SEMILINEAR OBSERVATION SYSTEMS
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ABSTRACT. In this paper, we introduce locally Lipschitz observation systems
for nonlinear semigroups and show that they can be represented by an ‘admis-
sible’ nonlinear output operator defined on a suitable subspace. Also in the
semilinear case, this concept fits well to the Lebesgue extension known from
linear system theory. For semilinear systems, we show robustness of exact ob-
servability near equilibria under locally small Lipschitz perturbations. Finally,
we apply our results to a damped nonlinear beam equation and a semilinear
thermo-elastic system.

1. INTRODUCTION

In distributed parameter systems pointwise or boundary observations lead to
unbounded (and even non closable) output operators. To treat such situations in
a unified and efficient way, the concepts of admissible observation operators and
of observation systems have been introduced in the linear case by Salamon and
Weiss in [17] and [20]. An operator C' € L(D(A),Y) is called admissible for a
Co-semigroup T = (T'(t))¢>0 with generator A if the output map =z — C(T(:)z),
initially defined on D(A), can be extended to a continuous map ¥ from X to
L} (R4,Y). The pair (T,1) is then an observation system; i.e., it holds (Vx)(- +
7) = UT(7)x for allz € X and 7 > 0. Conversely, for any observation system (T, ¥)
there is an admissible output operator C' € L(D(A),Y) such that ¥z = CT'(-)x for
every © € D(A). Moreover, there exists the ‘Lebesgue extension’ Cp, of C satisfying
T(t)z € D(CL) for a.e. t > 0 and Uz = CpT(-)z for all z € X, see [20] and also
[6, 10, 17].

In this paper we extend this successful linear theory to general nonlinear lo-
cally Lipschitz semigroups S = (S(t));>0 (see Definition 2.3) and densely defined
nonlinear output operators C. For such semigroups S we define locally Lipschitz
observation systems W and locally Lipschitz admissible observation operators in
Section 3. We further prove that such observation systems ¥ can be represented
by Wz = C(S(-)z) for a (possibly nonlinear) admissible observation operator C, see
Theorem 3.6.

We then focus on the semilinear observation system
a(t) Au(t) + F(u(t)), u(0)=z¢€ X, t>0, (1)
y(t) = Clu(?)), (2)

where A is assumed to be the generator of a linear Cy-semigroup 7' on a Banach
space X, C is a nonlinear unbounded operator from a domain D(C) to another
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Banach space Y and F' is a locally Lipschitz continuous nonlinear operator from X
into itself. Throughout we assume that F' has linear growth.

It is well known, see e.g. [16, Chapter 6], that the state equation (1) has a global
unique mild solution given by u(-; ) for every x € X. Moreover, by S(t)z = u(t; )
one defines a semigroup S of locally Lipschitz continuous operators. One now looks
for sufficient conditions for the admissibility of C' for S. As an important special
case, we assume that C' is an admissible linear output operators for 7. In this
situation one can in fact construct a nonlinear observation system (S, V) given by
(15), which is the integrated version of (1)—(2). Moreover, the system is (S, ¥ p)
represented by the Lebesgue extension Cf, of C' with respect to T', see Theorem 3.7.

In Section 4 we then define and study local exact observability of locally Lipschitz
observation systems. Again, in the case of the semilinear system (1)—(2) with a
linear admissible operator C| it is desirable to have criteria of the observability of
the system in terms of the linear system given by 7" and C'. In fact, in Theorem 4.4
we show that near an equilibrium g of (1) the linear system is exactly observable
on [0, 7] if and only if (1)—(2) is locally exactly observable on [0, 7], provided that
the Lipschitz constant of F' near z( is sufficiently small. This property holds if
F e C'(X) with F'(z0) = 0.

Similar robustness results for admissibility and exact observability were shown
for globally Lipschitz F' in the paper [3] by two of the authors. In that paper also
additional regularity properties of F' or T were assumed which were needed to treat
the variation of constants formula related to (1). In the present paper we discard
these extra assumptions by using estimate (16) for the convolution f — CLT * f
established in [18] for admissible C. This estimate is new in this context and crucial
in the arguments. The convergence at the end of the proof of Theorem 3.7 is sharp,
and cannot be obtained by simple use of Holder inequality alone.

