In view of the expansion (3.4), the next result turns
out to be useful.

Lemma 3.8. Assume that (H) holds. Define the local operator M as above. Let
I=]a,b[, Ve OR), and f € Co(Q) with fIV = 0. Set F(x,t) = (Py(t — s)f)(x)
for (z,t) e Vx I =V and some s € R. Then, F € D(M,V) and MF =0 on V. If
s & I, the lemma holds for all f € Co(Q).

Proof. First, let s < a and f € D(Agq). Then, F(-,t) € D(A,V) and

(AF (1) (z) = (AaP(t = 5)f) (2) = [ (P(- = 8)f(@)] (t) = [F F(,)] (1)

forallz € V and ¢t € I. Hence, F € D(L,V) and LF = 0 in this case. For f € Cy(Q)
and s < a, approximate f in Co(Q) by f, € D(Aq). Setting F,(x,t) = (P(t—s)f,)(z)
on V, we obtain F,, — F in Cy(V) and LF, = 0 on V. Therefore, F € D(L,V) and
LF =0on V. Further, F = 0if s > b. So we have shown the lemma for the case
sé¢l.

Now, let s € I and f|V = 0. For the partition {a,s,b} of I, set Iy =]a,s|,

&=

I =]s,b[, and V;, = V x I} for k = 1,2. By the first part of the proof, I, =
F|V, € D(L,V,) and LFy = 0. Also, F1 = F|V; = 0. Since f|V = 0, we have
limp s Fo(t,) = f =01in Cy(V), and so F' € C(V). Consequently, F' € D(L,,V) and
L,F=0. O

Corollary 3.9. Set V.=V x I for an open interval I C]0,00[ with s = inf I and
V € O(Q). Let h be locally excessive in V with respect to P(t). Take f € CX(R)
with —h < f < h, G € 0.(Q) with G C G CV, and 0 < 0 < ng. Define uy(x,t) =
(U, (t—3)f)(z) for (z,t) € V x I, cf. (3.3). Then, u, € D(M,G)NC(V x I) satisfies

Mu,
[ug (,1)]
Ug (7, )

0 on G:=Gx1I,
h(z) for (z,t) eV x1I, (3.7
f(z) for zeV.

Al
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Proof. Obviously, —h < u, < h and u,(-,s) = S(0)f = f. By (3.1) and (3.2), the
second term in the expansion (3.4) vanishes on G. Similarly, A(c)S" 1(o)f = 0 on
G for n = 1,2---. So Lemma 3.8 shows that the summands in (3.4) belong to the
kernel of M<. If I is bounded, the sum in (3.4) is finite and so u, € D(M,G) and
Mu, = 0 on G. For unbounded I, take bounded intervals I,, such that I,, T I and
s =inf I,,. Then u, € ker ME by the semi-completeness of M. O

We remark that the above computations motivated the construction of the closed
completed parabolic extension in Section 2.2. We use the function u, to approximate
the solutions of the problem

Mu = 0 on Vx]0,00],
u(z,t) = 0 for z € OV* and t > 0, (3.8)
u(z,0) = f(x) for z €V,

where f € Co(V) and V € O(Q). Here we say that a function u solves (3.8) if u
belongs to C'(V* x [0,00[) N D(M,V x]0,00[) and satisfies (3.8).

Proposition 3.10. Let (H) hold and let h be a reqular excessive barrier for Ve O(Q)
with respect to P(t). Then, for all f € CX(V), there is unique solution u € C(V* x
[0,00[) N D(M,Vx]0,00[) of (3.8) and |u| < ||f]| on V x [0,00].

Proof. (1) First, let f € C®(V). After replacing h by ah for a suitable constant o > 0,
we can assume that —h < f < h. Choose G,, € O.(Q) with G,, C Gpy1 and G,, T V.
There are 1, := ng—such that h is locally excessive (Gr,ynn). Set Uy (t) = U, (1), and
up(z,t) = (Un(t) f7)(x) for (z,t) € V.= Vx]0,00[ and n € N. Corollary 3.9 shows
that u, € C(V x [0,00]) N D(M, G,,x |0, 00]) satisfies (3.7) for G,, = G, x]0,00[. Let
K C V be compact and T' > 0. Then, K C Gy for some N. For m,n > n > N, we
have

Up — Um =0 on G x {0},  |up — up| < 2%13511 on 0G5 % [0,T1,
M (up — upm) =0 on Gj.
Therefore the parabolic maximum principle, Theorem 2.29, implies
SUPG,, x[0,7] [thr, — U | < 2maxpg, h.

Due to h € Cy(V), for a given £ > 0 we can choose a sufficiently large n such that
SUPf¢ x[0,7] [Un — Um| < € for n,m > 7. That is, u, converges u.c. in C(V x [0, 00]) to
a function u € C'(V x [0, 0o[). Since Mu,, =0 on G,, and M is locally closed u.c., we
derive u € D(M,V x]0,00[) and Mu = 0 on V x ]0, 0o[. Further, u(-,0) = f and —h <
u(-,t) < h for t > 0. Hence we can extend u by 0 to a function u € C(V* x [0, 00]).
Another application of Theorem 2.29 gives |u| < ||f|| on V x [0, o0].

(2) For arbitray f € C&(V), take f, € C¥(V) which converge to f in Co(V). In
part (1) we have constructed a solution u* of (3.8) with intial value f;. By Theo-
rem 2.29, [uf —u!| < ||fr— fil| on V x [0, 0o and so (u*) converges in C,(V x [0, 00[) to
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a function u. This shows that u € C'(V* x [0, 00[) N D(M, V x ]0, 0o) solves (3.8) and
lu| < f]| on V'x[0, 0o . Uniqueness is an immediate consequence of Theorem 2.29. [

We want to prove that the solutions of (3.8) are given by a Feller semigroup on
Co(V). To construct this semigroup, we suppose that (H) holds and that (3.8) has
a solution (z,t) — u(z,t; f) for all f € Cy(V). The latter condition is satisfied if V
possesses a regular excessive barrier due to Proposition 3.10; but it will be important
later that we do not make this assumption.

First, observe that the maximum principle, Theorem 2.29, yields uniqueness of
solutions of (3.8). We define a linear operator on Co(V) by Q(t)f = u(-,t; f) for
t > 0. Again by Theorem 2.29, Q(¢) is a contraction. An application of the positive
maximum principle Theorem 2.30 to —u yields positivity of Q(t). Since u € C'(V* x
[0,00]), Q(+) is strongly continuous. Also, Q(0) = Id. For 7 > 0 and f € Cy(V),
define

U(l’,t) = u(x7t+7_; f) - (Q(t+T)f)(£L’) on V x [0,00[

Observe that v is the restriction of u, to V' x [0, 00[. Thus, the translation invariance
of M implies that v is a solution of (3.8) with initial value Q(7)f, i.e., v(-,t) =
Q()Q(7)f. So we have shown

Proposition 3.11. Let (H) hold and V € O(Q)). Assume that there is a solution
u(, -5 f) of (3.8) for all f € Co(V). (The latter holds if V' has a regular excessive
barrier by Proposition 3.10.) Then there is a Feller semigroup Q(t) = e'*v on Cy(V)
such that u(-,t; f) = Q(t)f fort > 0.

3.3 Spatial parabolic extension

Of course, we now have to determine the generator Ey of the semigroup obtained
in Proposition 3.11. In what follows, we identify FEy with the ‘spatial parabolic
extension’ A,y of A. Then, in Theorem 3.14 and the next section, we give conditions
implying that Ay = A,y = Ey which yields the well-posedness of (CPy).

To construct the local operator A, on O(Q2), we assume that (H) holds. Let
M = Lz be given by (3.5) and (3.6). Set (f ® 1)(z,t) = f(x) for (z,t) € V.=V xR,
VeO)),and f € Co(V). If f@l € D(M,V), then we have (M(f®1)); = M(f®1)
for t € R since M is translation invariant and f ® 1 = (f ® 1);. In particular,

(M(fe1)(t)=M(f®1))(0) =g C(V)
for t € R. So we can define a local operator on O(2) by setting

DA, V)={feC(V): fele DM,V xR)},
Ay f=g, where M(f®1)=¢g®1.

We call A, the spatial parabolic extension of A and write A,y for (A,)v.
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Lemma 3.12. Assume that (H) holds. Then A, is a real, locally dissipative, locally
closed u.c. extension of A.

Proof. Tt is clear that A, is a real local operator. For f € D(A,V) and V € O(1Q),
we have f ® 1 € D(L,V x R) C D(M,V x R) and M(f ® 1) = Af ® 1 because of
(3.5) and L C M. Hence, A, extends A and satisfies (S). Local dissipativity of A, is
an immediate consequence of Lemma 2.9 and the local dissipativity of M. Further,
consider O() 3V, 1V and f, € D(4,,V,,) such that f,, — f and A,f, — g u.c. in
C(V). Then, f{,®1 - f®1land M(f,®1) - g®1 u.c. in C(V x R). Since M is
locally closed u.c., we infer f ® 1 € D(M,V x R) and M(f ® 1) = g ® 1; that is, A,
is locally closed u.c.. O

Now assume that (3.8) has a solution (z,t) — u(x,t; f) = (e!Bv f)(x) for all
f e Co(V). To relate Apy and Ey, we define on X = Cy(R, Cy(V)) the operator

D(Ey) ={F € C'(R,Co(V)) N X : F(t) € D(Ey) for t € R; F',Ey F(-) € X},
E&vF =EyF()—F,

and the ‘space-time semigroup’ given by
(Q(t)F)(s) = !BV F(s —t) fort >0, Fe X, scR,

compare Section 4.2 and the references given in the introduction. Clearly, (Q(¢)):>0
is a Feller semigroup on X generated by the closure of £y (notice that Q(-) is the
product of two commuting Feller semigroups on X). Further, set U(t, s) = e(t=*)Ev
for t > s and U(t,s) = Id for t < s. We use the space

Z=lin{F € X:F(t)=pt)U(t,s)f fort,s € R, ¢ € CL(R), suppy C]Js, o0,
/€ D(Bv)}. (3.9)

Then, Z is dense in X, Q(¢t)Z C Z C D(€y) and

n

EvE)t) ==,

oy PROT(E, s1) fi

for F € Z, see [50, Thm. 2.3] or [28, Prop. 2.9]. In particular, the generator &y is the
closure of (€v, Z).

On the other hand, let s, ¢, f be given as in (3.9). Define u(x,t) = (U(t,s)f)(z)
for (z,t) € V. =V x R. By Proposition 3.11 and the translation invariance of M, we
have u € D(M,V x]s,00[) and Mu =0 on Vx ]s,00[. So we can find V,, x |s,,tn[€ A
and u, € D((Lp)", VX ]8n,tn]) satisfying Vi, TV, sp | s, tn T 00, and u, — u,
(Lp) " up — 0 w.c. in C(Vx |s,00[). Fix ng € N such that supp ¢ C]sp, t,[ for n > ng.
Set V,, =V, xR and

_ ) e(un(z,t), (2,t) € Vaxsn, tul,
Fo(,t) = { 0, (x,t) € Vi x (] — 00, 8p] U [tn, 00]).
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Clearly, F,, € C(V,,) for n > ng. Using parabolicity, we obtain

gounéD( VX |sn, tn]) and E (goun):gofun—cp'un on VX |sp,tn|-

Also, F,(z,t) =0 for x € V,, and ¢ ¢ supp ¢. Hence, from the completeness of (L)~

follows that F, e D((L,)",V,,) and

L FV(zt) = (£) (Lp un)(2,1) = &' (Dn(z, ), (2,8) € Vix Jsns tul
(Lp F)(x,t) { g, @ (e thHPW

Thus, F,, — ou and MF,, — —¢'u u.c. in C(V). Since M is locally closed u.c., we
have pu € D(M,V) and M(pu) = —¢’u on V. After identifying X with Co(V) C
C(V), we see that My extends (v, Z). This implies that

&y C My (3.10)

since My is a closed operator in Cy (V).
Next, let f € D(Ey) and v, € CL(R) with 0 < ¢,, <1 and ¥, = 1 on [-n,n].
Set (f @ ¢n)(@,t) = f(x)hn(t) for (z,t) € V. Then, f @1, € D(Ev) C D(M,V) and

M(f®wn):gV(f®wn):(EVf)®wn_f®w; on V

due to (3.10). Using that M is locally closed u.c., we obtain f ® 1 € D(M,V)
and M(f ® 1) = (BEvf) ® 1; that is, By C (4,)v = Apy. By Lemma 3.12 and
Corollary 2.10, A,y is dissipative in Cy(V), and hence Ey = A,y . Summarizing we
have

Proposition 3.13. Let (H) hold and A,, be the spatial parabolic extension of A. If, for
some V € O(Q), the problem (3.8) has solutions for all f € Co(V'), then Apy = (Ap)v
coincides with the generator Ey obtained in Proposition 3.11. In particular, the latter
assumption is satisfied if V. admits an excessive barrier w.r.t. P(t).

Proof. By the above considerations, it remains to show the last assertion. The exces-
sive barrier w.r.t. A is a regular excessive barrier w.r.t. to Ay = Ay for some A > 0.
Let M) be the closed completed parabolic extension of Ly = A— X — dt, cf. (3.5), and
let !>V solve the problem (3.8) corresponding to My. We have (Ay),v = Exy by
Proposition 3.11 and the first assertion. Moreover, it is easy to see that M) = M — A,
and thus (A)), = 4, — A. Since M is parabolic, e*e!Prv solves (3.8) corresponding
to M. As a consequence, By — A = Eyy and By = Ay, O

From Lemma 3.12 we know that A C Ap. We can show equality if there is a base
of weakly Dirichlet regular sets, cf. Definition 3.3.

