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ABSTRACT

Evans and Howland used an abstract characterization of evolution semi-
groups and a perturbation result for Co—semigroups to treat non—autono-
mous Schrodinger equations and problems in scattering theory. Here we
proceed in a similar way. At first we characterize evolution semigroups on
spaces of vector—valued functions E(X) which are induced by a strongly
continuous evolution family (U(t,s))¢>s defined on the Banach space X.
From this and a perturbation result of Voigt we obtain a sufficient con-
dition for an operator on LP(IR, X) to be the generator of an evolution
semigroup. This will be applied to non—autonomous heat equations with

absorption.

1 EvVOLUTION FAMILIES

The solutions of a non—autonomous Cauchy problem on a Banach space X can
be expressed (under appropriate conditions) by a family (U(t, s)):>s in the space

L(X) of bounded linear operators on X such that

(E1) the mapping (t,s) — U(t,s) from H := {(t,s) € R* : t > s} into £(X) is

strongly continuous,
(E2) U(s,s) = Idx, U(t,r)U(r,s) =U(t,s) for all t > r > s,

(E3) there are constants M > 1 and w € IR such that ||U(t,s)|| < Me“#) for

all (t,s) € H

(see e.g. [6], [9], [20], [28]). In the following we call such a family of operators

an evolution family on X. If (S(t)):>0 is a strongly continuous semigroup of



operators on X (abbr. Co—semigroup), then U(t,s) := S(t—s), (t,s) € H, defines
an evolution family.
For the investigation of evolution families (U(t, 5))t,s)en it is useful to associate

with (U(t, s))t,s)en @ semigroup (7'(t))¢>o of operators on the Banach space F' =
Co(R, X) or LP(IR, X)), 1 < p < o0, by setting

T(t)f(')::U('v'_t)f('_t)a felr, t>0

(see e.g. [8], [10], [14], [17], [19]). It is easy to verify that (7'(f))i>0 is a Co—
semigroup on F' (cf. [8], [23]). We call (T'(t));>0 the evolution semigroup associ-
ated with (U(t,s))w,s)en- Recently, R. Rau [23], [24], [25], and Y. Latushkin and
S. Montgomery—Smith [11], [12] (see also [15], [26] and the references therein)
discovered, that there is A close connection between the asymptotic properties
of an evolution family and the spectra of the induced evolution semigroup and
its generator GG. In particular, it is possible to characterize the exponential di-
chotomy or hyperbolicity of an evolution family by the invertibility of G (see [13,
Thm. 3.6, [21, Cor. 1.6]).

In [22] these results were extended to a more general class of X—valued function
spaces, containing in particular LP(IR, X), 1 < p < oo, and many spaces occuring
in interpolation theory (see [22, Cor. 4.5]). In Section 2 we recall the definition
of evolution semigroups on such spaces.

In [8], [10], abstract characterizations of evolution semigroups were used in
order to apply perturbation results for Cy—semigroups to non—autonomous Schro-
dinger equations and scattering theory. Here we will proceed in a similar way.
First we characterize evolution semigroups on the spaces introduced in Section
2 by means of scalar multiplication operators (Theorem 3.4). This generalizes

results obtained in [8], [10], [17], [19]. Together with a perturbation theorem
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of Voigt [30] this yields sufficient conditions that a linear operator on LP(IR, X)
generates an evolution semigroup. As an application we obtain the existence of

an evolution family for a class of non—autonomous heat equations (Section 4).

2 EVOLUTION SEMIGROUPS ON X —-VALUED BANACH
FUNCTION SPACES

Let (2, %, i) be a measure space and let M (2, 3, 1) be the space of y—measurable
real-valued functions modulo the functions vanishing p—a.e.. With the canoni-
cal order M (2, %, i) is an order complete vector lattice. We denote by x4 the
characteristic function of a set A. A linear subspace E of M (2, %, ) is called an

ideal if ¢ € E, ¢ € M(Q,%, 1) and || < |¢| implies ¢ € E.

Definition 2.1 A Banach lattice E is called a Banach function space over
(Q,%2,p) if E is an ideal in M (2, %, 1), xa € E for all sets A € ¥ of finite
measure and each ¢ € E is locally integrable, i.e., [, |p|d\ < oo for all sets

A € Y of finite measure.

