STABILITY OF PERIODIC SOLUTIONS TO PARABOLIC
PROBLEMS WITH NONLINEAR BOUNDARY CONDITIONS
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ABSTRACT. We investigate non—autonomous quasilinear systems of parabolic
partial differential equations with fully nonlinear boundary conditions. We
establish local wellposedness and study the time and space regularity of the
solutions. Our main results give principles of linearized (orbital) stability and
instability for solutions in the vicinity of a periodic solution. Our approach re-
lies on a detailed study of regularity properties of the linearized nonautonomous
problem and its evolution family.

1. INTRODUCTION

In the qualitative theory of evolution equations, a first basic task is the investiga-
tion of the behavior of solutions in a neighborhood of an equilibrium. One typically
looks for stability, convergence or locally invariant manifolds such as the stable,
unstable and center manifolds. These local properties can be quite often tackled
using spectral information about the linearization at the equilibrium. If the given
problem is autonomous, then the linearized one is also autonomous so that one can
use the well developed semigroup theory.

One of the next steps is to study the vicinity of a given non—constant 7—periodic
orbit u, in an analogous way. However, here the linearization is non—autonomous
even if the given nonlinear problem is autonomous. So one cannot use semigroup
theory anymore. It has to be replaced by the theory of evolution families U (t, s), t >
s, which are the solution operators of non—autonomous linear evolution equations.
In this paper we will focus on 7—periodic or even time independent coefficients
so that the linearized problem is 7—periodic. In this case the spectrum of the
monodromy operator U(t,0) determines much of the asymptotic behavior of U (-, -)
which in turn should govern the qualitative properties of the nonlinear equation
near u,. But the presence of the periodic orbit causes further difficulties. If the
given coefficients are autonomous, then U(7,0) always has the eigenvalue 1 with the
eigenvector u/,(0), see Section 5. Correspondingly, we can obtain at most orbital
stability of u, with asymptotic phase; i.e., for each initial value ug near w, with
solution u there is a @ € [0, 7] such that u(t) — u.(t + 0) decays as t — oco.

In this paper we study quasilinear parabolic systems on a domain 2 C R™ with
fully nonlinear boundary conditions

Opu(t) + A(t, u(t))u(t) = F(t,u(t)), on€Q, t>0,
Bj(t,u(t)) =0, onodQ, t>0, je{l,...,m}, (1.1)
u(0) = ug, on Q.

Here, the solution u(t,z) belongs to CV, the map A(t,up) is an elliptic differential
operator of even order 2m in non divergence form whose coefficients depend on the
solution u and its derivatives up to order 2m — 1, F' is an substitution operator
also acting on u and its derivatives up to order 2m — 1, and B; are substitution
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operators at the boundary depending on v and its derivatives up to order m; <
2m — 1. We only assume local smoothness of the coefficients and impose no growth
restrictions. Moreover, we require that the linearized boundary value problems
(A(t,v), Bi(t,v), -+, Bl (t,v)) are parameter elliptic and satisfy the Lopatinski—
Shapiro conditions, see [3], [7], [8], and Section 2.

The equations (1.1) are a model case for fully nonlinear boundary conditions
arising naturally in the treatment of free boundary problems, see e.g. [5], [13] or
[22]. Such problems often contain nonlinear dynamical boundary conditions, cf. e.g.
[6] and the references therein.

We establish local wellposedness and smoothing properties of (1.1) in Section 3.
To some extend we can follow here the approach of [15] and [16], where the au-
tonomous version of (1.1) and its behavior near an equilibrium was studied in detail.
For the reader’s convenience we briefly recall the necessary information about the
setting and several auxiliary results in Section 2. At this point we just note that we
work in an LP—setting and that we use maximal regularity estimates on bounded
time intervals for the linear problem (1.2) below, proved in [8]. In the proofs of
Sections 2 and 3, we focus on the parts which differ significantly from those in [15]
because of the time dependence of the coefficients in the present paper.

In Section 4 we study in detail the linear inhomogeneous boundary value problem

Ou(t) + A (t)v(t) = g(t) onQ, teJ,
Bj.(t)v(t) = h;(t) ondQ, ted, je{l,...,m}, (1.2)

U(to) = Yo, on Qa

see (2.16) and (2.18), which is the linearization of (1.1) at the 7—periodic orbit w..
We assume that the coefficients in (1.1) are 7—periodic. We first treat the homo-
geneous case where we have g = h; = 0 in (1.2). This problem is governed by the
linear operators Ag(t) = A.(t)| ker B.(t), see (4.16). In Lemma 4.4 and Proposi-
tion 4.6 we prove that the operators Ay(t), t € R, satisfy the Aquistapace—Terreni
conditions, i.e., Ag(t) are sectorial of uniform type and their resolvents satisfy a cer-
tain Holder estimate (see (4.17) and (4.18), as well as [1], [2] and Section 4). These
conditions imply that Ag(-) generates a parabolic evolution family U(-, -) solving the
homogeneous linearized problem (1.2) with g = h; = 0. Moreover, for the study of
the asymptotic properties of (1.1) we need a variation of constants formula for the
linearized problem stated in Proposition 4.9. This formula relies on the extension
of U(-,-) to the extrapolation spaces corresponding to Agy(t) (or equivalently, on
regularity properties of the adjoints U(t, s)*), see Section 4. In our previous papers
[18] and [19] we have developed an extrapolation theory in the framework of the
Aquistapace—Terreni conditions. However, this theory is not fully applicable here
due to the limited regularity of w,. Fortunately, using the structure of problem
(1.2) we can establish a somewhat improved version of the Hélder estimate of Ac-
quistapace and Terreni, stated in (4.31), which allows to derive the extrapolation
theory needed for the investigation of (1.1), see Propositions 4.7 and 4.10. Based on
these results we can then prove the fundamental linear maximal regularity estimates
for the time intervals R; and R_ in Propositions 4.11 and 4.12.

Now we have all tools at hand to prove in Propositions 5.1 and 5.2 the principles
of linearized (in-)stability for the 7—periodic solution w, of (1.1) in the case of 7—
periodic coefficients. Finally, if the coefficients do not depend on time and if the
spectrum of U(7,0) consists of a part being strictly in the open unit disk and of the
simple eigenvalue 1, then Theorem 5.3 shows that u, is orbitally stable for (1.1) with
asymptotic phase. An analogous result was shown for nonlinear problems with linear
boundary conditions in Theorem 9.3.7 of [17] in a C® setting. To our knowledge
there are no related theorems for nonlinear boundary conditions. Only for the
special case of quasilinear boundary conditions, there are different stability results
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for periodic orbits in the context of Hopf bifurcation, see e.g. [24]. On the other
hand, the paper [5] treats related stability properties of travelling wave solutions
of a certain free boundary value problem (which leads to a problem with nonlinear
boundary conditions). Finally, we want to point out that the theory developed in
this paper should be the basis for investigations of the qualitative behavior near w,
beyond the stable case. In particular, we want to study stable, unstable and center
manifolds near an periodic orbit in future work.

Notation. Let {A € C: ReX > 0} = C; and J C R be a closed interval. We
set Dy, = —i0, = —i0/0x, and use the multi index notation. The k—tensor of the
partial derivatives of order k is denoted by V¥, and we let VEu = (u, Vu,...,VFu).
For an operator A on a Banach space we write dom(A), ker(A), ran(A), o(A)
and p(A) for its domain, kernel, range, spectrum, and resolvent set, respectively.
B(X,Y) (resp., B2(X,Y)) is the space of bounded linear (resp., bilinear) operators
between two Banach spaces X and Y, and we put B(X) = B(X, X). For an open
set U with boundary OU, we denote by C*(U) (BC*(U), or BUC*(U), or C¥(U),
respectively) the space of k—times continuously differentiable functions u on U (such
that u and its derivatives up to order k£ are bounded, or bounded and uniformly
continuous, or vanish at QU (and at infinity if U is unbounded), respectively), where
BC*(U) is endowed with its canonical norm. For C*¥(U) and BC*(U) we require
in addition that v and its derivatives up to order k have a continuous extension to
OU. For unbounded U, we write C§(U) for the space of u € C*(U) such that u and
its derivatives up to order k vanish at infinity. By HZ’f(U ) we designate the Sobolev
spaces. A generic constant depending on K will be denoted by ¢ = ¢(K). Similarly,
ex =¢: Ry — Ry is a generic nondecreasing function with £(r) — 0 as r — 0.

2. SETTING AND PRELIMINARIES

Let Q C R™ be an open connected set with a compact boundary 99 of class
C?™ and outer unit normal v(x), where m € N. Throughout this paper, we fix an
exponent p with

n+2m < p < o0. (2.1)
Let E = C» with B(E) = CN*¥ for some fixed N € N, and let t; € R. For a CV—

valued function u(t) = u(t,z), t > to, x € Q, we investigate the non-autonomous
quasilinear initial boundary value problem with fully nonlinear boundary conditions

Owu(t) + A(t, u(t))u(t) = F(t,u(t)), onQ, ¢>to,
B;(t,u(t)) =0, ondf, t>ty, je{l,...,m}, (2.2)
u(to) = Uog, on ().

Of particular interest are maps A, B; and F' which do not depend explicitly on ¢.
The operators in (2.2) are given by

[A(t,u)v](z) = Z ao(t, z,u(x), Vu(z),..., V> tu(z)) D*(z), =€ Q,
|a|=2m
[F(t,w)](x) =f(t,z,u(z), Vu(z),...,V*" tu(z))), x€Q, (2.3)
[Bj(t, w))(x) =bj(t, z, (yu)(z), (7Vu)(z), ..., (7V™u)(z)), 2 €,

for some m; € {0,1,...,2m — 1} and all j € {1,...,m}, v € H™(Q;CY) and
u € BC?™~1(Q;CN), resp. u € C™i(Q; CN) in the last line of (2.3). In B; we have
used the spatial trace operator v which we usually omit from the notation. We set
E=EXE"X- X EM) for | € Np. For each k € Ny, we fix an order of the multi
indeces 3 € NI with |3| = k. We order the n* components of a k—tensor in the same
way, thus using 0 as the label for the component corresponding to 8 € Ni with
|| = k. For a function w depending on z € E(”k), we denote by dgw its partial
3



derivative with respect to 8-th argument. Throughout, the coefficients of (2.2) are
assumed to satisfy the following regularity conditions.

(R) aq € CYH(RXE2p—1; BC(Q; B(E))), 9pan € CH(RxEp—1; BC(Q; Bo(E?, E)))
for all k = {0,1,--- ,2m — 1} and «, 3 € Nj with |a| = 2m, |3| = k, and
ao(t,2,0) — aq(t,00) in B(E) for each t € R as |z| — oo, if Q is unbounded;
f € C*RxE9pm—1; BO(; E)) and dgf € CH(R x Egp—1; BC(; B(E))) for
all k={0,1,--- ,2m —1} and § € N} with |3| = k, and f(¢,-,0) belongs to
LP(Q; E) for each ¢ € R if Q is unbounded;
bj € C*m=mt2(9Q x Ep, s BO(R; E)) and it exist 8;b; € C*™ ™1 (90 x
Em,;; BC(R, E))) and 9y;b; € C(R x 92 x &y, E) for each j € {1,...,m}.

Rooughly speaking, we require that the coefficients in the interior are C? and that
those on the boundary belong to C?™~™i+2 as in the hypothesis (RR) of [16]. In
addition, we mostly require that

(P) all functions in (R) are periodic in ¢ with a common period 7 > 0.

Given ug € C™i (Q; CN), we further define
[B"(t ug)v](z) = (9:0;)(t, z, uo(x), Vuo(x), ..., V" ug(z)) - AN ™ v(x)  (2.4)

= Z Z (95b;) (t, 2, uo(2), Vug(z), . .., V™ ug(x)) yDPv(x)
k=0 |8|=k
for x € 0Q, v € C™ (Q;CN), and j € {1,...,m}. We set B = (By,...,B,,) and
B’ = (Bf,...,B.,). The symbols of the principal parts of the linear differential
operators are the matrix—valued functions given by

Ap(t,z,2,0) = > aalt,1,2)€%, Bjp(tz,2,8) = > i™(9pb;)(t,x,2) "
la|=2m |Bl=m;
fort eR, 2 €, 2 €&y and £ € R”, resp. € 0N, z € &y, and £ € R™. We
further set Ax(t,00,8) = 32| 2o @a(t, 00) £ if © is unbounded. One defines the
normal ellipticity and the Lopatinskii-Shapiro condition for A(t,ug) and B’(t, up)
at a function ug € C2™ 1 (Q; CN) as follows:
(E) o(Ag(t,z, V> tug(z),€)) € C and (if Q is unbounded) o (A (t, 00,€)) C
Cy forallteR, x € Qand ¢ € R" with [£] = 1.
(LS) Let t € R, x € 9Q, £ € R", and A € C; with & L v(x) and (A, &) # (0,0).
The function ¢ = 0 is the only solution in Co(R,; CV) of the ode system

/\@(3/) + A#(t7 m,ZQm_luo(x),S + Zy(x)ay)(p(zn =0, y>0,
By (t,x, Y™ ug(x), & + iv(x)d,)e(0) =0, je{l,...,m}.
These conditions are crucial for the linear regularity results from [8], stated in
Theorem 2.1, which are the basis for our approach. We refer to [3], [7], [8], and the

references therein for more information concerning (E) and (LS).
We discuss the function spaces and trace theorems needed below. First, we put

Xo = Ly CY), Xy = H™(CY),  Xyqy = WmU-/P(Q;CN),

and denote the norms of these spaces by |- |o, | - |1, and | - [{_1,, respectively. On
the Slobodetskii spaces W, we use the ‘intrinsic’ norm given by
B lw(y) — w(z)[?
|U|€V;(Q)N: |U|I£p(Q)N +z|: [0 fUH:V;(Q)Nv [w]svg(g)zv: /QQWWd‘T dy,
al=k

for s = k+ o with k& € Ny and o € (0,1). Occasionally we use without further
notice that W, coincides with the real interpolation space (Lp, Wli)s /1pifl € Nand
5 € (0,1) is not an integer. (See [25, §4.4].) We note that X; — X;_;,, — Xo,

Xi_1/p <& cgmH (@ CY),  and Xi_1/p = szmfl(ﬁ§ cM) (2.5)
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by (2.1) and standard properties of Sobolev spaces, cf. [25, §4.6.1]. From the above

expression of [w];_1/p := [w}ivlfl/”(Q)N we deduce that
P

[wv]i1/p < e(fulpee [Vioayp + [uliayp [0lee) < el (], (2.6)

where we also used Sobolev’s embedding theorem and (2.1).
Let I C R be an interval (maybe, not closed) containing more than a point. Then
we introduce the function spaces

Eo(1) = Lp(I; LP(Q5CN)) = Ly(I; Xo),
Ey(I) = Hy(I; Ly (2 CY)) N Ly (I; HY™ (9 CY)) = Hy (I; Xo) N Ly (1; X1),

equipped with the natural norms. Mostly, we deal with closed intervals which are
denoted by J instead of I. Since we want to insert functions u € E;(I) into the
nonlinearities, we need the embedding

Ei(I) — BUC(I; X_1,,) < BUC(I; 3"~ (@ CV), (2.7)

see [4, Thm.IT1.4.10.2] for the first and (2.5) for the second embedding. There is
a constant c¢o(Tp) which is larger than the norms of the first embedding in (2.7)
and of Ey(I) — BUC(I;Cg"™ ' (Q; CN)), for all intervals I of length greater than
a fixed Ty > 0, see [4, Lem.I11.4.10.1]. Moreover, one can choose an I-independent
constant ¢y for functions vanishing at the left end point of I, see e.g. [15, §2].