Theorem 3.14. Assume that (H) holds and that A is complete. If there is a base
B C 0.(Q) of weakly Ax—Dirichlet regular sets for some X\ > 0, then A, = A. If, in
addition, V € O(Q) has an excessive barrier, then Ay = Apv = By is a generator
on Co(V) and (CPy) is well-posed.
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Proof. By Lemma 3.12 and Proposition 3.13, it suffices to show that D(A,,V) C
D(A,V) for V.€ O(Q). So let f € D(A,,V) for some V € O(Q). Take G € B
with G C V. Choose ¢ € C.(V) such that 0 < ¢ < 1 and ¢y = 1 on G. Set
g1 = [Y(A, — N)f]#. Due to (H) and A C A,, we find fi € D(Aq) such that
g1=(A=N)f1 = (A, =N f1. Thus, (A, —A)(f — f1) = 0 on G. By assumption, there
exists u € D(A, G) N C(G) with (A — A\)u =0 on G and u|0G = (f — f1)|0G. Hence,
(Ap—N(f—-fi—uw)=0onGand f— f1 —u =0 on dG. Since A,y is dissipative
in Cy(V), this implies f = f1 +u € D(A,G). Using completeness of A, we can now
derive f € D(A,V). O

3.4 Local Feller semigroups

We now give another condition which allows to characterize well-posedness of (C Py)
by the existence of an excessive barrier, see Theorem 3.19. This will lead to our final
result, Theorem 3.25, in the next section. The following concepts were introduced
by J.P. Roth, [55]. We remark that Definition 3.15(1) gives a condition of Lindeberg
type which is closely related to the continuity of trajectories of associated Markov
processes, cf. [18, p.333]. We set

11l = I/ 1K e = supper [f(2)]
for f € C(Q) and a compact subset K of Q.
Definition 3.15. Let (Q(t));>0 be a semigroup on Cy(Q2) and V € O(f).

1. (Q(t))>0 is called local if for each compact K C  and f € Cy(€2) vanishing on
a neighbourhood of K we have ||Q(¢) f|lx = o(t) as t \, 0.

2. A semigroup (Q1(t))i>0 on Co(V) is tangent to (Q(t))i>o if for all f € Co(V)
and compact K C V we have

Q1) f = Q) f* |l = o(t)  ast\,0. (3.11)

Observe that if a semigroup @1(+) on Cy(V) is tangent to a local semigroup Q(-)
on Cp(€2), then Q1(-) is local in Cy(V') since

Q1) fllx < 1Q1(D)f = QO F* |l + Q1) F (|1 = o(t)

for f € Cy(V) vanishing near K C V. In Theorem 3.21 and Lemma 3.22 we give
conditions for the locality of a Feller semigroup which are rather easy to verify in
applications. First, we apply the new concepts to the situation of Proposition 3.11.

Lemma 3.16. Let (H) hold and let (3.8) have solutions for some V € O(§) and each
f € Co(V). Suppose that P(-) = (e!42);>¢ is local. Then the semigroup (e'Fv);>¢ is
tangent to P(-) and, hence, local in Co(V).
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Proof. Tt suffices to verify (3.11) for (e'¥V)i>o, P(+), 0 < f € Co(V), and a compact
subset K of V. Choose G € O.(Q) with K ¢ G ¢ G C V. Take ¢ € C.(Q)
satisfying 0 < ¢ < 1, ¢ = 1 on 9G, and ¢ = 0 on a neighbourhood of K. Define
u(z,t) = (P(t)f7)(z) and ui(z,t) = (e!EV f)(z) for (z,t) € Vx]0,T[= V and some
T > 0. By Lemma 3.8 and Proposition 3.11 both functions belong to the kernel of
MY Then, v =u—u; € D(M,V)NC(V* x [0,T)]) satisfies Mv =0 on V, v =0 on
V x {0}, and v = u > 0 on OV* x [0,T]. As a consequence of the positive maximum
principle, Theorem 2.30, we obtain v > 0; that is,

0 < (P(t)f#)(x) — "BV f)(x) for (z,t) € V x[0,T].

By Lemma 3.8, the function w = (P(-)¢)|V. —v belongs to D(M,V) and Mw = 0. We
have w = ¢ > 0 on G x {0}. Moreover, v(-,t) converges to 0 in C,(V') and (P(t)¢)(x)
tends to 1 uniformly for x € 9G as t \, 0. Therefore, w > 0 on 9G x [0,T] if we

choose T' > 0 small enough. Another application of Theorem 2.30 gives w > 0 on
G x [0,T]. As a result,

0< (P(t)f%)(x) — (e f)(z) < (P()p)(z)  for (x,t) € Gx[0,T).
This establishes (3.11) since P(-) is local. O

Proposition 3.17. Let (H) hold and let (3.8) have solutions for some V € O(Q) and
each f € Co(V). Suppose that P(-) = (e!2);>¢ is local. Then, Ey = A,y = Ay.
The Feller semigroup on Co(V) generated by this operator is tangent to P(-) and,
hence, local.

Proof. In view of Proposition 3.11, Lemma 3.12, Proposition 3.13, and Lemma 3.16,
it remains to show that A,y C Ay. Solet f € D(A,y). By Proposition 3.13 we have
Apy = Ey, and so Lemma 3.16 yields

IO FF = fF) = (v f = Plx — 0
as t \, 0 for compact subsets K of V. As a consequence,
limp o [|§(P()f* = %) = Apv fll e = 0.

Set f7 = %fot P(s)f#ds € D(Aq) for t > 0. Notice that f7* tends to f# in Cy(Q)
as t \, 0. Moreover, B
Ao fI7 = 1(PO)* = f7)

and (Af7)|K converges to (A,f)|K in C(K) as t \, 0. Take O.(Q) 3 G,, T V with
G, C V. Since A is locally closed, the above argument shows that f € D(4,G,,)
and Af = A,f on G,. Thus, f € D(A,V) and Af = A,f on V because A is
semi-complete. O

In the next corollary we collect some consequences of the above result.
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Corollary 3.18. Assume that (H) holds and that P(-) :_(e“iﬁ)tzo is local. Each of
the following two conditions implies that Ey = Apy = Ay generates a local Feller
semigroup on Co(V') being tangent to P(-).

1. V admits an excessive barrier with respect to P(t).
2. Ay is a generator on Co(V).

Proof. The first case was proved in Proposition 3.13 and 3.17. If Ay is a generator,
then one shows as in Lemma 3.8 that the function (z,t) — (e*4V f)(x) solves (3.8) on
V x [0,00) for f € Cy(V). Again, Proposition 3.17 implies the assertion. O

The main result of this section now follows easily.

Theorem 3.19. Assume that (H) holds and that P(-) = (e!A);>q is local. For
V € O(Q), the Cauchy problem (CPy) is well-posed if and only if V' has an excessive
barrier. In this case the solutions of (C'Py) are given by the Feller semigroup generated
by Ay on Co(V).

Proof. The last assertion is clear. Sufficieny follows from Corollary 3.18. Conversely,
if Ay is a generator, then there exists a Cauchy barrier h € D(Ay) for V satisfying
h(z) > 0 and (A — 1)h(z) < 0 for z € V, see Proposition 3.2. Set Py (t) = et(4v—1),

Let K C V be compact. Then, (Ay —1)h < a < 0 on K for a constant o. Hence,
there are constants —(3,n > 0 such that Pjy(s)(Ay —1)h < S <0on K for 0 < s <.
This implies

t
Poy (Dh(z) — hiz) = / Puv(s)(Ay — Dh(z)ds <8 for € K and 0 <t < 1.
0
Moreover, by Corollary 3.18 the semigroups (e *P(t));>o and Pyy(-) are tangent.
Therefore,
(e7'P(t)h* — h#) (z) < e "P(t)h* — Piv (t)h|x + Bt = (ex(t) + B) ¢t

for x € K and 0 < t < 7, where ex(t) — 0 as t \, 0. Since § < 0, we can find
m =11 (K) > 0 such that e *P(t)h# < h# on K for 0 <t < ;. O

Remark 3.20. In the above proof we have shown that a Cauchy barrier with K = ()
is an excessive barrier provided that (H) holds and P(-) is local.

Concluding this section, we give a sufficient condition for locality of P(-) in terms
of D(Aq), see [56].

For all compact K1, Ky C Q with K7 N Ky = ) there is 0 < ¢ € D(Agq) such that
w|K1 > 0and p|Ky =0. (3.12)

Theorem 3.21. If (H) and (3.12) hold, then P(-) is local.
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Proof. Let K be a compact subset of Q@ and let 0 < f € Cy(2) vanish on a set
G € O0.(Q) containing K. By (3.12), there is 0 < ¢ € D(Ag) such that ¢ > 0 on
OG and ¢ = 0 on a neighbourhood of K. Define u(z,t) = (P(t)¢)(x) — (P(t)f)(x)
for (x,t) € G x [0,T). Let M be given by (3.6). Then, by Lemma 3.8, we have
u € D(M,Gx]0,T[) and Mu = 0 on Gx)0,T[ for T > 0. Further, u(-,0) > 0 on G
and u > 0 on OG x [0,7] for n > 0 small enough, see the proof of Lemma 3.16. As a
result, u > 0 on G x [0,7] by Theorem 2.30. This implies

(P()f) (x) < H(P(1)g) (1) — (Aa) () = 0

uniformly for z € K. O

0

IA
o=
=

3.5 Cauchy barriers and well-posedness of Cauchy problems

In order to verify (3.12), we strengthen our standing hypothesis.

(OE) For V € O(Q) and f € C.(V)ND(A,V), we have f# € D(A,Q) and A2 f# =
(AY f)F.

(LS) For V.e O(Q),z € V,and 0 < f € D(A, V), there exists 0 < f; € D(A, V)N
C.(V) such that f = f; on a neighbourhood of z in V.

(H1) In addition to (H), assume that A satisfies (OE) and (LS).

These assumptions of ‘0-extendability’ and ‘localization of support’ are often quite
easy to check in applications, see Chapter 6.

Lemma 3.22. Assumption (H1) implies (3.12) with ¢ € C.(2).

Proof. Let K1, Ky C Q be compact and disjoint. For x € K7, take V,, € O.(Q) with
r € V, and V, N Ky = (). By Proposition 3.2, there exists 0 < ¢ € D(Ag). Using
(LS), we can find a function 0 < ¢, € D(A,V,) N C.(V,) such that ¢, = > 0 on
a neighbourhood W, C V. of . Moreover, the extension ¢# belongs to D(Ag) by
(OE). We can cover K by Wy, ,--- , W, . Then ¢ = Y7 ¥ satisfies (3.12). O

Lemma 3.23. Let (H1) hold. Then, forV € O(Q), z € V, and f € CF(Q)ND(A,V),
there exists g € CX(2) N D(Agq) such that g > f on Q and g = f on a neighbourhood
W e O.(V) of x.

Proof. Let V,z, f be as in the statement of the lemma. We have 0 < ¢ € D(Aq) by
Proposition 3.2. There exists a constant « such that f + ay > 0 on V. Using (LS)
and (OE), we construct positive functions 11, fi € D(Aq) with compact support in
V satisfying 1 = ¢ and f1 = f + at on a neighbourhood G € O.(V) of x. The
function fo = fi — arby € D(Aq) has compact support in V and fo = f on G. Let K
be a compact set containing GG and the supports of f and f. Set K1 = K \ G and
K, = W for an open neighbourhood W of z with W C G. Due to Lemma 3.22, there
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is a function 0 < ¢ € D(Ag) N C.() such that ¢|K; > 1 and ¢|K; = 0. Finally, let
¢ = ||f2]l + || f]| and define g = fo + cp € D(Aq) N Ce(2). Then, g = f on W and
g=f+cp>fonG. On K\ G, we have

gz co—|fall Z c—lf2ll = /I = f.
Also, g=cp > 0= f off K. O

The following lemma improves Remark 3.20 and provides the essential step of the
proof of Theorem 3.25.

Lemma 3.24. Assume that (H1) holds. Let W € O.(Q), Ko be a compact subset of
W, G € 0.(Q) with Ko C G C G CW, and let h € D(A, W\ Ko)NC(W \ Ky) satisfy
h >0 and A\h < 0 on W\ Kq for some A > 0. Then there exists a positive function
hw € C.(Q) such that hyy > 0 on W and hyy < h on W\ G which is locally excessive
in W w.r.t. Ax. Moreover, if h vanishes on OW , then hyw|W is an excessive barrier
for A and W.

Proof. Let W, Kg, h, and G =: G be as in the statement.
(1) Choose Gg, G2 € O.(€2) with

KoyCGyCcGyCGiCcGiCGyCGyCW.

Take a function 0 < hy € C.(Q) satisfying hy = h on W \ Gy, where h; = 0 on
Q\W if h = 0 on OW. There exists 0 < 1 € D(Ag) with (Ag — A)yp < 0 by
Proposition 3.2. Since h > 0 on the compact set G \ G, there is a constant 8 > 0
such that h > B =: 1 on G \ G;. We now define

[ inf{hy(z),¥1(z)}, z€Q\Gy,
hW(‘r)_{ ’(/)1(I), IGGQ.

On the open set Go \Gil we have hy = h > 11 and so hy is a well-defined positive
element of C.(€2).

(2) Let K be a compact subset of W. For z € K, we find a neighbourhood
W, € O.(Q) of x such that either

(@) hw =inf{e);,h1} on W, and W, C W\ Gy or
(b) hw =11 on W, and W, C Gy.
(2a) In case (a), we have h = h; > hy on W, . The positive function (h — hyw )|W,
can be extended to a function 0 < k, € C.(Q). Hence, hy = ky + hyy € C.(Q)

coincides with h on W, and dominates hy on Q. In particular, h, € D(A,W,). Due
to Lemma 3.23, there exist W, € O.(Q) and g, € D(Agq) satisfying

reW, cW, cW,cW,CW\Gy1, gx>hy>hwonQ, g,=h,=honW..
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In the same way, we construct a function §, € D(Agq) such that
Gz > hw on Q and g, =1 on W/

(where we have replaced W, by an open subset containing x if necessary). Set Py (t) =
e~ P(t). Notice that

t
P)\(t)gm — Gz = / P)\(S)A)\ 9z ds.
0

Since g, = h on W and Axh < 0, there is a constant 7, > 0 such that Py(s)Ay g, <0
on W} for 0 < s <mn, . Hence,

P\t)hw < P\(t)g: < g =h on W/ for 0 <t <.
The same argument yields (after replacing 7, if necessary)
Py\(t)hw < P\(t)§o < §o =11 on W, for 0 <t <n,.
As a result, for case (a) we have shown
Py\(t)hw < inf{h,¢1} =hw on W, for0 <t <n,. (3.13)

(2b) In the case (b), we have hy = 1, on W, . By Lemma 3.23, there exist a
neighbourhood W/, € 0.(Q) of x with W/ C W, and a function g, € D(Ag) satisfying
gz > hw on Q and g, = v; on W/ . (Note that we have used the same symbols as in
step (2a) although the designated objects may differ.) As in (2a), we derive

Py()hw < P\(t)9: < go =1 = hw on W/ for 0 <t <, (3.14)

for a constant n, > 0.

