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Abstract

We describe the spectrum of degenerate hypoelliptic Ornstein-Uhlenbeck operators
A = Z?,j:l qi; Dij + ZZj:l bijx;D; in Lp(Rn), 1 < p < +o0, and in Co(Rn). We
show that the spectrum of A is the sum of (—oo, 0] and the spectrum of the drift term.
Our result gives a complete picture of the spectral properties of Ornstein-Uhlenbeck
operators in L? spaces.

Mathematics subject classification (2000): 35P05, 35J70, 35K65, 47D06.

1 Introduction

The aim of the present paper is the full description of the spectrum of possibly degenerate
Ornstein-Uhlenbeck operators

n n
A= ¢;Dij+ Y byz;D; =Te(QD?) + (Bx,D),  xz€R", (1.1)
i,j=1 i,j=1

in LP(R™), 1 < p < 400, and in Cy(R™). Here Q = (g;5) is a real, constant, symmetric and
positive semidefinite matrix and B = (b;;) is a nonzero real matrix. The semidefinitess of
the matrix @ is responsible for the possible degeneracy of A. Throughout we assume that
A is hypoelliptic, which can be stated as follows: the symmetric matrices

t
Qt:/ esBQesB ds
0

have nonzero determinant for some (equivalently, for all) ¢ > 0. In the literature one can
find several equivalent conditions for hypoellipticity. In particular, on p. 148 of [13] it is
pointed out that the hypoellipticity of A is equivalent to the property

ker(Q) does not contain nontrivial subspaces which are invariant for BT, (1.2)

see also [16, Appendix|. Here nontrivial means different from {0}.
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The hypoellipticity assumption implies that the associated Markov semigroup (T'(¢)):>0
has the following explicit representation formula (first found by Kolmogorov [15] in a par-
ticular case and then proved by Hormander [13] in the general case)

1 —1
T(t _ Qe v /A r(otBr _ ) d cR™ t>0 1.3
TN = G E L. fePr—y)dy, zeB' 150, (13)
see also [9, Proposition 4.2]. The parabolic equation u; = Au, known as Kolmogorov

equation, is solved by the function u(t,z) = T'(¢)f(x) for a large class of initial data f.
In recent years, both the semigroup (7'(¢));>0 and its generator A have extensively been
studied. Several applications in physics and finance for the operator A and its evolutionary
counterpart A — D; can be found in the survey [24]. They were also used in the context of
rotating fluids, see e.g. [12]. These operators were also the leading example for an intensive
research on elliptic and parabolic problems with unbounded coefficients, see e.g. [17].

In the analytical study of A, even in the nondegenerate case the classical LP and Schauder
estimates do not apply because of the unboundedness of the first order coefficients. Regular-
ity properties in spaces of continuous functions were proved in [4] in the nondegenerate case
and in [18] in the degenerate case. Schauder estimates can then be deduced by means of
interpolation techniques. Moreover, LP estimates were established in [23] and in [22] in the
nondegenerate case, by a semigroup approach, and in [1] in the degenerate case. Fractional
powers and the extension problem are studied in [10], whereas Riesz potentials and Sobolev
embeddings are treated in [11] under the assumption tr(B) > 0.

The underlying stochastic process admits an invariant measure p if and only if all eigen-
values of the drift matrix B have negative real parts. This means that u is a probability
measure satisfying

/ (T@0)])(@) du(w) = /R f(@) dp(a)

for every t > 0 and continuous and bounded function f on R™. The invariant measure is
unique and given by the Gaussian measure du = p dx with density

1 —1 T
— —(Q z,x)/4 _ sB sB
p(x) = @ )n/2( ot )1/26 oo where Qy = /0 e’C Qe ds,

see [5, Chapter II. 6].

The semigroup (T'(t)):>0 and its generator A have widely been investigated in the weighted
spaces LP(R", du), if o(B) C C_. Here the unboundedness of the coefficients of A is balanced
by the exponential decay of the density p which leads to a much better behavior in several
respects. For instance, the generator has compact resolvent in LP(R™, du) if p € (1, 00),
which is not true in the unweighted spaces LP. The domain of the generator in LP(R™, dpu)
was computed in [19] for p = 2 and in [23] for p € (1,00) in the nondegenerate case. See
also [2, 3] for the analogous problem on an infinite-dimensional Hilbert space E instead of
R™. In the degenerate case a sharp inclusion for the domain was shown in [8] for p = 2,
whereas the case p # 2 is still an open problem, indicating that the general picture of
Ornstein-Uhlenbeck operators is still not complete.

In [21] the spectrum of A in LP(R™,du) was completely described also in the degenerate
case, provided that o(B) C C_. The situation is much different in the spaces LP = LP(R")
with respect to the Lebesgue measure, e.g., since A does not have a compact resolvent here.
For some choices of B the spectrum of A was computed in L? in [20]. This paper is the
starting point of our investigation.



The operator A can be seen as the sum of the diffusion term Z? j=1 i Dij and of the drift
term L = ZZL =1 bijx;D;. The spectral properties of the drift term are fully understood
by [20]. There it was proved that the spectrum of the realization £, of £ in L? is the line
—tr(B)/p + ‘R unless B is similar to a diagonal matrix with purely imaginary eigenvalues.
In this last case the spectrum of £, can be either iR or a discrete, explicitly given subgroup
G of iR, see Theorem 2.2 and Proposition 2.3.

In [20] it is further shown that the boundary spectrum of the realization A, of A in L?
contains the spectrum of £, without further assumptions on the matrices @ and B # 0.
Here A, is defined as the generator of (T'(t));>0 in LP, see Proposition 2.4. The spectrum of
A, has been computed in [20] if o(B) is contained in the left or in the right open half-plane.
In this case, 0(A,) is equal to {u € C: Rep < — tr(B)/p}. So it depends on p and is far
from being discrete. In addition, and this is the main step in [20], if all the eigenvalues of
B have positive real parts, then the open half-plane { € C|Repu < — tr(B)/p} consists of
eigenvalues.