If F is a Banach function space over (€2, 3, u) and X a Banach space, then the
space E(X) of strongly measurable functions f : © — X such that || f(-)|]|x € F
endowed with the norm || f||gx) := || || f()|lx ||£ is a Banach space.

Let B be the Borel algebra of IR and A the Lebesgue measure. We denote by
C.(IR, X)) the space of continuous functions f : IR — X with compact support.
Recall that a Banach function space E has order continuous norm if for each
decreasing net (@4 )aca of positive functions in E such that inf, ¢, = 0 one has

lim, ||¢a| = 0.



Lemma 2.2 Let E be a Banach function space over (IR, B, \) with order contin-

uous norm. Then C.(IR, X) is dense in E(X).

Proof. We show that each f € E(X) can be approximated by functions in
Ce(R,X). Let A, := [||f(")|lx < n]. Since E has order continuous norm, the
sequence (X a,n[-nn] f) converges in norm to f. Thus we may assume that f has
compact support A := supp f C IR, and is uniformly bounded, say ||f(:)||x < M
a.e.. Let (f,) be a sequence of simple functions such that lim, f,(s) = f(s) for
almost every s. We may assume suppf, € A and || f,(-)|]|x < M + 1 a.e. for all
n € IN. Thus (|| f(-)—fn(*)||x )nen is dominated by (2M+1)x4 € E and converges
almost everywhere to 0. By Lebesgue’s theorem for Banach function spaces
with order continuous norm (cf. [3, Prop. 1.3.6]) we obtain lim,, || f — fullpx) =
lim, || | f(-) = fu(*)|[x ||z = 0. Hence f can be approximated in F(X) by simple
functions. Thus it remains to show that each function x¢o(-)x € FE(X) with
x € X and A\(C) < oo can be approximated in F(X) by functions belonging to
C.(IR, X). By the regularity of the Lebesgue measure we find compact sets K,
and open sets O,, n € IN, such that K,, C C C O, € O; and A\(O, \ K,,) < %
for all n € IN. Choose positive functions ¢, € C.(IR,R) such that ||, < 1,
Yy |k, = 1 and supp ¢, € O,,. Then (||1,(-)  — xo(+) || x) converges to 0 almost
everywhere and is dominated by 2||z|| xc € E. Again by Lebesque’s theorem we
obtain lim,, 1, (:) = x¢(:) z in E(X). Clearly, ¢,,(-) x € C.(IR, X) and the proof

is finished. O

In order to define evolution semigroups on spaces F(X) we assume that E is

a Banach function space over (IR, B, \) such that

(P1) E has order continuous norm,



(P2) E is translation invariant, i.e., with ¢ € F we have R(t)p := ¢(- —t) € E

for all t € R,
(P3) the group of translations (R(t));er is strongly continuous on E.

Examples of such spaces are LP(IR), LP(IR) N LY(IR), 1 < p,q < oo, the Lorentz
spaces L,,(IR), 1 < p < 00, 1 < ¢ < oo, and, more general, rearrangement
invariant function spaces over (IR, B, \) with order continuous norm (see [3, 4.4.6,
2.4]). Let (U(t,s))us)en be an evolution family on the Banach space X. Then

fort >0
TOfC)=UC-—0f(—1), feEBEX), (E)

is an element of E(X).

Proposition 2.3 Let E be a Banach function space satisfying (P1)-(P3). Let
T(t), t > 0, be defined as above. Then T(t) € L(E(X)) and (T(t))0 is a

Co—semigroup.

Proof. For f € E(X) we have

ITOflexy = MIUC- =0 =Dlx e
< M | If(=t)lx e

< M R f |z

< Ne* ||flex)

for some constants N > 1 and o € IR. In particular, (T'(¢));>o is uniformly
bounded on compact intervals. For f € C.(IR, X) we obtain T'(t)f € C.(IR, X)
and limy,o |T(t) f — flloo = 0. If g € C.(IR, X) has support K, then ||g|gx) <
9]loc IXK||E- From this we get lim;_o [|T°(¢) f — f|lgxx) = 0. Since C.(IR, X) is

dense in E(X), the strong continuity follows . O



Definition 2.4 Let (U(t,s))q,sen be an evolution family on a Banach space X
and let E be a Banach function space over (IR, B, \) satisfying (P1)—(P3). The
Co—semigroup (7T'(t)):>o on E(X) defined by (E) is called the evolution semigroup

associated with (U(t, s)).s)en- We denote its generator by (G, D(G)).