(3) By (3.13) and (3.14), for all x € K we have found n, > 0 and a relatively
compact neighbourhood W, such that Py(t)hw < hy on W/ for 0 < ¢t < n,. Now
cover K by finitely many W, —and set nx = ming 1., > 0. Thus, P\(t)hw < hw on
K for 0 <t < ng; that is, hy is locally excessive in W. Moreover, hyy is strictly
positive on W since ¥; > 0 on Q and hy = h > 0 on W \ Gy . Further, on G5 \ G
we have hyy < ¢; < h, while hyy < hy = h on W\ G3. That is, hyy < h on W\ G.
Finally, hyw =0 on Q \ W if h is a Cauchy barrier, and hy is an excessive barrier in
this case. O

We now come to main theorem of this chapter. Similar results can be found in
[30], [31], [32], [48], and [55]. In these papers, it was always assumed that there exists
a base of ‘regular’ sets in O.(£2). Below we replace this type of condition by supposing
that Agq is a generator in Cy(92) (besides the mild hypotheses (OE) and (LS)).

Theorem 3.25. Assume that (H1) holds. The following assertions are equivalent for
VeoQ).
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1. The Cauchy problem (CPy) is well-posed.

2. The set V possesses a Cauchy barrier with respect to A.

3. The set V possesses an excessive barrier with respect to ethAa,
If one of these conditions hold, the solutions of (C'Py) are given by the Feller semi-
group generated by Ay .

Proof. The last assertion follows from the discussion in Section 3.1. The equivalence
“l. < 3.” was proved in Theorem 3.19, Theorem 3.21, and Lemma 3.22. Proposi-
tion 3.2 yields “1. = 2.”. To show “2. = 1.”, let h be a Cauchy barrier. This means
that h € D(A,V \ Kj) satisfies h > 0 and Ayh < 0 on V \ K for a compact subset
Ky of V and, for each € > 0, there is a compact set K. such that Ko ¢ K. C V
and 0 < h <eon V\ K. For relatively compact V', assertion 3., and hence 1., is a
consequence of Lemma 3.24. In the general case, take Gy, G1, G2, W,, € O.(2) such
that W,, TV and

KoCGyCGyCG CG CGyCGoCW,CW, C Wy

for n € N. Let hy, =: h, be a function satisfying the assertions of Lemma 3.24 for
G = G1 and W := W,,. Notice that for the construction of hy, in the proof of
Lemma 3.24 we can use the same sets Ky, Gy, G1, G2 and the same function 1, for
all n € N. Further, the functions h; = h1(n) defined in the proof of Lemma 3.24 are
equal to h on W, \ Gg . Therefore,

_ [ inf{h(z),¥1(x)}, =€ W,\G1,
hn(x)_{ 1/}1($), .TEGQ.

We now solve (3.8) for My = M — A, compare the proof of Proposition 3.13.
First, let f € CX(V) and supp f C W, for n > ng. Then there is a constant a > 0
(depending on f) such that —ah, < f < ah, on V for n > ng. So the assumptions
of Corollary 3.9 hold for W,, € W,, C W41 and the function ah, ; being locally
excessive in W, 41 for Ay. As a result, there exists an approximate solution u,, := u,,
of (3.7); that is, u,, € D(M, W;,x]0, 00[) N C(W,41 X [0, 00[) satisfying

My, = 0 on W, x10,00],
[un(x,t)] < ahpyr(z) for (z,t) € Wihy1x]0,00],
un(z,0) = f(z) for x € Wi41.

Therefore the parabolic maximum principle, Theorem 2.29, implies
[lug — ul”C(Wimx[O,T]) < amaxaw,, (hp41 + hit1) < 2amaxgw,, b (3.15)

for k,1 > m and T > 0. Hence, u,, converges u.c. to a function u in C(V x [0, co]).
Consequently, u € D(M,V x ]0,00[) and Myu = 0 since M is locally closed u.c.. Also,
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u(+,0) = f and |u(z,t)| < ah(x) for z € V\ G and t > 0. Thus, u(-,t) € Co(V) and
u € C(V* x [0,00][). So we have solved problem (3.8) for f € C.(V) and M.

If f € Cy(V), take fi € C.(V) converging to f in Co(V). For the solutions u® of
(3.8) with initial value fi we obtain the estimate

SUPy x[0,1) lu* — | < || fr = fill

by Theorem 2.29. It is now easy to see that u = limy, u* solves (3.8) for f and M.
_ Finally, Proposition 3.17, Lemma 3.22, and Theorem 3.21 imply that (Ay)v =
Ay — X is a generator in Cy(V') and, hence, (CPy) is well-posed. O

Corollary 3.26. Assume that (H1) holds. Let V, Vi € O(Q) such that V = (,_; Vi
and Vi, admits a Cauchy barrier w.r.t. A. Then the Cauchy problem (CPy) is well-
posed.

Proof. By Theorem 3.25 each V. has an excessive barrier hy. It is easy to see that
h = infy, hi|V is an excessive barrier for V. O

A result similar to Corollary 3.26 was shown in [31, Thm. 3.3] using a weaker
notion of a Cauchy barrier. There it was also noted that a Cauchy problem need not
to be well-posed on V' U W if it is well-posed on V and W.

We conclude with a characterization of well-posedness in the case that V is the
union of regular sets V;, without assuming that Aq is a generator. In particular, we do
not suppose (H1). This result is useful for problems with degenerate coefficients, see
[30, §6] and Section 6.1. Our argument is an adoption of the proof of [30, Thm. 5.4].

Theorem 3.27. Let V € O(Q) and A be a real, locally dissipative, local operator on
O(Q) satisfying (S). Assume there exist V,, € O.(2) such that V,, TV and Ay, is a
generator on Co(V,,). Then (CPy) is well-posed if and only if D(Ay) is dense and V
has a Cauchy barrier w.r.t. A.

Proof. Necessity is clear due to Proposition 3.2. For sufficiency, we have to find for a
given 0 < g € C.(V) a function f € D(Ay) with (1 — A)f = g. Let K = supp g and
let the Cauchy barrier h be defined outside the compact set K. We may assume that
(KUK)cVicVicVacC---CV.
By assumption there exist 0 < f,, € D(Ay, ) with
1-Afn=g9 on V. (3.16)

Define hy = ||g|| (infav; 2)~' h on V'\ K. Then we obtain 0 < f,, < hy on d(V,,\ V1) =
OV, UoVy. Using (1 - A)f, =g =0onV,\ Vi, we now derive from [30, Thm. 5.3]
that 0 < f,, < h; on V,, \ V1 and thus

0<f#<hy on V\V. (3.17)
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We further have (1 — A)(f, — fm) = 0 on Vj, for n,m > k. So the maximum principle
[30, Thm. 5.3’] shows that

Suka |fn - fml S maxav, |fn - fm| S 2 maxav, hl .

Hence, f,, converge u.c. in C(V) to a function f € C(V) since h; € Co(V \ V7).
Moreover, f € Co(V) due to (3.17). The assertion now follows from (3.16) and the
local closedness u.c. of A. O

4 Time dependent parabolic problems on non-cylin-
drical domains

4.1 Introduction

The results of the previous chapter are now applied to parabolic problems of the type

Lu = F on V,,
u(z,t) = 0 on the ‘lateral boundary’ of V_, (4.1)
u(z,s) = f(z) for z € V(s),

where V € O(2) may be non-cylindrical (i.e., not of the form V x I), F' is continuous,
and L is a parabolic, real, locally dissipative, local operator. In our applications to
partial differential equations in Chapter 6, L can be calculated explicitly and so we
obtain that the solution u belongs to appropriate Sobolev spaces.

At first, we specify the setting of the problem (4.1) more precisely. In this chapter,
we consider V. € O(Q) with finite S < Sy and Ty = T € J. So we have the
possibilities

(I) Jo=]S.T] and Q,=QxJ, or
(IT) J=[S,T] and Q=QxJ with V(S) # 0.

To avoid trivial situations, we always assume that V(s) # 0 for Sy < s < Ty. (In
later sections we will further assume that S = Sy .) We set V; = V. NQ, and use the
function spaces X = Cp(V) and X, = Co(V,). The space X, is identified with the
subspace X, o of X which consists of functions vanishing on V(S). A linear operator
E on X, induces a linear operator £ on X, in an obvious way. Let F(t) = F(t,-) for
FeXorX,andteJor Jy. Notice that F(t) € Co(V(t)) =: X(t). Given F € X,
we define by

sy | P, S<t<T,
F@® —{ F(S), t<S8,

a function on J =] — 0o, T], and analogously for X, = X,. Also,

[ X(), S<t<T,
(*) {X(S), t <8,
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where X (5) := {0} in the case Jy.

For a function f in Cy(V), X, or X, we write f* for the canonical extension
to a function in Co(V*), Co(V*) =: X*, or Co(V§) =: X7, respectively. Also, for
these functions the superscript # designates the extension by 0 to functions defined
on 2, O, Q, QF = O x [S,T], Q, Q& = @*x]5,T]. In this way, Co(V), X,
X, are isometrically identified with subspaces X7#, X*#, X#*, X, X#, X(*)# of
Co(R2), C(Q*), Co(R), C(2"), Co(Qy), Co(25), respectively. The canonical extension
of an operator () defined on one of these function spaces is denoted accordingly, e.g.,
Q7 F# := (QF)*. In particular, a semigroup Q(-) on X induces semigroups Q¥ (-)
and Q*#(-) on X7 and X*#, respectively.

Next, we examine various parts of the boundary of V' which are relevant to problem
(4.1). For S< Sy <s<Ty =T and V € O(Q) or O(Q,), we set

L=9v* TI*=0Vi\V(s), T.={(a,t)el:t>s},
Do={(z,t)eT:t>s}), and I[(s+0)=T(s)NVT,

where V _ was defind on p.69 and the closures and boundaries are understood in the
topology of Q" and £, respectively. Observe that for relatively compact V. the above
sets coincide with the analogous sets defined in 2 and £, respectively. Since Ty =T,
the set I'* can be interpreted as the lateral boundary of V.

Proposition 4.1. Let V. € O(Q) or O(Q,) and S < Sy < s < Ty. Then the
following assertions hold (with disjoint unions).

L OVE=V(s)UT. NV =V(s)UT,UT(s+0).
2. T*=T.NV:=T,Ul(s+0).

3.0VE=V(S)UT and T=T5=T% ifs=S=Sy€J and
OV, =T =TSv =T} ifs=5y > 5.

4. 0,V CT°UV(s), where 0,V ¢ =0,V if s=5= 8y € J.

Proof. (a) Let Sy < s < Ty . For (z,s) € V(s) there is an open neigbourhood in V.
of the form W |s — §, s+ ¢[. Thus V(s) C OV . Further,

r'nV: c I'nV: c av:
since 'NV, Cc TNV = (. Hence,
V(s)u(T,NV;) Cavy.
Conversely, if (z,t) € OV with t > s, then (z,t) € V* =T and so (z,t) e I, NV 7.

So let (z,s) € OV . In each neighbourhood of (z,s) there is a point (y,r) ¢ V. If
we can always find (y,r) ¢ V., then (z, s) € T and, hence, (z,s) € I',NV7;. Otherwise,
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(x,s) belongs to V(s). This yields the first equality in the first assertion for s > Sy.
Since I, NV (s) = 0, we have o
=T NV, (4.2)

To show 1. and 2. in the case s > Sy, it remains to verify
*=TsUl(s+0). (4.3)

If (x,t) € T® with t > s, then (z,t) € T', and so (z,t) € T's. Clearly, T's C T* N Q.
Hence, I's = T N Q. Moreover,

D(s+0)=T,NQ"(s) NV =T*NQ%(s)
by (4.2). As a consequence,
P=Cn2u@@nQ(s) =T, Ul(s+0).

(b) We now let s = Sy > S. Then, V, =V and V(s) = (. Hence, I' = 9V =
I'* =T, and the equations (4.2) and (4.3) hold in this case, too. This yields Assertions
1. and 2. for s = Sy > S and the second part of 3.

Finally, let s = Sy = S € J. Obviously, I' = I'y. For points (z,t) with ¢t > S
it is clear that (z,t) € T if and only if (x,t) € 9V . So consider (z,S) € I'. There
are points (y,t) € V. with ¢ > S in each neighbourhood of (z,S) in Q*; that is,
(x,8) € OV . Conversely, if (z,S) € OV \ V(S), then (z,5) ¢ V and so (z,5) €I
This establishes I'Y = T" and, since V(S) C 0V%, the third assertion. Further, (4.2)
and (4.3), and thus 1., also hold in this case.

(c) The last assertion follows from the previous ones and the definition of 9,V.. O

4.2 Parabolic operators and space-time semigroups

Theorem 3.25 provides us with a characterization of well-posedness of (4.1) for FF =0
in the space Cy(V). In particular, then the solutions are given by the semigroup Q(-)
generated by Ly in Co(V). We will now represent Q(o) in terms of a ‘variable space
propagator’ U(t,s) € L(Co(V(s)),Co(V(t))). By means of this representation, we
can solve the inhomogeneous problem (4.1) in the next section and a class of related
semilinear equations in Chapter 5.

As in the cases (I) and (IT) introduced on p. 96, we throughout consider V. € O(£2),
resp. V5 € O(£)y), such that Iy = [S,T] = J, resp. Iy, =|S,T| = Jo, for finite S, T
First, we recall the following definition from [38], [42], [47], or [50].

Definition 4.2. A linear operator F on X = Cy(V) is called parabolic if, for F €
D(E) and ¢ € C'(J) with ¢’(S) = 0, we have oF € D(E) and E(pF) = ¢ EF —¢'F.
If, in addition, EF = 0 on V(S) for all F € D(E), then we say that L is standard
parabolic.