In this paper we complete the picture computing the spectrum of A, without any further
restriction on @ = Q7 > 0 and B # 0, apart from hypoellipticity. We prove that o(A,) is
given as the sum of the spectra of its diffusion part (i.e., (—o0,0]) and of the drift term £,.

Theorem 1.1. Let (1.2) be true and p € [1,00]. Then the spectrum of A, is given by
o(Ap) = (—00,0] +a(Lp).

In particular, we have either o(Ap) = (—00,0] + G or o(A,) = {n € C|Rep < —tr(B)/p},
according to o(L,) being a discrete subgroup G = 227 of iR or the whole line —tr(B)/p+iR.

Actually, we also show a (weak) spectral mapping theorem for (T7'(¢))¢>0, see Theorem 4.1.
We note that for p = 2 the spectral mapping theorem was proved for perturbed Ornstein-
Uhlenbeck operators with @ = I and B = 2I by completely different methods in [6].

If B = BT and QB = BQ, by separation of variables one can transform the Ornstein-
Uhlenbeck operator into the form A = A + Z?zl b;x; D;. Here the problem can be reduced
to one dimensional problems, see [20, Theorem 5.1]. However, this is far from being the
general case. We also stress that A4s does not possess eigenvalues if B has an eigenvalue
with negative real part or if B is skew-symmetric and @ = I, as we will see in Section 3.
So we have to proceed in a different way than in [20] or [21], where eigenfunctions played a
crucial role.

Instead, we start by reducing A to a canonical form with an upper quasi triangular
drift matrix whose diagonal is formed by 1 x 1 and 2 x 2 blocks containing the real and
complex conjugate eigenvalues of B, respectively. The transformation is made through a
linear change of variables that leaves the spectrum unchanged.

The second step consists in a scaling procedure leading to a new operator C in the limit
which is the sum of an Ornstein-Uhlenbeck operator in one or two variables and a drift
operator acting in the remaining ones. The scaling and the limit allow us to get rid of the
upper off-diagonal blocks of the drift matrix of A and to separate the variables. We can
recover the spectrum of 4, from that of the limit operator C.

The main part of the proof is thus devoted to the investigation of the spectrum of C. Here
we can assume that B has an eigenvalue with nonnegative real part, since the other case is
already covered by the main result in [20]. The above splitting then reduces the problem
to Ornstein-Uhlenbeck operators in R or in R? where B has one nonnegative eigenvalue or
two complex conjugate eigenvalues with nonnegative real parts. We further have to treat



eigenvalues in ‘R and with positive real part separately. The detailed study of these four
cases is mainly based on the construction of approximate eigenfuctions.

The paper is structured as follows. In Section 2 we recall the known generator properties
of the drift operator £ = Z;L,j:1 b;jxz;D; and its spectrum, as computed in [20]. We provide
further details in the case where the generated group is periodic. We also collect the known
properties on A. Most of the results are contained in [20], where it is assumed that Q is
positive definite. However, we explain why they continue to hold with minor modifications in
the degenerate hypoelliptic setting. Corollary 2.7 and Proposition 2.8 establish the inclusion
o(A,) € (—00,0] 4+ o(L,) by means of general spectral theory of semigroups. In Section 3
we show that there are no eigenvalues of A5 in many cases. Finally, Section 4 is devoted
to the proof of Theorem 4.1 that is the expanded version of Theorem 1.1. We mainly have
to establish the other inclusion (—o0,0] + o(£,) C o(A,) which requires a sophisticated
analysis of the four cases indicated above. The (weak) spectral mapping theorem then
follows mostly from general theory.

Notation. L? stands for LP(R™) if p € [1,00) and C2° for C°(R™). Throughout the
whole paper, we write L> for Co(R™), which is the space of continuous functions on R™
vanishing at infinity, endowed with the supremum norm.

The spectrum and the resolvent set of a linear operator B are denoted by o(B) and p(B),
respectively. The spectral bound of B is defined by s(B) = sup{Rep|p € o(B)} and the
boundary spectrum is o(B)N{p € C|Rep = s(B)}. The approzimate point spectrum oy, (B)
of B is the subset of o(B) of all complex numbers p for which there is a sequence (v,,) in its
domain D(B) such that ||v,|| = 1 and ||Bv, — pv,|| — 0 as n — oo. The sequence (vy,) is
called an approzimate eigenvector relative to the approzimate eigenvalue pi. The topological
boundary of the spectrum of B is always contained in o, (B) (see [7, Proposition IV.1.10]).

We write B, to indicate a realization of a (differential) operator B in LP, that is when B
is provided with a specific domain in L?. However, we sometimes omit the suffix p in the
proofs, to shorten the notation.

If B is a matrix, BT denotes its transpose. We set Cy = {u € C|Reu > 0} and
C_={ueC|Reu < 0}. When p = o0, by 1/p we mean 0.

Acknowledgement. The authors wish to thank Enrico Priola for helpful discussions
during the preparation of the paper. D.P. is member of GNAMPA of the Italian Istituto
Nazionale di Alta Matematica (INAAM) and has been partially supported by the PRIN
project “Deterministic and stochastic evolution equations” of the Italian Ministry of Edu-
cation MIUR and by Italian INFN.

2 Basic and known results

We collect background material from [20] and prove auxiliary results concerning the drift
term and the Ornstein-Uhlenbeck operator.

2.1 Properties of L

Let B = (bi;) # 0 be a real n x n matrix and consider the drift operator

L= i bija; D;

i,j=1



defined on its maximal domain
D(L,) ={ue LP|Luc L}

in LP for 1 < p < oo, where Lu is understood in the sense of distributions. We write £,, for
(£, D(Lp)) and recall the following results, whose proofs can be found in [20, Section 2].

Proposition 2.1. Let 1 < p < co. The operator L, generates the Co-group (S(t))ier in
LP defined by
(SO f)(x) = f(ePa), (2.1)

the space CZ° is a core of Ly, and we have
IS@ 1y = e # " 21, (2:2)
for f € LP andt € R.
We next describe the spectrum of £, distinguishing several cases.
Theorem 2.2. Let 1 <p < oc.
(a) Let tr(B) # 0. Then o(L,) = —tr(B)/p + iR.

