THE DOMAIN OF THE ORNSTEIN-UHLENBECK OPERATOR ON
AN [’-SPACE WITH INVARIANT MEASURE

GIORGIO METAFUNE, JAN PRUSS, ABDELAZIZ RHANDI, AND ROLAND SCHNAUBELT

ABSTRACT. We show that the domain of the Ornstein—Uhlenbeck operator on
LP(RY | udx) equals the weighted Sobolev space W2P(R¥ | udx), where udx is the corre-
sponding invariant measure. Our approach relies on the operator sum method, namely
the commutative and the non commutative Dore—Venni theorems.

1. INTRODUCTION

In recent years the Ornstein-Uhlenbeck operator

N N
1 1
Lu(zx) = 5 E ¢i; Diju(z) + E a;;x; Dju(z) = 5 tr QD?*u(z) + (Az, Du(z)), x € RY,

ij=1 ij=1

and its associated semigroup T'(-) on, say, C,(RY) given by

(T(t)p)(x) = (2m)7% (det Qy) ™2 / plehe —y)e 5<% v dy weRY, t>0, (11)
RN

have attracted a lot of interest. These activities are in particular motivated by the fact

that 7°(-) is the transition semigroup of the Ornstein-Uhlenbeck process (see [11])

t
X(t,z) = ea +/ DA QI (s)
0

on RY, where W is an N-dimensional Brownian motion with covariance matrix @, i.e.,

(T()p)(x) = E[p(X (2, ))].

The main purpose of this paper is to determine the domain of the realization L, of L
in a certain weighted Lebesgue space Lf = LP(R", udr) assuming that Q = (g;) is a
real, symmetric, positive definite N' x N-matrix and that A = (a;;) is a real N x N—
matrix whose eigenvalues are contained in the open left half plane. These hypotheses,
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kept throughout Sections 1-3, ensure that the matrices

¢
Qi = / Qe ds, t € (0,00], (1.2)
0

are well defined, symmetric, and positive definite. (If ¢t € (0,00), then one can allow for
an arbitrary real A.) Moreover, the Gaussian measure pdzx given by the weight

p(x) = (27)77 (det Qo) 2 e 7<= 57> g e RV,

is the unique invariant measure for the semigroup 7'(-), i.e., p is the only probability
measure for which

[ rwa@ue e = [ p@p@dn.  peG®) ez0. 13

RN
see [11, Theorems 11.7, 11.11]. As a result, T'(-) extends to a semigroup of positive
contractions on LE for 1 < p < co and it is not difficult to see that T'(¢) f(x) is still defined
by (1.1) for f € Lb, z € RY, and t > 0. The semigroup 7'(-) is strongly continuous on
Lrif 1 < p < oo, analytic for 1 < p < oo (but not for p = 1), and its generator L, is the
closure of L defined on the Schwartz class S(RY). We refer, e.g., to [16] for the proofs of
these properties.

The equality D(L;) = W2 has been first proved by A. Lunardi in [14] making heavy use
of interpolation theory. A simpler proof of the same result can be found in [7]. Recently,
this result was extended to p € (1,00) in the symmetric case by A. Chojnowska—Michalik
and B. Goldys in [3, Theorem 3.3], who studied (as in [7]) the infinite dimensional version
of L where RY is replaced by a separable real Hilbert space, and by G. Da Prato and
V. Vespri in [10, Theorem 2.2], who allowed for more general drift terms of gradient
type on RY. Both approaches are based on maximal regularity results from [2] and [1],
respectively. We also refer to the previous papers [6], [9], [12], [20].

In our main Theorem 3.4 we establish the equality D(L,) = Wj’p for 1 < p < 0.
In Section 2 we first diagonalize @) and () simultaneously and describe the resulting
drift matrix A;. This allows to decompose L = L° + B, where L° is a symmetric,
diagonal Ornstein—Uhlenbeck operator and B generates an isometric group on L. Then
we determine D(L,) in three steps. The one-dimensional case is first settled in Lemma 3.1
by rather elementary calculations. In Proposition 3.2 we then establish that D(Ly)) = WP
using the Dore-Venni theorem [13], Lemma 3.1, and elliptic regularity in LP(RY). In a
final step we deduce that D(L,) = D(L)) = W3>? employing a perturbation argument
based on a non commutative Dore-Venni type theorem, see [17].