If the system is linear and X is a reflexive Banach space (e.g. a Hilbert space),
then the concept of controllability is dual to the concept of observability. For
nonlinear systems the situation is more involved. Consequently, most publication
study exact controllability and exact observability separately. There are various
publications in the literature on the controllability of specific semilinear systems.
We refer the reader to [2, 4, 5, 11, 22] and the references therein. On the other
side, to our knowledge, there are only few results on observability of semilinear
systems with linear (or nonlinear) observation operators. In particular, Mangnusson
established in [15] a robustness result for exact observability near an equilibrium.
He allowed for a larger class of nonlinearities in (1), but considered only (nonlinear)
observation operators defined on X. In contrast, we focus on observation operators
defined only on subspaces.

The paper is organized as follows. In Section 2, we discuss background material
on locally Lipschitz semigroups and semilinear equations as well as the basic notions
and results on linear observation systems. In Section 3 and 4 we prove the above
indicated results on admissibility and observability, respectively. Finally, in Section
5, we apply our results to a damped semilinear beam equation and a semilinear
thermo-elastic system.

2. BACKGROUND

In this section we introduce notations and assumptions used throughout the
paper. We further discuss known results about semilinear evolution equations and
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linear observation systems. We denote by X and Y Banach spaces (the state and
the observation space, respectively). The family T = (T'(¢));>0 of linear operators
is a Cop-semigroup on X with generator (A4, D(A)). We can fix constants M,w > 0
such that

I < Mes (3)
holds for all ¢ > 0. We denote by L(F,G) the space of bounded linear opera-
tors between two Banach spaces E and G and put L(F) := L(FE, E). Moreover,
the (nonlinear) operator F' : X — X is always assumed to be locally Lipschitz
continuous; that is, for each r > 0 there exists a constant L(r) > 0 such that

[1F(z) = F(y)ll < L(r)]lz —yl,
for all z, y € X with ||| <r and |y| <.

It is well-known (see e.g. Theorem 6.1.4 in [16]) that, under the above assump-
tions, for every z € X there is a maximal ¢(z) € (0, oo] such that the problem (1)
admits a unique mild solution u = u(-;z) € C([0,#(x)), X) satisfying the integral
equation

u(t) =Ttz + /0 T(t — o)F(u(o))do. (4)

Moreover, if t(z) < oo then lim,_,;(,) [[u(t)|| = co. For our investigations it suffices
to consider mild solutions. The question whether they are in fact classical solutions
of (1) is discussed, e.g., in [16, Chapter 6]. In this paper we work in the situation
of global solvability assuming that

(H) ||F(x)|| < allz||+b holds for all z € X and some constants a,b > 0.

Under this condition of linear growth, the formula (4) and Gronwall’s inequality
easily yield the next result.

Proposition 2.1. Let A generate a Cy-semigroup T satisfying (3) and F: X — X
be locally Lipschitz such that (H) holds. Then the problem (1) has a unique global
mild solution in C([0,00), X) for each x € X. Moreover, u is exponentially bounded
in the sense that

Mb
lu@®)|| < 76‘” + Me&FadDt) 4| for all t>0. (5)

Remark 2.2. If we assume that F is globally Lipschitz continuous, then it has
linear growth and thus (1) has a unique global mild solution for each x € X.

Definition 2.3. A family S = (S(t))i>0 of locally Lipschitz operators from X into
itself is called a semigroup of locally Lipschitz operators on X if it satisfies the
following conditions:
(a) S(t+s)x=S(t)S(s)x and S(0)x =0 forallt,s >0 andz € X.
(b) For each x € X, the X -valued function S(-)x is continuous on [0, 00).
(c) For every r > 0 and tg > 0 there exists a constant L(tg,r) > 0 such that
for all x,y € X with ||z||, ly|| < r we have

1S@)x = S(t)yll < Llto,r)llz =yl for all t € [0,to]. (6)

A special class of a semigroup of locally Lipschitz operators are Cp-semigroups.

