LP-THEORY FOR ELLIPTIC OPERATORS ON R? WITH SINGULAR
COEFFICIENTS

GIORGIO METAFUNE, DIEGO PALLARA, JAN PRUSS, AND ROLAND SCHNAUBELT

ABSTRACT. We study the generation of an analytic semigroup in LP(R?) and the de-
termination of the domain for a class of second order elliptic operators with unbounded
coefficients in R?. We also establish the maximal regularity of type L-LP for the corre-
sponding inhomogeneous parabolic equation. In contrast to the previous literature the
coefficients of the second derivatives are not required to be strictly elliptic or bounded.
Interior singularities of the lower order terms are also discussed.

1. INTRODUCTION
Regularity properties of elliptic operators
Au(r) = div(a(z)Vu(z)) + F(z) - Vu(r) — V(z)u(z), =R

(at first defined on the test function space C§°(R?)) with unbounded coefficients on R?
have intensively been investigated in recent years. Besides the traditional applications to
Schrodinger equations, this line of research is motivated by the fact that such operators
A arise as generators of transition semigroups in stochastic analysis. In this paper we
establish LP—estimates for the elliptic and parabolic problems associated with A. These
estimates are closely related to the property that A with its ‘optimal’ domain

D, = {u € WZP(R?) : u,div(aVu), Vu € LP(R?)}

oc

generates a positive, contractive, and analytic Cy—semigroup on LP(RY), 1 < p < oo.
Since we do not assume that the coefficients of A are bounded in R¢, the classical theory
of elliptic equations does not apply. Nevertheless, nowadays many generation results
are available for elliptic operators with unbounded coefficients in LP(R?), including the
enormous literature on Schrodinger operators, corresponding to a;; = 0;; and F' = 0. In
particular, it is known that an extension of (A4, C§°(R?)) generates a Cy—semigroup on
LP(R?) (which is not necessarily analytic) if the dissipativity condition pV + div F > 0
holds. Recent and quite general results in this direction are presented in [22] and [27]
using form methods; see also [3] for a different approach based on an approximation
procedure. However, the determination of the domain is a much more difficult question
which requires more assumptions on the coefficients. This problem is usually treated
supposing that the diffusion coefficients a;; belong to C{(R?) and are strictly elliptic. In
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this case the diffusion part
Agu(z) = div(a(z)Vu(z)), z€RY,

satisfies the classical Calderén—Zygmund estimates, so that D(A4g) = W2P(R?). In this
setting the domain of A was computed e.g. in [4], [5], [7], [24] under similar assumptions as
in the present paper; see also the references therein and in particular [8] for further results.
In these papers it was also assumed that the lower order coefficients have no singularities
inside R?. In the case of unbounded and non-strictly elliptic a;;, we are only aware of the
domain characterizations given in [17] and [18]. However, in these papers it was supposed
that the coefficients a;; have a special structure. In the present paper we study diffusion
coefficients which may be unbounded or degenerate at oo without restrictions on their
structure, and we also allow for interior singularities of the lower order coefficients.

Let us first consider the case without interior singularities. We assume that the coef-
ficients of A satisfy the following hypotheses, where 1 < p < oo is given and the inner
products corresponding to the matrices a(x) are denoted by

d

aog(&,n) = Z ag ()&, and  ag[€] = ag(&,§), (x € RY, &,neCY.

k=1

(H1) The real-valued functions ay € C*(R?) satisfy ay = ay, for k,l =1,--- ,d and
d
aolé] = Z ap ()€€ > 0
k=1

for all z, & € R? with ¢ # 0.
(H2) The function V : R? — R is measurable, and there is a function U € C*(R?) such
that ¢g < U <V < ;U and aO[VU]% < WU% + C, for some constants ¢y, cy,y > 0
and C, > 0.
(H3) The function F € CY(R%, R?) satisfies |F - &| < kUz2agl€]? for some constant « > 0.
(H4) There is a constant # < p such that U + div F' > 0.
Condition (H1) already implies that an extension of (Ag, Cg°(RY)) in LP(R?) generates
a contractive (and analytic) Cy—semigroup on LP(R?), for all 1 < p < oo; see e.g. the
form-method approach in [9]. Under further assumptions, the closure of (Agy, C§°(R?))
generates a contractive Cp-semigroup on LP(R?), 1 < p < oo. The closure is again
denoted by Ag. It is not difficult to see that in this case the closure is the only generator
extending (Ap, Cg°(R?)). Moreover, the domain of the closure is given by