In the last section of this paper we characterize the domain of the Ornstein-Uhlenbeck
operator L in LP(RY), 1 < p < oo, for an arbitrary real drift matrix A applying again
the results in [17]. As a byproduct, we can prove L” estimates for L. We remark that
Schauder estimates for L have been already obtained in [8].

Notation. The space of continuous functions f having continuous (resp. continuous
and bounded) partial derivatives D, f up to order k is denoted by C*(RY) (resp. CF(RY))

and the corresponding weighted Sobolev space by Wf’p = WEP(RN pudz) = {f € LT
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Dof € Lb, |a] < k}, where k € Ny, 1 < p < oo, CP(RY) = G(RY), W* = L =
LP(RY, udz), and « is a multi index. The Schwartz class is designated by S(RY) and the
space of test functions by C°(RY). We write LP(RY) if the underlying measure is the
Lebesgue measure. By a slight abuse of notation we write xf or x;f for the functions
z v xf(z)or v x;f(x), where x = (21, -+ ,xn) € RY. The symbol ¢ denotes a generic
constant.

2. PREPARATIONS

In this section we collect some results needed in the next section. For reader’s conve-
nience we give complete proofs of known facts.

The Ornstein—Uhlenbeck operator L is called symmetric if the semigroup T'(+) is sym-
metric in L?. The next lemma is a slight modification of [3, Theorem 2.2].

Lemma 2.1. The equality AQo + Qo A* = —Q holds. Moreover, the following properties
are equivalent.

(a) L is symmetric.

(b) QA" = AQw.

(c) QA" = AQ; for allt € (0,00).
(d) QA* = AQ.

Proof. Observe that (1.2) yields the formula

Q1 + € Qoo™ = Qu. (2.1)

The first assertion can be verified by taking in (2.1) the derivative at t = 0. The equiv-
alence of (a) and (d) was shown in [3, Theorem 2.2]. The implication (d)=(b) is an
immediate consequence of (1.2). Assertion (c) follows from (b), due to (2.1). Finally, (c)
implies (d) by differentiation. O

Given an invertible real N x N—matrix M, we introduce the similarity transformation
By CRY) = CRY);  (Dyu)(y) = u(MTy)
For u € S(RY) and v = ®yu € S(RY), one easily calculates that Lu(z) = Lv(Mz),
x € RV, where

Lv=1trQD* + (Ay, Dv), Q=MQM* A=MAM™"'

— 2
This means that L = CIDA_/}ECDM on S(RY) and Q. = MQ.M*. The corresponding
Gaussian measure for L is given by

N ~ 1 1/,~HA—1 1
G(x) = (27) 2 (det -3 o 3@ m1) _
flw) = (2m) % (det Qo) F e RESTI

As a result, ®); induces an isometry from L% onto Lg and an isomorphism from Wlf’p
onto W;f P 1 <p < oo, k€N Recalling that the induced generators L, and Ep are the

closures of L and L defined on S (RY), respectively, we arrive at

L,=®,/L,®y with D(L,) = ®;}D(L,).
3

w(M™'z), zeRN.



There is an invertible real matrix M; such that M;QM; = [ and an orthogonal real
matrix My such that My(M;QooM; )My = diag(Ay,--- ,Ay) =: D, for certain \; > 0.
Taking M = M,M;, we have transformed L into the more convenient form described in
the next lemma.