3 CHARACTERIZATION OF EVOLUTION SEMIGROUPS
ON X—VALUED BANACH FUNCTION SPACES

Let Cp(IR, Ls(X)) be the space of functions with values in £(X) which are
bounded and strongly continuous. Endowed with the sup—norm C,(IR, £(X))
is a Banach space. Let E be a Banach function space over (IR, B, \) with or-
der continuous norm and let M(:) € Cy(IR, L5(X)). We define a multiplication

operator M on E(X) by
M) =ME)fC), e BX).

Using Lemma 2.2 it is easy to show that M is a bounded operator on F(X) satis-
fying ||M|| = || M (-)|loc. Therefore, Cp(IR, L5(X)) can be isometrically identified
with a closed subspace of L(E(X)).

In [8, Prop. 1.3] it is proved that a bounded operator M on Cy(IR, X) is induced

by an operator—valued function M(-) € Cy(IR, L,(X)) if and only if

M(pf) =p Mf

for each f € Cy(IR, X) and ¢ € Cy(IR, C). An similar result for bounded oper-
ators M on E(X) requires additional assumptions on M (cf. [8, Thm. 5.7]). To

that purpose we introduce the following notion (see also [17, Def. 4.4]).



Definition 3.1 Let E be a Banach function space over (IR, B, \) and let X be
a Banach space. Consider a bounded linear operator M on E(X). A subspace

F of E(X) is called M—determining if

(D1) F C Cy(R, X) and MF C Cy(RR, X),

(D2) F'is dense in E(X),

(D3) F*:={f(s) : f € F}isdensein X for all s € IR.

Notice that F' satisfies (D3) if it is dense in Cp(IR, X).

In the following we make use of subsets ® of L>°(IR) with the following property:

(F) for every s € IR there is a sequence (p,,) in ®\ {0} such that I,, :=supp ¢, ,

n € IN, is compact and lim, o sup,¢; |s —t| = 0.

Examples of such sets are L>(IR), C.(IR), the space C!(IR) of continuously dif-
ferentiable functions with compact support or the set of characteristic functions

with compact support. We state the following lemma. Notice that ¢f € F(X)
for p € L*(IR) and f € E(X).

Lemma 3.2 Let E be a Banach function space over (IR, B, \) with order con-
tinuous norm. Moreover, let s € IR and (p,) a sequence in L*(IR) such that

condition (F) holds. Then for every continuous function f: IR — X we have

[f(s)]l = lim

lim —— [|onfllEx) -
5% [ onlle 0

Proof. Let € > 0. Set I, :== supp ¢,,. Choose n € IN such that || f(s)—f(r)||x < e

for all r € I,,. Then

[enf = en()f(s)llmx) < féllp\lf(S)—f(T)Hx lenllz
< ellenlls-



Therefore, we obtain

1

If()l —e = ln () f(s)llpx) — €
lenlle
1
< lenfllecx
lenlle w0
1
< len()f()llecx) +€
lenllz
= [f)ll +e.
This yields the assertion. O

Now we can show the analogue of [8, Prop. 1.3]. Our proof follows [21, Prop.
2.3].

Proposition 3.3 Let E be a Banach function space over (R, B, \) with order
continuous norm and let X be a Banach space. Consider a subset ® of L>(IR)

for which (F) is satisfied. If M € L(E(X)), then the following assertions are

equivalent.
(a) There is a function M(-) € Cy(IR, Ls(X)) such that M = M(-).
(b) There is a M~determining subspace F of E(X) such that

M(ef) =pMf (3.1)
forallp € ® and f € F.