D(Ap) = {u € LP(RY) n W2P(RY) : div(aVu) € LP(RY)}

loc

(see Lemma 2.1 below). In our paper we will assume a rather sharp condition for the
property that test functions are a core for Ay, see Theorem 2.3 and Section 2.b.1 of [14]:

(H5) There is a constant 7 > 0 such that

d
> ap(@)za < 7lol*(loglz))?, x| > 1.
k=1
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We refer to Remark 2.2 for further comments on hypothesis (H5).
To state our main results, we introduce the subspace

D, := D(Ay) N D(V) = {u € W*(R?) : u, Aqu, Vu € LP(R%)}

loc

for 1 < p < oco. Since Ay and V' are closed operators, D, is a Banach space endowed with
the norm

[ullp, = llully + [ Aowlly + [[Vull,.

Let us first suppose that either FF = 0 (and 1 < p < 00) or 1 < p < 2. For these
cases we show in Section 2 that (A4, D,) generates an analytic semigroup in LP(R?), under
assumptions (H1), (H2), (H3), (H4), (H5), and (2.4).

As mentioned above, (H1) and (H5) take care of the diffusion part, and (H4) implies
the dissipativity of A. Hypothesis (H3) allows to control the drift term F' - Vu by Agu
and Vu, due to the interpolation Lemma 2.6. But we point out that the drift is not a
small perturbation of Ay or Ay — V, cf. Remark 3.6 in [24].

The oscillation condition (H2) (together with the bound (2.4) on 7) plays a the central
role in the identification of the domain of A. It was already used in [11] and [12] to
show that the domain of the Schrodinger operator —A + V' in L?(R?) coincides with
W22(R4) N D(V) both for smooth and singular potentials. There are counterexamples
where this domain characterization fails and (H2) is true with a too large =, see [10,
Note 22|, [24, Example 3.7]. The operator A — V was studied in LP(R?) in the papers
[25] and [26] also under assumption (H2).

We remark that in (H2) the auxiliary potential U is introduced to obtain more flexible
assumptions for V. In some applications, see e.g. Section 7 in [24], the freedom in changing
V to U turned out to be quite useful.

The arguments used in Section 2 are based on variational estimates combined with
methods from semigroup theory. In the case p > 2, the variational estimates are not
sufficient anymore to control the drift term by the diffusion part and the potential. We
employ a lengthy localization/covering procedure to overcome this difficulty and to show
Proposition 3.3 which replaces the interpolation Lemma 2.6. Unfortunately, this method
requires a stronger version of (H2) and additional estimates which control the growth and
the oscillation of the matrix a by means of the potential U:

(H2") The function V : R? — R is measurable, and there is a function U € C1(R?) such
that, setting
o) y

xr) = and v(r)= inf ap (x for x € RY,
p(x) () (x) geRd,g|:1]§::1 1 (2)EkE1

the conditions

<U<V<aU, la@)?|VU(z)| <AUx)?+C,, (1.1)
ja(z)| < U (), o Va(y)| < c2v(w) |a(x)| 72 U(x)? (1.2)
y—z|<p(z

hold for z € R? and some constants c¢;, v, C,, > 0.
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Condition (H2’) again allows to interpolate the term F' - Vu between Apu and Vu. So
we can adopt the arguments from Section 2 in order to establish in Theorem 3.5 that
A with domain D, generates an analytic semigroup also if p > 2 provided (H1), (H2'),
(H3), (H4), (H5) and (2.4) hold. If a is strictly elliptic, in addition, then the domain D,
is continuously embedded into W?2P(R%), 1 < p < oo, see Corollary 3.6.

Using certain regularizations of V' and F', we can modify our approach to obtain es-
sentially the same theorems if V' and F' are singular at 0 and satisfy the hypotheses on
R4\ {0}, see Section 4.