(b) Let tr(B) = 0 and B be not similar to a diagonal matriz with purely imaginary eigen-
values. Then o(L,) =iR.

(¢) Let B be similar to a diagonal matriz with nonzero eigenvalues +ioy, *ios, ..., tiog in
iR and possibly 0, where 0,07 ¢ Q for some r,s € {1,...,k}. Then o(L,) =iR.

(d) Let B be similar to a diagonal matriz with nonzero eigenvalues tioy, £ios, ..., tioy in
iR and possibly 0, where o0t € Q for all r,s € {1,...,k}. Then (S(t))ier is periodic
and o(L,) is the discrete subgroup G = {i(nyo1 + -+ + ngog) | (na,...,ng) € ZF}.

In the sequel we need more information about case (d) above in which (S(t)):cr is periodic.

Proposition 2.3. Let B be similar to a diagonal matriz with monzero eigenvalues

+ioy, +iog, ..., Fior in IR and possibly 0, with 2k < n. Assume that for every j €

{2,...,k} we have 0 = %01 for some coprime integers p; and q;. Then (S(t)) is periodic
J

with period T = 27TNU;1, where N is the least common multiple of qs,...,qx. Moreover,

the set G from Theorem 2.2 is given by G = FHiZ = inZ.

Proof. We denote a point in R™ by = (1,91, ., %k, Yk, W2k+1,--.,Wn) and set z; =
(x,y;). Possibly after a change of variables we obtain
St)f(x) = f(e 21, ..., e 2 Wop i1, ..., wy), (2.3)

see Theorem 2.6 of [20]. If 0 ¢ o(B), the components w; are not present. Formula (2.3)
yields S(7)f = f.

We prove that the set G defined in Theorem 2.2 (d) coincides with §}iZ. The inclusion C
easily follows from the form of the numbers o; and the definition of N. To show the other
inclusion, we first observe that the greatest common divisor of N, Nps/qa,..., Npg/qk is
equal to 1. Indeed, otherwise there would exist a prime number p dividing N, ..., Npg/qx.
Let a € N be the greatest exponent for which p® divides N. Then p® occurs in the prime



factorization of some ¢;. Since p; and ¢; are coprime, p cannot divide Np;/q;, and this is
a contradiction. As a result, each integer m can be written as
N N
m:mlN_szﬁ_’_..._i_mkﬂ’
q2 dk
for suitable m; € Z. This is equivalent to saying that the element $}m can be written as
mioq + - -+ + mygoy, and concludes the proof. O

2.2 Properties of A

We turn our attention to the Ornstein-Uhlenbeck operator defined in (1.1) and to the asso-
ciated semigroup (T'(¢)):>0 given by (1.3). We always assume the hypoellipticity condition
(1.2) and 1 < p < co. We do not need the full description of the domain of the generator, but
only the fact that smooth functions with compact support are a core. We point out, how-
ever, that the domain has been described in [23, Section 4] and in [22] in the nondegenerate
case and in [1] in the degenerate one.

Proposition 2.4. The semigroup (T'(t))i>0 is strongly continuous on LP, 1 < p < oo, and
satisfies the estimate
t
IT(0)] < &5 (2.4)

fort > 0. Moreover, CS° is a core for the generator A,.

Proof. If the diffusion matrix ) is positive definite, the stated properties and a partial
description of the domain of the generator have been proved in Section 3 of [20]. However,
the same proofs hold in the degenerate hypoelliptic case. We only sketch them and refer to
[20] for more details. To show (2.4), we write T(t)f = S(¢)(g: * f) where

1

= —(Q; 'y)/4
99) = Ty ader Qo2

and S(t) is defined in (2.1). The estimate (2.4) then follows from (2.2), Young’s inequality
for convolutions, and ||g¢||; = 1. Since T'(t)f — f in LP as t — 07 for f € C°, by density
(2.4) implies the strong continuity of (T'(t));>0 in LP for every 1 < p < oo.

Let A, and S(R™) denote the generator of (T'(t));>o in L? and the Schwartz class, re-
spectively. One easily checks that S(R") C D(A,) and A,f = Af for every f € S(R").
Moreover, S(R™) is dense in L? and invariant for (7'(¢))¢>o by (1.3). Therefore it is a core
of A,. By a truncation argument we conclude that C2° is a core for A,,. O

We recall Theorem 3.3 and Corollary 3.5 of [20].
Proposition 2.5. The boundary spectrum of A, contains the spectrum of the drift L,.
Corollary 2.6. The growth bound of (T'(t))¢>0 in LP is w, = —tr(B)/p.

Standard semigroup theory then yields first inclusions of the spectra.

Corollary 2.7. The spectrum of A, belongs to the half-plane {yn € C|Rep < —tr(B)/p},
and that of T(t) to the closed ball B(0,e” 5" (P)).



If o(L,) is the whole line —tr(B)/p + iR, the half-plane { € C|Rep < —tr(B)/p}
coincides with the sum (—o0,0] +o(L,). This is not the case if 0(L£,) is a discrete subgroup
of iR, which occurs when the group generated by the drift part is periodic (see Theorem
2.2(d)). However, also in this case we have the inclusion o(A,) C (—o0,0]4+0(L,) as proved
in the next proposition.

Proposition 2.8. Let B be similar to a diagonal matriz with nonzero eigenvalues +ioq,
-+ Fioy in iR and possibly 0. Assume that the quotient 0,07 is rational for all r and s.
Then o(Ap) C (—00,0] 4+ o (Ly).