Due to (2.7), the temporal trace operator 7y at time ¢ = 0 belongs to
B(E1([0,1]), X1_1/p). Recall that the spatial trace operator v at J€2 induces contin-
uous maps

v Wy (8 cM) - W;fl/”(ﬁﬁ; cM) (2.8)
for 1/p < s <2m if s — 1/p is not an integer, cf. [25, §4.7.1]. Here we let W} = HY
for k& € Np, and the Slobodetskii spaces W (09) are defined via local charts and
have the analogous properties as W (€2), cf. [25, §3.6.1]. We further set

Yo = L0 CN), Y;1= W2 (@0:CY), Y1y, = W22/ (90;CN)

for j € {1,...,m}, introducing the number
L B
I 2m  2mp

Note that x; > ]% due to (2.1). Welet Y, =Y;,x---xY,,, forr=1,1—1/p. The
boundary data of our linearized equations will be contained in the spaces

Fi(J) = W} (J; L0, CN)) 0 Ly (J; W™ (09; CN))
= WS (T Yo) N Ly(J;Ysn), g €{l,...,m},
endowed with the natural norms, where F(J) :=F(J) x -+ x F,,,(J). It holds
F;(J) — BUC(J;Y}1-1/p) — BUC(J x 09Q), (2.10)

so that v € B(F;([0,1]),Y}1-1/p). Here the second embedding follows from
Sobolev’s embedding theorem using (2.1), and the first one is a consequence of
Proposition 3 in [20], see [15, §2]. The norms of the embeddings in (2.10) depend
on J as described after (2.7). Finally, Lemmas 3.5 and 3.8 of [8] yield

7P By (J) — Fi(J) (2.11)

(2.9)

for |B] < m; < 2m.
Let ug,v € BC*™~1(Q; CN) with |ug|gc2m-—1 < R for any R > 0, w € X3, and
t € R with |¢{| < R. We introduce the linear operators F”(t,ug) and A’(t, up)w by
setting
2m—1
F @) = S Y @)t uo(x), Vug(a). ... V" ug(z)) 0%(z),
k=0 |3/=k
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[A'(t, uo)wv(x) = A'(t, uo) [v, w] ()

= Z Z Z (Opaa)(t, 2, up(x), ..., V2" tug(x)) [0°v(z), D w(x)]

la|=2m k=0 |B|=k

for x € , with a similar notation as in (2.4). Note that dgan(t,z,2) : E? — E is
bilinear and that the coefficients of F'(¢,up) and A’(¢,ug) are uniformly bounded
by a constant ¢(R). Taking also into account (2.5) and (R), we thus obtain

|F'(t,w0) | B(x,_y ), x0) < C(R). (2.12)
Similarly, [v,w] — A’(t, uo)[v,w] is a bilinear map from X;_;,, x X; to Xy with
|A(t, wo) v, wllo < ¢(R) [v]pam—r [wly < e(R) [oli—1/p w1 - (2.13)

Moreover, the maps (t,ug) — A’(t,ug) and (t,up) — F'(t,ug) are uniformly con-
tinuous for ¢ in bounded intervals and wug in balls of X;_,,,. Next, take v € X;_1/,
with [v]1_1/, < R, and let |[t| < R. Using (R) and (2.5), we deduce
|F(t,uo +v) — F(t,uo) — F'(t,uo)vlo < erl[vli-1/p) [v]1-1/p; (2.14)
|A(t, uo + v)w — A(t, uo)w — [A'(t, uo)wlvlo < er(vli_1/p) [Vl1-1yp w1

As a result, A’(t,-) and F'(t,-) are in fact the Fréchet derivatives of the functions
A(t,-) € CHX _1/p: B(X1,Xp)) and F(t,-) € C'(Xi_1/p; Xo), respectively. Fi-
nally, we have
I[A(t, uo +v) — A(t, uo)wlo < e(R) [v|1-1/p [w]1 - (2.15)
We linearize (2.2) at a function u, € Eq(J) obtaining the linear operators
A(t) = At ua(t) + A" (8, us () Jus (t) — F'(t,us(t)) € B(X1, Xo),
Bji(t) := Bj(t,u«(t)) € B(X1_1/p, Yj1-1/p) N B(X1,Yj1),
for (almost) allt € Jand j € {1,...,m}. Weset B,(t) = (B1(t), ..., Bm«(t)). (For
the mapping properties of Bj(t,u.(t))) see [15, §2] and also Corollary 2.5 below.)
We are now in a position to state the crucial regularity theorem for the linear
initial boundary value problem associated with (2.2). Fix T' > 0 and ¢y € R, set J =
[to, to + T, and take a function u, € E1(J). Assume that (R) is true and that (E)
and (LS) hold at t and u.(t) for each t € J. Set a’(t,2) = ao(t,z, V"™ 'u.(t,z))
for |a| = 2m and

(2.16)

big(t, ) = i (0pb)) (t, 2, V™ u(t, x)) (2.17)
for k = |B] < mj and j € {1,...,m}. We then have a’, € BC(J x Q;B(E)) and
aX(t,x) — aq(t,00) as |z| — oo for each t € J since u, € C(J;C3™ (€ CN)) due
0 (2.7). As in the proof of Proposition 2.4 one verifies that b%; € F;(.J). Moreover,
the lower order terms A’(t, u.(t))u«(t) — F'(t,u.(t)) do not enter into (E) and (LS)
of [8] and their coefficients are bounded or belong to L, (J; L,(£2; B(E))). Thus the
differential operators A,(t) and B;.(t) satisfy assumptions (E), (LS), (SD), (SB)
from [8]. So Theorem 2.1 of [8] yields the following result.

Theorem 2.1. Let ty € R and u, € Eq1(J) for J = [to,to + T]. Assume that (R)
is true and that (E) and (LS) hold at t and u.(t), for each t € J. Define A(t) and
Bj.(t) by (2.16) for t € J and j € {1,...,m}. Then there is a unique function
v =: S(to, vo, g, h) € E1(J) satisfying

Ow(t) + A (t)v(t) = g(t) onQ, teJ,
Bj.(t)v(t) = h;(t) ondQ, ted, je{l,...,m}, (2.18)
v(tp) = vo, on £,

if and only if

(’Uo,g, h) S Xl—l/p X Eo(J) X F(J) and B*(to)vo = h(to),
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where h := (h1, ..., hy). In this case, there is a constant ¢y = ¢1(J) such that
lvlle, () < 1 (Jvoli—1/p + [l9llEecry + [12llR(1))- (2.19)

As in [15, §2] one can check that ¢; = ¢;(Tp,Th) if T € [Tp,T1] and 0 < Tp <
T < oo, and that ¢; = Cl(Tl) if h(to) =0.

For a given function u € Eq([to, to +T]) and a given solution u. € Eq([to,to+ 1)
of (2.2), we set v(t) = u(t) — u.(t) and vg = up — u«(tp). Then the problem (2.2)
for u is equivalent to the initial-boundary value problem for v given by

(t) + A (t)v(t) = G(t,v(t)) on Q, t>to,
B (tyo(t) = H;(t,v(t))  ondQ, t>to, je{l,...,m}, (2.20)
’U(to) = Vo, on (.
Here we have used the nonlinear maps G and H defined by
G(t,v) == (A(t, us(t))v — A(t, us () +0)v) — (At us(t) + v)ua(t) — A(E, ua(t))u(t)
— [A'(t, ue (1) us ()]v) + (F(t,ua(t) +0) = F(tus(t) — F'(t,ua(t))v),
Hj(t,w) == Bj(t,u.(t))w — Bj(t,u.(t) + w), je€{l,...,m}, (2.21)
for all v € X; and w € C™(Q; CY), where u, € E;(J) is given. As before, we set
H(ta ’U) = (Hl(ta ’U), cee aHm(tv ’U))

Definition 2.2. We say that a function u solves problem (2.2), (2.18) or (2.20)
on a (possibly noncompact) interval I containing 0 if u belongs to E;(.J) for each
compact interval J C I and satisfies the respective problem for (a.e.) ¢t € I.

For functions u, and v which belong to E([a, b]) for all compact subintervals of an
interval I we define the substitution operators G(v)(t) = G(t,v(t)) and H;(v)(t) =
H;(t,v(t)) for a.e. t € J, setting H = (Hj,...,H,,). Their mapping properties
will be crucial for our main results. We work on weighted functions spaces when
treating the asymptotic behavior. Let ¢ty € R and J = [tg, 00) or J = (—o0,ty]. We
set e5(t) = e®t=%0) for ¢t € R and ¢ € R, and introduce the spaces

Ei(J,0) ={v:esv € Ex(J)} (k=0,1), F(J,0) ={v:esv e F(J)} (2.22)
endowed with the norms

lvlle, (75 = llesvlle,ry (kB =0,1), vllrss) = llesvllecn
We recall Lemma 11 from [15] which is used in the next proof.

Lemma 2.3. Let Z be a Banach space, a € (0,1), and § € R. Set I(t) =[t—1,t+
1NR; fort € Ry. Then we have

1
[es flwerysz) < cllesfllL,ryiz) + ¢ / / ‘””Md dt|”

1) |t — s|t+or
<cllesfllwe®yz)
where the constants ¢ can be chosen uniformly for § belonging to compact intervals.
Proposition 2.4. Assume that (R) holds. In the case of a compact interval J, we
take u, € E1(J). Further, let to € R and set Jy = [tg,00) and J_ = (—00,%0]. In
the case of the intervals Jy, we also assume that (P) holds and take a 7- periodic
ux € Eq1([0,7]) satisfying By (t,u.(t)) =0 for all t.
(I) Let § > 0. Then the following assertions are valid.

(a) We have G € CYE1(J1,6);Eo(J+,0)), G € Cl(]El( ,—0); Eo(J_-, —90)),
and G € CH(E1(J); Eo(J)), respectively. Moreover, G(0) =0, G'(0) = 0, and
G ()w](t) = [F'(t, ua(t) + 0(t) = F'(¢, w(t))|w(?) (2.23)
+ [At ua(t) — At ua (t) + 0(t))]w(t)

+ AT, w(0)) e (8) — A (t, ua (8) + 0(8) (ua (£) + 0(1))]w(?)

7



for all v,w € Eq(Jx, ) and t € Jx, respectively, for all v,w € Ey(J) and t € J.

(b) We have H € CY(Ey(J4,6);F(J1,0)), H € CHEL(J—, —8);F(J_,—9)), and
H € CY(E,(J);F(J)), respectively. Moreover H'(0) = 0 and

[H' (v)w](t) = [B'(t, u«(t)) — B'(t, us(t) + v(t)]w(t) (2.24)

for all v,w € Eq(Jx,0) and t € Jy, respectively, for all v,w € Eq(J) and t € J.
Finally, H(0) = 0 holds if and only if B(t,u.(t)) =0 for all t.

(II) Let § € R. Take v € E1(J+,0) with |v(t)[1_1/, <7 for allt € J+ and some
r > 0. Then there is a nondecreasing function € : Ry — Ry such that e(r) — 0 as
r— 0 and

IG(V)llEg(ss,8) < €(7) HeJUHLp(Ji;Xl) )
IH()llp(rs.0) < e(r) lvlle, (.8) 5 (2.25)

llesH(0) |z, (12v2) < €(r) llesvll, (rrixy)

where € can be chosen uniformly for to € R and for § in compact intervals.

Proof. (1) In the proof we restrict ourselves to the case J.. (The other intervals
can be treated in the same way.) Hence, all coefficients and the function u, are
7—periodic. The periodicity will imply that several estimates are uniform in t € J.
For simplicity we let to = 0, Jy = R4 and 7 = 1, and sometimes we write Ey(J)
instead of Ei(R4,d), k = 0,1, etc.. We point out that for 6 > 0 and ¢ > 0 we have
w(t) peze s < clo@®l 1y < cle?w®) 1 < clulleyw.s  (2.26)
due to (2.5) and (2.7). The constants do not depend on w € E1(d). Moreover, here

and below the constants are uniform for ¢ € R, and for § in compact intervals. We
further deduce from (2.7) and the periodicity of ., that

o0
lles [w]pozm— U*‘|ip(ﬂg+;xl) < CZ les |w|pozm—1 ||I])3(;([n_1,n]) Hu*”iy([o,l];Xl)
n=1
o0
< CZ H%wuﬁl([nqm]) =c HU’”EI((;) (2.27)
n=1

for all w € E1(6). In the following we use (2.26) and (2.27) without further notice.
From now on we take 6 > 0 unless we are dealing with part (II).