A linear operator E on X, = Co(V,) is parabolic if the induced operator E on X, is
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parabolic.
If a parabolic operator E generates a semigroup Q(-), then Q(-) is called space-time
semigroup.

Observe that E on X, is parabolic if and only if, for F € D(E) and ¢ € C3(J) =
{p € CHJ) : (S) = ¢'(S) = 0}, we have oF € D(E) and E(¢F) = o EF — ¢'F.
Some preliminary facts are stated in the following lemmas.

Lemma 4.3. The following assertions hold for F € X.
1. The mapping J — Co(2); t — F#(t) = F(t)¥ is continuous.

2. If F(t) =0 fort € J, then for alle > 0 there exists o € C'(J) such that ¢'(S) =
0, ¢ = 0 on a neighbourhood of t in J, and |F — ¢F| = |F# — oF#|| <.

Proof. 1. If the first assertion were false, there would exist 6 > 0 and J > ¢, — ¢ with
|F# (2, tn) — F#(xp,t)] >0 (4.4)

for some x,, € Q. There is a compact subset K of V such that |F(z)| < §/4 forz ¢ K.
Consequently, for each n, at least one of the points (z,,t,) and (z,,t) is contained
in K. So we obtain a subsequence (xy,t;) or (zy,t) converging in K. Hence, z; — x
for some (x,t) € K. On the other hand, (4.4) gives

|F#<$k,tk) —F#(.'L‘k,tﬂ >4,

contradicting the continuity of F# at (z,t).

2. Let F(t) = 0 and € > 0. By the first part, there exists 6 > 0 such that
|F#(s)|| < e for s € J with |t — s| < § where we can choose § < t — S if t # S.
Take ¢ € C1(J) satisfying 0 < ¢ <1, ¢ =1 on J N (R\]t — §,t+ J[), and ¢ = 0 on
JNJt — o, t + dp[ for some 0 < Jp < . It is easy to see that ¢ has the properties
asserted in 2. O

Lemma 4.4. Lett € J and f € C(V(t)) for V.€ O(R). Then there exists F' € X
such that F(t) = f and |[F|| = ||f|l. Ift > S, then we can take F € X,. Moreover,
F can be chosen positive if f is positive.

Proof. Let K = supp f C V(t). Since K x {t} is compact in V, we find sets W}, €
O.() and I, = JN]t — &, t + di[ for 0 >0 and k =1,--- ,n such that

Kx{yc|J) _(Wixn)cv

Take 0 < § < miny 6 with o <t—Sift #S. Set W =J, Wi and I = JN|t—0,t+9[.
Choose ¢ € C1(J) such that 0 < ¢ < 1, p(t) = 1, and supp ¢ C I. Define F(z,s) =
o(s)f(x) for se T and x € W and F(z,s) =0 on V\ (W x I). Clearly, F € X meets
the requirements. O
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In the proof of the next result we use an idea from [50, Thm. 1.11]. We set
Po = @(-+ 0)|J and @, = @(- + 0)|Jo , respectively, for o € R.

Theorem 4.5. Let Q(-) be a semigroup on X generated by a parabolic operator E.
The following assertions hold for F € X, t € J, and o > 0.

1. For ¢ € C(J) we have
Qo) (oF) = ¢p_» Q(0)F (4.5)

2. If F(t — o) = 0, then (Q(0)F)(t) = 0.
3. If, in addition, E is standard parabolic, then

Qo) F)(t) = (Q(t = S)F)(t)  for t—0 <S. (4.6)

Moreover, Assertions 1. and 2. still hold if we replace X by X, and consider ¢ with
©(S) =0 in 1. In particular, (Q(o)F)(t) =0 fort —o <S and F € X, .

Proof. We only consider the interval J since the proof for Jy follows the same lines.
1. Let ¢ € CY(J) with ¢/(S) =0 and F € D(E). Define

u(o) = Qo)(¢F) — ¢, Qo)F € X
for 0 > 0. Then u(0) = 0 and, by parabolicity, u(c) € D(F) and
Eu(0) = EQ(0)(pF) — ¢—0 BQ(0)F + ¢, Q(0)F = - u(0).

Therefore, u(o) = 0 for o > 0 since E is a generator. The first assertion now follows
by an obvious approximation argument. R
2. f F(t—o0) =0, then either t—o > S and F(t—o)=F(t—0o)=0o0rt—0c < S

and F(S) = F(t — o) = 0. In both cases, by Lemma 4.3 there is ¢ € C(J) such that
Fy=pF e X, ¢(t—0) =0, and ||F — Fy|| < ¢ for each given € > 0. Moreover, the
first assertion implies (Q(o)F) (t) = 0, and so

Qo) F) ()]l = [(Qo)F) (t) — (Qo) F1) ()| < Qo) [ F' = Fill < €[|Q(a)]l-

This establishes 2.
3. Let E be standard parabolic. For F' € D(E) and t € J, we have

(QUo)F)(t) = F(t) + / " (QEF)(®) dr.

Since (EF)(S) = 0, we obtain (Q(7)EF)(t) = 0 for t — 7 < S by the second assertion.
So we conclude that

t—S
(Qo)F)(t) = F(t) + / (QEF)(t) dr = (Q(t - S)F)(t)

for 0 <t — S < o, and obtain the third assertion by the density of D(F). O
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We now express (o) by a propagator U(t, s) using of the above theorem. Set
Ar = {(t,s) € I? : t > s} for an interval I C R. Define D(s) = {f € X(s) : IF €
X with F(s) = f} and

Ut,s)f = (Qt—s)F)(-,t) € X(t)  for f € D(s), f=F(s), (t,s) € Ay

The linear operator U(t, s) : D(s) — X (t) is well-defined by virtue of Theorem 4.5.
Due to Lemma 4.4, C.(V(s)) is contained in D(s) and for f € C.(V(s)) there is
F € X with F(s) = f and

1O s) I < 1QE = s)I[IF] = 1QE = s)[ I FIl < M| f]]

for (t,s) € Ay and M := sup{||Q(o)|| : 0 < 0 < T — S}. Therefore U(t, s) can be
extended to a bounded operator U(t,s) : X(s) — X(¢). For f € D(s) and F € X
with F(s) = f, we have (Q(r — s)F)(-,r) =U(r,s)f, i.e.,, U(r,s)f € D(r), and

U(t,r)U(r,s)f = (Qt —r)Q(r —s)F) (1) = U(t,s)f.
This identity also holds on X (s) since D(s) is dense. As a result,

U(t,s) € L(X(s), X(2), U@ 9)]] <M, (4.7)
U(t,s) =U(t,r)U(r,s), Ul(s,s) = Idx s (4.8)

for S < s <r <t<T. If we consider the induced semigroup Q# (o) on X#* c Co(2)
and construct operators U7 (¢, s) by the same procedure, then it is immediate that

U*(t,s)f* = (U(t,s)f)*

and that (4.7) and (4.8) hold on X#(s) := X (s)#. Moreover, for a parabolic operator
E on X, we define U(t,s) and U#(t,s) in the same way and derive (4.7) and (4.8)
on Ay, . Finally, we obtain the analogous results for the operators U*#(t,s) on
X*#(s) := X (s)*# by considering the induced semigroup Q*#(-) on X*# and XS#.
Next, we study the continuity of the operators U (¢, s) with respect to ¢ and s.

Lemma 4.6. Let U(t,s), (t,s) € Ay, be as constructed above and f € X(s) for
s > 5. Then the functions

w: (x,t) — (U(t,s)f) (x) and u** :(z,t) — (U (t,s)f*7) (z)

belong to Co(V., UV (s)) and C(2* x [s,T]), respectively. If s > S, the same is true
with J replaced by Jy.

Proof. Let s > S, f € D(s), and F € X with F(s) = f. Then

w(2,t) = (Q*F (t — s)F*%)(,1) on QF x[s,T].
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For (z,t), (2/,t') € Q" with t,t' > s, we estimate
W (2 ) — (2, 6)] < QT (' — 8)F'F — QF(t — 5)F*F|
HQ T (t — ) F (2 t) — QF(t — 5)F*¥ (2, 1)].
Since Q*#(-) is strongly continuous on X*# and Q*# (t—s)F*# € X*# both terms on
the right hand side tend to 0 as (2/,t') — (z,t). Further, u*# vanishes off V. U V(s).
Thus the assertions concerning J are verified for f € D(s). Due to the uniform

boundedness of U(t,s) and U*#(t,s), the assertions follow by approximation for all
f € X(s). The last claim can be shown in the same way. O

Lemma 4.7. Let U(t,s), (t,s) € Ay, be as constructed above and F € X. Then the
functions

Ay 3 (ts)— UP(t,s)F#(s) € Co(Q) and A3 (t,s)— U™ (t,s)F#(s) e C(Q*)
are continuous. The same is true with J and X replaced by Jo and X,.
Proof. Let (t,s),(t',s") € Ay and F € X. Then the estimate
[U#(t, 5)F* (s) = UP(t', s ) F#(s')]|
= Q% (t = s)F")(t) = (QF(t' — ") F)(t')]
< @7 (t = )F#)(t) — (QF(t — ) FF)(¢)|| + |Q% (t — s)F* — Q¥ (¢ — s")F¥||

yields the first claim. The other ones can be proved analogously. O

We collect the above properties in the following definition.

Definition 4.8. Let I be an interval in R and Y (t), t € I, be Banach spaces which
are isomorphic to subspaces Y7 (t) of a fixed Banach space Y#. A family of operators
Ul(t,s) € LY (s),Y(t)), (t,8) € Ay, is called variable space propagator if

Ul(s,s) = Idy ), U(t,m)U(r,s) =U(t,s), and

A; > (t,s) — (U(t,s)F(s))* is continuous in Y#
for t > r > s in I and all functions t — F(t) € Y(t) such that I >t +— F#(t) € Y#
is continuous. If ||U(t, s)|| < M, then the propagator is called bounded.

We further extend a given variable space propagator U with parameter set A; or
Aj, to the index set Aj; by setting

3 Ult,s), S<s<t<T,

Ult,s) =< U(t,S), s<S<t<T, and U(t,s):{
Idxsy, s<t<S,

Ut,s), S<s<t<T,
0, s < S,

on X(s) for J and Jy, respectively. It is easy to see that U(t, s) is a variable space
propagator on X(s) One defines the propagators U#(t, s) and U*#(t7 s) in the same
way. The main theorem of this section is now an immediate consequence of the
previous results.
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Theorem 4.9. Let Q(-) be a semigroup on X (on X,) generated by a standard
parabolic (parabolic) operator E. Then there is a bounded variable space propagator
U(t,s) such that

(Qe)F)(t) =U(t,t —o)F(t — o) and (4.9)
(@ (o) F#)(t) = U (t,t — o) F*#(t — 0)
forte Jand Fe X (t€ Jy and F € X)) and 0 > 0.

Remark 4.10. 1. In this section we have extended results from [42] to sets V.
which are not relatively compact. For cylindrical domains V.=V x I and the
intervals J =185,T], |S,00[, R, analogous results can be found in [17], [44], [47],
and [50]. In [17], [27], [44], [51], and [52] the same problem was investigated
in an LP—context. In these papers, as well as in [38] and [39], applications
to perturbation theory and well-posedness of non-autonomous Cauchy problems
were given, see also the next section.

2. Clearly, (4.9) implies (4.5) (and (4.6) in the standard parabolic case). Further it
is easy to see that (4.5) (and (4.6)) imply (standard) parabolicity of the generator
E. See also the references cited in the first item for similar characterizations.

4.3 Well-posedness of parabolic problems on non-cylindrical
domains

At first, we apply the results of the preceding section to solve Cauchy problems of
the type (4.1) supposing that Ly is a generator. The latter assumption can then be
characterized by means of the results presented in Chapter 3. For relatively compact
V., Theorems 4.11, 4.12, and 4.13 below are contained in [42], see also [47], [48], [50]
for the cylindrical case.

We start with the standard parabolic case J = [S,T], i.e., case (II) from p.96. For
V € O(Q) and a parabolic, locally dissipative, local operator L on O(f2), we define a
standard parabolic operator E on X = Cy(V) by setting

EF =LF for FeD(E)={F¢c D(Ly): (LF)(S)=0}. (4.10)

Therefore, if E is generator, then Q(o) = e°F is given by a variable space propagator
U(t,s) by virtue of Theorem 4.9. In the following two results we only consider the
initial time s = .S as the case s > S can be treated using Theorem 4.13 and 4.14.

Theorem 4.11. Let V. € O(Q) with V(s) #0 for s € J=1[S,T], f € Co(V(S)), and
L be a parabolic, locally dissipative, local operator on O(). Assume that the operator
E defined in (4.10) is a generator on X = Co(V). Then there is a unique solution

u € D(E)NC(V™) of the problem
Fu = 0 on V,
u(-,.S) f on V(9), (4.11)
ull' = 0,
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where T = T'% . Further, u is given by u(z,t) = (U(t,S)f)(z) on V for the variable
space propagator obtained in Theorem 4.9, and |u| < ||f]l.

Proof. The function u : (x,t) — (U(t,S)f)(z) belongs to X by Lemma 4.6. Clearly,
u(-,S) = f. Moreover, 9V * =T = I'’ by Proposition 4.1. So u extends continuously
to V* with u|l' = 0. Using the representation of the semigroup Q(c) = ¢°¥ given in
Theorem 4.9, we derive

Q0 = Uttt = oyite - ) = { iyl V=S o2 8

=U(t,9)f = u(t)
for t € J and o > 0. This implies v € D(FE) and Fu = 0. Finally, uniqueness and the

asserted estimate are immediate consequences of the parabolic maximum principle
Theorem 2.29 since 9,V C T' U V/(S) by Proposition 4.1. O

Notice that the condition F'(S) = 0 is necessary for the solvability of (4.12) in the
next result.