Proof. Let 7 > 0 be the period of (S(t))ier, see Proposition 2.3. Also etB” s T-periodic

BT

and in particular e = I. By the representation formula (1.3) we have

1 _
[ e g

TENE) = Gyrae g

showing that T'(r) = T;(1) where (T7(¢)):>0 is the semigroup generated by the diffusion
operator A, = Tr(Q,D?), whose spectrum is (—00,0]. Take pp = a + ib € o(A,). The
spectral inclusion Theorem IV.3.6 of [7] yields that e7(@+%) belongs to o(T(7)) = (T (1)).
Since (T, (t))¢>o0 is analytic, from Corollary IV.3.12 of [7] we infer the identity o(T(1)) \
{0} = 7)) = (0,1]. Tt follows that a < 0 and 7b = 2mm for some m € Z and hence
ib € 2ZiZ = G, using also Proposition 2.3. Therefore (A, is contained in (—o0,0]+G. O

The spectrum of the Ornstein-Uhlenbeck operators has been computed in [20, Section 4] if
either 0(B) C C_ or o(B) C C4. The proofs in that paper are written only in the uniformly
elliptic case where @ is positive definite, but in the introduction of [20] it is pointed out
that they also work only assuming the hypoellipticity condition (1.2).

To explain why this condition suffices, we recall that the spectrum of A, is determined in
[20] at first under the assumption o(B) C C, by exhibiting explicit eigenfunctions for the
eigenvalues p < —tr(B)/p. These are computed using the matrix

~ Rl T
Qoo:/ e BQe B ds.
0

The above integral converges since the matrix semigroup (e=*5 )s>0 is exponentially stable.
Moreover Qo is nondegenerate under condition (1.2). Since Qoo, and not Q, enters all
calculations, all results still hold in the hypoelliptic setting provided that o(B) C Cy,
including the extreme cases p = 1, co.

The case o(B) C C_ follows from the preceding one by a simple duality argument, which
we describe now. The formal adjoint of A is given by

./4* = Z qijDij - Z bijxj-Di - tI"(B)

,j=1 4,j=1

Let A7, be the realization of A" in LY, 1/p+1/p’ =1, as the generator of the semigroup
(1.3) with —B replacing B (also in the definition of ;) multiplied by the exponential factor
et (B) Notice that the spectrum of the drift matrix is now contained in C,. Therefore,
for every p € C with Rep < tr(B)/p" — tr(B) = —tr(B)/p the operator u — A%, is not

injective. Let (A,’, D(A,)) denote the adjoint of A, in L” . Recalling that C° is a core for



Ar, and Ay, it is easily seen that D(A*,) C D(A,’) and A, f = A, f for every f € D(A?).
Since p — A¥, is not injective, it follows that p — A, is not surjective and hence u € o (A,).
The other inclusion is provided by Corollary 2.7. Note that this works in the extreme cases
p=1,00 as well.

We state the results discussed above.

Theorem 2.9. Let 1 < p < oo and (1.2) be true. If either o(B) C C_ or o(B) C C,, then
o0(Ap) = {n € C|Rep < —tr(B)/p}. In the latter case, every p with Rep < —tr(B)/p is
an eigenvalue.

3 Preliminary considerations

3.1 Non-existence of eigenvalues

In contrast to [20] we cannot use eigenvalues in the proof of our main result. To show this
we rule out eigenvalues of A if the spectrum of B intersects C_ or if B is skew-symmetric
and Q = I, where we assume that p = 2.

First case. We assume that some eigenvalue of B has a negative real part. Suppose that
€ C with Rep < —3 tr(B) was an eigenvalue of A, with eigenfunction f € L?\ {0}. The
spectral mapping theorem for the point spectrum shows that T'(¢) f = et f for every ¢t > 0,
see Theorem IV.3.7 and Corollary IV.3.8 of [7]. Denoting by

f& = (2)e'™* du

RTL

the Fourier transform of f, the representation formula (1.3) implies that the equation
T(t)f = el f is equivalent to

A 4T . 1/2671'BT 2 A
fle7 B g) = elttrBtelQ F©), (3.1)

where ¢ > 0, see Section 4 of [20]. We compute
¢
Q2P P = Qe g e e = / (P QerP e Pl 7P ) ds
0
¢ ¢
_ / ‘Ql/Ze(sft)BTﬂZ ds — / \Ql/Qe*SBTf\st (3.2)
0 0

for £ € R™. Take A € o(B) = o(BT) with Re XA < 0. Let P be the spectral projection of BT
corresponding to A. Fix € > 0 with Re A\ + ¢ < 0. Then there exists a constant M > 0 such
that [|e3B" P|| < Me®er9)s for every s > 0. Observe that also —B satisfies (1.2), so that
there is a constant v > 0 with

/0 QU s — ( /0 1 e EQe ¢ ds € ) > viel.



Let t € [m,m + 1) for some m € Ny. Inserting P in (3.2), it follows
1/2 T m T ml 1 T T
|Qt e~ B £|2 2/ |Q1/2e—sB £|2dS: Z/ |Q1/26—TB e—k:B €|2d7"
0 —o /0

m m—1
> ST Y|P Pe PR > ST w(M || P)2em 2B Atk | pe)?
k=0 k=0

> 06_2(Re)‘+8)t‘P§‘2

for some constant ¢ > 0.
Integrating (3.1) on R™, we derive

o N 1/2 —tBT -
[ 1@ de = e merrimn [ @it ey ag
> exp (2ca2672(Re>\+6)t)62t(Reu+%tr(B))/ |f(£)|2 de,
{IPg|2a}

for every ¢ > 0 and a > 0. Letting { — +oo, the right hand side blows up unless
f{|P§\>a} |f(€)?d¢ = 0. Since a > 0 is arbitrary and the set {P¢ = 0} has measure 0,

this would imply f =0 and thus f = 0 in L%, which is a contradiction.

Second case. We assume that B = —B7T and @ = I. Noting tr(B) = 0, we now suppose
there was an eigenvalue p of Az with Rep < 0. Arguing as before, we rewrite (3.1) as

. —|QY/2e~tBT g2 f(e—tBTg) = eutf(g)’ t=>0,

and then integrate over R™ to obtain

[ et g a = ement [ fipae
n Rn

Observing

1/2 412 ! sB_sBT _ ! s(B+BT) _ 2
Q" E1" = (e, 6) = [ (e77e”” &8 ds= [ (e §,&)ds =t[¢[7,
0

0

we derive

e = [ emerren fo)zag
-/ e~ o) e + [ 214 fe) 2 e
{l€I*>—Re p}

{lg]2<—Re u}
The first integral in the last line tends to 0 as ¢ — 400 by dominated convergence. The sec-
ond integral tends to 400 by monotone convergence, if f{|€|2<7Reu} |£(€)|> d¢ > 0. Therefore
we have either || f]|2 = +o0 or ||f||2 = 0, and we get a contradiction in any case.