Lemma 2.2. (a) There exists a real invertible N x N -matriz M such that L, = ®3} L,®
and D(L,) = ®,/D(L,), where Lu = Au + (Az,Du) and A = MAM~'. Moreover,
Qo = D, for certain Aj >0,

2

fi(w) = (27)7% (A= Aw) 72 exp(— X 58), (2.2)
and Py : Wf’p — W;f’p, 1 <p<oo, k€N, is an isomorphism.

(b) Setting Lou = AU — (%D§x, Du), Bu = (Ayx, Du), and A, = A + %D% we can
write L = L° + B. Moreover, A;Dy = —D)A; and hence the diagonal elements of A,
equal zero. Finally, fi (defined in (2.2) ) is the invariant measure of the Ornstein—Uhlenbeck
semigroup generated by L°, and L° is symmetric.

Proof. (a) holds in view of the discussion above. As regards (b), by Lemma 2.1 we have
AD, + DyA* = —I, and hence A;Dy = —I — DyA* + %I = —D\)Aj. Finally, i is the
invariant measure for L° by the explicit computation of the integral in (1.2) and L0 is
symmetric (in L7) by Lemma 2.1. O

In order to determine D(L,), we may thus assume that L is given by

L=L"+B, Lu=3iAu—1(Dix,Du), Bu=(Ajz,Du), where (2.3)
A

1 ;1;2
ADy = —DaAi, Qu=Dx ple)=(2m)% (A Ay) P exp(-Y, ) (24)

for € RY and certain \; > 0. We recall that y is the invariant measure for L° and that
L° is symmetric.

We further need the following property of the space Wj’p which was essentially proved
in [16, Lemma 2.3], see also [14, Lemma 2.1] for the case p = 2.

Lemma 2.3. Let 1 < p < oo. If ¢, Djp € LV, then the function x;jp belongs to L, and
lzjolle < Cp (lollzz + [ Djellrz) for a constant C, > 0 depending only on p and A;.

Proof. Tt suffices to prove the lemma for ¢ € C5°(RY) and we may assume that y is in
the diagonal form (2.4). Integrating by parts, we obtain

/RN |zjpo(x)Pu(x) de = —); /RN |a:j|p’1 lo(x)|P signz; (D;p)(z) dx (2.5)

= A /RN [(p = D" l(@)” + plas "~ (Do) (@) (@) [P~ sign a;] p(w) da.

We set Iy = [ | P 2lo(@) Pu(a) de and I = [y 2,7 Dyo(a)] (@) P u(a) dar.
Holder’s inequality yields

1

([ 1DsetoPute)as] 26

p—1

e[ lesela)Puta) ] ©
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In order to deal with I;, we first consider p > 2. Then, for each € > 0 there is M, > 0
such that |x;P~2? < e |z;|P + M., and hence

B< Mool += [ Jaola)Pute) de 1)
R
Combining (2.5), (2.6), (2.7) with Young’s inequality, we arrive at
a1, < As(p = DML I, + X0 = De llegellsy + Ap llesollZg 1Dslsg
< Ny(p = DM, gl + X0 — De lallty + 70— 1) eyl
£ Dl
and hence
(1= =D +em )] llzjellyy < Ai(p— DM llellzy + Ase ™" [[1Djell7- (2.8)

Therefore the lemma is proved for p > 2 taking a sufficiently small ¢ > 0. If 1 < p < 2,
we write x = (z;, ) and estimate

1
ne [ [ P tle@Pueds - [ el a) d|i
R-1 L) R\[-1,1]

1
< [larrdn [ 1w el 2P a0.8) di + el
-1 RN =

xje[—l,l]
< c(IDsell, + Ielly) 29)

using the embedding W1P(—1,1) < L*(—1,1). As in (2.8), the assertion follows from
(2.5), (2.6), and (2.9). O

From the above lemma we deduce that Wi’p is a core for L, if 1 < p < oo.

Proposition 2.4. For 1 < p < oo, the operator L, is the closure of the differential
operator L defined on Wi’p.