We define G'(v) by (2.23) for v € E;(d§). The properties (2.12), (2.13), (2.14),
and (2.15) imply that G(v) € E¢(d), G'(v) € B(E1(4),Eo(d)) and that the first line
of (2.25) holds. Further, G'(v) is the Fréchet derivative of G at v due to (2.14),
(2.15), 6 > 0, and the formula

G(t,v(t) +w(t)) — G(t,v(t)) — [G'(v)w](t)
= F(t,us(t) + v(t) + w(t) — F(t,us(t) +v(t)) — F' (£, u.(t) + v(t))w(t)

— (At ) + () + w(8) = At u(8) + (1)) Jw(?)
= (At (8) + 0(8) + w(E) (e (8) + (1)) = ALt (8) + 0(6) (wa (£) + v(2)

= [A'(t ua(£) + 0 (8)) (s () + v(t))]w(t))-

The continuity of v — G’(v) is shown in a similar way.

(2) We give the proof of the assertions concerning H; for a fixed j € {1,...,m}
which will mostly be suppressed from the notation. We fix v € E;(d) and take
w € E1(6) with [Jw||g, 5y < ro for a fixed, but arbitrary 7o > 0. In the following,
the constants may depend on v and rg, but not on w. Define H' by (2.24). One
can verify that H(v) € F(§) and H'(v) € B(E(6),F(d)) by similar, but simpler
arguments as used below. In view of (2.4) and (2.21), we can write

—[H(t, 0(t) +w(t)) = H(t, 0(t)) — [H (v)w](®)] ()
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= [B(t, u.(t) +v(t) + w(t)) — B(t, ux(t) +v(t)) — B'(t, ux(t) + v(t))w(t)](z)
=b(t, z, V]u.(t,z) + v(t,z) + w(t, z)]) — b(t, z, V[u.(t, z) + v(t, z)])
—(0:0)(t, z, V]ui(t,z) + v(t, z)]) - Vw(t, z)

=: h(t, z, V]u.(t, ) + v(t,2)], Yw(t, )) (2.28)
where we set V := V" = (V°, V! ..., V™) and 9, is the partial derivative of b
with respect to the corresponding arguments in E x E™ x --- x E®"7), (Recall

that we have suppressed the trace operator in front of all V terms.) We set £ =
V[us(t,z) + v(t, z)] and n = Vw(t, x) for fixed x € 92 and ¢ > 0. Then we obtain

h(t:%fﬂi) = (t T §+7]) _b(t T f) - (azb)(t7xﬂ€> -1,

Ieh(t,z,& ) = (9:b)(t, x,€ + 1) — (9:0)(t, 2, ) — (0::0) (¢, 7,€) - m,
Oh(t,z, & n) = (9:0)(t, z, & +n) — (9:b) (¢, 2, ),

h(t, 2, &,m) = (Oub)(t, 2, & +m) — (O) (¢, 2, &) — (Or:b) (¢, 2,€) -
Ouh(t, 2, §,m) = (0:0)(t, 2, & + 1) — (0:0) (L, 2,€) — (9uzb)(E, 2, ) - 1.

Assertion (R) yields

[tz & m)ls [0eh(t, . &) < e([nl) [nl, — |Oph(t,z, &m) <clnl,  (2.29)
|0ch(t, 2, & m)| < e(lnl) [nl, (2.30)
|0:h(t, x, & )| < e([nl) |nl, (2.31)

where ¢ and € do not depend on z and ¢ and are uniform for £, 7 in bounded sets
(using also the periodicity). Thanks to (2.26) and § > 0, we derive from (2.29) that

e [H (t,v(t) +w(t)) — H(t, v(t) — [H (0)w](t)]y, < e(w(t)|z)]e™w(t)|z,
lles [H(v + w) — H(v) — B (0)w]llz, @, v0) < e(lwlle, o)) leswln, @y x)  (2:32)

where we have set Z = BC?™~1(Q)" for a moment. The corresponding inequality
for part (IT) is shown similarly.

(3) We now consider the estimate involving W,? (R4 ; Yp), cf. (2.9). We fix z € 99
and omit it in the notation. Then we can compute

h(t, ¥ (u.(t) + (1)), Vw(t)) = h(s, V(u.(s) + v(s)), Vw(s)) (2.33)
= /O (0¢h) (s +6(t — ), V(u(s) +v(s)), Vw(s)) (t — s) db

1
+ /O (eh) (t, V(1. (s) +v(s)) + O[V (ua(t) +0(t)) — V(us(s) +v(s))], Vw(s))db
- Vu(t) +v(t) — uels) — v(s))]
1
+ /0 (Onh) (t,y(u*(t) +o(t)), Vw(s) + 6V (w(t) — w(s)))dﬁ -V(w(t) —w(s))

for t,s > 0. Set @(t) = h(t, V(u(t) + v(t)), Vw(t)) and ¥(t) = V]u.(t) + v(t)].
Then (2.33), (2.30) and (2.29) yield
o) = @(s)ly, < €(|w(8)|302m71) [Vw(s)ly, [t — s (2.34)
+e(lw(s)[perm-1) [Nw(s)]oo [(E) — ¥(s)lv,
+ c(Jw®)|perm-1 + [w(s)|porm-1) [V (w(t) — w(s))ly,

for allt,s > 0. We put I(s) = [s—1,s+1]NR;. Combining (2.34) with Lemma 2.3,
(2.32), (2.7), (2.11), 6 > 0 and the periodicity of wu., we derive

les (H(v + w) — H(v) — H/(U)w)]gvﬂ(]R+-YO) = [65‘P]€VK(R+ Yo)

Jovs [P) — 9(8) 5y
< cllesellr, @, v +C/ /z(s> R
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s S
sCfs(wnEl(a))p[nwgl o[t e s
V(w(t) ~ w(s)
5ps| Yo
A e =t

R

< ce(|lwlle,s)” {nw@l@ + / &P 1T (s) 3, ds + llesTwllwz, o)

[Vu.(t) — Yus(s)[}

Y,
+ Z He(SwH]El([TL 1,n]) / / |t — s|T+np & dtds

e IVu(t) — Vo(s)ly,
+ ||€5U1||Bc(]R<+,X1 1/p)/ /I(s) |t — s|Ltp dtds

< celwle )" [l ) + 1esZ0lr v+ 100, ) Il 0.

< ce(fwlley @)l

The above estimate and (2.32) show that v — H;(v) € Wy? (Ry; Yp) is differentiable.
The corresponding inequality in part (IT) is shown in the same way.

(4) We further have to prove inequality (2.32) with L,(Ry;Ys) replaced by
L,(Ry;Y7). This can be done essentially as in the autonomous case treated in
parts (4) and (5) of the proof of [15, Proposition 10], using (2.31). By means of a
change of coordinates one can reduce the problem to the unit ball K in R~ instead
of 0€). We restrict ourselves to the case m; = 2m — 1 since the other cases can be
treated by an induction argument as in part (5) of the proof of [15, Proposition 10].
In the crucial estimate after (69) in [15] one only has to change the term involving
U (t), which we now estimate by

> Vu* t y) — Yuy(t, z)|P
/0 e(Jw(t)| goam-1)P |2tw( Wacom-— 1// | T 2+§) ) dzx dydt

n
< cellwlpememnn)? 3 leswlte s v pom / (0 de

n=1

< ce((|wlle, )" leeawllEl(n L < ce(lwlley o) lwllz, )

employing (2.8), (2.7), and the periodicity of u,. The corresponding inequality in
part (II) is shown in the same way. Finally, the continuity of v — H'(v) can be
established by similar methods. O

For later use we state Corollary 12 of [15] which could also be deduced from the
above proposition.

Corollary 2.5. Assume that (R) holds. For everyt € R, the maping ug — B(t,ug)
belongs to C* (X1-1/p; Yi—1/p) with the derivative B'(t,ug) given by (2.4).

3. LOCAL WELL—POSEDNESS AND REGULARITY

We start with the basic local existence and uniqueness result for (2.2). Using
Proposition 2.4, the proof follows the lines of the proof of Proposition 13 in [15] and
it is therefore omitted.

Proposition 3.1. Let tg € R. Assume that condition (R) holds and that (E) and
(LS) hold at ty and a function ug € Xq_1, satisfying B(to,uo) = 0. Then there
10



is a number T = T (tg,ug) > 0 such that the problem (2.2) has a unique solution
u e El([to,to + T])

Under the assumptions of Proposition 3.1, let t* (g, ug) be the supremum of those
T > 0 such that (2.2) has a solution u € Eq([to,to + T]). Proposition 3.1 implies
that t*(tp,up) > 0. This solution is unique provided that (E) and (LS) hold at ¢
and the function u(t) for each ¢ € [to,to + tT (tg,up)). We now establish our main
well-posedness result. It says that (2.2) generates a local flow acting on the solution
manifolds
M(t) = {w S Xl—l/p . B(t,w) = 0} (31)
Moreover, the equation possesses a smoothing effect because of the quasilinear struc-
ture of the differential equation. To state this property, we write (¢ — ¢o)u for the
function v(t) = (t —to)u(t) with t > to. For given ug € X;_4/, and s € R, we define
the space
Xlofl/p(s) = {ZO S Xl—l/p : B/(S,U(])Z(] = 0},
which is the tangent space of M(s) at ug if ug € M(s). Let s € R and let ug €
X1_1p satisfy (E) and (LS) at s € R. Proposition 5 of [15] yields operators

~

N(s) € B(Y1_1/p, X1-1sp)  with  B'(s,u0)N(s) = I. (3.2)
Using also Corollary 2.5, we define the projections P(s) € B(X1_1p, X?_l/p(s)) by
P(s) =1 —N(s)B'(s,ug)  for ecach s€R.

Theorem 3.2. Let tg € R. Assume that condition (R) holds and that (E) and
(LS) hold for tg at a function ug € M(to). Let u = u(-;to,ug) denote the solution
of (2.2), and let (E) and (LS) hold at t and the function u(t;tg,ug) for each t €
[to, to + t T (to,up)). Let T € (0,tT (to,uo)) and J = [to,to + T). Then the following
assertions are true.

(a) There is an open ball B,(uo) in Xi_1/, such that there exists a solution
w € Ei(J) of (2.2) for each initial value wy € B,(uo) satisfying B(to, wo) = 0.
Moreover, there is an open ball Wy in Xlo,l/p(to) centered at 0 and a map ®(-, o) €
CY(Wo; E1(J)) with uniformly bounded derivative and ®(-,t9)0 = 0 such that w =
u+ (-, 0)(P(to)(wo — uo))-

(b) We have (t — to)u € H)(J;X1) N H}(J; Xo), and thus u € C'((to,to +
T]§X1—1/p) N 02_1/p((t0,t0 +T); Xo) N Cl_l/p((to,to +T); X1).

(c) Assume in addition that (E) and (LS) hold for each u; € M(t) and allt € R.
If the number t* (ug) is finite, then ||ullg, (to,to+t+(to,u0))) = 0° and u(t) does not
converge in Xq_1,, ast — t*(to, uo).

Proof. Assertion (a) can be shown as part (a) of Theorem 14 in [15], using the new
Proposition 2.4. Moreover, (c) is a consequence of a standard argument, see the
proof of Theorem 14(c) in [15].

(b) Take numbers T' > 0 and ¢ € (0,1) such that u is a solution of (2.2) on
[to,to+ T with T/ = (14+¢€)T. Let A € (1 —¢,1+¢€), and uy(t) = u(At +tg). Then
v = u) is the unique solution of the problem

O (t) + ANANE + to, v(t))v(t) = AF (Mt + to,v(t)), on Q, t>0,
B(At +tg,v(t)) =0, on 99, t>0, (3.3)
v(0) = uo, on €,
on the time interval [0,7]. We define A.(t) and B.(t) as in formulas (2.16) but
replacing there wu,(t) by u(t + o), and we temporarily set G(\,t,v) = —AA(At +
to, v(t))v(t)+ AL () v(E)+AF (Mt+io, v(t)) and H (A, t,v) = B.(t)v(t)—B(At+to, v(t))
for t € [0,7] and v € E1([0,7]). Then the problem (3.3) is equivalent to

O (t) + A (t)v(t) = G\, t,v(t)), on Q, t>0,
11



B.(t)v(t) = H(\ t,v(t)), on 9, t >0, (3.4)
v(0) = wo, on .

Observe that the compatibility condition H(X,0,u) = Bi«(0)ug holds. Let G(A,-)
and H(A,-) be the substitution operators for G(A,-) and H(\,-). We claim that
G € CY((1—¢,1+€) xE1([0,7]); Eo([0,T])) with 92G(1,u) = 0and H € C*((1—¢, 1+
€)xEq1([0,T1); F([0,T7)) with 0oH(1, u) = 0. Most of this claim can be established as
in the proof of Proposition 2.4, using the time regularity of the coefficients assumed
in (R). Only the differentiability of A +— H;(\,v) requires new arguments. To
check this fact, we work in the framework of the proof of Proposition 2.4. We set
& =Yv(t,z) for t € [0,T], x € 0N and v € E1([0,T7]), as well as

h(t,z,&) = —[bj(ut + to, ,&) — bj(At + to, z,&) — (1 — A)t(8eb) (At + to, x, §)]
for A, p € (1 —€,1+¢€). Since b; is C? in (¢,£) by (R), we obtain
Orh(t,2,8) < (A= ul) A—pl and  [Deh(t 2, )] < (A — ul) A — -
Therefore,
Ih(t. 2, To(t,2) ~h(s,a, To(s,2))| < e(A—pl) |A—p] (|t —s]+[To(t,2) - To(s,)]).