By duality one deduces from the above examples that, if o(B) intersects both C_ and
C4, a point A can be in the spectrum of Ay even though A — A5 is injective and has dense
range. Approximate eigenvalues will thus play a central role.



3.2 Basic transformations

In order to describe the spectrum of A, we will reduce the drift matrix B to a quasi triangular
upper matrix. This is done as follows. If M is an invertible real n X n matrix, we define the
change of variables

Oy LP — LP, (®rru)(y) = uw(M™ty). (3.3)
Setting v = ®pru, one easily calculates that Au(z) = Agv(Mz) for z € R™, where

Aogv = Tr(QoD*v) + (Boy, Dv)
with y = Mz, Qo = MQMT™, and By = MBM~'. We conclude
A = CI)X;A()(I)M with D(Ap) = (I)X;D(.Ao’p).

We observe that the new operator Ay is still hypoelliptic, see (1.2), and that the spectrum
is invariant under this transformation.

Applying Schur’s theorem for real matrices (see e.g. Theorem 2.3.4 in [14]), we can now
choose a real orthogonal matrix M such that M BM ! = T with

B; X ...k
0 By * -+ %

T=] 0 0 By x (3.4)
0 0 0 - B

where each B; is a real 1 x 1 matrix with a real eigenvalue of B, or a real 2 X 2 matrix with
a pair of nonreal complex conjugate eigenvalues o; £ ¢3;. The diagonal blocks B; may be
arranged in any prescribed order. By * we denote an arbitrary block.

4 The spectrum of A,

The spectrum of the Ornstein-Uhlenbeck operators A, depends on the spectrum of the drift
operator £, which in turn is determined by B. If B is similar to a diagonal matrix with
nonzero eigenvalues +ioq, +ios, ..., +ioy in iR and possibly 0 and if all ratios o,.0; ' belong
to @, then Theroem 2.2 shows that o(L,) is a discrete subgroup G = @Z of iR, where
S(7) = I. In this case we prove that o(A,) = (—00,0] + G. In all the remaining cases, the
spectrum of £, is the vertical line —tr(B)/p + iR and we show that o(A,) is the half-plane
{pn € C|Rep < —tr(B)/p}. These results are the main achievement of the paper and have
been stated in Theorem 1.1, which we reformulate here with an additional result.

Theorem 4.1. Let (1.2) be true and p € [1,00]. Then the spectrum of A, is given by
o(Ap) = (—00,0] + a(Lp). (4.1)

In particular, we have either o(Ap) = (—00,0] + G or o(A,) = {n € C|Rep < —tr(B)/p},
according to o(Ly) being the discrete subgroup G = @Z of iR or the whole line —tr(B)/p+
iR. Moreover, the semigroup (T(t))i>0 satisfies the weak spectral mapping theorem

a(T(t)) = exp(to(Ay)), t>0. (4.2)

We even have o(T(t))\ {0} = e!*A2) except for the case that o(L,) = G = 257, and t/7 is
wrrational.
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Proof. Theorem 2.9 shows the equality (4.1) if o(B) C C_ or o(B) C C,. Moreover, by
Corollary 2.7 and Proposition 2.8 the inclusion o(A,) C (—o00,0] + o(£,) always holds.
Therefore we only have to prove the other inclusion (—o0,0] + o(£,) C 0(A,) in two re-
maining cases: one eigenvalue of B has a positive real part or one eigenvalue of B lies on the
imaginary axis. Note that these cases may overlap and that the first one includes situations
covered by Theorem 2.9. The inclusion (—o0, 0]+ 0 (L,) C o(A,) is established in these two
cases in the following two subsections.

To prove the (weak) spectral mapping theorem, we take (4.1) for granted. Let ¢ > 0. The
spectral inclusion Theorem IV.3.6 of [7] and Corollary 2.7 show that

et? ) C o(T(t) \ {0} C {u e C|0 < |u| < e tB/PY = B,

We thus even obtain o(T'(t)) \ {0} = et?(A») if o(Ap) = {p € C|Rep < —tr(B)/p}. In the
other case Proposition 2.3 yields 0(£,) = G = 2Z:Z. Now tr(B) = 0. By (4.1) we can now

write
eto(Ap) — {eta€2m'mt/'r | a<0, me Z} — (07 1] - Sy,
with S; = {e2™™/T | m € Z}. There are two subcases.

First, let ¢/7 be irrational. Then the set S; is dense in the unit circle and it follows that
exp(to(A,)) is equal to Bo; i.e., (4.2) is true.

Second, let t/7 = j/k for coprime j,k € N. Then S; coincides with the set 'y of kth unit
roots so that et?(A») = (0,1] - T, On the other hand, we have S(t)* = S(j7) = I. As in the
proof of Proposition 2.8, we deduce that T'(t)¥ = T'(kt) = Tj4(1) for the analytic semigroup
(Tkt(s))s>0 generated by Tr(Qx:D?). The spectrum of Ty:(1) is thus equal to [0,1] and
hence o(T'(t)) \ {0} = (0,1] - T';, as required. O

4.1 The case o(B)NC, # 10

We show the remaining inclusion in the proof of Theorem 4.1 in the first case.
Proposition 4.2. Let 0(B) NCy # 0. Then (—00,0] 4+ o(L,) C 0(A,).