Theorem 4.12. LetV, f, L, E be as in Theorem 4.11 and F' € Cy(V)). Then there
is a unique solution u € D(E) N C(V*) of the problem

Fu = F on V,
u(-,S) = f on V(S), (4.12)
ull' = 0,

where T =TS . Further, the solution u and its extension u*# € C(Q*) are given by
t

() = (U S)f) (@) — / (Q(t — 7)F)(z,t)dr onV and

S

t
w(t) = U (t, S) f*% — / U (t,7)F** (1) dr for t€[S,T]
S

and the variable space propagator obtained in Theorem 4.9.

Proof. By Lemma 4.7 the function
Ay 3 (t,s) = UH(t,s)F*#(s) = (U(t,s)F(s))"* € C(Q")

is continuous. So we can define

G (t) = /St U#(t,7)F*#(r)dr and G*#(z,t) = (G*#(t))(x)
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for (z,t) € Q*. Clearly, G*# ¢ X and G := G*#|V € X. We obtain
Q7 ()G )(t) = U*F(t,t — 0)G**(t — 0)
_ ;_J U (t, 7)F*#(1)dr, t—oc >S5,
0, t—o <S8,
because G*#(t) = 0 for t < S. Since also F*#(t) = 0 for t < S, this yields
L[t (g e >
L(QH(0)G"* — GH)(t) = { i OO DB ) dry im0 2 5,
—;fSU (t, 7)F*#(7)dr, t—o <8,
¢
=1 [ TR
t—o
for t € J. So Lemma 4.7 implies
L@ (o)G** — G*)(t) — —F*#(t) = —F*#(t) as 0 —0
in X (t)*# uniformly for ¢t € J. As a consequence, G € D(FE) and EG = —F. Thus,

by Theorem 4.11, the function

u:V o (x,t)— (U,9f)(z) — G(z,t)

belongs to D(E) and Eu = F. Clearly, u(S) = f and u extends continuously to V* =
VUT with u|I" = 0. Uniqueness follows again from Theorem 2.29 and Proposition 4.1.

Finally, by Theorem 4.9 we have
U (t, 7)F# (1) = (Q(t — T)F)**(t) € X(t)*"

for S <7 <t <T. This easily implies the asserted representations of u.

O

We now study the case Jy =]5,T], cf. (I) from p.96. Notice that the local operator
L on O(Q,) in the two following theorems could be the restriction of a local operator

L' defined on O(92).

Theorem 4.13. Let V, € O(Q,) with V(t) # 0 fort € Jy, S < s < T, and
f € Co(V(s)). Let L be a semi-complete, locally dissipative, parabolic, local operator

on O(8y). Assume that the part Ly of L in Xy = Co(V,) is a generator.
there is a unique solution u € D(L,V ) NC(V?Y) of the problem

Lu = 0 on V,,
u(s) = f  on V(s),
ull* = 0.

Then

(4.13)

Further, u is given by u(xz,t) = (U(t,s)f)(z) on V., U V(s) for the variable space

propagator obtained in Theorem 4.9, and |u| < | f]|.
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Proof. For the induced propagator U*# (¢, s) : X*#(s) — X*#(t), we define

. U#(t,s), S<s<t<T
*# _ ) ) = > )
v (Ls)-{ U#(s,s), —oco<t<s<T.

Take ¢ € C'] — oo, T] with support in ]s, T]. Then the function

uf 1] =00, T] 3t — @)U (t,s)f** € C(Q*)

is continuous by Lemma 4.7. The restriction to Jy is denoted by the same symbol.
We set uy(x,t) = (u¥(t))(x) for (x,t) € V,. Notice that u, € X,. Theorem 4.9
yields

(QF(0)u)(t) = U*(t,t — o)uf(t — o)

| @t =) UHF(t,t —o)UH(t —o0,8)f**, t—o>s,
1 0, t—o <s,

=@t — o) U (t,5) [
for —0o <t < T and ¢ > 0. Since U*#(t, s) is uniformly bounded, we obtain that

5 (QF () —uF) () — ' OUF(ts) ' as 00

in C(2*) uniformly for ¢t € Jy. As a consequence,

uy, € D(Ly,) and Luy, (z,t) = = (t)(U(t,s)f) (x) on V.
On the other hand, we define the function

Q3 (2,1) = wF(x,t) = (U (L, 8) ) (@) = (UL, 9) ) ().

By Lemma 4.6, u*# is continuous and vanishes off V(s) UV . In particular, the
restriction u to V7 is continuous and u|I** = 0. Clearly, u(s) = f. For small £ > 0,
choose ¢ € C!']—o00,T] with support in |s,7] and ¢ = 1 on [s+&,T]. Then, u|V . =
uplVy. € D(L,V,, .)and Lu=0onV, . Letting ¢ — 0, we obtain u € D(L,V )
and Lu = 0 on V _ by the semi-completeness of L. Finally, uniqueness and the asserted
estimate are immediate consequences of Theorem 2.29 and Proposition 4.1. O

Theorem 4.14. Let V,, s, f, and L be as in Theorem 4.13 and F € C(V?F) with
F|I* = 0. In addition, assume that L is locally closed u.c.. Then there is a unique
solution uw € D(L, V) N C(V:) of the problem

Lu = F on V,,
u(,s) = f on V(s), (4.14)
ull* = 0.
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Further, u is the restriction of the continuous function

WHE( ) = U (¢, ) f*F — / t U (t, 1) F*#(r)dr  on O . (4.15)

S

If Fy € Cy(Vy) is an extension of F to V., then

¢
u(z,t) = (UL, 5)f)(x) —/ (Q(t —7)Fo)(z, t)dr onV,, (4.16)
where Q(o) and U(t,s) are given by Theorem 4.9.
Proof. The set
W5 =(Q\ Vi) UV = (25\V5) UV uVy

is closed in Q. Extend F to a function F; on W by setting F;(z) = 0 for z € 9V \E
and z € \E Using Proposition 4.1, it is easy to see that Fj is continuous on
W5. So we can extend F) to a continuous function F # on Qp with support in Q" for
some S < r < s. Clearly, the restriction Fy to V; belongs to Cy(V,). The function

(t,7) = (QF(t = ) ) (1) = U#(t,7) F*#(7) € O(7)

is continuous for s < 7 <t < T by Lemma 4.7. So we can define
t t
G*#(t) = / U*#(t, T)F*#(T) dr = / (Q*#(t — T)FJ#)(ZL) dr € X(t)*# (4.17)

for s <t < T and G*#(z,t) = (G*#(t))(z) for (z,t) € Q* x [5,T]. Let G be the
restriction to V. Notice that G*# and G are continuous, G(s) = 0, and G|T'* = 0.

For small ¢ > 0, choose ¢ € C'] — 0o, T] with support in |s,T] and ¢ = 1 on
[s +¢&,T], and set

t
G:;#(t) = /s U*(t,7)o(r)F*#(r)dr for s <t<T

and Gi#(t) = 0 for S < t < s. Define G5 (x,t) = (G5#(t))(x) on Q. Then
G:j,# € KS# and

(QF(@)GF)(t) = U (t,t — 0)GF(t — o)

_ [ [T Ut e PR () dr, t—o > s,
0, t—o <s,
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for t € Jy and o > 0. Subsequently,

t

(Q*(0)GF — G#) (1) = 1 / *#(t, ) p(r) Eg (r) dr

t—o

S

— —(t)F* (1) as 0 — 0

uniformly in ¢ € Jy by Lemma 4.7. Hence, the restriction G, belongs to D(L,V,)
and LG, = —pF on V. So we obtain G € D(L,V,) and LG = —F on V since L is
locally closed u.c.. Finally, set

u(z,t) = (U, s)f)(x) — G(z,t) on V_ UV(s) and
W (x,t) = (U (t,s) f*)(x) — G (x,t) on Q.

By the previous results and Theorem 4.13, we have u*# |V, = u, u*# is continuous,

and u € D(L, V)N C(V3) satisfies (4.14). Equalities (4.15) and (4.16) follow from

S

(4.17). Theorem 2.29 and Proposition 4.1 yield uniqueness. O

We now combine the above results with Corollary 3.26 using the following assump-
tion.

(H2) Let L be a real, locally dissipative, (standard) parabolic, local operator defined
on O(£) (on O(Q2)) such that (S) holds and L satisfies (OE) and (LS). Assume
that Lo, (Lg) is a generator on X, (on X).

Recall that L exists and is real, (standard) parabolic, locally disspative, and locally
closed u.c.. In the standard parabolic case, EK coincides with the operator E given
by (4.10). It is easy to see that (H2) for Q implies (H2) for ,. In particular, Ly
is a generator on X if Ly is a generator on X for some V. € O(Q). In fact, in
this case there exists G € D(Ly) with (1 — L)G = F for a given F € X, = X,,.
Hence, G(S) = F(S) + (LG)(S) = 0 and G € D(Ly,). Moreover, for F € X, there
are F,, € D(Ly) converging to F. Choosing suitable functions ¢, € C]S,T] with
0<¢,<1and ¢, =1 fort>S+4d,, one sees that ¢, F, € D(ZMO) and ¢, F, — F
in X,.

Theorem 4.15. Assume that (H2) holds for Jo =1S,T]. Let s €]5,T[, V, € O(L,)
with V(t) # 0 fort € Jo, f € Co(V(s)), and F € C(VY) with FIT'® = 0. Suppose
that Vg = (p_y W, for sets W, € O(Qqy) admitting a Cauchy barrier with respect
to L. Then there exists a unique function u € C(E) satisfying the conclusions of
Theorem 4.14 with L replaced by L. If f and —F are positive, then u is positive.

Proof. By virtue of Corollary 3.26 and Theorem 4.14, we only have to show the last
assertion which is verified by an application of Theorem 2.30 to the function —u. [

A similar result was shown in [48] for cylindrical V. Further Corollary 3.26,
Theorem 4.12, Theorem 4.14, and Theorem 2.30 yield
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Theorem 4.16. Assume that (H2) holds for J = [S,T]. Let s € [S,T], V € O(Q)
with V(t) # 0 for t € J, and f € Co(V(s)). Suppose that V.= (p_, W, for sets
W, € O(Q) admitting a Cauchy barrier with respect to L. If S < s < T, let F €
C(VY) with FIT* =0; if s= S5, let F € Co(V,,). Then there exists a unique function

u € C(V%) belonging to D(L,V.,) and, if s =S, to D(L,V) such that

Lu = F onV, (onV ifs=29),
u(-s) = f on V(s), (4.18)
ull* = 0  (T=T%ifs=25).

Further, u is given as in Theorem 4.12 if s = S and as in Theorem 4.14 if s > S. If
f and —F are positive, then u is positive.

We conclude this section with a characterization of ‘well-posedness’ of the homo-
geneous Cauchy problem

Lu = 0 onV, (onV if s=9),
u(,s) = f on V(s), (4.19)
ul* = 0 [T =I%ifs=029),

where we require that the solution u = u(; s, f) is contained in C(V¥) N D(L,V )
if S < s < T, resp. in C(V*)N D(L,V) if s = S. Throughout, we assume that L
satisfies (H2) and consider f € Co(V(s)) and V. € O(Q) or V, € O(Q,) with V (¢) # 0
for t € J or t € Jy, respectively.

Definition 4.17. The Cauchy problem (4.19) is called uniformly well-posed on V,
(or V) if, for I = Jy or J,

1. for all s € I\ {T'} and f € Cy(V (s)) there exists a unique solution w : (z,t) —
u(z,t; s, f) of (4.19);

2. JJu(-,t; s, )| < M| f] for (t,s) € Ay and f € Co(V(s));
3. A3 (t,8) — u¥(-,t; 5, F(s)) € Cy(Q) is continuous for F € X, (or F € X).

If Ly, (or Ly) is a generator, then Theorem 4.13 (or 4.11) in combination with
Lemma 4.7 yield uniform well-posedness of (4.19), where M = 1 and u(-,t; s, f) =
U(t,s)f. Conversely, if (4.19) is uniformly well-posed, set U(t,s)f = u(-,t; s, f) for
f e X(s)and (t,s) € Ay, (or (t,s) € Ay), where U(T,T) := Idx(ry. Then we have

Proposition 4.18. Assume that (4.19) is well-posed on V., (or V). Let (H2) hold
and L be complete. Then the operators U(t,s) defined above yield a variable space
propagator on X (s) and the space-time semigroup given by (4.9) on X, (or X) is
generated by Ly (or Ly).
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Proof. We only consider V since V) can be treated in the same way. It is straight-
forward to see that uniform well-posedness implies that U(t,s) € L(X(s), X (t)) is a
variable space propagator. Define

(Q(o)F) (t,z) = (U(t,t — o)F(t — o)) (x) on V

for F € X and o > 0. Notice that ¢t — (Q(o)F)# (¢) is continuous in Cp(£2) by
Definition 4.17(3). Moreover, (Q(0)F)(t) € Co(V (t)) and

Qo) F)* (2! ,t') — (Qo) F)¥ (2, 1))
< Qo) F)#( ') = (Q(a)F)# (2, )| + [(Q(o)F)# (2, 1) — (Q(o) F)# (, )]
< Q) F)* (') — (Qo)F)* (1)l
+a* (2t t — o, F(t — o)) — @ (z,t; t — 0, F(t — 0))|

— 0 as («/,t)— (z,t) in Q,
where a(-,t; s, f) = u(-,t; s, f) for t > s > S and a(-t; s, f) = u(¢ S, f) for
t > S > s Hence, Q(o)F € Co(V). Also, Q(0) = Id, Q(r + o) = Q(7)Q(c
[Q(o)| < M, and

(QUOVF) (1) — F(t,2)| < [7# (18 t — 0, B(t — 0)) — F#(8)]| 0

as 0 — 0 uniformly for ¢ € J. That is, Q(o) is a semigroup. B
It remains to show that the generator E of Q(-) is equal to Ly. To this end, we
consider the subspace Z of X, cf. p.86, spanned by the functions

Vs (,t) = o(t) (U, 8)f)(2) =: o(t) u(z,1),
where s € J, f € X(s), and ¢ € C'(J) with support in ]s,T] if s > S and ¢/(S) =0
if s = S. Notice that u € D(L,V,), resp. u € D(L,V) if s = S, and Lu = 0. Since
L is parabolic, we obtain that E(gpu) = —p'uon V, or V. For s = S, this yields
ou € D(Ly). For s > S, we have pu(z) = 0 for (z,t) € V with t < s+ ¢ for
small ¢ > 0. Therefore, pu € D(Ly) due to the completeness of L. In particular,
Ly (ou) = —¢'u. and Z C D(Ly).