Now we can proceed as in part (3) of the proof of Proposition 2.4 to show the
required differentiability with respect to Wy? ([0,7T]; Yp). The differentiability in
L,(J;Y;1) can be deduced as in part (4) of the proof of Proposition 2.4 using the
above definition of h instead of the definition given in (2.28).

The function zg = ug — ./\A/'(to)H()\,O,uo) belongs to X?_l/p(to). Fixing this zg,
we introduce the map

Lo:(1—¢14¢€) xE([0,T]) — E1([0,T));
Lo(A,v) = v — S(0, 20 + N (to)7H(A, v), G(A, v), H(A, v)),

where S is the solution operator of (2.18) for the present operators A, (t) and B,(t).
Since u solves (2.2), we have Lo(1,u) = 0. By the above observations, Lg is a C1-
map with 92L0(1,u) = 1.

The implicit function theorem thus yields an €’ € (0, ¢€), a ball B, (u) in E; ([0, T7),
and a map ¥ € CY((1 — ¢,1+ ¢€); E1([0,7])) such that ¥(1) = u and ¥(\) solves
(3.4) with ug replaced by ug(A) := [¥(A)](0). We further have

ug(N) = 2o + N (to) H(A, 0,u0(N) = ug + N (to) (H(A, 0, u0(N) — H (N, 0,up)),
U0(>\) —Ug = *ﬁ(to)(B(to,Uo(A)) — B(to, Uo) — B/(tO,UO)(Uo(A) — UO))
Therefore (3.2), Corollary 2.5 and (2.7) yield

[uo(A) —uoli—1/p < ce(uo(N) — uoli—1/p) [uo(X) — uol1—1/p
<ce(el[¥(A) = YD)k, ) luo(A) —uoli—1/p

for constants ¢ and a function e with £(r) — 0 as » — 0 which do not depend on .
Decreasing €' > 0, we deduce that ug(A\) = ug, and thus U(\) solves (3.3) provided
|A — 1] is sufficiently small. So uy = ¥(A) by the uniqueness of (3.3).

As a result, uy = U(A) € E1([0,7]) is continuously differentiable in A with deriv-
ative (Luy)(t) = tu(At +ty). Taking A = 1, we deduce that (t — to)0yu € Ey(J).
Consequently, 0;((t —to)u) = (t — to)Oyu +u € Ei(J) — C(J; X1_1/p), and hence
(t—to)u € H2(J; Xo) N Hy(J; X1) NC*(J; X1-1p). Assertion (b) now follows from
Sobolev’s embedding theorem. a

We will need a quantitative version of Theorem 3.2(b). In order to avoid technical
problems, we restrict ourselves to the autonomous setting which is sufficient for our
main result Theorem 5.3. So we just recall Theorem A.1 of [16]. We note that the
condition (RR) in [16] follows from (R) of our present paper.
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Proposition 3.3. Assume that condition (R) holds for maps A(t,u) = A(u),
F(t,u) = F(u) and B(t,u) = B(u) not depending on time t explicitely. More-
over, let (E) and (LS) hold for a function ug € Xy_1/, with B(up) = 0. Let u
denote the solution of (2.2) with to =0, and let (E) and (LS) hold at the function
u(t) for eacht € J =[0,T], where T € (0,t" (ug)) is fized. Then there exists a p > 0
such that for each initial value vo € X1_/p, with B(vo) = 0 and |vo — uo|1—1/p < p
the solution v of (2.2) with initial condition v(0) = vy satisfies

[t(v = w1 xy) + 18 = )| 2(;x0) < fvo — uoli-1/p,

with a uniform constant ¢ for such vy.

4. LINEARIZATION AT A PERIODIC SOLUTION

In our main results we study the qualitative behavior of (2.2) near a periodic
solution u, based on exponential splittings of the linearization
Opu(t) + A (t)v(t) = g(¢) on Q, t>to,
Bj.(t)v(t) = h;(t) on 0, t>tg, je{l,...,m}, (4.1)
v(to) = vo, on .

of (2.2) along u., cf. (2.16). Here we work under the following hypothesis.

Hypothesis 4.1. Conditions (R) and (P) are true, (2.2) has a 7—periodic solution
ux, and (E) and (LS) hold at ¢ and u.(t) for each ¢ € [0, 7].

As a preparation we have to establish several results on the non-autonomous
linear problem (4.1), which are of independent interest. Here and below we assume
that Hypothesis 4.1 holds and that the operators A.(t) and B,(t) are defined by
(2.16) for the given 7—periodic solution u.. Observe that Theorem 3.2(b) implies
the crucial regularity property

u, € CT7YP([0,7]; X1) N CH([0,7); X1-1p) N C2=1P((0, 7]; Xo). (4.2)

As Proposition 4.6 below indicates, we have to modify the boundary operator
B;.(t) and the corresponding nonlinearity H;(t,v) in the case that m; = 0.

Remark 4.2. In the above situation, if m; = 0 for some j € {1,...,m}, then the
boundary condition b; (¢, z, (u« (¢, ) + v(z))) = 0 in (2.2) holds on 0Q if and only if

0.0 (t, , us(t, ))v(z) = 0,0, (t, x,u.(t, x))v(x) — bj(t, x, u(t, z) +v(z)) (4.3)

for all x € 99, where t € R and v € X;_;/,. The corresponding boundary condition
in (LS) is given by

0.0 (t, z, us(t,x))p(0) = 0. (4.4)
Due to Remark 1 in [15] (see also [3] and [7]), the Lopatinskii-Shapiro condition
(LS) is equivalent to the surjectivity of a certain linear map B(t, z) P(¢, z) : C?™N —
C™N . Here, P(t,r) is a projection on C?™ (called P, (b, o) at the end of Section 6.1
in [7]) and B(t,z) = (B1(t, z),...,Bn(t, z)) is given by N x 2mN matrices By (t, z)
with B; (¢, z) = (0.b;(t, z, u.(t, x)),0,...,0). Hence, if 0.b;(t, z, u.(t,)) were not
surjective for some t € [0, 7] and € 99, then (LS) would be wrong. The matrices
9.bj(t,x,u.(t,z)) are thus invertible, and the inverses [0,b;(t, z,u.(t,z))]"" are
uniformly bounded for ¢t € R and z € 992 by the compactness of [0,7] x 0. As a
result, the boundary condition (4.3) is equivalent to the equation

v(z) = v() — [0:.b;(t, 7, u.(t, )] b (t, 2, us(t, ¥) + v(x)), x € N,
and the initial condition (4.4) in (LS) is equivalent to ¢(0) = 0 on 9Q. We thus
redefine B;.(t) and H;(t,v) in the case of m; = 0 by setting

Bj.(t)=~ and H;(t,v)=~yv—[0,b;(t, ~,u*(t))]71bj(t, Sus(t) +v). (4.5)
13



We note that the maps in (4.5) satisfy the mapping properties from Proposition 2.4
for m; = 0. This can be seen as in Proposition 2.4 since the function h(t,x, &, n) =
[0:0;(t, z, u(t,2))] " h(t, 2, &, n) fulfills the same estimates (2.29), (2.30) and (2.31)
as the function h defined by (2.28). These modifications are used below without
further notice. O

We start with Holder properties of the operators A, (t) and B.(t).
Lemma 4.3. Let Hypothesis 4.1 hold. Then there is a constant ¢ such that
_1
(Au) = Au())olo < clt = slloh +clt— s F ol 1y (46)
1
|(Bi(t) = Bu(s))vly; < clt = sl vl +clt = s["7% o1y (4.7)
forallt,s e R and v € X7.
Proof. Recall the definition of A.(t) and B, (t) in (2.16), (2.4) and Remark 4.2. The
first inequality easily follows from (4.2) and the assumptions (R) and (P). (The C?-
condition in (R) for a, and f is used here for the lower order terms.) Let t,s € R
and v € X;. The constants in the following estimates do not depend on t, s or

v. Observe that (4.7) trivially holds if m; = 0 since then B,.(t) = ~y for all ¢ by
Remark 4.2. So we can assume that m; > 0. We further have

(Bu(t) = Bu(s))vlyy ¢ ) Z D 1W5s(t) = bi(s) D70y,

j=1,m;>0 k=0 |8|=k
ngere b5 was defined in (2.17). Let [8] < m;. Using (2.6), (2.5) and (2.8), we
obtain

[(b35(t) — b55(s)) DPvly,, < V2™ ™ (bis(t) — b;ﬁ(s))Dﬁv“W;*%(@Q)N

2m—m;—1

<c > |0 (b55(t) = bj5(5)) 00| .

_1
P QN
=0  |\=l|u|=2m—1-1 Wy 7(09)

2m—m;—1

<c Y (1950 b)) ey

=0

oy VlBEEm 1@

+ 1550 = Vo)l cromnlol sy )

2m—m;—1

<c > (s = i) s

v|1— + |t —s||v )
> R R e

For the final Lipschitz estimate we also employed (R), (4.2), and formula (4.9) below
with [-];_1/p replaced by |- |o. It remains to show
d(t,s) := [big(t) — bis(s 1 <clt—s|'w 4.8
(t3) = B55(0) = o)) vucy o Sl (48)
for every |B] <mj, 1 <2m—mj;—1and j € {1,...,m}. In the following we restrict
ourselves to the highest order case | = 2m — m; — 1. By differentiation, one sees
that d(t, s) is less than a linear combination of terms of the form

D(t,s) := [0y 0 95b;(t,, V™ us(t)) - YN u(t)) (4.9)
— 9208 Dby (5, T 0u(5)) - L (5))]
for multi indeces A, p and v with |A 4+ p| < 2m —m; — 1 and || < 2m —m; — 1.
Here and below we write [w]; 1/, instead of [w]qu/p(aQ)N, and we have used the
P
fact that this expression dominates the norm of I/Vp1 —l/p (0Q)N. Setting

D(t) = 02 9% Dby (b, Y™ (1)) and ul(t) = DLV un(t),
14



we can thus estimate

D(t,s) < [(0°(t) = b%(s)) - ul(B)]1—1p + [°(5) - (ul(t) — ui(s))]1-1/p

< e (®) = b ()1 lleallseqomix + e sup [B7(r)]i-yp [ui(t) = ui(s)h

<e[b*(t) = b*(s)]1_1yp +clt — s TP sup [b (Mh-1/p

thanks to (2.6), (2.8), (4.2) and the periodicity of the coefficients. We next establish
the Holder property

[B*(8) = 0*(8)]1—1yp < ct — 5|17 (4.10)

which then implies (4.8) and thus (4.7).

To prove (4.10), we can restrict ourselves to the case that 9 is the unit ball K in
R"~! by means of a change of coordinates. We set u® = V™ u, and b° = 9 94 b,
with |A + p| = 2m —m; — 1. For z,y € K, we have

bo(t7yauo(t7y)) - bo(87y7uo(57y)) - (bo(tax7uo(t7$)) - bo(saxvuo(&x)))
1
= [ (01 00— 2.0 () = 0287 (5. + 00y = ). 5.0 (3 = ) 0

+b°(t, z,u(t,y)) — b°(t, 2, u’(t, x)) — (b°(s, x,u(s,y)) — b°(s, z,u’(s, x))).

In the above equation we denote the integral term by S; and the last line by
Sy. Observe that u® € C1([0,7]; BC(Q)N) by (2.5) and (4.2). This property and
assumption (R) yield

11l ly — =f?
_ p g o P
J] o e < el —sl [ dyde < el sl (411

We rewrite the term Sy as
1
Sy = / 0.0°(t, x,ul(t, ) + 0(u®(t,y) —u®(t,x))) - [u’(t,y) —u’(t,x)] db
0

— /0 9.0° (s, x,u’(s,x) + 0(u’(s,y) — u’(s,x))) - [u®(s,y) — u°(s,z)] db

1

9:b°(t, @, u®(t, ) + 0(u’(t, y) — u®(t, x))) (4.12)
0
(Wt y) —u®(s,9)) — (u(t,2) — u®(s, 2))] o
1
+ / [0.0°(t 0,02 (1, 2) + 6(u (8, ) — w0 (1, 2))) (4.13)
0
— 0:0°(s,,u’(s, ) + 0(u®(s,y) — u’(s, m)))} [u®(s,y) — u®(s, )] db.
Using again (R), (2.8) and (4.2), we estimate
[(4.12) |p o o
//K2 o — o dydr < c[u®(t) —u’(s)]i—1/p
< cluk(t) — us(s)1 <c\t—s|1_7 (4.14)
Using that 9;b; € C?*™~™i+1 due to (R), we similarly obtain
4 13 |p 1—1 o P 1—1
//K2 === dydx <cl|t—s|""7[u (s)]lfl/p <clt—s| 7. (4.15)
Combining (4.11), (4.14) and (4.15), we conclude that (4.10) holds. O

Assuming Hypothesis 4.1, we define Ag(t) = A.(t)| ker(B.(t)) for each t € R; i.e.,

Ao(t)u = A (t)u, v e D(Ap(t)) ={ue X1 :Bju(t)u=0, j=1,...,m}. (4.16)
15



We show that these operators satisfy the Acquistapace—Terreni conditions from [1]
and [2] (which we discuss below): There are constants w € R, ¢ € (7/2,7), K >0
and p,v € (0,1] such that p+ v > 1 and

K

Aep(=Ao(t) —w), (A +w+Ap®) M < T (4.17)
1(Ao(t) +w)(A +w + Ao(t)) ™" [(w + Ao(t) ™" — (w + Ao(s)) 'l < K [t — s [N
(4.18)

for all t,s € R and A € C\ {0} with |arg(\)| < ¢.

In Theorem 8.2 of [7] (see also the references therein) it has been proved that the
operator —Ag(t) is sectorial on X for each ¢ € R. We show in the next lemma that
the corresponding constants can be chosen uniformly in ¢, so that (4.17) holds. In
this context we also establish the uniformity of various maximal regularity estimates.

Lemma 4.4. Assume that Hypothesis 4.1 holds. Letto € R, T >0, g € E¢(R) and
h € F(R). Then the following assertions are true.