In the proof we use degenerate Ornstein-Uhlenbeck operators depending on different sets
of variables, as we explain now. We let R” = R* x R™ and write a point z € R™ accordingly
as z = (x,y). Let By and Bs be real k x k and m X m matrices, respectively, and Q2 a real,
symmetric and positive semidefinite m x m matrix. We consider the operators

LY = (Byz,D,) and A% =Tr(QaD?) + (Bay, D,). (4.3)

Here £(M) is a drift operator on LP(RF) and A® is an Ornstein-Uhlenbeck operator
on LP(R™), which is assumed to be hypoelliptic (recall that L* means Cp). Let
(S1(t))e>0 and (Tx(t))¢>0 be the semigroups generated by £(!) and A?) respectively. Then
(S1(t) ® To(t)),> acting on LP(R*)® LP(R™) can be extended to a Co-semigroup on LP(R™),
whose generator is the LP-closure Cp of C = £+ A®) initially defined on D(£5")@D(AS).
Since C2°(R*) and C2°(R™) are cores for L) and A, respectively, it follows that C2°(R™)
is a core for C,.

Proof of Proposition 4.2. Let A = a + i € o(B) with a > 0. As explained at the end of
Section 3, using a change of variables we can assume that our operator is given by

A= Tr(QyD?) + (Tz, D),

11



where T is in the quasi triangular form (3.4), its last block B; corresponds to A, and @y is the
transformed diffusion matrix. We distinguish between the cases § = 0 and 8 # 0. (Below
we tacitly assume that T' # B; since the easier case T = B; can be treated analogously.)

Case 1. 8 = 0. Denote the nonreal eigenvalues of B by {a1 £if1,...,ar £ i8;} with
0 < 2k < n and the real ones by {Aogt1,...,An} with A\, = a > 0. We write a point in R”
as ¢ = (T1,Y1, - -, Thy Yk, Wok+1, - - -, Wy ). We use a scaling argument in which the variables
zj = (x;,y;) relative to conjugated eigenvalues are coupled and which leaves the last variable
unscaled. Let D, = (D,,, Dy,) for j =1,..., k. The scaling operator is defined by

ble) (2 2 B sy
r o 2 e ek T ey
for r > 0 and with 74 =1 and v; > v; > 0 for i < j. Observe that ||I7!|| = || L]~ on LP.

Let u € C°. Computing I,” ' Alu, one finds that

lim I7'AlLu=Cu in LP,

r—+00

for the limit operator

k n—1
Cu= VDinu + AWy Dy, u + Z<szj’ D,u) + Z Ajw; Dy .
j=1 j=2k+1
The constant v is the component (Qoen,e,) of Qp where e, = (0,...,0,1). It is positive,

which can be explained as follows. The last row vector in the matrix T is A, e,. This means
that the transpose of T' maps e, to A\,e,. Let X be the one-dimensional subspace spanned
by e,. It is invariant for the transpose of T'. Since A is hypoelliptic, X is not contained in

the kernel of Qq. It follows Qge, # 0 and hence v = |Q(1)/2en|2 > 0.
Note that we can write C = £"™ 4 A'™ with

k n—1
AN = uD2 4 Nywn Dy, L= (Bjz;, Do)+ Y AjwiDy,.
j=1 j=2k+1

We endow C with the domain described before the proof and call it C,,. We first establish a
crucial spectral property of C,.

Claim. Every p with Re u < —tr(B)/p is an approximate eigenvalue for C,.

Since A, > 0, every A with Re A < —\,,/p is an eigenvalue of the one dimensional operator
Agm by Theorem 2.9. Theorem 2.2 shows that L’gm possesses the approximate eigenvalue
—c/p, where

k n—1
CZQZaj+ Z A = tr(B) — A\,
j=1 i=2k+1

Now, fix p € C with Rep < —tr(B)/p and set A = u + ¢/p. Note that ReX < —\,/p.
Choose an eigenfunction uy = ug (wy) of AP™ for X with [|us||»®) = 1. Given € > 0, there
is a function us = ua(z1,..., 2k, Wokt1, - .-, Wp—1) i D(ﬁgm) with |lug| zr@n-1y = 1 and
| Climayy + Suz| po@n-1) < €. The function u = uyup thus belongs to D(Cp), has norm one
in L? and satisfies

Cu — pu = (.Alimu1 _ /\Ul)UZ + (‘Climu2 + §U2)U1 — (ElimUQ + I%UQ)Ul, (44)
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which yields ||Cu — pul|, < e. So the claim is proved.

Take \g € p(A,). By similarity, Ag belongs to p(I, 1 AI,) with resolvent R(\o, I, 1 A,I,) =
I R(No, Ap) I, for all r > 0. It follows || R(Ao, I, ' A, L)|| < ||[R(Ao, Ap|l =: C and

lullp, = 1R, I Ap L) (Mo — I AL ull, < C (Ao — L7 AL ull, (4.5)

for u € C°. Letting r — +oo, we infer ||ull, < C|[(Ao — C)ul|,. Since C° is a core for C,,
this shows that Ao cannot be an approximate eigenvalue of C,, and hence Re Ag > —tr(B)/p
by the claim. This means that (—oo,0] + o(£L,) is contained in o(Ap,).

Case 2. 3 # 0. We rearrange the blocks in (3.4) such that the first blocks contain the

real eigenvalues Aq,..., Ay with 0 < k < n and the other blocks contain the complex ones
k1 £ Bk41, - - -y Whtm £ 1Bk+m for n =k + 2m, where agqy = a > 0 and Bripm = 5 # 0.
As a consequence, a point of R™ is denoted by & = (w1, wa, ..., Wk, Zk+1,- - -, Zktm) With
zj = (2, ;). The scaling operator is now defined by
— (L Y2 Wk Zk41 Phtm—1
Jru(x) - (r’h T2’ T e e+ e Ykbm—t ’Zk""m) (4'6)

with v; =1 and ; > «; > 0 for ¢ < j. For every u € C¢° we have

lim J, ' AJ.u = Cu in LP,

7— 400

where the limit operator is given by

Cu = Tr( J(SD,%eru) + (BiktmZh+m, D
k m—1
+ Z )\j’u}ij].’U, + Z <Bk+j2kz+j7 Dzk+].u>.

Jj=1 Jj=1

u) (4.7)

Zk4+m

Here Qg is the lower right 2 x 2 submatrix of Q.

As before we introduce C, and claim that the open half-plane {x € C|Repn < —tr(B)/p}
is contained in its approximate spectrum.