On the other hand, we have Q(0)(pu) = ¢_,u. This implies Q(0)Z C Z C D(E)
and E(pu) = —¢'u. As in [50, Thm. 2.3] or [28, Prop. 2.9] one sees that Z is dense
in X. As a result, Z is a core of E and LV = F on Z. The closedness of LV yields
E C LV Since LV is dissipative and A — E' is surjective for large A > 0, we derive
E=Ly. O

The above results and Theorem 3.25 imply

Theorem 4.19. Assume that (H2) holds and that L is complete. For V€ O(£y) (or
Veo)) with V(t) £ 0 fort e Jy (t € J), the following assertions are equivalent.

1. The Cauchy problem (4.19) is uniformly well-posed.
2. The operator Ly (or Ly) is a generator on X, (or X).

3. The set V., (or V) admits a Cauchy barrier with respect to L.
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4.4 Parabolic and standard parabolic problems

In applications it is much easier to check condition (LS) and to construct Cauchy bar-
riers in the (general) parabolic situation, i.e., Jy =15, T}, than for standard parabolic
problems, i.e., J = [S, T}, see Chapter 6. So the question arises whether the semigroup
generated by Ly, on Cy(V,) = X, can be extended to a semigroup on Co(V) = X.
To study this problem, let V € O(Q) with V(¢) # 0 for ¢ € J and let L be a local
operator on £, such that (H2) holds and Ly is a generator on X,. Recall that X,

is identified with the subspace X, o of X. We work with the operator on X given by
D(Lv,) = {F € XND(L,V,): LF € X},
= [ LF onV,,
Ly, I = { 0 on V(9).

It is easy to see that I:’ZO is a standard parabolic, dissipative, closed operator on X.
Moreover, we have the following fact.

Lemma 4.20. Under the above assumptions, [:’Zo generates a semigroup on X if and
only if D(Ly,) is dense in X.

Proof. Tt suffices to show that the range of 1 — IZ/ZO is dense in X provided that

D(izo) is dense in X. So consider a finite regular Borel measure p on V such that

/V(1 ~ Ly, )Fdu=0  forall Fe D(Ly,). (4.20)

Since (1 — Ly, )D(Ly,) = X, this implies that z vanishes on V,. Due to I:/KOF =0
on V(5), equation (4.20) thus reduces to

Fdu=0  forall Fe D(Ly,).
v(s) B
The density of D(EZO) now yields p = 0. O

Thus we shall examine conditions ensuring that D(I:/ZO) is dense in X. To that
purpose, we introduce the set

Dr(S)={f € C.(V(S)): 3F € C.(V) such that F(S) = f, supp F c V. \ V(T),
F|V, € D(L,V,), LF € Cy(Vy)}- (4.21)

We will also make use of the fact that the operator pEZO is again a dissipative gen-
erator on X, see [14] and [29, Thm. 2], where p(t) =t — S. We write (¢t — S) Ly, for
pLy, . Further, define the local operator (t — S)L given by

D((t—S)L,W) =D(L,W) and ((t—S)L)F =pLF on W
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for W
((t—

Lemma 4.21. Under the above assumptions, we have (t —S)Ly = ((t —S)L)y, so
that the latter is a generator in X,.

O(£). Note that the local operator (t — S)L is locally disspative, and so
v

S
S)L v, is dissipative in X,. Actually, the following holds.

Proof. 1t suffices to show (t — S)Ly, C ((t—S)L)y,. So take F,, € D(Ly,) such that
F, - FeD(t—-5S)Ly,) and ((t—S)Ly)F, — G=(t—S)Ly F

in Xo. Thus, LF, — #5G on Vg for ¢ > 0. This gives F € D(L,Vg,.) and
(t—S)LF =G on Vg, . Since L is semi-complete, we infer that F € D(L,V) and
(t —S)LF = G on V. As aresult, F € D(((t — S)L)y,) and ((t — S)L)y F =
(t—S)Ly, F.

O

Next, let f € Dr(S) and F asin (4.21). Take 0 < o < 1 and define, for Fy = F|V,,
the function Gy € X, by

Gol(a,t) = —(t — ) (LFy)(x,t)  on Vy.

By Lemma 4.21, there exists
_ -1 _
Gi=[((t=8)D)y, — (1-a)] Go € D(Ly,).

Define a function G € X by setting

G — (t—S)liaGl—FFo on KO’
f on V(95).

Due to the parabolicity of L, we obtain G € D(L,V g, ) and
LG=(t—8)' LG~ (1—a)t—S)"*Gi+LF
=(t-8)"[(t-S)L—-(1-a)G1+LFy=0
on Vg, for e > 0. Therefore, G € D@ZO) and
Di(S) c {G|V(S): G € D(Ly,)} =: D(S). (4.22)
The importance of this fact relies on

Lemma 4.22. Under the above assumptions, D(LZO) is dense in X if and only if
D(S) in (4.22) is dense in Co(V(5)).
Proof. Necessity is clear. So assume that D(S) is dense in Co(V'(S)). Let p be a

finite Borel measure being orthogonal to D(EKO)- Since EZO is a generator, p has to
vanish on V,,. But then p = 0 since D(S) is dense. O
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The next result is an immediate consequence of (4.22), Lemma 4.20, and Lemma 4.22.

Proposition 4.23. Assume that L satisfies (H2) on O(Q,) and that Ly, is a gen-
erator on X,. If D1,(S) is dense in Co(V(S)), then Ly, is a generator on X.

Since IZ’ZO is standard parabolic, we can derive the main result of this section in
the same way as Theorem 4.16. Observe that I_’Zg coincides with L on V.
Theorem 4.24. Assume that L satisfies (H2) on O(Qy). Let V. € O(Q) with V (t) # 0

forte J, feCy(V(S)), and F € Cy(Vy). Suppose that D1, (S) is dense in Co(V(S))
and that Vg = (p_y Wy, for sets W, € O(Q) admitting a Cauchy barrier with respect

to L. Then the conclusions of Theorem 4.16 hold for s = S and IZ/ZO instead of L.

5 Semilinear parabolic problems on non-cylindrical
domains

We now use the results on linear problem (4.14) to solve a certain class of semilinear
equations containing, e.g., the logistic equation with diffusion, see Section 6.1. To that
purpose, let L satisfy (H2) for Q, = Qx ]S, 7] and finite S < T and let V,, € O(8,)
satisfy V() # 0 for t € Jy =]S,T]. We also assume that Ly  is a generator on
Xy = Co(Vy), that is, Vi, = (r_, W, for sets W, € O(,) admitting a Cauchy
barrier relative to L, cf. Theorem 3.25 and Corollary 3.26. Let U(t,s), S <s <t <T,
be the variable space propagator corresponding to e‘*¥o, see Theorem 4.9. For the
nonlinearity we require

® : R — R is locally Lipschitz, ®(0) =0, and ®(£) <0 for £ > 1. (5.1)

In particular, these conditions are satisfied by ®(§) = c¢£(1 — &) for ¢ > 0. For
v € C(V,) we define Nv € C(V,)) by setting

(Nv)(z) = ®(Rev(z)) + (z))

i®(Imw
for z € V,,. We are looking for solutions u € D(L,V,) N C(V?) of the semilinear
problem

(L+Nu = 0 on V,
u(-8) = f on V(s), (5.2)
ull'* = 0,

where f € Cp(V(s)) and S < s < T. It will be necessary to consider (5.2) also

on time intervals J) =]S,7"] for S < T" < T. To this end, let Q) = Q x Jj and

Wio = Wi\ Wi(T') for Wi € O(Qg). Notice that d(W)* C oW if Wi = W, N QY

for some W, € O(82,). We define

D(L',\Wy) = {F € C(Wy) : F\Wg, € D(L,W¢,), LF = G on Wy, for G € C(Wy)},
IF=G on W,e0().
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(We let L' = L if T" = T.) Clearly, L' is a real, parabolic, local operator on O(£y).
Corollary 2.21 implies the local dissipativity of L’. It is straightforward to see that
L’ is locally closed u.c.. Further, take G € Co(Vj) and extend it to a function
Gy € Co(Vy). Then there exists F} = (1—Ly, )~'G1. Thus, F = Fy |V € D(L', V)N
Co(Vy) and (1 — L')F = G. Given a function F' € Cy(Vy), we can approximate an
extension F; on Vi in Cy(V,) by G,, € D(EZO) so that D(Dvg) is dense. As a result,
DX& generates a semigroup Q'(+) on Cp(Vy). Due to the uniqueness of solutions of
(4.13), Q'(-) is given by the restriction of U(t, s) to the index set Ajg 7.
We further need the Banach space (with sup-norm)

X, =X (T)={veC((V)):v["=0}, S<s<T'<T,

which is canonically identified with the subspace X, (T")*# of C(2* x[s, T']) consisting
of continuous functions vanishing off V.UV (s). An application of Theorem 4.14 with
F = —Nu € X (T") shows that u solves (5.2) if and only if u satisfies the integral
equation
¢

W) = U (t,s)f** +/ U*#(t, 7)(Nu)*# (1) dr (5.3)
in X (T")*#. Motivated by this fact, we define a mapping S*# on X (T")*# by
setting

¢
(S*#u*#) (1) :/ U*#(t,7)(Nv)*# (1) dr

for v*# € X (T")*#. (Use Lemma 4.7 to see that indeed S*#v*# € X (T')*#.) We
remark that if u € X _(r) and v € X,.(T") with s < r < T” satisfy (5.3) on [s, r] with
initial value f and on [r,T"] with initial value u(r), respectively, then the function

_fou®), s<t<m,
w(t) = { o(t), r<t<T,

solves (5.3) in the space X (T')*# with initial value f. Our main result reads as
follows.

Theorem 5.1. Assume that L satisfies (H2) on O(,). Let V, € O(,) be given
such that V(t) # 0 for t € Jy =]S,T] and Vy = (p_y W, for sets W, € O(£)
admitting a Cauchy barrier relative to L. Suppose that ® satisfies (5.1). Let f €
Co(V(s)) for S < s < T and 0 < f < 1. Then there is a unique (global) solution
ue D(L,V,)NCVE) of (5.2) with 0 <u < 1.

Proof. Since Ly generates a Feller semigroup Q(-), we have 0 < U(t, s)f < 1 for the
propagator U(t, s) given by Theorem 4.9 (use Lemma 4.4). Set

w* (z,t) = (U (t,s) ) (x,t)  for (x,t) € Q.
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Then, 0 < w*# < 1. By (5.3), the solution u is given by (1 — S*#)u*# = w*#. We
first solve this equation for 7" € s, T sufficiently close to s.
(1) Fix 0 < d < 1. For v € X _(T) with —0 < v <1+ J we have

INv|| < Ms:= sup [®(¢)].
—6<E<1+6

Consequently, ||S*#v*#|| < (T’ — s)Mj for s < T’ and v € Y (T") := {v € X (T") :
—6 <wv <1+ 6}. In particular,

)
| S*# v #| < & for veY (Th) and s<T1§s+M . (5.4)
s

By (5.1), there is a constant Ms such that
() —@(n)| < Ms|§—n|  for &ne[=6,1+0].
For v,w € Y (T3) and s < Ty < T, we estimate

15" # 0% — S HFw | < (T - 5) s I(Nv)#(7) = (Nw)*#(7)]|

< (Ta = 5) Ms |[v* — ™| < 5 [[o*% —w*#| (5.5)

if we choose d := Ty — s < (2Ms)~!. Estimates (5.4) and (5.5) imply that S*# is a
strict contraction on Y (73)*#. Therefore there exists a unique function u € Y (T5)
such that u*# = w*# 4 S*#u*#

(2) Let u,v € X (T") solve (5.2) on [s,T"] for some S < s < T' < T. Then an
application of the comparison principle Theorem 2.32 to L’ shows that « = v. Thus
local and gobal solutions of (5.2) and (5.3) are unique.

(3) We will now show that the local solution u of (5.3) constructed in part (1)
satisfies 0 < u(x,t) < 1 for s < ¢t < Ty. Having established this fact, we can apply
part (1) to overlapping time intervals I, = Jo N [s+ kd, s + (k + 1)d] with fixed length
d > 0. As observed above, this gives a solution v of (5.3) on Jy, and hence a solution
of (5.2).

First, notice that w = 0 is a solution of (5.2) for f = 0 since ®(0) = 0. So
Theorem 2.32 implies that w is positive. Second, suppose that u(z) > 1 for some
z = (z,t) € V, with ¢t < Ty. Since u is positive on V', and smaller than 1 on 9V, |u|
attains its maximum on V', which strictly larger than 1. Hence, the local dissipativity
of L' yields a point z, € V, such that u(z,) = maxy- |u| and

0> (L'u)(zp) ulzo) = —®(ulzo)) ulzy) > 0
because ®(u(zy)) < 0. This contradiction proves u < 1. O

Remark 5.2. The above proof shows that Theorem 5.1 remains valid for T = +oo
provided that L and U(t, s) are defined for J =15, 00[.
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Remark 5.3. Using the same arguments one can treat nonlinearities given by con-
tinuous functions ® : Q° x R — R satisfying ®(x,0) = 0 and ®(x,&) < 0 for x € Q,
1<€&< 14, aconstant ' >0, and |®(z,&) — P(z,n)| < k| —n| for &,n € [—a,al,
z € Q and a constant k depending on a. This holds, e.g., if ®(z,£) = m(x)§(1 — &)
form e C(Q",R) and m >0 on Q.