Proof. (a) = (b) is clear (consider F' = C.(IR, X)).
(b) = (a): Fix f € F and s € IR. Choose (¢,) € ® such that (F) holds. By
(D1) the functions f and M f are continuous. Therefore, Lemma 3.2 and (3.1)

imply

IMF(s)l = lim

= | onlle

lon Mf|l )
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. 1
= lim —— [IM ()l

= | onlle
) 1
< AMlleeoy Jim w—— llenfllex)
= [lonlz
= M) (3:2)
Let F* :={f(s) : f &€ F}. Define
M(s): F* = X : z— (Mf)(s),

where f € F satisfies f(s) = x. Then (3.2) implies that M(s) is well-defined.
Moreover, ||M(s)|| < ||M]|. Since F* is dense in X, M (s) has an unique extension
to X with norm less or equal || M||. We denote this extension also by M (s).
Now we show M(-) € Cp(IR, Ls(X)). Fix s € R, 2 € X and € > 0. Choose
y € F* such that ||z — y|| < € and f € F such that f(s) =y. Since f and M f

are continuous, there is 6 > 0 such that
1f(s) = f(r)ll <e and [[((M[f)(s) = (M[)(r)[ <e  forall|r—s| <o
Then for |r — s| < § we have
[M(s)x = M(r)z|| < [|[M(s)z—M(s)yll +[[M(s)y — M(r)f(r)]
M) f(r) = M(r)yll + [|M(r)y — M(r)z]
[M(s)[ |z =yl + [[(MF)(s) = (MF) ()]

HIM @) = FOI -+ 1M )z =yl
< B[M] + 1)e.

VAN

Thus M (-) € Co(IR, L5(X)). Moreover, Mf (-) = M(-)f(-) for f € F. Since F'is
dense in E(X), M(-) represents M. O

We denote by (R(t))ier and (R(t))ier the (right—)translation groups on FE

and E(X), respectively. Set ¢, := R(t)p for t € R, p € E. Let (A, D(A)) be
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the generator of (R(t))ier , i.e., Ap = —¢ for ¢ € D(A). Notice that C}(IR) is
contained in D(A). Finally, we denote by p(G) the resolvent set of an operator
G and by R(\,G) :== (A — G)™', X € p(G), the resolvent of G. Now we state
the main result of this section. Similar results were obtained in [8, Thm. 1.6] for
Co(IR, X) and in [17, Thm. 4.12] for LP(]0,7T], X). In the sequel we apply some

ideas used in the proofs of [10, Thm. 1], [19, Thm. I.11].

Theorem 3.4 Let X be a Banach space and let E be a Banach function space
over (R, B, \) satisfying (P1)-(P3). Let (T(t))i>0 be a Co—semigroup on E(X)
with generator (G, D(G)). Assume that there is A € p(G) such that R(\,G) :
E(X) = Co(R, X) is continuous and has dense image. Then the following as-

sertions are equivalent.
(a) (T(t))i>0 is an evolution semigroup.

(b) There is a set ® C L(R) satisfying (F) such that
() (ef) =0 T@)f,  t=0,
forall o € ® and f € E(X).
(¢c) For all o € CX(R) and f € D(G) we have of € D(G) and
Gpf)=—¢'f+¢Gf.
(d) There is p € p(G) such that for all o € CH(R) and f € E(X) we have
R(p, G) (¢" R(, G) f) = ¢ R(p, G) f — R(, G) (of).

Proof. (a) = (c): Let ¢ € C}(IR) C D(A) and f € D(G). Then

S

(T0) (o) — of) = (0= D) TOF + 70 (TOF = ), >0,
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which implies (c).

(c) = (b): Consider u(t) := @, T(t)f, t > 0, for ¢ € C}(R) and f € D(G). By

the assumption u(t) € D(G) and
Gu(t) = =, Tt)f + ¢ GT()f,  t>0.

On the other hand, observe that u(0) = ¢ f and u(-) is continuously differentiable

satisfying
d

U0 == TOf + @ GTO)f, =0,

Hence, u(-) solves the well-posed Cauchy problem

on E(X). Therefore,

P T()f =ult)=T@) (¢f), 20
Clearly, ® := C!}(IR) satisfies (F), and hence (b) follows.