Let u(-; ) be the solution of (1) for a given z € X, where we

assume that (H) holds. We define S(¢t)z := wu(t;z) for all x € X and ¢t >
0. The operators S(t) then map X into itself and satisfy the properties stated
in Definition 2.3. In fact, the first property follows from the uniqueness of mild
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solutions. The second one is an immediate consequence of the continuity of ¢ —
u(t; ). The last property can be shown using (4), (5), the local Lipschitz continuity
of F' and Gronwall’s inequality. Hence, the output function in (2) is formally given
by

y(t) = C(S(t)x).
Of course, this expression only makes sense if S(t)z belongs to the domain D(C')
of C. We note that, in general, D(C) is not invariant under S(¢). Such problems
already occur in the linear case. To motivate our approach, we first recall the linear
theory before proceeding with the nonlinear one.

Let T be a Cyp-semigroup on X with generator (4, D(A)) and let C': D(A) - Y
be a linear bounded operator, where D(A) is endowed with the graph norm of A.
(The operator C' could be unbounded and even non closable in X.) We consider
the observation system

u(t) = Au(t),  u(0)=u,
y(t) =Cu(t), t>0. (7)

Since T'(t) : D(A) — D(A) is bounded, for € D(A) the output y = Cu: Ry =Y
is well-defined and continuous. Wellposedness of (7) should mean that the map
x + y is continuous from X to L?([0,t],Y) for each ¢t > 0. Correspondingly, Weiss
introduced in [20] the concept of admissibility of C (for T'), which says that the
estimate

/O " lCT(0)2lPdt < A(to)? 2] (8)

holds for some (hence all) ¢y > 0, all + € D(A) and locally bounded constants
Y(tg) > 0. Due to (8), the linear operator ¥ : D(A) — L% (R,Y) defined by

loc
(Vz)(r) =CT(7)x, >0, (9)

can be extended to a continuous linear operator from X to L} (R,Y) denoted
again by . Here and below, L? (R, ,Y) is endowed with its canonical metric, i.e.,
a sequence of functions f, converge to f in LIQOC(RJ” Y) as n — oo if the restrictions
fnl[0,t0] converge to f|[0,] in L2([0,t0],Y) as n — oo, for every to > 0. Thus, a
linear operator ® : X — L? (Ry,Y) is continuous if and only if there are constants
c(to) such that ||®x| 120,40, v) < c(to)||z] for all z € X and tg > 0. For ¥ from (9)

it further holds that
(V)(-+7) = 9T (1) on R, forall 7 >0. (10)

If a linear operator ¥ : X — L? (Ry,Y) is continuous and satisfies (10), we say
that (T, ) is a linear observation system on X and Y.

Therefore, for an admissible C, the system (7) possesses the (extended) obser-
vation Wz for every x € X, where ¥ : X — L? (R,,Y) is the extension of the
operator defined in (9) and (7, ¥) is an observation system. Conversely, for any
given observation system (7, ¥), Weiss constructed in Theorem 3.3 of [20] an ad-
missible observation operator C' € £(D(A),Y) such that (9) holds. Moreover, he
defined the Lebesgue extension of C by

T

Crz := lim C’1 T(t)xdt, (11)
™0 T Jo

with domain
D(CL) :=={x € X : the limit in (11) exists}.
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This definition makes sense for any C' € L(D(A),Y") without assuming admissibility.
It then holds D(A) € D(CL) C X, Cy = Cry for all y € D(A), as well as
T(t)r € D(Cr) and Yz(t) = CLT(t)x for all x € X and a.e. t > 0, see Section 4
in [20]. We note that in [21] another extension of C' (the Yosida extension Cy) was
introduced. However, for our purposes the Lebesgue extension is more appropriate.

3. LOCALLY LIPSCHITZ OBSERVATION SYSTEMS

We start with our basic definitions.

Definition 3.1. A locally Lipschitz observation system on the Banach spaces X
and Y is a pair (S, V), where S := (S(t))i>0 is a semigroup of locally Lipschitz
operators on X and ¥ is (possibly nonlinear) operator from X to L} ([0,00),Y)

such that for every to, r > 0 there exists a constant k(r,tg) > 0 such that
(Pz)(-+7)=TVS(1)z on Ry,
[z — Wyl L2(0.10],v) < K(r,t0)[|z =yl

for all >0 and z,y € X with ||z|, ||yl < r.