(a) Let vo € Xqi_1/p, with B.(to)vo = h(to). There is a unique solution v €
E1([0,T)) of the problem

O (t) + A(t + to)v(t) = g(t + to), on Q, te(0,T],
B, (t + to)v(t) = h(t + to), on 99, t€[0,T],
v(0) = vo, on Q.

We have a constant ¢ > 0 independent of tg € R and vy, g, h such that

[olle, o.17) < e (lvoli-1/p + 9lleo(ito,to+71) + [12llE(120,t0+17))- (4.19)
(b) In Theorem 2.1 the constant ¢; in the mazimal regularity estimate (2.19) can
be chosen to be independent of tg € R.
(c) Let s € R and vo € X1_y, with B.(s)vo = h(0). There is a unique solution
v € E1([0,T]) of the autonomous problem
O (t) + Ac(s)v(t) = g(¢), on , te(0,T],
B.(s)v(t) = h(t), on 09, t€[0,T], (4.20)
v(0) = wo, on Q.
It satisfies the estimate (4.19) with to = 0 and a constant not depending on s € R
or on vy, ¢, h.
(d) Condition (4.17) holds.

(e) Let s € R and p > w, where w is given by (4.17), see assertion (d). There is
a unique solution v € E1(R_) of the autonomous backward problem

O (t) + (1 + Ac(s))v(t) = g(¢), on Q, t<0,
B.(s)v(t) = h(t), on 0Q, t <0.
It satisfies the estimate (4.19) on the interval R_ with vg = 0 and a constant not

depending on s € R or on g, h.

Proof. 1) We fix tg € R, take s € R, and assume that B, (to + s)vg = h(tg + s). We
put J = [0,T]. Let u € E;(J) be the solution of the problem

Opu(t) + Au(t +to + s)u(t) = gt +to + s), on €, te (0,17,
B.(t+to + s)u(t) = h(t + to + s), on 09, t €[0,T],
u(0) = vy, on (.
We rewrite this system as
Du(t) + AL (t+ to)ult) = gt +to + 5) + Au(t + to)ult) — Au(t +1o + s)u(t),

t)=g
B, (t+ to)u(t) = h(t + to + s) + B (t + to)u(t) — By (t + to + s)u(t),
16



u(0) = vp.
Since the compatibility condition B, (to)ve = h(to+s)+ Ba(to)u(0) — Bi(to + s)u(0)
holds, Theorem 2.1 yields
lullg, (1) < (T, to)(|vo|1—1/p + 191lEo ((to+s,to+s+17) T+ IRIE([t0+5,t0+s+T1)
+ (AL (- +t0) = Au(- + to + 8))u()lleo ()
+[(Bi(- +to +5) = Bu(- +t0))u(-)lp(ry) -

Here and below the constants do not depend on s. Lemma 4.3 implies that
_1 1
(A +t0) = Aul- +to + 8))u() oy < ls' ™7 [l ix) < elsl' ™7 llullg, )
_1 _1
[(Bi(- +to + 5) = Bul- + to))u( )L, i1y < els|' 77 o, :x0) < elsl' ™7 [lullg, ()-

We observe that the coefficients of B, belong to C*(R;C(992)") due to (R) and
(4.2). In the following calculations we fix an index j € {1,...,m} and omit it from
the notation partly. As in (2.6), we can estimate

(B (- + to + 8) = Bu(- + to))u(-)llwy (sivo)

m;
<ed D 5 +to+5) = b5(-+ 1) DPul)llws (g0
k=0 |B|=k

<ed )b+ to+ ) = b5(-+ to)llws (oo 1D u() lwi (v
=0 51=k

< ce(s) [|ulle, )
where b7 is given by (2.17) and we also used (2.11) and the fact that translations

are strongly continuous on W/ (R; C(9Q)"). We further set .J, = [to +s,t0+s+T].
Combining the above inequalities, we can fix a §(tg,T') > 0 such that

1
lullg, sy < (T to) (lvoli—1/p + l19lleocsy) + IRllrca)) + 3 ulle, (1) »
llullg, (1) < 2¢(T,to) (|U0|1—1/p + lgllgo (1) + ”hH]F(JS))o

for all |s| < (g, T"). Assertion (a) now follows from a compactness argument and
the periodicity of the coefficients and of wu,.

2) We derive assertion (b) from (a) by a translation. Assertion (c) is a special
case of (a). Following the proof of Proposition 1.2 of [21] and using (c), one can
verify assertion (d), see also [11, Theorem 2.2]. The last assertion is a consequence
of Proposition 9 in [15] (with @ = 0), where the uniformity of the constants can be
proved by the arguments given in part 1). O

The following lemma deals with the solution operator of an auxiliary stationary
problem which is used below to show condition (4.18), for instance.

Lemma 4.5. Assume that Hypothesis 4.1 holds. Let t € R, ¢ € Xo, ¥ =
(Y1, ¥m) €Y1, and X > 0. Let w be given by (4.17), see Lemma 4.4(d). Then
there is a unique solution v = Ra+w(t)(@,v) € X1 of the elliptic boundary value
problem

A+w+A.())u=¢p on , Lol
Bj.(t)u =1, on 9, je{l,...,m}. (4.21)
This solution is given by Ratw()(p, 1) = (A4 w + Ao(t)) Lo + Nagw ()9, where

Notw (b)) solves (4.21) with ¢ = 0. For A\ > 1, we further have

IRe®llsxoxyixy <e  and  [NMaw(®)llsrn.xe) < A, (4.22)
where Kk 1= max r; and the constant ¢ does not depend on A > 1 ort € R.
j=1,...m
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Proof. Let A > 0, t € R, ¢ € Xy and ¢ € Yj. The existence of N, ,(t) was
shown in Proposition 5 in [15]. Since A +w + Ag(¢) is invertible by Lemma 4.4(d),
there is only one solution of (4.21); and it is easy to check that it is given by
u=A+w+A9(t)) o+ Nyiw(t)®. It remains to show the inequalities (4.22). We
first let A > 0. Set f = exp € Eg(R_) and g; = exy); € F;(R_), where ey (t) = e,
t <0,and j € {1,...,m}. Lemma 4.4(e) gives a unique solution vy € E;(R_) of
the autonomous system

atv)\(t) + (A*(S) + W)”U)\(t) = f(t) on Qa t < Oa

4.23
Bj.(s)ua(t) = g;(t) ondQ, t<0, je{l,...,m}, (4.23)

satisfying the estimate
loalle, o) < e (lexellsae.) + lleatsslle, @ ))- (4.24)

j=1
where ¢ does not depend on s € R, A > 0, ¢ € Xy and ¥ € Y;. The function
uy 1= e_ vy then solves
Opur(t) + (Au(s) + A+ wur(t) = ¢ on Q, t<0,
Bj.(s)ux(t) = ¢; ondQ, t<0, je{l,...,m}.

(4.25)

Clearly, also ux (- + o) satisfies (4.25) for each o < 0, so that eyux(- +0) € E;(R_)
is a solution of (4.23) for the inhomogeneities f and g. Since the solutions of
(4.23) in E;(R_) are unique, we obtain that exux(- + o) = vy = e uy which yields
ux(o) = ux(0) =: uf for every ¢ < 0. So (4.25) leads to ul = Ritw(s)(p,v).
Inequality (4.24) further implies

lexulle, ®_ lexelle,®_) + llex¥slle; ®_))

_1 _1 o1
AT ‘90|0+)‘ P W}jlyj,l + AT Wjjlyo)

m
y<ed
j=1

m
<3
j=1
with constants not depending on s € R, A > 0, ¢ € Xp or ¥ € Y;. (One can

estimate the norm of eyv; in Wy,? (R_;Yy) by interpolation.) We conclude that

_1 _1 Nt _1 o1
ATe Ul + AT o < e > C(ATE @l + AT (Wl + XY TP [Yly,),

i=1
Ravw(8)(0, )1 < e (Iplo + [wslv,, + A [¥;l,), (4.26)
j=1
Natw()8lo < e > XN ([Wsly;, + [Wilve) < A ely,  (4.27)
j=1

where we assume that A > 1 in (4.27). So the second part of (4.22) has been shown.
Finally, noting that the constants in (4.26) do not depend on A\ we can let A — 0
in the first inequality in (4.26) obtaining the first part of (4.22). O

The above lemmas now enable us to establish the second Acquistapace and Ter-
reni condition (4.18).

Proposition 4.6. Assume that Hypothesis 4.1 holds. The operators Ay(t), t € R,
then satisfy (4.18) with p = 1 — % and v = 1 — K, where & := max{k;; m; >
0,7=1,...,m} and 0 := max (). Moreover, the graph norms of Ay(t), t € R, are
uniformly equivalent to | - |.
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Proof. Let w > 0 be given by (4.17), see Lemma 4.4(d). To verify the last assertion,
we observe that p = (w + Ag(t)) " (w + Ag(t))e for all ¢ € D(Ap(t)) and t € R.
The first part of estimate (4.22) thus gives |p|; < ¢|(w + Ao(t))p|o for a constant
¢>0and all ¢ € X; and ¢t € R. The reverse inequality follows from (R).

Take A > 1. For t,s € R and ¢ € X, we set

v=—(w+A9(s)le and u=(A+w+ Ag(t))TH\+w + Ag(s))v.

We then obtain
u—v=—(Ao(t) + w)A+w+ Ao(t) " [(w+ Ao(t)) 7" — (w + Ao(s)) '], (4.28)
and this function solves the problem
A+ w)(u—2v)+ Ac(t)(u—v) = (As(s) — AL (t))v on {2
B, (t)(u —v) = (B.(s) — B«(t))v, on OfL.

Using Lemma 4.5, we conclude that

u—v=A+w+ A1) (Au(s) — Ac(t))V + Naso () (Bi(s) — Bi(t))o.
Estimates (4.17) and (4.27) and Remark 4.2 thus yield

m

Cc o
[ —vlo < 75 1(As(t) = Auls))vlo + ¢ Y ATHBL() — Bis(s))ly;
j=1,m;>0

m

SATH(A) = Al + D [(Byul(t) = Byu(9)vly;.)-

j=1,m;>0
Here and below, the constants ¢ do not depend on ¢, s, ¢ or A. Employing Lemma 4.3
and v = —(w + Ag(s)) Ly, one estimates
= _1 _ _
[ —vlo < AT (|t = 5|77 (w + Ao(s) el + [t = sl (W + Ao(s) " o).
(4.29)
The last assertion implies that (Xo,dom(Ao(s)));_1,

with uniform embedding constants. So inequality (4.29) leads to

is embedded into X;_1/,

[ — vl < ATt — |17 gl

for |t — s| < 7, and by periodicity for all ¢, s € R. In view of (4.28), we have shown
(4.18) for A\ > 1 with p=1— % and ¥ = 1 —%. By means of (4.17) one can extend
this estimate to A € X,. Observe that 1+ v > 1 due to (2.1). g

Thanks to (4.17) and (4.18), the operator family Ag(-) generates an evolution
family U(t,s), t > s, t,s € R, on Xy. More precisely, for all ¢ > s, the map (¢, s) —
U(t,s) € B(Xp) is continuous and continuously differentiable in ¢, U(t, s)X, C
dom(Ag(t)), and O,U(t,s) = —Ae(t)U(t,s). Moreover, (t,s) — U(t,s) is strongly
continuous for t > s, U(t,s)U(s,r) = U(t,r) and U(t,t) = I for all ¢ > s > r, and
the function u = U(+, s)x is the unique solution in C([s,00), Xo) N C*((s, ), Xo)
with u(t) € dom(Ap(t)) for all ¢ > s of the problem

u'(t) + Ao(t)u(t) =0, t>s, u(s) =z, (4.30)

for every s € R and z € X. These facts have been established in [1] and [2], see
also [4], [26], [27]. Since Ag(t + 7) = Ap(t) for all ¢t € R and the period 7 > 0 from
Hypothesis 4.1, the periodicity of the evolution family (i.e., U(t+7,s+7) = U(t, s)
for all ¢ > s) follows from the uniqueness of (4.30).

We further introduce the inter/extrapolation spaces for Ag(s) for s € R. By X*,
we denote the extrapolation space for Ag(s); that is, the completion of Xy with
respect to the norm |ug|®; = |(w + Ao(s))"tuglo. We can extend —Ap(s) to an
operator —A_;(s) : Xog — X*, generating an analytic semigroup e *4-1(5) on X,
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which extends e~*40(5). We point out that A, (s)u # A_1(s)uif u € X;\dom(Ag(s))
due to (4.40) below. For a € (0,1), we use the continuous interpolation spaces

X3 = (Xo,dom(Ao(s)))n and X3 ;= (X"}, X0)0

a,00
between Xy and dom(Ag(s)), respectively, between X? ; and X, which are endowed
with the norms

||2, :sup|ro‘(w+Ao(s))(r+w+Ao(s))*1x\0 and
r>0

|z5_1 =sup |[r*(r +w+ A_1(s)) " z|o.
r>0

We also set X7 = dom(Ag(s)) and write |z| for the graph norm on dom(Ag(s)), and
we put |z[f := |z|o. The restriction A,_1(s) : X5 — X3_, of A_1(s) generates an
analytic semigroup on X;_; which is the restriction of e~t4-1(5) and the extension
of e=t40(s)  We refer to [4], [12], [17] or [18] for the standard properties of these
spaces and the corresponding fractional power spaces.

We observe that the inequality (4.29) actually yields the estimate

[(w+Ao(s) e — (w+ Ao(t) "'eli =

_1 _ _
Selt— s (W Ao(s)) Mooy et = sl lw+ Ao(s)) el (431)

for all t,s € R and ¢ € Xy, if Hypothesis 4.1 holds. In [18, §2] we have discussed
the extension of U(t,s) to X5 _; for 1 —pu < o < 1, based on [27, Theorem 2.1] and
just assuming (4.17) and (4.18). Using the additional property (4.31), we can now
also treat the case of a € (0,1 — p] in our setting, which is crucial for our approach.