Proof. As shown in [16, Lemma 2.1], L, is the closure of the operator L defined on S(R").
Let u € W2P and (u,) C S(RY) converge to u in the norm of W2*. Then u, € D(L,)

and Lyu, = Lu, converges to Lu in L, by Lemma 2.3. Since L, is closed, u € D(L,)
and Lyu = Lu. O

3. MAIN RESULTS

We first compute the domain of the one-dimensional Ornstein-Uhlenbeck operator L,
on LF for 1 < p < co. In view of Lemma 2.2 we may assume that Lu = %u” — % xu’ and
() = (2m\) V2 exp{—x2/2)}.

Lemma 3.1. If N =1 and 1 < p < oo, then D(L,) = W3;?.
5



Proof. Thanks to Proposition 2.4 and Lemma 2.3, it remains to show that
lullwze < e(l[Lullzy + [lullcy) (3.1)
for u € W2P. For a given u € W?P, we write f = (I — L)u € L!, and v = u’. Hence,
—3V'(x) + gav(z) = f(z) —u(z), xR

Integrating we obtain
_ g2 _1,2 ¢ — L2
e o) —e (@) =2 [ (uly) — fly))e > dy, R

Since (u — fle zx¥" € LY(R) and v € L7, the function e~2x8*y(€) tends to 0 as & — +oo
and therefore

1 +oo 1.2
o) =<2 [ () - f)e B dy
Setting ¢(x) = e_%%xQU(x) and g(x) = Qe_ﬁxQ(f(x) —u(x)), we arrive at

o(x) = {fx exp(gx(2® —y*) g(y)dy, = =0,

— [ exp(ars (a2 —y*) g(y) dy, = <0.

Note that [|zu'||r = [[zp|| L) and 2|[f — ul|zz = [|g]|r@). We thus have to control the
LP(R)—norm of xy. It suffices to estimate ngo” rr(r,)- Holder’s inequality and Fubini’s
theorem yield

00 o'} e o) p
||$¢||LP R+) / / xTe 2p/)\(y+ )(y )g(y) dy' dﬂj
0 T

[e'e) [e%¢) 1 e’} 1 p—1
< / ( / we g (y )|”dy) ( / e AT dy) dx
= A" 1/ / e 0 g ()P dy da

w)“/o )l [ e 0 dr

0

We further compute

v 1
/ we AP gy = y2/ te PRV gt < 02 /2 e~ PRV gy
0 0 0

1

< 2y2 /2 6_21%’*3"2': dt < 4p'\.
0

=

As a result,
'l g = lzellew) < cllgllr@y < c([Lullrz + lullz).

It follows that ||u"[|z < c(||Lullzr + |lullzz), and the analogous estimate for u’ easily

follows from those for «” and zu'. We have therefore established (3.1). O
6



We now treat the N-dimensional, symmetric case. The next result was recently shown
in [3, Theorem 3.3] and [10, Theorem 2.2] in more general situations, but with completely
different arguments.

Proposition 3.2. If the Ornstein—Uhlenbeck operator L is symmetric, then D(L,) = Wi’p
for1 < p < oo.

Proof. In view of Lemma 2.2 we may assume that

. . 1 T

22

plw) = (20)7% (A )7 exp(— 3 52).

We consider the semigroup of positive and self-adjoint contractions

. _ N —1L _% . 2
T (0)p(w) = (2n0(1 = e ) [ ol iy = y,8) expl— 2o dy
R J

and

on L, where we write x = (x;,%) € RN, Its generator in LE is the operator Lé,j) = L0O)
with domain D(L ) {u € L : Dju, Djju € LP}, see the next lemma.

Since T'(+) is the product of the commutlng semigroups TV ( ), the generator L, is the
closure of the sum LS + -+ 4+ L") defined on D(L{") N --- N D(LY). The operator
(I — LI(,j )) admits bounded imaginary powers on LF, 1 < p < oo, with power angle

L) = i, frveld 1)1 <

due to the transference principle [5, §4], see [4, Theorem 5.8]. The semigroup TU)(-) is

(J))

symmetric on L2 so that #(Ls") = 0 by the functional calculus for selfadjoint operators.