Definition 3.2. Let S be a semigroup of locally Lipschitz operators on X and let
C :D(C) =Y be a (possibly nonlinear) operator with dense domain D(C) in X.
We say that C is a locally Lipschitz admissible observation operator for S if, D(C)
is S-invariant, that is, for every x € D(C), it holds S(t)x € D(C) for a.e. t > 0,
the function C(S(-)x) : Ry — Y is strongly measurable and if for every to > 0 and
every r > 0 there is a constant vy(r,tp) > 0 such that

/0 " OS W)z — OS2 dt < A(r,to)l|z — 9], (13)

for all x, y € D(C) with ||z, ly]| < r.
Remark 3.3. If S is a Cy-semigroup and D(A) = D(C), then D(C) is S-invariant.

Let C be locally Lipschitz admissible for S. Then the map ¥ : D(C) —
L} (R4,Y), x — CS(-)x, possesses a locally Lipschitz continuous extension from
X to L? (R4,Y). In fact, let z € X and ¢y > 0. Since D(C) is dense, there exist
xn, € D(C) converging to x in X as n — oo. Estimate (13) imply that ¥z, is a
Cauchy sequence which therefore converges to some z in the complete metric space
L? (R4,Y). If 2}, € D(C) converge to z in X, then Wa/, also converges to z in
L? (Ry,Y) because of (13). So we can extend ¥ to map from X to L? (R4, X)
denoted by the same symbol. Let to,7 > 0 and x, y € X with ||z|, |ly|| < r. There
are z, € D(C) and y, € D(C) converging to x and y, respectively. Using (13) we
can then estimate

[Pz — Yyl r2(0,to)y) = limn—oo P20 — Yynl|L2(j0,40),v)
< W(T» tO) hmn%oo ||$n - ynH = 7(717 tO)Hx - yH
Hence, ¥ is locally Lipschitz continuous on X. We further obtain

Ur(r+-) = li_)m U, (r+-) = li_)m US(r)z, =US(1)x

(12)

in L? (R4, X). We state this result as a lemma.

Lemma 3.4. Let C be a locally Lipschitz admissible observation operator for S.
There there exists a locally Lipschitz continuous extension ¥ : X — L2 (]0,00),Y)

of the map x — CS(-)x defined on D(C). Moreover, (S, V) is a locally Lipschitz
observation system.
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For a given locally Lipschitz observation system we can now construct a pointwise
representation in terms of an observation operator.

Definition 3.5. For a locally Lipschitz observation system (S, V) we define
Cz = lim, o — fo (Pz)(t)dt, (14)

for x € D(C) := {x € X : the limit in (14) exists in Y }.

The next representation result extends Theorem 4.5 of [20] to locally Lipschitz
observation systems.

Proposition 3.6. Let (S,V) be a locally Lipschitz observation system, and let
C : D(C) =Y be the nonlinear operator defined by (14). Then, for all x € X and
t >0 we have S(t)z € D(C) if and only if

1 T
7/ (Px)(t+ s)ds converges as T N\ 0.
T Jo

If this is the case, then the limit equals CS(t)x . We thus obtain (Vz)(t) = CS(t)z
for almost every t > 0, namely for all Lebesque points t > 0 of Wx.

Proof. The theorem follows from the identity

1 T 1 T
7/ (S(t)x)(r)dr = f/ (Vz)(t + r)dr
T Jo T Jo

and the fact that this limit exists for almost every ¢ > 0 since Wz is locally inte-
grable. This proof also works in the linear case. U

In particular, Cis a locally Lipschitz admissible observation operator for S .
According to Lemma 3.4, C and S ( generate an observation system (S, ). It
is easy to see that, in fact, ¥ = U. We say that the operator C represents the
observation system (S, ¥).

Now, we consider the special case of the semilinear system (1) and (2), where we
assume in addition that C' is linear. So let (T, ¥) be a linear observation system with
observation operator C' and Lebesgue extension Cf, and (S(t));>0 the semigroup of
locally Lipschitz operators solving (1) in the mild sense. Recall from Section 2 that
Ve =CLT(-)x.