Proposition 4.7. Assume that Hypothesis 4.1 holds. Let a € (0,1]. Then the
following assertions are true.
(a) The operators U(t,s), t > s, have locally uniformly bounded extensions

Uap—1(t,s) : X5y — X!, satisfying also
Ua-1(t,s)als < c(t—s)* 717 |zfo, (4.32)

forallze X5 1, f€[0,1] and 0 <t —s <T, where c=c(T).

(b) Lete > 0,t € R, and g : (—o0,t] — Xq be locally integrable. Then the function
s = Uy—1(t,8)Aa—1(s)(w + Ao(s))~*<g(s) is locally integrable from (—oo,t] to
Xt .

(c) For ¢ € X3 and t > s there exists

+
g—SU(t, 8)p = Unp—1(t,8)Aa—1(s)p in Xo. (4.33)

Proof. (a) By rescaling, we can assume that w = 0. Recall from Propposition 4.6
that pzl—%, v=1-%,and R = max{k;; m; >0, j=1,...,m}. Let § € (u, 1),
ne Opu—=%),9=p—n>F andl—p<a@<1l—pu+n By Lemma A.l
and equation (A.5) in [18] we can extend U(t,s) to a locally uniformly bounded

operator Ug_1(t,s) : X5, — XL | for every ¢ > s, and the maps V(t,s) :=
A1 ()" Uz_1(t,8)A_1(s)? satisfy

¢
V(t,s)p = Ag(t) " Ag(s)Pe =) 40(s) 4 / V(t,0)Ag(0)' "
. AO g -1 7A0 S -1 AO S 1+19€7(078)A0(S) do
[ ¥
for all ¢ € dom(Ag(s)?) and t > s. It follows that
¢
Ult,s)p = e t=)40() 4 / Ug_1(t,0)A_1(0) (4.34)

[Ao(0) ™ = Ag(s) "] Ag(s)e™ IO p do
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for all ¢ € Xy. We note that the right hand side of (4.34) is contained in
Xo by Proposition 2.1 of [18] and (4.18). Estimate (4.31) implies that ¥ (o) :=
Ag(0)' 7 [Ag(0) ™1 = Ag(s) 7] Ag(s)e (040N belongs to D(Ag(0)?7F ) — Xo
for every € € (0,0—F), 0 > s, and ¢ € Xg. Hence, A_1(0)%(0) € X7, — X2
for sufficiently small € > 0, since then @ — 1 < —pu+n < —K — 2¢. We now deﬁne

V(t,5)p = A1(t) " Un1(t,5) A1 ()%
for all t > s and ¢ € dom(Ay(s)?~"~¢). Observe that
V(t,s)p = Ao(t)~U(t,s)Ao(s)’p
for t > s and ¢ € dom(Ag(s)?). So (4.34) yields
V(t,s)p = e~ (7400 4 (Ag(1) ™0 = Ag(s)7%) Ag(s) e 77140l

t
+ / Vi, U)AO(U)PQ [Ag(cr)f1 — Ao(s)fl} Ao(s)Hae*(”*S)AO(S)(p do

t
= e~ (=9400G) 4 a(t, 5)p + / V(t,0)k(o,s)pdo (4.35)

for all ¢ € dom(Ag(s)?), where we also write (V *k)(t, s)¢ for the integral term and
b(t, s) := e~ (t79)40(5) 4 q(t, 5). Using X7 < dom(Ap(c)' %) and (4.31), we obtain

-1 S§—0O S S§—0 S
[t 5)¢lo < clo— s['5 | Ao(s) e ],y 4 clo — 5| Ag(5)°e =40,
<clo— 5| lelo.

Here and below we also employ standard properties of analytic semigroups, cf. [17].
For a suitable path T in C (see [4, 12, 17]), we conclude in a similar way that

1 — — — —(t—s s
alt el < g [ NI+ A0(D) ™ = (A Aa(s) ™) Ao(s) "4y fax
1
= 5 [ A0+ Ao(0) 7 (Aa(t) " = Aa(5) ) Ao(5)(A + Ao(s))
- Ag(s) e (1m0 g |dA|
c —0+k— -1 —1_—(t—s s
i [ (sl A e My, (436)

[t = sl A (s)"e =Ml ) jaN]

<c |90|0a
where ¢ depends on T with |t — s| < T'. Note that (4.35) yields

IN

n
V(t.s)p =b(t,s)p+ Y (b k)(t.s)p+ (Vs K)(Es)p  (4.37)
I=1
for all ¢ € dom(Ay(s)?) and I € N, where *; denotes the [-fold ‘convolution’ with
k. The above estimates and the proof of Lemma I1.3.2.1 of [4] imply that the sum
in (4.37) is bounded in Xy by ¢|¢|o, uniformly in n» € N and locally uniformly for
t > 5. On the other hand, we deduce

(V * E)(t,0)plo < ¢[Ao(0)’plo
from @ — 1 + 6 > 0, the local uniform boundedness of Uz_1(t,0)A_1(0)? : Xo —
Xt |, X7 < dom(Ag(0)'~?), and (4.18). Similarly,
[40(0)’ k(0. 8)plo < clo — /" Ao(0)"plo

Using again the proof of Lemma I1.3.2.1 of [4], we see that the term (V*,41k)(t, s)¢
converges to 0 in X, as n — 0o, where ¢ € dom(Ag(s)?). Letting n — oo in (4.37),
we thus conlcude that V (¢, s) has a locally bounded extension in B(Xj).
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Taking =1 —atefora € (0,1 —p)and e > 0 with 1 —afe € (u,1), we
deduce the first claim in (a) by reiteration for such «, see e.g. Theorem 1.2.15 and
Proposition 2.2.15 in [17]. Since this claim was shown in Lemma A.1 of [18] for
1 —p < a <1, we obtain the first assertion in (a) for all « € (0, 1] by reiteration.

Starting from (4.34) and using similar arguments as above, we can also show that

U (t,5)A0(5) ¢lo < e(T)(t )" |olo (4.38)

forevery p <0 < 1,0 <t—s < T and ¢ € D(—Ag(s))?). Estimate (4.32) with 3 =0
now follows by reiteration as above, and the general case is an easy consequence of
the smoothing properties of U(-,-).

(b) The assertion is clear if we take g € dom(Ag(-)). The general case can be
deduced from (a) by means of the approximations n(n + Ag(-))~1g.

(c) Let 8 € (0, @) be smaller than 1 — % and 1 — %, and take s € R, 7,h > 0 and
¢ € dom(Ag(s)?). Arguing as in (4.36), we estimate
[(Ao(s1)7 71 = A ()" ) Ao(s)e™ gy < e (W57 745 - hr 1) [ Ao () gl
Using this estimate, the last assertion can be proved as Proposition 2.1 in [19]

invoking also (4.34), (4.38), and (4.31). O

We next derive the representation formula (4.41) for the solution to (2.18) which
is important for the study of the asymptotic behavior. As a preparation, we first
collect several relevant facts in a corollary.

Corollary 4.8. Assume that Hypothesis 4.1 holds. Let k = max{x; : j =1,--- ,m}
and 0 < a < 1 — k. Then the following assertions are true.

(a) The operators N,,(t), t € R, map Y1 into X! with uniformly bounded norms.
Moreover, X1 — X! .

(b) The map t — N, (t) € B(Y1,X1) is globally Holder continuous on R.

(¢) The operators

H(t) := (w+ Aa_1())NL(L) € B(Y1, X! )

a—1
are uniformly bounded for t € R, and the function

s+ Uqy_1(t,8)II(s)h(s) € X},

a—1

is integrable on [to,t] for all to <t and h € Ly([to,t]; Y1).

Proof. Assertion (a) is a consequence of (4.22) as well as of Proposition 2.2 of [14]
and its proof. To check (b), recall that u(t) = N, (t)1 solves the elliptic problem
(4.21) at time t € R for A =0, ¢ = 0 and ¢ € Y;. We then have

(w+ A () (u(t) — u(s)) = (Ax(s) — Ax(t))u(s),
By (t)(u(t) — u(s)) = (Bj«(s) = Bj«(t))u(s), je{l,...,m}.
Lemma 4.5 further yields
ult) —u(s) = (@ + Ao () " (A(s) — Au(t))uls) + No () (Bx(s) — Bu(t))u(s),
so that (4.22) implies that
W ()t = Nu(s)vlr < ef(Ax(t) = Au(8))Nu(8)lo + ¢ |(Bx(t) — Bu(s)) N (5)Y] v, -

The Holder property in (b) thus follows from Lemma 4.3 and (4.22). Assertion (a)
implies the first part of (c¢), and the second part is a consequence of part (a) and
Proposition 4.7(b). O

(4.39)

Proposition 4.9. Assume that Hypothesis 4.1 holds. We then have

A_1(t)p = Au(t)p + (w+ A1 ())No (1) Bu(t)p (4.40)
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for all p € X1 andt € R. Letv € E1(J), g € Eo(J), h € L,(J;Y1), and vy € Xy
for J = [to, to + T]. Consider the equations

0(t) + A ()v(t) = g(t), .

v {v(t) F A (B)0(t) = gl1) + THOA()

U(to) = 0.

(@) 4 Bu(t)v(t) = h(t),
’U(to) = Vo,

Then v satisfies (a) for a.e. t € J if and only if it satisfies (b) for a.e. t € J. If the
solution exists, it is given by

¢ t
o(t) = Ut to)vo + / Ut 5)g(s) ds + / Un 1 (1, )I(s)h(s) ds, te€J. (4.41)
to t()
Proof. The equation (4.40) and the equivalence of (a) and (b) were shown (in the
proof of) Proposition 6 of [15]. Equation (4.41) essentially follows from (b) and
(4.33), though the details are a bit technical. If v € E;(J) solves the problem
(a) or (b), we must have vg € X;_y,,, h € F(J) and B(to)vg = h(tg) in view of
Theorem 2.1. Moreover, (4.33) and equation (b) imply that
%—: U(t,s)v(s) = Uq-1(t, s)(g(s) + I(s)h(s)) € Xo

for a.e. s € (to,t) and all t € (tg,tg + T]. If we also had g € C((to,t0 + T]; Xo)
and h € C((to,to+T); Y1), then the function s — (U(t, s)v(s), ¢) were continuously
differentiable on (tg,t) for every ¢ € Xy. Integrating over s € [to+¢,t —¢] we would
obtain

t—e

U(t,to —e)v(t —e) —Ul(t, to +e)v(to +¢) = / Ua—1(t,s)(g(s) +II(s)h(s)) ds

to+e
for every € € (0, (t—19)/2). Letting ¢ — 0, the asserted equation (4.41) then follows
in this case.

We will approximate g and h by continuous functions. There are g, € C(J; Xo)
converging to g in LP(J; Xy) as n — oo. When treating h, we must take care of
the compatibility condition. Let L = AZi, be the power of the Laplace-Beltrami
operator on J€2. We have h;(to) € Y;, = (Yo, D(L))x;~1/p,p Dy (2.10) and real
interpolation. Taking into account Theorems 3 and 8 of [9], we obtain that ¢;(t) =
et h,(tg), t € J, belongs to F;(J)NC((tg, to+T]; Y1) for every j € {1,--- ,m},
and ¥(tg) = h(ty). We set ¢ = (¥1,...,%,) and h® = h — 4 € F(J). Since
h%(tg) = 0, one finds functions h2 € C(J; Y1) NF(J) with h(ty) =0 for all n € N
which converge to h° in F(J) by standard cutoff and mollification arguments.

Theorem 2.1 gives a function w € Eq(J) satisfying

Qw(t) + A (H)w(t) =0 onQ, teJ,
B.(t)w(t) =¢(t) ondf, teJ,
w(to) = vo, on Q,
and it gives functions v) € E;(J) satisfying
02 (1) + AL ()02 (1) = gn(t) onQ, teJ,
B, (t)v2(t) = hO(t) on 09, teJ,
02 (tg) = 0, on .
As seen above, we obtain

w(t) = U(t, to)vo + /t Ua—1(t, s)II(s)3(s) ds,

00 (t) :/t U(t, $)gn(s) ds+/t Ua_1(t, 8)TI(5)R2(s) ds.
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forallt € J and n € N, since the inhomogeneities are continuous. From Theorem 2.1
we further deduce that v9 +w converge to the solution v of (a) in E;(J) as n — oo.
So (4.41) follows by letting n — oo in the above integral formulas. O

We say that the evolution family U(-,-) has an exponential dichotomy on R if
there exist (‘stable’) projections P(t) € B(Xyp), t € R, and a dichotomy exponent
do > 0 such that U(¢t,s)P(s) = P(t)U(t,s), U(t,s) : ker(P(s)) — ker(P(t)) has an
inverse denoted by Ug(s,t), and

UL, )P ()], |Ug (s, )Q(t)]| < ce™%0(t=2)

for all t > s, where we set Q(-) =1 — P(-). If P(t) = I for all t € R, then U(-,")
is called exponentially stable. Since the evolution family is periodic, its exponential
dichotomy is equivalent to the fact that p(U(7,0)) does not intersect the unit circle,
see e.g. [17, §6.3] or [23, §3.1]. The projections Q(t) map Xy to dom(Ag(t)) C X;
with uniformly bounded norms for ¢t € R, because of Ag(t)Q(t) = Ao(t)U(t,t —
1)Ug(t — 1,t)Q(t). Therefore the operators P(t), t € R, are uniformly bounded in
B(X1) and B(X,_1/,), too. We refer to the survey given in [23] for more information
about exponential dichotomy.

In the following result we extend the exponential dichotomy to the extrapolated
evolution family, cf. Proposition 2.2 of [18] for the case o > 1 — p.