The result that A with domain D(A) = D, generates an analytic emigroup on LP(R?)
has many immediate consequences for the regularity properties of the parabolic problem

{ Owu(t, z) = Ault,z) + f(t,x), t>0,r € R%

; (13)

u(0,z) = ¢(x), r € RY,

see e.g. [23]. For instance, the solution u belongs to W14([0, T, LP(R?)) and Agu,Vu €
L([0,T), LP(RY)) for all T > 0, if f = 0 and ¢ belongs to the real interpolation space
(LP(RY), Dy)1-1/q4 for some ¢ € (1,00). If ¢ € D,, then u € C'(Ry, LP(R?)) and
Apu, Vu € C(Ry, LP(R?)). In Lunardi’s monograph [23] one finds plenty of regularity
results for w if f is, e.g., Holder continuous in time. In addition, our results yield mazimal
reqularity of type LI-LP for A, i.e., for all f € L([0,T], LP(R%)) and ¢ = 0, we have
u € WH([0,T], LP(RY)) and Agu, Vu € LI([0,T], LP(R?)), see Theorems 3.7 and 4.4. We
refer to [2], [13], and [21] for comprehensive accounts of the theory of maximal regularity,
though we will not need the (quite involved) recent theorems presented in [13] and [21].

2. THE CASES FF=0AND 1 <p <2

In this section we prove our generation theorem in the cases FF' =0 and 1 < p < oo or
for any F' and 1 < p < 2. However, some of the auxiliary results will be also valid for
p>2and F # 0.

We first show that C§°(R?) is a core for the Schrédinger operator Ag — V if (H1) and
(H5) hold. Observe that V' = 0 is allowed in the next lemma.

Lemma 2.1. Assume that (H1) and (H5) hold and that 0 < V € LF (RY) for some

loc

p € (1,00). Then the operator Ay —V defined on D(Ag—V) = {u € LP(RY) N W2 (R?) :

(Ag—V)u € LP(RY)} generates a contractive Co—semigroup on LP(RY). Moreover, C°(R?)
is a core for Ag — V.

Proof. One verifies as in the proof of Theorem 2.3 of [14] that (Ag — V, C5°(R?)) possesses
a closure (denoted by Ay — V) which generates a contractive Cp—semigroup on LP(RY).
(In fact, at this point in [14] it is assumed that V' =0 and 1 < p < 2, but the proof can
be modified in a straightforward way if V' # 0 and/or p > 2.) It is clear that Ay — V is
a restriction of the part A,,q, in LP(R?) of the distributional operator divaV — V. By
standard elliptic regularity, see [1], the domain of A,,,, is given by

D(Apaz) = {u € LP(RY) N WEP(RY) : div(aVu) — Vu € LP(RY)}.

loc
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If (I — Apas)u = 0 for some u € D(Anaz), then (u,v — div(aVov) + Vo) = 0 for all test
functions v, where the brackets denote the duality of L? and L¥'. As above, one sees that
the set of the functions v — div(aVv) + Vv with v € C°(R?) is dense in L (R?). So

we obtain that u = 0; hence, I — A4, is injective on D(A,,4.). This fact implies that
D(AO - V) = D(Amax) O

Remark 2.2. We refer the reader to [20] for more general conditions under which (Ag —
V,Cs°(R?)) is essentially self-adjoint in L*(R%). Tt is not difficult to generalize these
results to 1 < p < co. So one obtains weaker conditions than (H5) under which the above
lemma holds. However, these more general assumptions require a control of the growth
of a through the potential V' and reduce to (H5) if V' is bounded. Since we need Lemma
2.1 also when V' = 0, i.e., for the operator Ay, we are forced to retain (H5). We note that
(H5) is almost optimal for the case V' = 0, see [10, Example 3.5] or [14, Section 2.b.1].

We next want to show that A is regularly dissipative, that is, for some ¢ € (0, 7/2) the
operators e¥® A are dissipative. This property is clearly equivalent to the estimate (2.3)
below (with § = cot ¢).

Proposition 2.3. Let 1 < p < oo and assume that (H1), (H3), and (H4) are satisfied
with U replaced by V € L? (RY). Then the operator A defined on C§°(R?) is reqularly

dissipative in LP(RY), with angle ¢, > 0 only depending on p and the constants in (H3)
and (H4).