(b) = (a): Set My :=T(t)R(—t) and F; := R(t)D(G), t > 0. Then (b) yields
Mi(pf) = oM, f for all p € ® and f € F(X). By our assumption there is
A € p(G) such that R(\,G) : E(X) — Co(IR, X) is continuous and has dense
image. Thus, D(G) is a dense subspace of Cy(IR, X). Therefore, F; C Cy(IR, X)
and F; fulfills (D2) and (D3), ¢ > 0. Moreover, M;F; = T(t)R(—t)R(t)D(G) C
D(G) C Cy(R, X). Hence, F; is M;—determining for each ¢ > 0. By Proposition
3.3 there exist operators M (t,s) € L(X), s € R, t > 0, such that M, = M(t,-) €
Cy(IR, Ls(X)). Moreover,

M2, s)]| < Slelgl\M(t,S)H = TOR(-1)] < Ne*, t=0, (3-3)
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for some constants N > 1 and a € R. Let f € D(G) C Cy(R,X) and g =
(A—=G)f. Then T(t)f — f = R(\,G) (T'(t)g — g) € Cp(IR, X) and
IT@)f = Flloo < IR G)ll2mx).co ITE)g = gllecx), ¢ 20 (3.4)

Now we want to show the strong continuity of the function ¢ — M (t, s) for each
s € R. Fix ty > 0 and so € IR. By (3.3) it suffices to consider the dense subspace
F = {g(s0) € X : g € R(ty)D(G)}. Let x € F;® and f € D(G) such that
x = f(so—to) = (R(to))f(s0). Then by (3.3)
IM(t, s0)z — M(to, so)xl| < [IM(,s0) (R(to)f)(s0) — M (2, s0) (R(£))(50)]]
+[[M(E, 50) (R(£)f)(s0) — M(to, s0) (R(to)f)(s0)l
< Ne®|R(to)f = R(t)flloe + IT(#)f = T(to) flloc -
Therefore, by (3.4) the mapping t — M(t, s¢)z is continuous. Thus, M(-,-) is
strongly continuous in both variables. We set U(t, s) := M (t—s,t) for (t,s) € D.
Hence, (U(t,5))s)en is a family in £(X) satisfying (E1) and (E3).
Let t,r7 > 0. Fix f € D(G). Then f and T'(t+r)f = T(t)T'(r) f are continuous.
Moreover,
(T(t+7)f)(s) = (Migr R(E+7)S) (5)
= U(s,s—t—r)f(s—t—r)
(TOT()f) (s) = (MREMRG)F) (s)
= U(s,s—t)U(s—t,s—t—r)f(s—t—r)

for all s € IR. Since D(G) is dense in Cy(IR, X) this implies (E2).

(c) < (d) follows by a simple computation. O

Recall that a core D of the generator (A, D(A)) of a Co—semigroup is a subspace

of D(A) which is dense in the graph norm ||z||4 := ||z| + ||Az||, x € D(A).
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Remark 3.5
(1) In Theorem 3.4 assertion (c) is equivalent to the following condition.

(¢’) There is a core D of G such that for all ¢ € CYIR) and f € D we
have of € D(G) and G (pf) = —¢'f + ¢ Gf.

(2) If E is a Banach function space satisfying (P1)—(P3) on which the group of
translations is bounded and G is the generator of an evolution semigroup on
E(X), then R(\,G) : E(X) — Cy(IR, X), X € p(G), is always continuous

with dense image (see [22, Prop. 3.3]).

(3) In[8, Thm. 6.4] it is shown that for separable Banach spaces X and bounded
Co—groups (T'(t))ier on LP(IR, X), 1 < p < oo, assertion (b) is equivalent
to the existence of a strongly measurable, invertible and bounded evolution

family which defines (7'(t))ser.

4 PERTURBATION OF EVOLUTION SEMIGROUPS

In this section we apply Theorem 3.4 and a perturbation theorem of Voigt [30,
Thm. 1] in order to show that under certain conditions operators of the form G =
—4 + A+ B(-) generate an evolution semigroup on L(IR, X), 1 < p < co. Here
A is the generator of a Cy—semigroup on X and B(s) are (possibly unbounded)
linear operators on X. As an example we will consider the heat equation with

“absorption”

9 N

O et = Acule.) + VIEDUED, EERYIER
First we recall the result of Voigt (cf. [30, Thm. 1, (1.7)]).
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Theorem 4.1 Let (Ty(t))i>0 be a Co—semigroup on a Banach space F with gener-

ator
(Go, D(Gy)). Let (B,D(B)) be a linear operator on F and assume that there

exists a dense subspace D of F such that the following conditions are satisfied:

(i) D is invariant under (To(t))i>0 and contained in D(Gy) N D(B) and for

every u € D the function [0,00[— F': t — BTy(t)u is continuous.