Proposition 4.10. Assume that Hypothesis 4.1 holds and that U(-,-) has an ex-
ponential dichotomy. Let o € (0,1]. Then the operators P(t) and Q(t) admit
uniformly bounded extensions Po_1(t) : XL | — X! | and Qa_1(t) : X! | — X3
fort € R. The following assertions hold for allt > s in R and a constant N(a) > 0.
(1) Qa-1(6)X¢ 1 = Q(t)Xo;
(2) Ua_l(f,, S)Pa_l(s) = Pa_l(t)Ua_l(t, 8),’
(3) Ua—1(t,8) @ Qa—1(8)(X3_1) — Qa—1(t)(XL_,) is invertible with inverse
UQ,a—l(Sat);
(4) |Ua—1(t,8)Pa_1(s)z|o < N(a)max{(t — s)* 1 1}e %= |z|s | for z €
X(ifl;
(5) |Ua-1(t, 8) Pa—1(s)zlh_y < N(a)e U= al5_y forz e X5
(6) [Uga—1(s,1)Qa1(t)z1 < N(a)e %=zl forz e X!

a—1-
Proof. Most of the results can be proved as Proposition 2.2 of [18] now employing

Proposition 4.7, except for (5). Clearly, (5) holds for 0 <t —s < 2. For ¢t > s+ 2,
we estimate

|Ua—1(t,8)Pa_1(s)z|t,_1 < c|U(t,s+1)P(s + D)U(s + 1,8)x|o
e U (s 41, 8)alo < cem %0 [l
using the exponential dichotomy on X, and (4.32). ([l

We will now use the exponential dichotomy of U(:,-) to extend the maximal
regularity result Theorem 2.1 to the unbounded time intervals J, = [t,00) and
J_ = (—00,to]. Let 0 € R and recall the definition (2.22) of the weighted functions
spaces. We set U%(t,s) = eX¢=9)U(t,s) for t > s, and assume that U°(-,-) has
an exponential dichotomy. Given (wo,g,h) € Xi_1/p X Eo(J4,0) x F(J4,9), we
introduce

t

LT (to, wo, g, h)(t) = Ul(t,to)wo + U(t,s)P(s)g(s)ds — /too Uq(t,s)Q(s)g(s) ds

to

+/ Ua—1(t, 8)Pa—1(s)II(s)h(s) ds (4.42)

to

— /tOO Ug,a-1(t,8)Qa—1(8)I(s)h(s)ds, t > to,
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0 = | Uoltoew)@e)g)ds + [ Ugamalto s)Quor(MUh(s)ds. (143
to to
Observe that Ug(t, s)Q(s) = Q(t)Ug(t, s)Q(s) and that Qu—1(s)II(s) = Q(s)(w +
Ao(s8))Q(s)N,,(s) is a bounded operator from Y] into dom(Ag(s)). Taking into ac-
count Proposition 4.10, we see that the Q(-)-integrals converge even in dom(Ag(?)).
We thus omit the index o — 1 in the last integrals of (4.42) and (4.43). Similarly
one sees that the P(-) integrals converge in X/,_;. Further, let vy € X;_/, with
B, (tg)vo = h(tp). Due to Proposition 4.9 and Theorem 2.1 the solution of (2.18) is
given by
¢ ¢
S(to, vo, g, h)(t) :=Ul(t,to)vo + [ U(t,s)g(s)ds + / Ua—1(t, s)II(s)h(s) ds
to

to
for t > tg. Let L} and S5 be the variants of LT and S with U replaced by U?.

Proposition 4.11. Let Hypothesis 4.1 hold, 05 > 81, and assume that U°(-,-) has
an exponential dichotomy for some § € [61,02]. Let tg € R, g € Eq([to,>),d),
h € F([to,OO),(S), and vy € Xl—l/p with B*(t())’l)() = h(t(]). Deﬁne ¢5r by (443)
Then the following assertions are equivalent.

(1) S(to, V0,9, h) S Eo([to, OO), 5)

(2) L+(t0, Vo + ¢0+,g, h) S Eo([to, OO)7 (5)

(3) Q(to)vo = —oy .
In this case, we have S(to,vo,g,h) = LT (tg, P(to)vo, g, h) and it holds

1S (to, vo, 9, ) ||, (to,00),6) < €1 (Jvol1—1/p + 19llEo (ft0,00),6) F IPllE(ft,00),5)) - (4-44)

The constant ¢} does not depend on tg, 0, vo, g and h.

Proof. Observe that es S(to,vo, g, h) = Ss(to,vo, €sg, esh) and es L (tg, wo, g, h) =
L}'(to, wo, €59, esh). So we can assume that § = 0 by rescaling. In particular, U(-, -)
is assumed to have an exponential dichotomy. (The uniformity of the constant
with respect to ¢ in compact intervals is a consequence of the proof below.) It is
straightforward to verify that L¥(to,vo + &3, g, h) = S(to, vo, g, h) which gives the
first equivalence. We note that wg := vg + ¢ belongs to ran(P(ty)) if and only if
wo = P(to)vy if and only if Q(tg)vg = —¢3. Moreover, the proof of (4.44) given
below yields that the integral terms of L* (to,vo + ¢, g, h) belong to Eo([to, ).
Thus the second equivalence holds. It remains to check (4.44) for the case 6 = 0
if (3) holds. Here we have to modify the proof of Proposition 8 in [15] for the
autonomous case since we do not know whether P(-) leaves invariant E; ([to, 00)).

Let vo € X1_1/p, 9 € Eo([to,00)), and h € F([to,00)) such that B, (to)ve = h(to)
and Q(tg)vg = —d)g. Set wg := P(to)vg = vo + gi){f and v = LT (tg,wo,g,h) =
S(to,vo, g, h). Theorem 2.1 shows that

[0l (1200 +21) < €1 (lolr-1/p + 9llEo((to.to+21) + I1BllE((2020+20))-
In (4.42) we further put

Io(t) = U(t, to)P(to)ve, I1(t) :/t U(t,s)P(s)g(s) ds,

t o]
I(t) = / Un—1(t,s)P(s)II(s)(s)ds, I5(t) = / Ug(t,s)Q(s)(g(s) +II(s)h(s)) ds
to t
for ¢ > ty. Proposition 4.10 and Theorem 2.4 of [10] easily imply that

(1o + 11 — I3|lgo (jto+2,00) < € ([volo + N9llEo((to+2,00)) T 1PIIL, ((t0+2,00):77)) -

(One can use ¢z = — ftzo Ug(to, s)Q(s)g(s)ds in Theorem 2.4 of [10], and condition
(2.9) of [10] follows from Lemma 4.4(c) as explained in [10, §5.1].) Here and below
the constants do not depend on tg, vg, g and h.
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For the term I, we take x € C*([to — 1,%0+1]) with x(tp —1) =1 and x = 0 on
[to—1,to+1]. Forn=2,3,...,set xn(s) = x(s—n) for s € [to+n—1,to+n+1] =: J,
and h, = (1 — xn)h|Jn. For ¢ € [tg + n,to + n + 1], we can write

t

L(t) = / Va1 (8, $)T1(8)hn(s) s — / U(t, $)Q(s)TI(s)h (s) ds

o+n—1 tot+n—1
to+n—1

+U(t,to+n—1) / Ua-1(to +n — 5, 8)xn(s)P(s)II(s)h(s) ds

to+n—1
to+n—1

+U(t, to+n— 1)/ Ua—1(to +n —1,s)P(s)II(s)h(s) ds
to

=: Igl(t) + I9o(t) + Igg(t) + Io4(2).
Due to hy,(to +n — 1) =0, Theorem 2.1 combined with Proposition 4.9 yields

11211, (1) < cllhnllec,) < cllhllr,) -

We further deduce from the last part of Proposition 4.6, Proposition 4.7, Corol-
lary 4.8 and Proposition 4.10 that

||122H]E1([to+n,t0+n+1]) <c ||h”LP([toJrn*Lto*Fn];Yl) )

||123H]E1([to+n,to+n+l]) <c ||h||LP([t0+n—1,t0+n];Y1) )
to+n—1 t
s (8)]s + 00T (£)]o < ¢ / e 5005 (s y, ds < ¢ / &= 500=5) y(s) |y, ds,

to tO
(24l (20 +n,t0+n+1]) < €Nl Lo (jt0+n—1,t0+n]¥7) -

As in [15, Proposition 8] these estimates lead to |12k, ([to+2,00)) < € lIAllF([to+2,00))-
Combining the above facts, we arrive at

[0llE, (t0,00)) < €1 (Iwoli—1/p + 9llEo(ft0,00)) + NPllE((20,00))) - O

We further need a variant of Proposition 4.11 for backward solutions of (2.18) on
(—00, o). Given g € Eo((—00,10),9), h € F((—00,10],6) and vy € Xo, we define
t

L™ (to,v0,9,h)(t) := Uq(t,to)Q(to)vo +/ U(t,s)P(s)g(s)ds

—o00
t

_/tOUQ(t,s)Q(s)g(s) ds+/ Ua—1(t, 8)Pa—1(s)II(s)h(s) ds

- / Ut $)Qu_r(s)TI(s)h(s) ds, ¢ < to, (4.45)
05 = [ Unmaltoss) Paca(5)(9(s) + T(s)h() ds. (4.46)

Proposition 4.12. Assume that Hypothesis 4.1 holds, o > 01, and that U°(-,")
has an exponential dichotomy for some & € [01,02]. Let tg € R, g € Eo((—o0, to], ),
h € F((—o0,t0],9), and vo € Xgo. Consider problem (2.18) on (—o0,to] with the
final value v(ty) = vg. Then there is a solution v of (2.18) on (—o0,ty] belonging
to Eo((—00,to],0) if and only if P(to)ve = ¢ . In this case, v = L™ (to,v0,9,h) is
the unique solution of (2.18) in Eq((—o0,to], ) with the final value vy and

1L (to, vo, 95 1)l ((—oo,t0],6) < €1 (1Q(t0)volo + 19llEo((—oo,to).6) + 1PllR((—o0,t0],6))-
The constant ¢ does not depend on tg, 6, vg, g or h.

One shows the asserted equivalence as in Proposition 9 of [15]. The final estimate
can be proved by straightforward modifications of the proof of Proposition 4.11.
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5. THE ASYMPTOTIC STABILITY OF PERIODIC SOLUTIONS

We assume that Hypothesis 4.1 holds for a 7—periodic solution u, of (2.2). More-
over, let U(-,-) be the T—periodic evolution family generated by operators Ag(t),
t € R, defined in (4.16). Hence, U(-,-) solves the linearized problem (2.18) with
g = h; = 0. We start with the principle of linearized stability.

Proposition 5.1. Assume that Hypothesis 4.1 holds with 7 > 0 and that
r(U(7,0)) < e™97 < 1 for some § > 0. Then there exist constants p,c > 0 such that
for all ug € X1_1/, and to € R with |ug — u«(to)l1—1/p < p and B(to,uo) = 0, the
solution u of (2.2) exists for all t >ty and satisfies [u(t) — ws(t)|1_1/, < ce 310
for all t > tg.

Based on the theory developed in the previous sections one can establish the
above result as Proposition 16 of [15]. So we only sketch the main parts of the
proof. By the assumptions, U(-,-) is exponentially stable. Therefore, ¢ = 0 in
(4.43) and S = L in Proposition 4.11. Using this fact, Propositions 2.4 and 4.11 as
well as the contraction mapping principle, we solve (2.20) by a fixed point problem
in the set

{v € Ex([to, 00),9) : v(0) = vo, [[v]|&, ((to.,00).0) < cP}

where u, +vg € M with [vg|y_1/, < p is given. The solution v of (2.20) yields the
required solution u = u, + v of (2.2).

Working on the time interval (—oo, tg] one obtains an analogous instability result
if there is a nontrivial spectral gap outside the unit circle.

Proposition 5.2. Assume that Hypothesis 4.1 holds with 7 > 0, that the circle
I\ = €% belongs to p(U(1,0)) for some § > 0 and that a(U(7,0))N{|A| > €7} # 0.
Let tg € R. Then there is a solution u # u, of (2.2) on the time interval (—oo, to]
such that |u(t) — u.(t)|1—1/p < ce®t=t) for all t < to. In particular, u, is unstable.

Proof. The rescaled evolution family U~°(t, s) = e 2(*=*)U(t, 5) has an exponential
dichotomy with nontrivial stable and unstable projections P(t) and Q(t), respec-
tively. Fix any nonzero vy € Q(tg)Xo and define

L(v) = L™ (to, vo, G(v),H(v)) for v € Eq((—o0,tp],—0) =: E1(—9),

where G(v) and H(v) are given by (2.21) and L~ is given by (4.45). Due to
Propositions 2.4 and 4.12, £ is continuously differentiable on E;(—4) and a fixed
point v = L(v) solves (2.20) on (—o0,to] with final value v(tg) = vo + ¢, where
oo € P(to)Xo is given by (4.46). Observe that v(tp) # 0 and that v = v + u, then
solves (2.2) on (—o0,tp]. Moreover, (2.7) yields

pOl-1p < e O pO1ory < collvllzn,  t<to,  (51)

since —0(t —t9) > 0. So it remains to obtain a fixed point v = L(v) in E;(—J).
We consider the closed ball B(p) in E;(—d). For v,w € B(p), Propositions 2.4
and 4.12 and (5.1) imply that

1£(0) ey (—8) < ¢ ([volo + [|G(0)[[go(-6) + H(v) lr(—s))
< clvolo +e(p) [[Vllg, (=s) »
1£(v) = L(w)llg, (—s) < e sup{IG"(2)II, IH'(2)]] : 2]y (-6) < £} lv — wllg, (—s)
<e(p) [lv — wlg, (-s) -
Now, we first fix a p > 0 with £(p) < 1/2 and then choose a vy € Q(to)Xo \ {0}
with ¢|vglo < p/2. As a result £ is a strict contraction on B(p), and we obtain the

desired fixed point. O
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If the problem (2.2) is autonomous, i.e., the coeflicients do not depend on time,
then Proposition 5.1 is never applicable if the periodic orbit u, is not an equi-
librium. In fact, Theorem 3.2 implies that u, € H)((a,b); X1) N H2((a,b); Xo) N
C((a,b); Xi_1/p) for all @ < b in R. So we can differentiate (2.2) with respect to
tin Xo and Yy_1,,, respectively. As a result, u} € L,((a,b); X1) N H}((a,b); Xo)
satisfies (2.18) with g = 0 and h; = 0, so that «/ () € dom(A(t)) for a.e. t € R and

Oy (t) + Ao (t)us (t) = 0.