To prove the claim, we split C as the sum A" + £™ for the Ornstein-Uhlenbeck operator

Alim = Tr( (JSDIQH_m) + <Bk+mzk+m7 Dzk+m>

in the last two variables and the drift operator

m—1

k
Lhim — Z Ajw; Dy, + Z (Bh+jzhtis Dz )

j=1 j=1

acting in the remaining variables.

We show that A"™ is hypoelliptic by verifying (1.2). Let Y be a real subspace of R? which
is invariant for BkTer. Suppose that dimY = 1. Then there would exist a real eigenvalue
for B[, ,,, but this is not the case as o(B{,,,) = {a £ iB}. We thus have either ¥ = {0}
or Y = R?. Suppose that R? C ker(QEr)). In this case the real subspace of R™ spanned by
en—1=1(0,...,0,1,0) and e,, = (0,...,0,1) would be invariant for the transpose of the drift
matrix 7' and it would be contained in ker(Qp). This contradicts the hypoellipticity of .A.
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Since a4m > 0, by Theorem 2.9 every A with Re A < —2ay4n,,/p is an eigenvalue of Agm.
Moreover, Theorem 2.2 yields that o,,(£3™) contains the number —¢/p with

k m—1
Cc= Z)\J + Z 20tj+k.
j=1 j=1
Take p € C with Rep < —tr(B)/p and set A = p + ¢/p. Take an eigenfunction u; =
Uy (Thgm, Yrgm) Oof AR™ for X with [Juy||rr2y = 1. Given & > 0, we have a function
Uy = U (W1, ... Why 2k 15 - - 5 Zhpm—1) 0 D(LI™) satisfying |[uz| Lrrn-2) = 1 and || L™ uy+

]%UQ”LP(Ran) < e. Asin (44), u = ujuy is an approximate eigenfunction for C, with
approximate eigenvalue p. We can then proceed as at the end of Case 1, see (4.5). O

4.2 The case o(B)NiR # ()

To deal with imaginary eigenvalues of B, we need a second type of transformation. We
introduce an isometry S : LP — LP by

Su(z) = e*?@y(x), (4.8)

where s € R and the function ¢ : R®™ — R is chosen below. For v € C'¢°, say, the operator
A given by (1.1) is transformed into

ST ASu(z) = Au— s*(QDé, Dp)u + 2is(Q D¢, Du) +is Tr(QD*¢)u + is(Bx, Dp)u. (4.9)

Let A € o(B) NiR. Then we have either A = 0 or A = i8 # 0. The next two propositions
show the spectral inclusion needed for Theorem 4.1 separately for these two cases.

Proposition 4.3. Let 0 € o(B). Then (—00,0] + (L) C o(Ap).

Proof. In the proof we write A for A, and similarly for the other operators involved. Observe
that the kernel of BT is a nontrivial subspace which is invariant for B”. Condition (1.2)
thus yields a vector ¢ € ker(BT) with Q¢ # 0. Then (Q¢,€) = |QY2¢]? # 0. We set
¢(z) =& - x for x € R™. Identity (4.9) then becomes

STLASu(z) = Au — s(QE, €)u + 2is(QE, Du) +is(x, BT&)u = Au — s2(Q€,&)u  (4.10)

where we have defined Au = Au + 2is(Q¢, Du) and used BT¢ = 0. Let k € N and the
isometry Vi, : LP — LP be given by

Viw(x) = k~VPu(k™ z). (4.11)
For u € C2°, we compute
VL AViu = k72 Tr(QD?u) + (Bx, Du) + k~12is(Q€, Du) — Lu = (B, Du),

as k — 4oo. Set Ay = V, ' AVy. Then p(A;) = p(A) by similarity, where we omit the

subscript p. We want to show the inclusion (L) C o(A), for which we need the next fact.

Claim. Let A € p(A) N p(L) and f € LP. We then obtain

RONALf — ROLL)f in LP as k — oo. (4.12)
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Since C¢° is a core of (£, D(L,)) by Proposition 2.1, it suffices to prove the convergence on
the dense subspace (A — £)C°. Let f = Au — Lu for some v € CS°. Using the identity

RO\ AR f — ROL)f = RO AL — A RN L) f
we deduce
IR, A)f = RO\ L) fllp < RO, Aw) || 1£u — Agull, < [|RON A (|1 Lu — Al

and the claim follows.

Now, let A\g € o(L). Suppose that A\g € p(A). Then there exists a radius r > 0 such that
A € p(A) = p(Ay) whenever |A — Xg| < r. Take A with |A — 9| <7 and Re A > Re Ag. Then
A also belongs to p(£) by Theorem 2.2. The formula (4.12) thus yields

IRO £)f 1 < Timinf [RO, A) fll, < RO A1

for every f € LP. In the limit A\ — Ao the left-hand side blows up, whereas the right-hand side
remains bounded. By this contradiction, \g belongs to o(.A) and consequently A\g—s2(Q¢, &)
to o(A), see (4.10). As s € R is arbitrary, we conclude that o(L) + (—o0,0] C o(A). O

We next treat the remaining case.
Proposition 4.4. Let § # 0 and i € o(B), then (—o00,0] + o (L,) C o(Ap).

In order to show this proposition, we proceed as in Case 2 of the proof of Proposition
4.2 obtaining the same limit operator C = A"™ + £Im see (4.7). But now we cannot use
Theorem 2.9 to determine the spectrum of A"™ since the 2 x 2 drift matrix of A"™ has the
purely imaginary eigenvalues 4if3. Instead we directly compute the spectrum of A%™. We
start with a first-order operator that will appear in a scaling limit.

Lemma 4.5. Let b, s, pu1, 2 € R and set Toou = bxoDyu—bxy Doy — s2 (ul%—kuz%)u. Let
Toop be the realization of Too in LP(R?) endowed with domain D(Ts) = {u € LP(R?) | Teou €
LP(R?)}, where Toou is understood in the sense of distributions. Then, for every m € Z,
the number imb — s%(u1 + po)/2 is an eigenvalue of Too,p DOSSESSING G eigenfunction u in

C&(R?\ {0}).
Proof. In polar coordinates (p, #), our operator is expressed by
Toou = —bgu — s° (11 cos? 0 + pug sin® 0)u.