Hence, G(L ) < % by the Riesz-Thorin interpolation theorem. Since the resolvents of LY
commute, we can apply the Dore-Venni theorem [13] in the version of [18, Corollary 4].
As a consequence, L;S,l) +---+ LZ(DN) is closed on the intersection of the domains and so
N ,
D(L,) = D(LY) ={ue L¥: Dju,Dju € Ll for j=1,--- N}.

i=1

Let u € D(Ly). In order to check Dju € LF, we set v(z) = u(x) exp(—%p(Dy:,x}),
x € RY. Notice that v € LP(R") and

Dyy0(@) = [ Dysu(@) — 22 Dyula) = u(w) + — u(a)] exp(— (Dy,2)
v(x) = |Dju(x) — — Dju(xr) — —u(x) + —— u(z p(——(Dix,x

o o pA; PAj (pA;)? 2p° »
for j = 1,---,N and z € RY. Lemma 2.3 shows that ijuxueLp hence |z|*u €

LP. This imphes that Dj;v, |z[*v € LP(RY). From standard regularity properties of the
Laplacian it follows that D;;v € LP(RY) for i,j = 1,--- , N. On the other hand,

Diju(x) = |Dyv(z) +

D _]DZ 1 g 1 Dl 2
() + 5y v(a:)+p2)\Mj v(x) exp(2p< wr,x) (32)
7
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fori,j=1,---,N and € RY. For i # j we have, writing = = (2;, %),

||$jDiU||§p(RN) :/ |x]|p/|D1U({L‘)|pd{L‘1di’
RN-1 R

< C/RN_l (/R|Diiv(x)|pdmi)% a7 (/R|v(x)|pdxi)é di

5 2,115
<c HDiiUHLp(RN) ”SU]'UHL,)(RN)
so that z;D;v € LP(RY). Hence, Dyju € L%, by (3.2). This means that D(L,) = W2*. O
The following lemma has been used in the proof of the preceding result.
Lemma 3.3. The. generator of the semigroup TU)(-) in LE us the operator Léj) = L)
with domain D(Lz(f)) ={u € L : Dju, Dju € Lb}

Proof. Let Wi’p’j = {u € LY : Dju, Dju € LE}. As in Proposition 2.4 one verifies that
Léj ) is the closure of LW defined on Wj’p’j and therefore the equality D(Léj )) = Wj’p’j
will follow from the estimate

IDjull gz + |1 Djjullry < e (1LY ull e + [lullz) (3.3)

for u € W2P7. By density, it suffices to prove (3.3) for u € C3°(R"). By Lemma 3.1 and
writing © = (x;, 2), p(z) = pi(z;)a(z), we have

[ 4Dsutas, 210+ |Dygutay 0P)as) dey < [ (Lutay )P + lutay )ty da.
Now (3.3) follows multiplying by /(%) and integrating with respect to z. O

We now come to the main result of our paper.

Theorem 3.4. Assume that ) is real, symmetric and positive definite, that A is real with
etgenvalues in the open left halfplane, and that 1 < p < oo. Then the generator L, of the
Ornstein—Uhlenbeck semigroup T(-) on LP is the Ornstein—Uhlenbeck operator L defined
on W2P.

o

Proof. Taking into account Proposition 2.4 and Lemma 2.2, it suffices to show that L =
L° + B is closed on the domain W?P (see (2.3)).

(a) Consider the group S(t)¢(x) = @(e'1z) for ¢ € L¥. Due to (2.4) we have —A; =
DAA“{D§ and tr A; = 0. This yields

IS4l = 2m 2 [ e P esp(—3(Dyaa) do

N _1 _ _
=20 F ) [ el (5D iy e ) dy
R
_N _1 * _
=20 F o [ el exp(-4e Dy e ) dy
R
= llpl,



Hence, S(-) is a group of isometries on LE. It is then easy to see that S(-) is strongly
continuous on L and that its generator B, coincides with the operator B on Cg°(RY).
Since Cg°(RY) is dense in L? and S(-)-invariant, it is a core for B,. Using Lemma 2.3
and the density of Cg°(RY) in W27, we deduce that the domain D(B,) contains W2>* and
that Byu = Bu for u € W2, In particular, D(L)) N D(B,) = W}P.