Proof. Let u € C°(R?) and, at first, 2 < p < oo. Set u* = w|ulP~2. Observe that
Vu* = uuP~™ ((p — 1) Re[uVu] — i Im[uVu]) and u*Vu = %(V|u|p) + i Im(uVu)|ulP~2.
Integrating by parts and using (H4), we calculate

—Re /Rd(Au) udr=(p—1) /Rd |u|P~* ap[Re uVu] d (2.1)

+ [ |uf*ag[ImaVu) do + / (V+ i div F)|ul? dx

R4 R4
2, 2 0,72
>(p-Db"+c+(1- ),
where 0? = [|ulP~*ag[ReuVu]dz, @ = [|ulf~*ao[ImuVu]dz, and d*> = [V |ul? dz.
Similarly, employing the Cauchy—Schwarz inequality and (H3), we estimate

‘Im/ (Au)u* dx
R4

<lp—2 / [P~ |ag (Re(@Va), Im(7Vw))| dz (2.2)
Rd
—i—/ |F - Tm(uVu)| |ulP~? dx
Rd

<|p—2/bc+ n/ V2|ul? ao[Im uVu2 [ul? 2 da
Rd

< |p — 2| be + kbd.

: _ _ Ip=2P K2
Taking 0, = d such that 6% = 41213—1) + 1)1y Ve see that

‘Im/ (Au)u” dx
R4

< =6 Re/ (Au)u* dx. (2.3)
R4
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This shows the assertion for p > 2. If p € (1,2), we replace |u| by u. = /|u|?> + ¢ for
€ > 0 in the calculations involving Ag. Passing to the limit as ¢ — 0 and using Fatou’s
lemma, one then establishes (2.1) and (2.2) (in particular, all integrands are integrable).
Thus one can deduce (2.3) as above. O

Lemma 2.4. Let 1 < p < oco. Assume that (H1)-(H4) hold with
7
—+(p—1)y [E + 1} <1, for some « € (0,4). (2.4)
p p

Then, for a test function u, we have

/ UP|ul? dx + / UP~HulP~2ao[Vu] do < cq |lu — Aull?.
R4 {u#0}

If (2.4) holds with a = 4, then we obtain ||Uul|, < c|lu — Aul|,. The constants ¢ and c,
only depend on p and the constants in (H2)-(H4).

Proof. We assume preliminarily that (H2) is satisfied with C, = 0. We first consider the
case p > 2. For a fixed real u € C{°(R?) we set

fi=—Au=—-Au—F-Vu+Vu. (2.5)

If we multiply (2.5) by UP~'u|u[P~? and integrate by parts, we obtain as in the proof of
Proposition 2.3 the identity

/ (V+LidivF) U HulP dz + (p — 1) / UP~HulP~2ao[Vu] do
R4 b Rd
1
=(1 —p)/ uuP2UP%ag(Vu, VU) dz + (— — 1) / UP2|ulP F - VU dx
Rd p R4
+ / fUP u ulP~? d. (2.6)
R4

We introduce the quantities b* = [ UP|ulP dz and d* = [ UP~'|ulP~2ao[Vu] dz. The left
hand side of (2.6) is greater than (1— %)bQ—i— (p—1)d* by (H2) and (H4). Employing (H2),
(H3), Holder’s and Young’s inequalities, we estimate the right hand side of (2.6) by

1 1 1
(p—l)y/ |u|p_1Up_2a0[Vu]§U% dx + (1——)71{/ UP2ufPU=U? da
R4

11
/ 7P d) / UPfu? dz)
< (p= b+ (1= =)yt + 16
1
< (p—1)ybd + (1 — I—))’mbz +eb® + cellfIIb
Combining these facts, we arrive at

[1 0 mb-1 _5] B+ (p— 1) < (p— 1)ybd + || f]|%.
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We only consider the case 0 < a < 4; the case @ = 4 can be treated in the same way. If
we take a sufficiently small ¢ > 0 and use Young’s inequality and (2.4), we deduce

/ UPlu|P dx +/ U HulP~2ao[Vul dz < c|| f||5 = c||Aull? (2.7)
Ré Ré

for some constant ¢, = ¢ > 0. In order to remove the assumption C, = 0, we fix a large
A (depending on v and C,) such that U + A+ 1 and V + A + 1 satisfy (H2) with C, =0
and apply the previous estimates to the operator A — A — 1. Then

/Up|u]pdx—|—/ UP~HulP~2ao[Vu] do
Rd Ré

< el +Du— Aully < e ([lu— Aull, + Mull,)" < (1 + M) [lu— Aulj,

by the dissipativity of A.
If p < 2, then one can verify as in the proof of Proposition 2.3 that d? is a finite number
(taking the integral over {z € R?: u(z) # 0}). The claim then follows as for p > 2. [

The above results allow us to treat the case F' = 0, i.e., the Schrédinger operator Ag—V/,
on LP(R?) for 1 < p < oco.