6 Applications

6.1 Parabolic partial differential equations of second order
We consider the partial differential operator
N

N 2
L(z,D) = Z aki(z,t) 0 + Z bi(x,t) 9 + c(z,t) — % (6.1)
k=1

X
k=1 Oz

on Q = Q x [, T] for an open subset 2 of RY. We assume that the coefficients ay;,
bi, and ¢ < 0 are real-valued, continuous, and elliptic; that is,

Z akl(x, t) Yy >0 (6.2)
k=1

for all y € RY and (z,t) € Q. Notice that on every compact subset K of Q the
coeffients are bounded, uniformly continuous, and satisfy

N
> anle, ) yky > px [yl (6.3)
k=1

for a constant i > 0 and (z,t) € K. However, the coefficients may be singular or
degenerate at the boundary. Set Qy, = Qx ]S, T[and V5, =V N, for V. € O(Q).
As in [40], [48], and [49], we define

D(L,Vy) ={F e C(Vy) NW2L (V) : L(z, D)F = Ga.e. on V, for G € C(V,)},

p,loc
D(L,V)={FeC({):F|V,€ D(L,V,), G= L(z, D)F extends continuously
to V(S) by 0},
LF =G onV, € 0(Q), resp. V. € O(Q). (6.4)

Here, p > N + 2 is fixed and W; ’lloc(KO) denotes the space of functions F' such that

F|W, belongs to the Sobolev space

OF 9*F OF

2,1 ={Fel? P YR
Wp (WOO) { € (WOO) 8:51{:’ axkaml’ ot

ELP(WOO)7 k,lil,,N}
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for all W € O.(V,).

It is immediate that L is a local operator on O(£,), resp. O(2). Moreover, L does
not depend on p > N + 2. In fact, it suffices to show that if F € D(L,V,), then
FIW € W2 (W) for all ¢ > N 4 2 and for all sets W € O(y) of the form

W =W x I with W € 0.(Q), W x I CV, and OW is of class C*. (6.5)

(Here the regularity of OW is understood in the sense of [24, §IV.4].) For such F and
W,let G = LF and let W D W and I’ D I satisfy (6.5) and a := inf I’ < inf I. Take
o € CYI") and ¢ € C2(W') with |W = 1, ¢|I = 1, and ¢(a) = ¢'(a) = 0. Set
F) = ppF on W' = W' x I. Then,

N 31/}
Gy = LFy =p0G — ¢'yF + oF Y by B
k=1
N
OF o  OF 0y 0%
+ L4 Z Al (al‘k 63:1 + (91‘1 833k +F6$k81‘l ' (6.6)

k=1

By [24, Lemma I1.3.3], 2£ is Holder continuous on W' if p > N + 2. Hence,

Oxy
G; € C(W') c LYW’ for each ¢ > N + 2. Moreover, F; = 0 on 9,W’. Now,
Theorem IV.9.1 of the monograph [24] by O.A. Ladyzenskaja, V.A. Solonnikov, and
N.N. Ural’ceva yields Fy € W2 (W'), and so F € W2 (W).

Further, it is easy to see that L is real, complete, and (standard) parabolic on
0(9,) (0(82)). To show that L is locally closed, let F,, € D(L,V,), Gy, = LF,, and
F, - F, G, — G in Cy(V,). Consider W as in (6.5) and W' = W’ x I’ as above.
By virtue of the local a priori estimate [24, IV(10.12)], we have

1F0 = Fllyz: qwy < Cr(1Fn = Fulleoowr) + G = Goall o)
S 02 (HFn - FmHoo + ”Gn - Gm”DO)

Hence, F,|[W converges in W2'' (W) to F. Further,
”LFn - LFHLP(E) < Cs ||Fn - F”wﬁJ(E)

which shows that LF = G a.e. on W. As a consequence, F' € D(L, V) and LF = G.
This also implies local closedness of L on O(R). In particular, L = L in both cases.

Clearly, L satisfies (OE). We check (LS) and (S2) only for V; € O(f,). Extend
a given function F € C.(V,) to a function F’ € C.(Vy) for an open subset V7 of
Ox ]S, T'[ with T/ > T and VN Q, = V,,. Then there are functions F/, € C>(Vy)
converging to F’ in Co(Vy). As a result, D(Ly, ) is dense in Co(V,). Using [24,
Lemma I1.3.3], one shows that Fy = ¢ F satisfies (LS) for ¢ € C>1(V,) with v = 1
in a neighbourhood of z € V), cf. (6.6). A similar argument works if z = (z,T).
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On O(8y), local dissipativity is an immediate consequence of the parabolic max-
imum principle in Wg’l proved in [13, Thm. VIL.28]. So Corollary 2.21 yields local
dissipativity on O(£;). On O(Q) it is then obvious.

It remains to verify that the part Lo of L in Cy(£2,) is a generator. Since Lo is
closed, dissipative, and densely defined. we only have to show that the range of Lg
is dense. In fact, an application of Theorem IV.9.1 of [24] yields that L?(2,) N Co(£)
is contained in the range provided that the coefficients of L are bounded and satisfy
(6.3) on ©Q and 99 belongs to C?, cf. [24, §IV.4], or @ = RY. More generally, we
have checked the assumptions of Theorem 3.27 for suitable (V,, x Jy) T ©,. As a
consequence, Lg is a generator if and only if there is a Cauchy barrier for L on ).
(See also [30, 31, 32, 48, 55].) In any case, Theorem 4.15 and 4.24 imply

Theorem 6.1. Let L be given as in (6.1) and (6.4) for continuous, real-valued co-
efficients satisfying ¢ < 0 and (6.2). Assume that Lo is a generator on Cy(£)).
Let V. € O(Q) with V(t) # 0 for S <t < T. Suppose that Vi, = (i_y W,, for
sets W, € O(Qy) admitting a Cauchy barrier with respect to L. Let S < s < T
and f € Co(V(s)). If S < s < T, let F e C(Vy) with FII* = 0; if s = S, let
F € Co(Vy). Finally, assume that D1 (S) is dense if s = S. Then there is a unique
function u € C(V)NW>! (V) such that

p,loc
L(z,D)u = F onV,,
u(,8) = f on V(s), (6.7)
ull'* = 0 (I'=T%ifs=29).

Further, u is given as in Theorem 4.12 for s = S and as in Theorem 4.14 for s > S.
If F =0, then |u| < ||f|l. If f and —F are positive, then u is positive.

We point out that, in the interior, we have the same regularity as one obtains
for regular, cylindrical V' and bounded, uniformly elliptic coefficients, cf. [24, §IV.9].
Notice that p €N 4 2,00[ can be chosen arbitrarily large. If the coeflicients are
Hélder continuous, bounded, and uniformly elliptic, problem (6.7) was solved on non-
cylindrical domains in [20, Chap. 3] or [58, Chap. VI], see also e.g. [4, 7, 25, 26].

Further, Theorem 5.1 provides a result on the existence and uniqueness of global
solutions for a large class of semilinear equations on non-cylindrical domains, contain-
ing the logistic equation with diffusion, i.e., ®(t) = ct(1 —t) for ¢ > 0. Let us mention
[5], [19], and [23] among the vast literature on this topic .

Theorem 6.2. Let L be given as in (6.1) and (6.4) for continuous, real-valued co-
efficients satisfying ¢ < 0 and (6.2). Assume that Lo is a generator on Cy(£)).
Suppose that V., € O(Q) satisfies V(t) # 0 for S <t < T and Vy = (\y_y W, for
sets W, € O(y) admitting a Cauchy barrier with respect to L. Let S < s < T and
f e Co(V(s)) with0 < f < 1. Finally, assume that ® : R — R is locally Lipschitz,
®(0) =0, and ®(&) <0 for € > 1 (or, more generally, let @ satisfy the conditions of
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Remark 5.3). Then there is a unique function v € C(V)NW2>L (V) such that

p,loc\—s
L(z,D)u+®ou = 0 onV,,
u(-8) = f on V(s), (6.8)
ull'* = 0.

Further, 0 <u <1 and u is given by (5.3).
The next result is a refinement of Theorem 3.27 which we need below.

Theorem 6.3. Let V. € O(8,) and L be given as in (6.1) and (6.4) for continuous,
real-valued coefficients satisfying ¢ < 0 and (6.2). Assume there is a compact subset
K of V and a function H € Wj’l (V\ K) for some p> N + 1 such that H > 0 and

loc

L(z, D)H(z) < H(z) (a.e.) on'V\ K and H extends continuously by 0 on dV*. If
there are sets V,, € O.(V,) such that V., TV and Ly is a generator on Co(V,,),
then Ly is a generator on Co(V).

Proof. We procced as in the proof of Theorem 3.27. Let 0 < G € C.(V) and
(suppGUK)CcV,cV,cV,Cc---CV.

By the assumption, there are 0 < F;, € D(Ly ) such that (1 - L)F,, =G onV,,. Set
Hy = ||G| (infoy, H)™'H  on V\K.

Thus, 0 < F,, < H; on 9(V,,\ V) = 0V, UdV,. Suppose that the set
W, ={zeV,\V,: Hz) - Fu(z) <0}

is not empty. Then. H; — F,, € Co(W,,) and H; — F), attains a negative minimum

—n
z, on W,,. Hence, on a cylindrical neighbourhood U € O.(W,,) of x, we have

essliminf L(z, D)(Hy(z) — F,(z)) >0

due to [13, Thm. VII.28]. On the other hand,
0> (L(z, D) = )(Hi(z) - Fu(z)) = L(z, D)(Hi(z) = Fa(z)) + 90

a.e. on U for a constant § > 0. This contradiction yields H; > F,, on V. The
assertion now follows as in the proof of Theorem 3.27. O

In the remainder of the section, we construct Cauchy barriers for the local operator
L given as in (6.1) and (6.4) (and for variants of L). For simplicity, we assume (unless
explicitly stated) that

V € O (RN x [0,T]) with V(t) # 0 for 0 <t < T, ap,bx,c € Co(RYN x [0,T],R),
¢ <0, and (6.3) holds on R x [0, T]. (6.9)

We start with the regular case, where we suppose that
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(R) OV is given by x; = ¢p(T1,. .. Ti1, Tit1s---,,Tn,t) for some 1 <
finitely many C?! mappings ¢, defined on open subsets of RV 1 x
V is locally on one side of 9V.

i1 <n nd
0,71, a

Notice that in this case no tangent plane of JV is given by t = const. Moreover, the
set V(t) has the C?-boundary 9V (t) = (0V)(t). Using (the proof of) Lemma 1 in
the Appendlx of [21], we see that the distance function d(z) = d(z,V (¢)) belongs

to Cp (W) for a set W = {z € V : d(z) < do} and a suitable constant dy > 0.
Moreover |V (d(z))] =1.

Proposition 6.4. Assume that (6.9) holds and that OV satisfies (R). Then V., pos-
sesses a Cauchy barrier w.r.t. L. In particular, the conclusions of Theorem 6.1 and
6.2 hold for finite intersections of sets V. satisfying (R).

Proof. Welet 0 < ¢ < 2p ”(L_C)d”&)l(w)? P&)=e£—E and W, ={z € W :d(z) <

£/2}, where p > 0 is the ellipticity constant of ag; on RY x [0,T]. Take ¢ € C*[0,7]

with ¢(0) = 0 and ¢’ > 0. We define F(z) = ¢(t) ¢(d(z)) for x € W, . Clearly,

0< FeD(L,(W,))and F(z) — 0 as z — 9V,,. We further compute (with obvious

notation)

LF(z) = —¢'(t) ¢(d(z)) — o(t) (e — 2d(2)) Od(z) + p(t)c(z)d(z) + o(t) (€ — 2d(2))-
(Zk bk( 8kd + Z akl 1‘ 8kld )) — 2@@) Zkl akl(g) 8kd(§) 8[(1(@)

o(t) (6 (L = e)dllo,aw) — 21 [Vad(z) 2) =0

The second assertion is then clear. O

We point out that this result applies to a variety of Lipschitz domains. Clearly,
the above proof extends to suitable unbounded V.

The following propositions are concerned with degenerate coefficients, compare
e.g. [12], [13], and the references therein. The first one is a partial extension of
[14] and [29] to the non-autonomous situation. For A(z,D) = L(z,D) + &% and
0 < p € Cy(RN x [0, T7), we define the local operator L? induced by p(z)A(z, D) — &
as in (6.1) and (6.4).

Proposition 6.5. Assume that (6.9) holds and that OV satisfies (R). Let % d(z) >0
and 0 < p € Co(RY x [0,T]) with p >0 on V. Then V, possesses a Cauchy barrier
w.r.t. LP and the conclusions of Theorem 6.1 and 6.2 hold for LP and V.

Proof. We proceed as in the proof of Proposition 6.4 and define (for a possibly smaller
e > 0) the function F(z) = o(t) (ed(z) — d(z)?) for x € W, C V, where V\ W, C V,
0<FeChW,), Flz) — 0as z — dV,, and A(z, D)F(z) < 0. Therefore we
obtain

LPF(z) = —¢'(t) (ed(z) — d(2)*) — ¢(t) (¢ — 2d(2)) Fd(z) + p()A(z, D)F(z) < 0.
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Further, there exist sets V., € O.(V,) satisfying (R) and V,, 1 V,,. Extending p|V,
to a strictly positive, continuous, and bounded function p, on RY x [0,7] = Q, we
see that LY is a generator, compare the discussion before Theorem 6.1. Thus, LY,

is a generator on Cy(V,,) by Proposition 6.4 and Theorem 3.27 yields that L’",O is a
generator on Cy(V ). So the second assertion can be shown as Theorem 4.15, 4.24,
and 5.1. (Notice that in these results the fact that Ly  is a generator is only used to
derive that Ly is generator if there is a Cauchy barrier on V) O

We remark that % d(z) > 0 holds in particular for cylindrical domains V. Next,
we present two results where the coefficients vanish on irregular parts of the boundary
like isolated points or entering faces, see Example 6.8. Here we (partially) generalize
[30, §6] and [43, §7] to the nonautonomous case. We point that our growth conditions
on the coefficients cannot be weakened in general, see [30, §6] and [43, §7]. First, the
irregularity is of a similar form as in the previous proposition.

Proposition 6.6. Let (6.9) hold and let V. be the finite intersection of sets V, €
O.(RN x [0,T)) satisfying (R). Assume that there are sets M = M x [0,T] C W =
W x [0,T] C W CV with W € O(RY) such that the coefficients of A(z, D) do not
depend ont forx € W and M = {x € W : po(z) = 0} for a function 0 < py € Cp(W).
Suppose that po(z) < Cg d(x, K)? for v € W\ M and all compact subsets K of M.
Moreover, let 0 < p € Co(RY x [0,T]) withp =0 on M, p > 3§ > 0 off W, and
0 < p(z) < Cpo(x) for x € W\ M and constants C,§ > 0. Then V. \ M possesses
a Cauchy barrier for LP and the conclusions of Theorem 6.1 and 6.2 hold for LP and
VAM.