(i) There are constants a €0,00] and v € [0, 1] such that
| 18Ty @ulldt <yl
for all uw € D.

Then the closure G of (Go+ B)p is the generator of a Co—semigroup (T'(t))io on
F and D(G) = D(Gy). Moreover, for sufficiently large X € p(Go) N p(G) there
exists Cy € L(F) such that R(\,G) = R(\, Gg)C\y.

Notice that D is a core of G, since G is the closure of (Go + B)p.

Throughout this section let X be a Banach space and let (etA)tZO be a Cy—
semigroup on X with generator (A, D(A)). Set X4 = (D(A), || - ||a), where || -||a
denotes the graph norm of A. On F' = LP(IR, X), 1 < p < oo, we consider the
translation group (R(¢)):er and the multiplication semigroup M(t) defined by

M@ f(-) = e f(-), t > 0. Since these semigroups commute,
C:={ue LP(IR,X,): uis differentiable a.e. and v’ € F'}
is a core of the generator (Gy, D(Gp)) of the evolution semigroup given by

T f()=ef(-=1), >0, feF

15



Moreover, Gof(-) = —f'(-) + Af(:) for f € C (see [15, A-1.3.8]). As shown in [21,
Lemma 2.1] the domain of the generator of an evolution semigroup on LP(IR, X)
is a dense subspace of Cy(IR, X). In particular, this holds for D(Gy).

We consider a family (B(s))ser of linear operators on X satisfying the following

conditions.

(A) There is a dense subspace D of X such that D C D(B(s)) N D(A) and

e D C D for a.e. s € IR and each t > 0.

(B) For each x € D and t > 0 the function B(-)e!x is contained in LY,

loc

(R, X)
and there exist constants o > 0 and 3 > 0 such that a'/95 < 1, %+% =1,
and

[ 1B+ ealp dt < 3 alP
0
for all z € D and a.e. s € IR.

(C) The function [0,00[— F : t — x;(-) B(-) "4 is continuous for all x € D

and each compact intervall I C IR.

Later on we will give an example of a family B(-) of unbounded operators satis-
fying (A)—(C). In the case A = 0 condition (C) is trivially fulfilled and we obtain

the following simpler conditions.

(Ag) There is a dense subspace D of X such that D C D(B(s)) for a.e. s € R.

(By) For every z € D the function B(-)z is contained in i (IR, X) and there

exist constants o > 0 and 5 > 0 such that o'/95 < 1,
| 1B+l at < 7 2]

for all z € D and a.e. s € IR.
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Now we can state our perturbation result.

Theorem 4.2 Let A be the generator of the Co—semigroup ()0 on X and let
(Go, D(GY)) be the generator of the associated evolution semigroup (To(t))i>0 on
F=LPR,X), 1 <p<oo. Consider a family of linear operators (B(s))scr on
X satisfying the conditions (A)-(C). Then the operator —%& + A+ B(-) has an
extension (G, D(G)) with D(G) = D(Gy) which generates an evolution semigroup

(T(t))tZO on F.

First we state an immediate consequence of Theorem 4.2. An analogous result

in the case F' = LP([0,T], X) was shown by H. Neidhardt [18, Thm. 4.3].

Corollary 4.3 Let (B(s))ser be a family of linear operators on X satisfying
the conditions (Ag) and (By). Then the operator —4% + B(-) has an estension
(G, D(L)) which generates an evolution semigroup on F = LP(IR,X), 1 < p <

Q.

Proof of Theorem 4.2.
In order to apply Theorem 4.1 we consider the multiplication operator B on F'

defined by Bf := B(-)f(:) for f € D(B) where
D(B):={f e F: f(s) € D(B(s)) for a.e. s€ R and B(-)f(-) € F}.
In addition, we set

D:={feF: f=) 0i®z;z€D, ¢ €CiR), neN}
i=1
We show that Gy, B and D satisfy the assumptions (i) and (ii) of Theorem 4.1.

Since D is a dense subspace of X, it follows that D is a dense subspace of F.