Let ¢ € C°(0,00) and m € Z. Set u(x) = cp(|x|)eim96’52(”1’“2)Si“(20)/(4b) for z € R2
Then u belongs to C2°(R?\ {0}) and straightforward computations show that Toou = Au
with A = imb — s (u1 + ) /2. O

Lemma 4.6. Let A° be a hypoelliptic Ornstein-Uhlenbeck operator on R? whose drift matriz
B® has the eigenvalues £if3 for § € R\ {0}. Then (—00,0] 4 iBZ = 04,(A9) = o(A9).

Proof. We divide the proof in four steps.
1) Put A° in a canonical form. Let 1 and us be the two nonnegative eigenvalues of the
diffusion matrix Q© of A®. There is an invertible matrix M; € R?*2 such that

w4 )
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Then take an orthogonal Us € R2*2 such that Us(M;QYMT)UF = D for the diagonal
matrix D with diagonal elements p1 and ps. Since Us is 2 X 2 orthogonal, we obtain

(8 fer-(4 )

where b = £3. The change of variables (3.3) with M = UM, thus yields
AO = (:[)MAO@X/; = ‘LL1D11’U, + ILLQ.DQQU + bZL’QDlU — bCElDQU.

with D(AS) = @ D(A9).

We observe that there are two possible cases: either u; and po are both positive, or
one of them is positive and the other one zero. In the first case A° is a nondegenerate
Ornstein-Uhlenbeck operator, in the second one it is a degenerate hypoelliptic operator.

2) Scale A° by the isometry (4.8). We now set ¢(x) = |z| for all z = (z1,22) € R? in
(4.8). Observe that D¢(x) = ‘%lx and (B°z, Dg) = 0. For u € C>*(R?\ {0}) and s € R the
formula (4.9) thus yields

x? x3 x
STLA°Su(z) = A°u — 52 (,u1x|12 + p22> u+ 2is <p11

X
FE Diu-+ i Duu)

|| ]

. x3 x?
+is <Mla:|23 + N2|a;1i”> u=: Tu.

By similarity, it is enough to treat 7T .

3) Show that iBZ + (—o0,0] C o(7,) = J(Ag). We scale the operator 7 through the
isometries Vi in (4.11), obtaining

_ 1 1 22 x2
Vk lTVku = ﬁulDuu + ﬁ/,bQDQQu + b(ﬁngu — bxngu - 82 (,U,l|a:|12 + ,U/Qx|22> u
1 . T T 1. 22 x2
+ —2is ul—lDlu + ﬂziDgu + —1s ,ul—Q + ,ug—l Uu.
k | |[? |z

Set T, = Vk_l’TVk. With the limit operator 7o, from Lemma 4.5, it follows

2 2
Tiu — Toou = braDiu — by Dou — 52 (,ulxl + /.th2> n
|| |z
in LP as k — oo, for every u € C°(R?\ {0}).

We now argue as in the proof of Proposition 4.2. Take Ao € p(7,). By similarity, we
have A\g € p(Tx) and ||R(Xo, Tz)|| < C for every k € N. For u € C>(R? \ {0}) we derive
llull, < C (Ao — Ti)ullp, and thus |lull, < C|[(Ao — Too)ullp letting k — +oo. Recalling that
b = 43, Lemma 4.5 implies that \g & i3Z — s%(u1 + p2)/2 for all s € R. We have this shown
the inclusion iSZ + (—00,0] C o(7,) = U(Ag).

4) Compute the spectrum of Ag. Theorem 2.2 (d) shows that i8Z is the spectrum of the
drift operator £¢ = (B%z, D). From Proposition 2.8 we deduce o(A$) C (—o0,0]+iZ and
hence o (A9) = i8Z+ (—o0, 0] by step 3). In particular, o(.A9) coincides with its topological
boundary so that U(Ag) = aap(Ag). 0
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Proof of Proposition 4.4. As already pointed out, we proceed as in Case 2 of the proof
of Proposition 4.2. The operator A thus has the form A = Tr(QoD?) + (T'z, D) with
T as in (3.4). As after (4.6), the functions J ' AJ,u tend to Cu in LP as r — +oo for
u € C, where C = A" 4 £ g defined in (4.7) and it is split into the same operators

A and £, In particular, A"™ is hypoelliptic. Lemma 4.6 yields the spectral identity
o(AP™) = 0ap(AR™) = (=00, 0] + iSZ.

We next want to show the equality o(£™) 4 ifZ = o(L,). Let B denote the coefficient
matrix of £'™. Observe that it is diagonalizable since it has n — 2 eigenvalues (counted with
multiplicities) and that o(B) = o(B) U {£iB}. Hence, case (b) of Theorem 2.2 does not
occur for £, Let £U™ fall under cases (a) or (c) of Theorem 2.2 (so that £ cannot fall
under case (d)). Theorem 2.2 then leads to

o(Lpm) = —tr(B)/p + iR = —tr(B)/p + iR.

The asserted equality thus follows from Theorem 2.2. In case (d), Theorem 2.2 and Propo-
sition 2.3 yield

0(£2m) = {i(mUl + -+ nm_lam_l) | (Tll, e ,nm_l) S mel}’
If B/o4 is rational, we infer from these results
o(Ly) ={ilnior + - +npp) | (N1, - ,nm) €Z™}

={i(n1o1 + - + Np—10m—1) | (N1, -+ ;1) € Z™'} +iBZ
= o(L™) +iB7Z.
Otherwise, it follows o(£,) = iR = o (L") + iR as well.
Observe that also o(Li™) = 04,(Ly™). Take A € o(Ap™) and Ay € o(L£™). As in .(4.4),
we check that ¢ = A+ Az is an approximate eigenvalue for Cp; i.e., (—o00, 0] +i8Z+o(L1™) =

(—00,0] + o(L,) is contained in 0,,(C,). Arguing as in (4.5), we finally see that o, (Cp) is
a subset of o(Ap). O

Propositions 4.2, 4.3 and 4.4 conclude the proof of Theorem 4.1.
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