In order to describe the output of (1) and (2), we define

Upr = Uz + CLKF(S(-)x) (15)

for all x € X, where Kf(t) := fo (t —s)f(s)ds for f € L} (R4, X) and ¢t > 0.
Observe that F(S(-)z) is locally bounded due to (H) and (5). We recall from
Proposition 2.11 in [18] (and its proof) that Kf(¢) € D(Cyr) for a.e. t > 0, CLKf :
R4+ — Y is strongly measurable and

1
ICLKf L2 (0,001, v) < c(to)td 1 flIz2((0,t0],) (16)

for all f € L? (Ry,X) and to > 0, where c(tg) = v(to + 1) and ~ is as in (8).
(Hence, ¢ : Ry — Ry is locally bounded.) We now show that (¥p,S) is a locally
Lipschitz observation system represented by C7..
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Theorem 3.7. Let (T, V) be a linear observation system with observation operator
C e L(D(A),Y), let F: X — X be locally Lipschitz, and suppose that S(-) solves
(1). Assume that (H) holds. Define Yp as in (15). Then, (Vp,S) is a locally
Lipschitz observation system which is represented by the Lebesque extension C,.

Proof. Let tg > 0 and r > 0, and take z,y € X with ||z, |ly]]| < r. Using the
assumptions, (16) and (6), we can estimate

1Wrz —YeyllL2ow)y) < ¥ (@ —y)llL2(o.t0),y)
HICLK[E(S()z) = F(SC)ylllz2 (0,101,
< cllz =yl + cto)ts | F(SC)a) = FSCy)llzo,t0],x)
< cl|lz = yll + e(r,to)t5 [19()z = SCyll 2 o401
< e(rto)llx —yll.
Let ¢ > 0. For a.e. 7 > 0, the formulas (15) and (4) lead to

(Upz)t+71) =C.T(1)T(t)z+CL tt+T Tt+71—35)F(S(s)x))ds
+OLT(7) [y T(t — s)F(S(s)x)) ds
=CLT(1)S(t)z + Cy, fOT T(r—s)F(S(s)S(t)x)) ds
= (Up(S(t)2))(7).
So we have shown that (¥, S) is a locally Lipschitz observation system. For the
second assertion, let € X and ¢ € (0, 1]. Equation (15) yields
1 [ 1 [t 1/
7/ (Prz)(s)ds = 7/ (Tx)(s)ds + 7/ CrKF(S(-)z)(s)ds.
tJo t Jo tJo
The second integral on the right hand side is denoted by J(¢). From Hélder’s
inequality and estimate (16) we deduce that
[J@) < t72|CLKE(S ()l 20,0,v) < cIF(SC)2)llL2(o,0,x) — 0

as t — 0. We then conclude that D(C) = D(Cr) and Cz = Cpzx, where C
represents U p. O

4. EXACT OBSERVABILITY

Again we start with our basic definitions in the linear and the nonlinear case.

Definition 4.1. Let C € L(D(A),Y) be an admissible observation operator for
the linear Cy-semigroup T with generator A. The system (7) is called exactly
observable in time 7 > 0 if there is a constant k > 0 such that

ICT(-)x| 20, 71,y = &llz|| for all x € D(A). (17)
Definition 4.2. Let C' : D(C) = Y be an locally Lipschitz admissible observation
operator for the semigroup S of locally Lipschitz operators solving (1). The system

(1) and (2) is called locally exact observable in time 7 > 0 at 9 € D(C) (or on
B(xg,70)) if there are numbers 1o,k > 0 such that

1CS()z = CSOyllrz(o,7,y) = &llz =yl (18)
for all z,y € D(C) with |zg — x|| < 1o and ||z — y|| < 9.

Remark 4.3. One can see that the linear system (7) is exactly observable if and
only if is locally exact observable at some xq, see the proof of Theorem 4.4 below.
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We now establish a robustness result for exact observability in the semilinear

case. Observe that zg is fixed point for the semilinear problem (1), i.e., S(t)xo = o
holds for all > 0, if and only if xg € D(A4y) and Azg = —F(x9). In particular, xg = 0
is a fixed point for (1) if and only if F(0) = 0.
Theorem 4.4. Let C € L(D(A),Y) be an admissible linear observation operator
for the Cy-semigroup T with generator A. Let F : X — X be locally Lipschitz
and let S be the nonlinear semigroup solving (1). Assume that (H) holds. Let
xo € D(A) satisfy Axg = —F(zo) and denote by Lo(r) the Lipschitz constant of
F on the ball B(xo,r) in X. Then there are constants Ly, Ly > 0 such that the
following assertions hold.