From the definition of D and conditions (A) and (B) we obtain D C D(B)NC C
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D(B) N D(Gy) and Ty(t)D C D for all t > 0. In order to check (i) it remains to

prove that the function BT()u is continuous for all u = p ® x where p € C}(IR)

and x € D. Fix ty € IR. Since ¢ has compact support, there is a compact interval

Iy, such that supp (- —t) C I, for all |t —tg| < 1. Then for |t —to| < 1 we have

||BTO(t)U — BT()(to)UHF

IN

IN

— 1) B()e" e — p(- — to) B(-)e" x| p
I =) = (- = to)) B(-)e" x|

Hlo(- =) B() (e — )|

lo(- =) = o(- = to)llos [Ixn, (-) BC)e ] p

Hlelloo Ixn, () BO) (e — )| p .

Hence, it follows from (B) and (C) that

hm |BTo(t)u — BTo(to)ul|r = 0.

Now we show that condition (ii) of Theorem 4.1 is satisfied. Let u = > | ¢;®x; €

D. From Holder’s inequality and Fubini’s Theorem we obtain

/O BTy ()ul » dt

Now (B) implies

Setting 7 := a!/9f this yields (ii).

IA

FLE
/:‘(R
1 ( 0
o, </:

P 1/p
(s —t) B(s)e; ds) dt
P 1/p
B(s +t)e'x; ds) dt
P 1/p
t)et el ds dt)

P 1/p
) ds] .

(s +t)e (Zf: a;>

| IBT @l dt < a'/25 ul

It follows from Theorem 4.1 that the closure G of (Go+ B)|p generates a strongly
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continuous semigroup (7°(¢))¢>0 on F and D(G) = D(Gy). Now we want to apply
Theorem 3.4. By Theorem 4.1 there is A € p(G) N p(Gy) such that R(\,G) =
R(\, Gp)C for some C' € L(F). Since Gy generates an evolution semigroup on
F'| the operator R(\,Gy) : FF — Cy(IR, X) is continuous (see [21, Lemma 2.1]).
Therefore, R(A\, G) : F — Cy(IR, X) is continuous. Moreover, D C D(G) is dense
in Cy(IR, X). Thus, R(\, G) has dense image in Cy(IR, X). Let ¢ € C}(IR) and
f €D. Then ¢f € D and

Clel) = —o(eh) () + AN+ BO) ()0
= ' f-of +oAf()+eB()f()

= —¢ f+¢Gf.
Thus from Remark 3.5(1) and Theorem 3.4 the assertion follows. O

Remark 4.4 Let (T'(t))i>0 be the perturbed evolution semigroup of Theorem 4.2
and denote by (U(t, s)),s)en the corresponding evolution family. Then for every
x € D and almost every t € R the function {s € R: s <t} - X : s— U(t,s)x

is differentiable a.e. and
0
55 U(t,s)r = =U(t,s) (A+ B(s))z (4.1)

for almost all s < t.
Proof. The semigroup (7(t)):>o satisfies
t
T(0)f - f= | T(r)Gfdr
0

for f € D(G) and t > 0 (see [15, A-1.1.6]). Recall that G is the closure of

(Go+ B)jp. Fixx € D and ¢ € C}(R). Then ¢ ® z € D and for a.e. s € R we
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have

Tt)(p@x)(s) = (¢ @)(s)
= U(s,s—t)p(s—t)x — p(s)x
= /Ot U(s,s —7) ( — P (s—T)r+p(s—T1)Az + p(s — 7)B(s — T):c) dr.

— /:t U(s,T) ( — ¢ ()r + @(1)Ax + @(T)B(T)x) dr.

By a change of variables we obtain

P (L) — (1) = | Ut7) (- ¢ (e + p(r)Av + (1) B(r)a) dr.

Now the right-hand side of this equation is differentiable for almost every s <t
and almost every t. Since ¢ € C!(IR), this implies that the function {s € IR :

s <t} — X: s— U(t,s)x is differentiable a.e. for almost every ¢ and

o(s) gg U(t,s)z +¢'(s) Ult, )z = —U(t, s) (— ¢ (s)z + @(s) Az + p(s) B(s)z).