Proof. We may assume that OW is of class C® (in the sense of [59]). Applying
Proposition 6.4, Corollary 3.26, and Proposition 3.2 on V \ W, we see that it suffices
to construct a Cauchy barrier for LP near M in order to find a Cauchy barrier on
V\M. Let A(x,D) = A(z, D) on W and define the local operator A by

D(A,U) ={f e W2I(U) : A(z,D)f = g a.e. for g e C(U)},

loc

Af=g on U e OW),

for some ¢ > N, see [46]. Then Ay generates a contraction semigroup on Co(W) by
[46] or [59, Thm. 5]. So Theorem 6.4 and 6.3 of [30] show the existence of a Cauchy
barrier h for pgA on W\ M which is defined on some open set U C W\ M and satisfies
poAh < h. Take p € C[0,T] with p(0) = 0 and ¢’ > 0. Set F(x,t) = ¢(t) h(z) for
(x,t) €U x [0,T] =U. Clearly, 0 < F € D(L?,U,), F(x,t) > 0ast —0orx — M,
and

p(z,1)

po(w)

on U,. The second assertion can be established as in Proposition 6.5. O

LPF(z,t) = —¢'(t) h(x) + ¢(t) po(x)Ah(x) < CF(x,t)
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Similarly one can treat the situation that M intersects with a cylindrical, closed
and open subset of V. Next, we study a more general degenerate operator under
some additional assumptions on the irregular part of the boundary. To that purpose
we weaken the assumptions on the coefficients made before Proposition 6.4. The
function h used below will be a suitable modification of the distance function d in the
applications, see Example 6.8.

Proposition 6.7. Let V € O.(RYN x [0,T]) with V(t) # 0 for 0 <t < T and let V.
be the disjoint union of closed sets F1 79 0 and Ty, where Ty satisfies (R). Assume
that there exists a function 0 < h € W loc( 1)NCy(Vy) for some p > N +2, an open
subset V., of V. with I'y C 9V, and Fg n OV, = 0 satisfying

oh
Jim h(z) =0, 5-(z) 20,

oh

P <
aIk (g) = Cl>

0%h (@) < Co
Oxpox; | ~ h(z)

for (a.e.) x € Vy, k,l=1,...,N, and constants Cy > 0. Moreover, we suppose that
apl, bi, ¢ € Co(RY x [0,T)), (6.3) holds on (RN x [0,T])\ V,, and

oh Ooh

Txk@ 871(&) > ah(z)?

b (2)] < Cs h(z), |aw(z)| < Cah(z)?, Zkl akl(z)
forxz € V,, kIl =1,...,N, and constants o,Cy, > 0. Then the conclusions of
Theorem 6.1 and 6.2 hold for finite intersections of sets V. of the above type if 'y
is a closed and open subset of all OV, and there are relatively compact sets Vi TV,
satisfying (R).

Proof. Tt suffices to contruct a Cauchy barrier near I'; by Proposition 6.4. Set 5 =

NC,C3 + N20C3yC4 — a. Fix XA €]0,a + B[. Then there is a root x €]0,1[ of the

polynomial at? + Bt — \. Set F(z) = go(t)h(i)“’ on V,, where p € C[0,T] with
©(0) =0 and ¢’ > 0. Then0<F€W (V,), F(z) = 0asz —Tj ort — 0, and

loc
LF(z )——@()h( )" = rp(t)h(z)" " Bph(z) + p(t)e(z)h(z)"
-I—KJQD H IZ bk 8kh -I—K)(p(t)h H 12 akl 8klh )

+r(k—1)p ) 22 arr(z) Oxh(z) Oih(z)
< go(t)h( ) (HNCHC:J, + KN20204 + KZ(KZ — 1) ) = )\F(g)
a.e. on (V;)o. Now the assertion follows as in Proposition 6.5 using Theorem 6.3. [

Let us present two examples for the function h used in Proposition 6.7. In these
examples the last assumption in Proposition 6.7 can easily be verified.

Example 6.8.
LV, ={(z,t) e RN x [0,T]: 0 < |z| < &}, T1 = {0} x [0,T], and h(z,t) = |z|.
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2. V= {(z,t) e RN x [0,T]: 0 < |z| < R(t),z ¢ H;} for Hj = {x € RN : 2y =
co=x;=0, zy >0}, j€{l,--- ,N -1}, and 0 < R € C'[0,T] with R’ > 0;
'y =9V, and

(@F + -+ 22 (R(1)* — [2]?), zeV, zy >0,
h(z,t) = 2 42 a2 V2 (R(D2 — |22 v <0
(x4 +af+ i)V (R(E)* —|z?), zeV,an<0.

6.2 Diffusion problems on networks

The theory of local operators also provides a convenient framework to study diffusion
problems on ramified spaces or networks. Using these methods the autonomous case
was investigated in [34, 35, 37], see also [3], [45], and the references therein. Here we
indicate how to extend these results to time dependent coefficients and non-cylindrical
domains in space-time. We refer to [2] for a different approach. For simplicity,
we concentrate on one-dimensional networks € in RY. These are given by at most
countably many simple C2-curves connected by a set of ‘ramification nodes’.

More precisely, let T be a finite or countable index set. Consider simple C? curves

bi : [0,1;] = RN, 0<lj<oo, i €T,

with N} := ¢;(0) # ¢o(l;) =: N?. We assume that the curves ¢; are parametrized by
arc length (starting at N}). Set Q; = ¢;(0,1;) and QF = ¢;[0,1;] for i € Z. Further,
E; = {N},N?} and N(Q) = {N7 : i € Z,j = 1,2} denote the sets of the end points
or nodes. The network is then determined by the branches Q; and a subset N,()
of N(2) containing the exterior nodes. The set of ramification nodes N,.(2) is the
complement of N.(Q2) in N (). Finally, define the sets

O =] and Q=0 \N(Q)
=
endowed with the relative topology induced by RYN. We call Q a network if the
following conditions hold:

1. Qis a connected subset of RY:;

2. QNQF CE;NE;fori#jeT and for each i € Z we have Qf N Q% # ) for at
most finitely many j € Z;

3. if N € E; for exactly one i € Z, then N € N.(Q);
4. for each compact K C RN we have K NQ} # () for at most finitely many i € 7.

In other words, a branch can only be joined at the end points with at most finitely
many other branches and the network is connected and locally finite. Clearly, € is
locally compact with respect to the relative topology induced by RV .



124 G. Lumer, R. Schnaubelt

Further, for J = [S,T] we set Q& = Q x J and Qg*) = QE*) x J, and analogously
for Jo =]S,T]. Define V; = ¢; "(V N Q)  (0,1;) and V; = {(s,t) € (0,;) x J :
(gi(s),t) e VN for VCQ V CQ and i € Z. For a function F : V. — C and
V e O(Q) with V, # 0, let Fi(s,t) = F(¢i(s),t) for (s,t) € V,. Notice that F is
continuous if and only if all the functions F; are continuous up to the ramification
nodes contained in V and coincide on those nodes.

The network is endowed with the analytical structure induced by the arc length s;
on §2;. Morover, if f is differentiable near a ramification node N, then the derivative
d/dvy; at N ‘along’ €; is defined by the derivation with respect to the arc length

sn; on §; starting at IV and evaluated at sy; = 0. We say that F € sz’lloc(z) for

VeOoWQ)if F;, € Wg’l((wi)oo) for all subsets W € O.(Q) of V and 7 € T with
W, # 0, where (W,)oo = W, \ (W,(S) UW,(T)). For p >3 and F € W, (V) the
function F'(-,t) is continuously differentiable on 2 near a ramification node (N,t) € V.
with ¢ € J due to [24, Lemma I1.3.3].

The diffusion on € is described by local operators L; with coefficients a;,b;,c; €
CR([0,1;] x J) for i € T satisfying ¢; < 0 and a; > §; > 0 for constants &;. Moreover
we assume that the functions ¢; coincide on ramification nodes. Then L;, i € Z, is
defined by

2

0 0 0
(LzFl)(Svt) = ai(svt) @Fz(svt) + b1(87t) %Fz(svt) + Ci(S,t) Fl(sat) - aFZ(Svt)

on (V,)oo for F € ng”lloc(z), afixed p > 3, and V € O(Q). These local operators are

connected at the ramification nodes IV via the operators

(BNE)t) = D dwilt)

#NEE;,(Nt)eV

—F(-,t t e J 6.10
dVNi (’ )7 € Jo, ( )

where dy; : J — R is continuously differentiable for N € E; N N,.(Q2). Finally, for a
fixed p > 3 we define

D(L,V)={F e W, (V)NC(V):3G € C(V) with G(S) =0if S € Iy,
L;F; =G; a.e. on (V,)oo, BNF(t) =0 for (N,t) e Vy, N € N.(Q)},
LF=G onV e0OQ) (0. (6.11)

We remark that the condition By F = 0 corresponds to Kirchhoff’s law. It is easy to
see that L is a real, standard parabolic (parabolic), complete, local operator satisfying
(OE). Let V. € O(9,) and (x,t) € V. Clearly, (S1) holds if z is not a node. If x €
N,.(Q), then we can find neighbourhoods U C U C W of z in V (¢) containing no other
nodes and a smooth function f compactly supported in W such that 0 < f <1 and
f=1onU. Choose p € CL(I) with0 < ¢ <land¢(t) =1. Then F = ¢of € D(L,V)
since the functions ¢; coincide at (N, s), and so F satisfies (S1). The condition (LS)
can be verified similarly on ,. We further have
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Lemma 6.9. In addition to the above assumptions, assume that
either dy;(t) > 0 or dni(t) <0 for alli € . (6.12)

Then the local operator L given by (6.11) is locally closed, locally dissipative, and does
not depend on p > 3.

Proof. Clearly, it suffices to consider V. € O(£2,). First, let F* — F and LF" — G in
Cy(V) for F™ € D(L,V). The results of the preceding section yield F; € W;flloc<zi)
and L;F; = G; on V. Further, if (N,¢) € V for a ramification node N, then there
are W, W’ € O.(V (t)) containing no other node and open subintervals I, I’ of Jy such
that

(NyeWcW W cW CV,

where W =W x [ and W =W’ x I'. Asin [2, §4,7] one can transform the equation
LF™ = G™ on W’ into a boundary value problem for a parabolic system which is well
stated in the sense of [24, Chap. VII] or [58]. Therefore the interior a priori estimate
proved in [58, Thm. 5.7] yields

Zi | F" — Fim”Wz?»l(wi) <c Zi 1G? = G oy + 1F] — E" Lo qwry)

since ByF™ = 0. Thus, F" — F in W2 (W) which easily implies F € D(L,V) and
LF = G (use [24, Lemma I1.3.3] to check By F(t) = 0).
We apply Corollary 2.10 to verify local dissipativity. So let x € V such that
0 < F(z) = supy, F for a real function F' € D(L,V). If x € Q,, then L;F;(z) < 0
since L; is locally dissipative by the results of the preceding section. If x € N,.(Q)
and LF(z) > 0, then
d

dvy;
by [10, Prop. 13.2]. But in combination with (6.12) this violates By F(t) = 0 so that

LF(z) <0 in this case, too. Hence, L is locally dissipative. The p-independence of L
follows from the results of Section 6.1. O

F(-,t) <0

Now, the main results of this section are immediate consequences of Theorem 4.15,
4.24, and 5.1. Recall that p €]3, 00[ can be chosen arbitrarily large.

Theorem 6.10. Let Q be a C%-network with branches 0, i € T, ramification nodes
N € N,.(Q) and connecting operators By given by (6.10) with continuously differ-
entiable functions dy; : J — R satisfying (6.12). Let L be defined by (6.11) for
coefficients a;, b;,c; € C%([0,1;] x J) satisfying ¢; < 0 and a; > &; > 0, where the func-
tions ¢; coincide on ramification nodes. Assume that Lo is a generator on Cy(£)y).
Let V. € OQ) with V(t) # 0 for S <t < T. Suppose that V., = (i_, W, for
sets W, € O(Qy) admitting a Cauchy barrier with respect to L. Let S < s < T

and f € Co(V(s)). If S < s < T, let F e C(VI) with FII* = 0; if s = S, let
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F e Cy(Vy). Finally, assume that Dr(S) is dense if s = S. Then there is a unique

function uw € C(VE)NW>L (V) such that

p,loc
L{LLZ = Fz on (K5)1, 7 S Z,
BNu(t) =0 fOT (Nv t) € Zs?
u(os) = [ on V(s), (6.13)
ull'* = 0 (I'=T%ifs=29).

Further, u is given as in Theorem 4.12 for s = S and as in Theorem 4.14 for s > S.
If F =0, then |u| < ||f|l. If f and —F are positive, then u is positive.

Theorem 6.11. Let ) and L be given as in Theorem 6.10 Assume that Lo, is a
generator on Co(Qy). Suppose that V., € O(Q) satisfies V(t) # 0 for S <t <T and
Vo= Niey Wy, for sets W, € O(Q) admitting a Cauchy barrier with respect to L.
Let S <s<T and f € Co(V(s)) with 0 < f < 1. Finally, assume that ® : R — R is
locally Lipschitz, ®(0) = 0, and ®(§) < 0 for € > 1. Then there is a unique function
ue C(VHNW2L (V,) such that

p,loc\—s

Liu; +®ou; = 0 on (V,)i, i1 €I,
Byu(t) = 0 for (N,t) eV,
uls) = f on V(s), (6.14)
ull* = 0

Further, 0 < u <1 and u is given by (5.3).

We remark that for the analogous elliptic problem Cauchy barriers were con-
structed for finite unions of connected sets V' € O.(Q2) in [34, Thm. 4.1] and, under a
certain growth condition on the coefficients, for arbitrary open subsets V # @) of Q in
[37, Thm. 2.1]. The Cauchy problem (6.13) was solved by a reduction to a parabolic
system in [2] for Holder continuous time dependent coefficients on a cylindrical do-
main.
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