(a) If the linear system (7) is exactly observable in time T > 0 and if there is
an 7 > 0 with Lo(7) < Ly, then the nonlinear system (1) and (2) is locally
exact observable in time T at xg.

(b) If the nonlinear system (1) and (2) is locally exact observable in time 7 > 0
on the ball B(xg,m9) and there is an 7 € (0,rg) with Lo(7) < La, then the
linear system (7) is exactly observable in time T.

Proof. We first establish certain Lipschitz estimates for S near zy. Fix an R > 0
and take any r € (0, R). Let p € (0,7), =, y € B(xo,p), and ¢t € [0,7]. Let t; > 0
be the supremum of ¢ € [0, 7] such that ||S(s)z — zg|| < r for all s € [0,¢]. The
formula (4) and estimate (3) then imply the inequality

t
[1S@)z = ol = [|S(H)x = S(t)xo|| < Me”llff—xollJrMew/ Lo(r)[|S(s)x —zol| ds
0

for all 0 <t < t;. From Gronwall’s inequality it follows that
[1S(t)x — wo|| < Me*T exp(Me*" Lo(r)7)p
for all 0 < t < t;. Choosing a sufficiently small p = p(r) > 0 we thus obtain
[|S(t1)x — xo|| < r so that t; = 7 and S(t)z € B(xzg,r) for all t € [0, 7]. Using again
(4), we can now deduce the Lipschitz estimate
[S@)x = S(t)yll < Me®T exp(Me*T Lo(r)7)lz — yl| = k(R)||z — yl|

if |z — zol], ly — xol|| < p(r) < r and t € [0, 7].

We now assume that the system (7) is exactly observable in time 7 > 0 with
constant x > 0. Formula (15) yields

CLT(t)(z —y) = CLS(t)x — CLS(t)y — CL / T(t —0)[F(S(o)x) = F(S(0)y)] do-.

0
Using (16) and the above estimates, we then deduce that

ICL T()x = CLT()yllL2o,n,v)

< ICLS()z = CLSCO)yllrz(o,7,y) + () [F(S()2) = F(SC)Y) 20,11, %)
< CLS()x = CLSOyllrz(o,n.y) + c(m)Lo(r) [SC)z = SC)yll 120,77, %)

< NCLS()x = CLSC)yllLz(o,n,y) + Lo(r)ei(T)k(R) ||z — yllx

for x,y € B(xo,p(r)) and ¢t € [0,7]. Thus, if Lo(7)c1(7)k(R) < k/2 for some
7 > 0, the observability of C' and T yields

1CL Sz = CLSCylle2 oy

> CLTC)z = CLT Oyl 2 o.m,y) — ca(TR(R) Lo(F) || — yll = Sz — vl
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for all z,y € X with ||z — x|, |ly — zol| < p(7).
To prove part (b) we proceed in the same way, but we require in addition that
0 < p < rg and take y = xy. We thus obtain

ICLT () (= — x0) | L2(j0,71,v) = 5|z — 20|

for all z in a ball around zy. By linearity, this estimate implies the exact observ-
ability of the linear system (7). O

5. APPLICATIONS
In this section we give examples for the main theorems of this paper.

Example 5.1. Let Q C RN be a bounded domain with boundary 0Q € C* and let
T' be an open subset of 0. Consider the damped nonlinear plate equation

Uy + A%u — 28Au; — f (fﬂ |Vu|2dm) Au=0, x € Q,t>0,
u(t,x) =0, z € 9Q, t > 0,

Au(t,z) =0, x € 9Q, t >0,

w(0,z) = uo(z), w(0,2) = u1(x), z € Q

(19)

with > 0 and the output function
y(t) = wlr. (20)

Equation (19) arise in the mathematical study of structural damped nonlinear vi-
brations of a string or a beam and was considered in [7, 19] and references therein.
Let H = L?(Q) and Ap = A%¢p with D(A) = H*(Q) : u = Au = 0 on 9Q}. It is
known that A is a self adjoint, positive, boundedly invertible operator and that

H, := D(A?) = H*(Q) N Hy ().