Since B, generates a positive contraction semigroup on L, w — B), has bounded imag-
inary powers with power angle 6(B,) < /2 on L%, for every w > 0 thanks to the trans-
ference principle [5, §4], see [4, Theorem 5.8]. By the same argument [ — Lg has bounded
imaginary powers with power angle 6(L)) < 7 /2. Moreover, L9 is self adjoint on L? and
thus has power angle 0 on L?. By interpolation we obtain that 6(B,) + 6(L)) < « for
1 <p<oo.

(b) We next compute the commutator [B,, LY]. If u € C;}(R"), then u € D(L)ND(B,),
LYu = L% € D(B,), Byu = Bu € D(LY) and [B,, L)Ju = BL°u — L°Bu. Denoting the
coefficients of A; by b;;, we obtain

x .
2BLu =Y bz Dy (Djju — 1 D)

klj J
xll’]
= Z briy ijju Z bkl . Dku - Z by —— Dk]
klj klj
:L‘.
2L°Bu =Y (Dj; — )\—] D;) (b Dyu)
klj J
€T;x
= Z brix; ijju + 2 Z bk] iju — Z br jjl iju — Z bk)j )\— Dku
klj kj klj
b bu
L°Bu— BL'u = Z bi; Diju Z <)\_z - A-}f) w1 Dy

1 €T
=tr A\ D*u — = b + bie) — Dy
rA;D"u 2%:(k:l+lkz))\l kU

In the last line we have used (2.4). Due to Proposition 3.2 and Lemma 2.3, the operator
[Bp, LY]R(1, LY) is bounded on L.

(¢) Tt is clear that S(-) is exponentially bounded on C}(R"), hence R(u, B,)C}(RY) C
C(RY) for Re > wy and a suitable wy > 0. Moreover, using (1.1) it is easy to see that
the Ornstein—Uhlenbeck semigroup associated to L° is contractive in CF(RY) for every

k € N. Consequently, R(u, L))C}(RY) € CJ(RY) for Rep > 0. Let G = I — L) and
B, = w — B, for w > wy. We then compute
Co(p,v)u =G+ G) ' {G N u+ By) ™' — (u+ By) 'G ' }u
= -G+ G)" (u+ By) "G [By, L))G(pu+ By) M
=R(v+1,L)) (L) — I)R(1, LY)YR(p +w, By) [By, LYJR(1, LY)YR(p + w, By)u
+ Colp1, ) By, LYR(L, LYR(j + w, By)u
9



for u € Cy(RY). Since §(B,) 4+ 0(L)) < 7, we can fix ¢p < min{r/2,7 — 6(B,)},
T/2 < ¢ppo < m —0(Ly), with ¢r0 + ¢p > m, such that

c c
R(p+w,B))|| £ ——, |ar < , R(v+1,LY%| < , largv| < :
|| (,u p)” = |“_|_w| | gﬂ| gbB || ( p)” 1+ |V| | g | ¢LO
an analytic semigroup). Part (b) allows to estimate
1 C2
1Co (s V) < + [ Cu (i, V)|
(1 + [y + w]? |1+ w

with constants ¢y, c; independent of w. Taking w = max{wy, 2¢co}, we arrive at
201 < 201
(I + WDl +wl* = (1 + [v])|pf?

for |argr| < ¢ro and |arg u| < ¢p. We can now apply [17, Corollary 2] and deduce that
G+ By, =w+1— L, is closed on D(B,) N D(L)) = W2*. O

1Cw (V) <

4. FURTHER RESULTS

In this section we employ the same ideas used before to describe the domain of the
Ornstein-Uhlenbeck operator on LP(RY). Even though more general situations can be
treated with the same methods, we prefer to deal only with this particular case in order
to simplify the exposition. To shorten the notation, we write ||u||, for the norm of a
function u € LP(RY). We consider the operator

N N
1 1
Lu(zx) = 5 E qi; Diju(z) + E a;;x; Dju(z) = 5 tr QD*u(x) + (Az, Du(z)), xRV,

1,j=1 i,j=1

in LP(RY) (with respect to the Lebesgue measure). The matrix @ is still assumed to be
positive but we require only that A is real and nonzero.