We can choose ¢ such that ¢(s) # 0. Thus (4.1) holds for almost all ¢ > s and

each z € D. O

Example 4.5

We consider the Banach spaces X = L"(R") and F = LP(IR, X) where § <
£ < o00. Let A = A be the Laplacian on X. Then the Schwartz space S(IRM)
of rapidly decreasing smooth functions is a core for A. We set D := S(IRY).
It is well-known that e f = K, x f, where K,(&) := (4mt)~N/? exp(—%) for
¢ €RY. Let V(-,-) € FNL™(IR, X) and B(s)g := V(s,-)g() for a.e. s € R and
g € D(B(s)), where D(B(s)) C X is the maximal domain. Note that B(s) is not
assumed to be everywhere defined, but we have L®(IRY) C D(B(s)).

We want to check the assumptions (A)—(C). It easy to verify that D C D(B(s))N
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D(A) and e!AD C D for t > 0 and a.e. s € IR. Moreover, for g € D

LB glzas = [ ([ Wiso @ aerd)
< eyl [ ([ Vs ordc)” as

= lle"gll IV IE

and hence B(-)e!tg € F. Similarly, one can show (C).

By an easy computation we see that
||Kt||7”’ - (47Tt)_% (T'/>_% — Ot_%

where % + % =1 and C' > 0 is a constant depending on N and r. Using this

identity and Young’s inequality we obtain for g € D

[ B +oeglzae = ["( [ IVEs+16 ) ©r ) a
< [kl ([ VTt de) d
0 R
=[x gl V(s + 8l at
< gl [ I V(s 4+, )2 de
= Clgl [TEF V(s
* _Np
< NIV ey [ ¥

~ Np
= Ca' 2 g7,

where C' > 0 is a constant. For the last equality we used % < Now we

z
set 87 := C'a'~>F. We can choose a > 0 such that a'/93 < 1. Hence, (B) is
satisfied.

So by Theorem 4.2 there exists an extension G of —%£ + A + V/(-,-) which

generates an evolution semigroup on F. Let A € p(G) and choose D as in the

proof of Theorem 4.2. Then E := (A — G)D is dense in F. Furthermore, for
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f € F there is a unique g € D with (A — G)g = f. Therefore, we find for every f

contained in the dense subspace F' a solution of the inhomogenous heat equation

O 0(5,) = Acgls, ) + V(5,)9(5,6) = Ag(5.6) + F(5,6)

for a.e. s € R and &€ € RY.

Example 4.6
Let © C IRY be an open set which is locally regular of class C* and uniformly
regular of class C? in the sense of F.E. Browder [5]. On Q we consider the
differential operator

Au = % D; (a; ; Dj)u

ij=1

where D; denotes the partial derivative, i.e. Dyu := g—;. We assume that the

coefficients a; ; = a;,; of A are bounded and uniformly continuous. For 1 < r < oo
we denote by AP (resp. AY) the realization of A in X := L"(Q) with Dirichlet
boundary conditions (resp. Neumann boundary conditions). This means that we

set

D(AP) = {ueW?»" : u(x) =0 for x € 9Q} and
D(ANY = {ue W gu (x) =0 for z € ON}.
n

Moreover, we assume that AP (resp. AN ) generates an analytic semigroup
(4”120 (resp. (e"),0) on L7(Q) (sufficient conditions for this assumption can
be found in [1]). We denote by (SP(t))i>0 (resp. (S5 (f))i>0) the corresponding

semigroup on L?(Q). It follows from [29, Thm. 2| that

ISP < e Ky x |f| and [ (0)f] < e Ky x| f]
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holds for all f € L*(2) and ¢t > 0 with constants ¢ > 1 and b > 0. Consequently,

we obtain
€47 fl < ce™ Ky x| f|  and  [e™” f] < ce8¢ Ky x| f]

for all f € L™(2) and t > 0 (cf. [2, Sect. 4]). Now we consider F' = LP’(IR, X) =
LP(R, L"(Q)) for & < * < 00. Since 1 > £ it follows from Sobolev’s imbedding
Theorem (cf. [4, Cor. IX.13]) that W*7(Q2) C L>(Q). Let V(-,-) and B(:) be
defined as in Example 4.5. If we set D = D(AP) (resp. D = D(AY)), then we

can see as in Example 4.5 that B(-) satisfies (A)—(C) for AP and A", respectively.
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