Let H_1 be the dual space of H% for the pivot space H.

1
2

Set v = u; and Z(t) = ( zég > We can then rewrite the problem (19)-
(20) as the abstract first order ordinary differential equation in the Hilbert space
X=H 1 X H

d
{ SA) = AZ() + FZ(), 2(0) = Z, 1)
y(t) =CZ(t)

is given by

A= ( o1 ) . D(A) = D(4) x D(A}),

where the damping operator D : H% — H defined by D = 2514% 18 bounded and
positive. Furthermore, we set

C=(0,C) and Co=9|r for ¢€H,
anddeﬁneF:H%xH%H%bey

()= (s mian an )
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FO?”ZEH%, we have

1 28
<DZ’Z>H7%><H% = <26A2Z’Z>H = 2/8||Z||Hé(ﬂ) > ?”Z”LZ(F)’

for some ¢ > 0 by the trace theorem (see e.g. Theorem 2.5.4 in [14]). Hence, the
assumptions (A1)-(A3) of |9, Proposition 4.1] are satisfied, and thus the observation
operator C is infinite-time admissible for the semigroup generated by A.

Assuming f : [0,00) = R locally Lipschitz and bounded, the mapping F is locally
Lipschitz continuous on H% X H and of linear growth. Theorem 3.7 now implies
that the Lebesgue extension of C with respect to the semigroup generated by A is an
admissible observation operator for the problem (19)-(20).

Example 5.2. Let Q be a bounded open subset of RN with boundary 0Q € C*. We
consider the following semilinear thermo-elastic system

wy + A2w 4 aAl = f (fQ \Vw\Qd:E) Aw, x € Q,t >0, (22)
0; — A+ 06 — alAw; =0, v € Q,t >0,
with the boundary and initial conditions
ow
0(t,x) = w(t,x) = g(t,x) =0,2€0Q,t>0 (23)
w(0,z) = wo(x), we(0,z) = wyi(x), (0,2) =01(x), x €Q
and the output function
y(t,x) =-Vo(t,x), t>0, xz €. (24)

Here, the coupling parameter « is positive and the constant o is non negative.
Controllability of corresponding linear system of (22)-(23) with various boundary
conditions and controls are well studied, see [1, 8, 12].

We define the linear operators Ag = A% and Ap = —A on L*(Q) — L?(Q2) with
the domains

D(Ag) = HY(Q)NHZ(Q) and  D(Ap) = H*(Q) N H(Q).
It is well known that Ay and Ap are self adjoint positive operators and that
D(Ao}) = H(Q) and D(A}) = HY(€).

We introduce the Hilbert space H := D(AO%) x L2(2) x L2(Q), equipped with its
natural inner product. Set v = w; and

w(t) wp
z)=1| v®) |, 2=0=1 wo
(t) 6o

The system (22)-(23) can be rewritten as an abstract semilinear evolution equation
in H of the form
2= Az + F(z), 2(0) =z € H,

with the output function

y(t) = Cz(1),
where A is the linear operator defined by
0 I 0
A= —A() 0 O[AD

0 —aAD —AD—G'I
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with domain D(A) = D(Ap) x D(AO%) x D(Ap), and the observation operator
C:D(A) - Y =0x0x (L*(Q)N, C = (0,0,-V). Further F : H — H is the
nonlinear operator given by

w 0
F v = f(fy|Vw?dz) Aw
0 0

In Proposition 2.1 of [1], it was shown that A generates a Cy semigroup of contrac-
tions on the Hilbert space H. Proposition 2.7 of [1] also implies that C is admissible
with respect to A. Finally, in Section 3 of (2] the pair (A,C) was proved exactly
observable. If we assume that f : [0,+00) — R is bounded and locally Lipschitz
continuous, then F is locally Lipschitz on H and satisfies assumption (H). More-
over, F(0) = 0. Using Theorem 4.4 we deduce that the problem (22)—(24) is locally
exactly observable at wg = 0y = 0.
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