It is well known that L with a suitable domain D, is the generator of the Ornstein-
Uhlenbeck semigroup T'(-) on LP(RY) defined in (1.1). For 1 < p < oo the domain D,
can be described by

D, = {uc LP(RY) nW2P(RY) : Lu € LP(RV)} (4.1)

loc

and C§°(RY) is a core for (L, D,). We refer, e.g., to [15] for a proof of these properties.
A more explicit description of D, is given in the next theorem.

Theorem 4.1. Assume that Q) is real, symmetric and positive definite, that A # 0 is real,
and that 1 < p < oo. Then

D, = {u € W**(RY) : (Az, Du) € LP(RV)}.
There are positive constants c1,co such that
cr(lullp + 1 Lullp) < llullwzs@y) + [[{Az, Du)llp < co([ull, + || Lullp) (4.2)

for every u € D,,.
10



Proof. We follow closely the proof of Theorem 3.4.

(a) We decompose L = L9 + LA, where L% = %Zf\[jzl ¢ijDiju and LAu = (Ax, Du).
The operator L9 with domain D(L?) = W2P(RY) generates an analytic semigroup in
LP(RY) and has bounded imaginary powers with power angle 0, see e.g. [19, Theorem C].
The operator L# with domain

D(L*) = {u € LP(RY) : L € LP(RMY)}

(LAu is understood in the sense of distributions) generates the Cy—group given by
V(t)f(x) = f(ez). Observe that

V@l = £l
see [15, Proposition 2.2]. The transference principle, see [4, Theorem 5.8] or [5, §4], shows

that w — L# has bounded imaginary powers with power angle 7/2 for every w > — tr A/p.

(b) Let

Wi = {u € WFHRY) : (1 + |z))"2D € L*(RY)for |a| < k).
If k is sufficiently large (depending on p) and u € Wy, then u € D(L?) N D(L#) and
L%u € D(L?), Lu € D(L?). Moreover,
[LQ, LA]U = Z(Z qijahj)DihU
iho g

for u € W, and therefore the operator [L?, LA]R(1, L?9) is bounded on LP(RY).

(¢) In view of the arguments given in part (c) of the proof of Theorem 3.4, it remains
to show that R(u, L?) and R(u, L*) leave W invariant for large 4 and every k € N.

The invariance of Wj, under R(ju, L?) for Re > 0 can be verified by elementary Fourier
transform methods. As regards L#, we first observe that

2"V (t)u(@)] = le™ e al" [u(e )] < Me™ |e ] [u(ea)|

for suitable M > 0, v € R, and hence

2"V (#)ulla < MDA ||z Pull,. (4.3)
Since DV (t)u = A"V () Du, from (4.3) one easily obtains by induction that

2" DoV ()ulle < Mie™[[|2|* Dol (4.4)
for |a] < k and suitable My,v, € R. The invariance of W, under R(u, L4) (for Re u
large) follows since R(u, L4) is the Laplace transform of V (+). O

The above theorem says that the domain D, is the intersection of the domains of the
diffusion term L% and of the drift term L4 and implies the LP-estimate

[ullwe@yy < e(llullp + [[Lully), u € Dy,

which is analogous to the Calderén—Zygmund inequality for uniformly elliptic operators.
We remark that Schauder estimates for Ornstein-Uhlenbeck operators have been obtained

by G. Da Prato and A. Lunardi in [8].
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