This means that U(7,0)u,(0) = w,(7) = u,(0). Since u, is not an equilibrium, it
holds u/,(0) # 0 and thus 1 is an eigenvalue of U(7,0). However, if this eigenvalue is
simple and the rest of the spectrum of U(7,0) is strictly contained in the open unit
disk, then we can show that the orbit u, is asymptotically stable with asymptotic
phase.

Theorem 5.3. Let Hypothesis 4.1 hold for a mon—constant T—periodic orbit u,
and for maps A(t,u) = A(u), F(t,u) = F(u) and B(t,u) = B(u) not depending
on time t explicitely. Assume that 1 is a simple eigenvalue of U(t,0) and that
max{|A| : A € o(U(7,0)) \ {1}} < €797 < 1 for some § > 0. Then there exist
constants r,c > 0 such that for all ug € X1_1/, with |ug — u«(0)[1—1/p < v and
B(ug) = 0, the solution u of (2.2) with to = 0 exists for all t > 0 and there is a
0 € R such that |u(t) — u.(t + 0)]1 < ce™® for all t > 1.

Proof. We set ug(t) = u.(0 +t) for all t € R and any given 6 € R. Observe that ug
also solves (2.2) with the initial condition uy(0) = u.(#) since (2.2) is autonomous.
Recall from (2.16) and (2.21) the definition of A, (¢), B.(t), G(t,v) and H(t,v) for
the periodic orbit u,. Let Ay(t), By(t), Go(t,v) and Hy(¢,v) be given in the same
way for ug instead of u.. Let ug € Xy_;, with B(ug) = 0 be given, and let u be
the solution of (2.2) with u(0) = ug. Then the function w = u — uy satisfies

Dw(t)+ A, (H)w(t) = (A (t)— Ag(t))w(t) + Gy(t, w(t)) =:Gy(t,w(t)) on Q,t >0,
B, (t)w(t) = (B.(t)— By (t))w(t) + Ho(t,w(t))=: He(t,w(t)) on dQ, t >0,
w(0) = up —u(f) =: wy on (5.2)
Let Gy and Hy be the corresponding substitution operators, which are given by
Go(v) = Au(-)v + A(ug)ug — A(ug + v)(ug + v) + F(ug +v) — F(ug),
Hg(v) = B'(u.)v — B(ug + v) (5.3)
for all v € E1() and 6 € R. In the following we write E;(0) instead of E; (R4, d)
etc., where § > 0 is given by the assumptions. Proposition 2.4 yields that Gy €
CHE1(6); Eo(d)) and Hy € CH(E;1(6);F(5)) with G,(0) = 0 and Hj(0) = 0. We
next check that the multiplication operators A.(-) — Ag(-) and B.(-) — By(:) =
B'(ux) — B'(ug) belong to B(E1(0),Eo(d)) and B(E1(d),F(0)), respectively. We
then obtain that Gy € C1(E1(3); Eo(d)), Hp € C1(E1(5); F(d)), and

Gp(0) = A(us) — A(ug) + A (u)ue — A’ (ug)ug + F'(ug) — F'(u,),

H}(0) = B'(ux) — B'(ug) = H'(ug — u.) — H'(0), (5-4)
using also (2.24). First, A.(-) — Agp(-) € B(E1(0),Eo(0)) and the inequality
1G5(0) |88 (5).20(5)) < £(16]) (5.5)

follow from the properties of A and F' stated before Theorem 2.1 and from the
estimate |u.(t) — ug(t)]; < c|0]'~/P for all t,6 € R, see (4.2). Second, in view of
(5.4), Proposition 2.4 and (4.2) yield that
1(B' (ux) = B'(ug)vllecsy < elllux = ugllp, () 1]z, sy < €(10]) [[0]lg, (1)
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for all v € E;(J) and compact intervals J. Using the periodicity of u,, one concludes

lles (B (us) = B'(uo))vll7 @, vy = Z (B B'(u0))esvll7 nr,(ns1)r)ivi)
<e |9|) vllE, (s)
where k = 0,1, es(t) = e’ and we have fixed one index j € {1,...,m} which is

omitted from the notation. By means of Lemma 2.3 and writing f = (B (u.) —
B'(up))v and I,, = [nT — 1,(n+ 1)7 + 1] N R4, we further estimate

lles (B’ (u) — B/(UG))U||€VR(R+-YO)
T U0 = SR
0 A AN P
<P el i+ [ /m e
SO, € D ) B o) 1

< (107 [[vllg, )+CZ (1017 "2 |lollg, 7,

(01 012, 5
where I(t) = [t — 1,t + 1] NR;. Summing up, we have shown that

1B () = B (ug)ll (e, (5 7(67) = IHp (0) 55, 5),£5)) < €(16)- (5.6)
Let P(t), t € R, be the stable prOJeCthDb for U(t,s), and Q(t) = I — P(t). Due
to ran(Q(0)) C dom(Ag(0)), we have Zo := P(0)X7_,,,(0) € X}, (0) and thus

1-1/p
P0)XY 1/p(0) =ran(P(0)) N X1_1/, Nker(B,(0)). Observe that (2.7) yields

[w(t)1—1/p < e o) l1-1/p < o [[0]lE, (5 (5.7)

for all v € E1() and ¢ > 0, since 8 > 0. Let AV(0) be the right inverse of B, (0) €
B(X1_1/p,Y1—1/p) introduced in (3.2). We then have

B.(0)P(0)N(0) = (B.(0) = B.(0)Q(0))N'(0) = B.(ON(0) =1 (5.8)
on Y;_q/,. Using the operator L™ from (4.42), we define the map
Lo: ZoxE1(6) = B1(8);  Lo(20,0) = v—L*(20+P(0)N(0)70Hy (v), Go (v), Hy (v))
for any 6 € R, where we have omitted the argument to = 0 in L. Because of (5.8)
and Zo C ker(B,(0)), the compatibility condition in Theorem 2.1 holds. In addition
Gg and Hy are C*, so that we have Ly € C*(Zy x E1(8);E1(6)), L4(0,0) = 0 and

02L9(0,0) = I — L* (P(0)N(0)05(0), G5 (0), Hy (0)).

The estimates (5.5) and (5.6) combined with Proposition 4.12 now imply that there
is an 1y > 0 such that 92L¢(0,0) € B(E1()) is invertible provided that |6] < 79. So
the implicit function theorem yields numbers py > 0 and a C''-map ®4 from the ball
B(po) = Zo n Bl_l/p(o,po) to El(é) such that ‘1)9(0) =0 and EQ(ZQ,¢9(20)> =0
for each 2y € B(pg). Further, possibly after decreasing po > 0 and 7y > 0, we
obtain that ®(zo) is uniformly bounded for 8 € [—ng,no] and zy € B(po). This
can be seen as in the proof of Theorem 14 in [15] differentiating the fixed point
equation Lg(zg, Py(20)) = 0 w.r.t. zg and employing (5.5) and (5.6) once more. Due

to Proposition 4.11 and (4.43), the function w = ®y(zg) solves problem (5.2) with
the initial value

©(0, z0) == w(0) = 2z + P(0)N(0)Hy(0,w(0)) (5.9)

Q) [ Uo(0.Q(5) (Gl () + 1) Aol w(s) ) s
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where 2o € B(po) C Zo and [0] < no. It holds w(0) € X;_1/, and B.(0)w(0) =
Hy(0,w(0)) due to (5.8), 2o € ker(B,(0)) and Q(0)Xy C ker(B,(0)). We further set
Vo(20) = P(O)N(0) Hy (0, [@0(20)](0))- (5.10)

Observe that © = w + ug = ®g(z0) + up then solves (2.2) with the initial condition
u(0) = w(0) + us(6). From P»(0) = 0 and the boundedness of &}, we also infer that
[®a(20) £, (6) < ¢l20l1-1/p < cpo (5.11)

for all 0 € [—no,nmo] and zo € B(po).
Now, let ug € X1_1/, with B(up) = 0 be given. We look for 6 € [—no,n0] and
20 € B(po) such that

ug = ug(0) + (0, z0) = u(8) + (0, o). (5.12)

If (5.12) holds, the function u = ®y(29) + ug solves (2.2) with the initial condition
u(0) = ug. Moreover, (5.7), (5.11), and Proposition 3.3 imply that u(t) —u.(t4+6) =
[Py (20)](t) decays exponentially in X as asserted. (In order to apply Proposition 3.3
one possibly has to decrease pg > 0.)

So it remains to verify (5.12). As observed before the statement of the theorem,
we have U(7,0)u/, (0) = u,(0) # 0 so that by the spectral assumptions the function
u’ (0) spans Q(0)Xo. Hence, we can choose x* € X such that

(u,(0),zy=1 and  Q(0)x = aul(0) (z,z") (5.13)
for some « € C\ {0} and all z € Xy. Therefore, (5.12) holds if and only if

0 _ (o — wa(6) — 9(8, z0) + 6ul, (0), 2
(a)‘w”“) "( " P(O) 1o — 0.(8)) — vnlz0) )

for some 0 € [—no,n0] and zy € B(po). We look for n € (0,79) and p € (0, pg) such
that U becomes a strict contraction on [—p, p] x B(p). First, we observe that

v (@)~ 0. (6) + (B, 70) — p(6.0) + (6~ By (0). )
L8, 20) = (6, %) ( P(0)(2 (B) — 1. (0)) + ¥5(Z0) — va(0) )

for all 6,0 € [-n,n] and 20,Z9 € B(p) with € (0,10] and p € (0, po]. Since
P(0)u!,(0) = 0 and v, € C(R; X;_1/,), we can estimate
| P(0) (s (0) = us (0)[1-1/p < / [P(0)[u(6 + 50 — 0)) — ul(0)] (6 = O)[1-1p ds
n) [0 —0l.
Similarly, one obtains
[ (0) = us (6) + (0 — 0)ul(0), 27)

1
[ul(0+ 50 = 0)) = ul(0)[1-1/, |0 — O] ds < £(n) |0 — 0.
0

To treat the remaining terms, we write w = ®4(29) and W = Pz(Zp) and note that
w=10 = L* (20 —Z0+ P(0)N (0)70(Hy (w) — Hy (@), Go(w) — G5(w), Ho(w) — Hy ().
Proposition 4.11, (3.2) and (2.10) then yield
=l 6) < €120 = Zols 3 + [1Go(w) ~ Co(@)lny(s) + [Ho(w) ~ Hy(®m)]le(s) ).
(5.14)
Taking into account (5.3) and B(u.) = 0, we calculate
Hg (w) — Hy(w) = Hy(w) — Ho(w) + B(ug + W) — B(ug) + B(ug) — B(ug + )

:/O H)(w + s(w — w)) (0 — w) ds
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+ /O [B'(ug + sw) — B (ug + sw)|w ds.

Estimate (5.11) yields [lw 4 s(@ — w)l|g,(5) < cp for all s € [0,1]. Since HY, is
continuous, we can thus deduce from (5.6) that
L) (w + s(W — w)) | (e, (8).5(0)) < €(p) +£(16]) < e(p) +(n).

Due to (R) and Lemma A.2 in [16], the map v — B'(v) € B(E1(J),F(J)) is locally
Lipschitz on E;(J) for every compact interval J. As in the calculations leading to
(5.6), it then follows that

(B’ (ug + sw) — B'(ug + s0)]w||ps) < ¢ lluo — uglle, (o, [T, 5)

1
<cp [ I+ 0+ 58 = O)ls. o 10 - Bl ds
0

<cpl0 -4,
employing again (5.11) and Theorem 3.2. As a result,
o (w) — Hg(@)[e(s) < (e(1) +&(p)) lw — e, (5) + cp |6 — 6. (5.15)
In a similar way, one derives
1Go(w) — Gg(@)[zo(s) < (e(1) +€(p)) 1w — W, (5) + cp |6 — 6. (5.16)

Taking sufficiently small n > 0 and p > 0, (5.14) thus leads to
lw — @&, (5) < ¢lz0 = Zol1-1/p +cp |0 — 0.
Inserting this inequality into (5.15) and (5.16), we conclude that
1Go(w) — Ggl@)lley(5) < (6(n) +£(p)) (20 = Zoli-1/p + 16— B]),
Fp (1) — By () o) < (1) +(p)) (120 — Fola-/p + 10— B).
Using (5.10), (3.2), (2.10) and Lemma 2.3, we arrive at
[¥(20) — ¥g(Z0)l1-1/p < ¢ |[Ho(w) — Hy(@)lr(o,1)) < ¢|[Ho(w) — Hy(w)llr(s)
< c(e(n) +e(p)) (Jz0 = Zol1-1/p + 10 = 0]).
Finally, (5.9) and (5.17) yield
Q(0)((8, Z0) — (8, 20)| < c(e(n) +e(p)) (120 — Zoli—1/p + 10 — 0]).
S

Summing up, we can fix = p (0,7m0] N (0,p0) such that ¥ is Lipschitz
with constant 1/2 on [—p, p] x B(p) =: M, where we take the norm ||(6,29)| =
max{[0], [20]1-1/p} on M CR x X;_1 /.

To show the invariance of M under ¥, we first note that ¥(0,0) = ((up —
ux(0),2*), P(0)(ug — u«(0))), and hence |[¥(0,0)| < c¢r, provided that |ug —
u(0)[1-1/p < 7. So, for (0, z0) € M it follows that

(5.17)

1
(8, 20)[| < er+ 2 max{|0|, |z0|1_1/p} < cr + g’

and ¥ : M — M if r > 0 is chosen small enough. |
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