Theorem 2.5. Let 1 < p < co. Assume that (H1), (H2) with v* < 4(p— 1), and (H5)
hold. Then Ay — V' with domain D, generates a positive, analytic Co—semigroup T'(-) in
LP(RY) such that | T(2)|| <1 for |argz| < ¢, and some ¢, > 0. Test functions are a core
of Ay =V, i.e., C°(R?) is dense in D,.

Proof. Lemma 2.4 (with F =0, § = k =0, a = 4) shows that
Vaull, < ¢llu = (Ao = V)ull, (2.8)

for all test functions u, where the constant ¢ only depends on p and the constants in (H2).
Let w € D, = D(Ap) N D(V). Due to Lemma 2.1 there are test functions approximating
u in the graph norm of Ay — V. Thus Proposition 2.3 is valid for Ay — V' defined on
D,. Moreover, (2.8) holds for u € D, thanks to Fatou’s lemma. We introduce the

approximating potentials U, = H% and V. = H%’ where € > 0. Then we have
Co C1 1 3
<U.<V.<U. < — and VU2 <HU2 +C,,. (2.9)
1+ ec €

Let f € LP(R?). Lemma 2.1 implies that Ay — V. with domain D(Ay — V.) = D(Ap)
generates a contraction semigroup on LP(RY). Therefore there is a unique u. € D(Ay)
satisfying

ue — Aogue + Veue = f, [uelly < 1 f1ln and [Veuellp < C|fl -

Here the constant C' does not depend on ¢ due to (2.8) and (2.9). Using standard elliptic
regularity on balls B(0,r), [16, Theorem 9.11], we see that

[ucllw2e o) < Cpp llfllp-
Thus there exists a sequence ¢, — 0 such that the functions (u.,) converge weakly to

a function u € W2P(R%) as n — oo. The Rellich-Kondrachov theorem implies that a
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subsequence of (u,) tends strongly to u in W,>P(R?); hence we may assume that u., () —
u(r) a.e. in R%. Fatou’s lemma now yields

lully < I[fll,  and [V, < Clif]lp-

Let ¢ be a test function. Then we have

fgodx:/ ue, (0 — Ao + Ve, ) de — u(e — Agp + V)dx (n — 00),
Rd Rd RA

fodr = / (u— Aopu+ Vu)pdx. (2.10)
Rd Rd

So we derive
u—Au+Vu=f

This means that u € D, since Agu = u + Vu — f € LP(R?). As aresult, [ — (49— V) :
D, — LP(RY) is surjective. The operator Ay — V with domain D, thus generates a
contraction semigroup 7'(-) on LP(RY) in view of Lemma 2.1 and the Lumer—Phillips
theorem. Proposition 2.3 and the Lumer-Phillips theorem then imply that e**%» A also
generate contractive Cy—semigroups for some ¢, > 0. Hence T'(-) is analytic due to [15,
Theorem I1.4.9].

The last assertion immediately follows from Lemma 2.1. The positivity of Ay — V is
essentially known: One can argue as in Theorems 3.1 and 3.3 of [3] to obtain an extension
A of (Ag — V,C3°(R%)) which generates a positive Cy-semigroup. Since test functions are
a core of our generator A, we have A = A, and the positivity of T(t) follows. (We note
that in [3] it was assumed that the coefficients ay; are uniformly elliptic, but this does not
matter in this argument.) O

In the case 1 < p < 2 the above generation result can be extended to the operator A
with I’ # 0 using the complete estimate proved in Lemma 2.4. This estimate leads to the
following weighted Gagliardo—Nirenberg estimate.

Lemma 2.6. Let 1 < p < 2. Assume that the hypotheses (H1) and (H2) are satisfied and
that (2.4) holds. Then for each € > 0 there is a constant c. (depending only on €, p, o in
(2.4), and the constants in (H2)) such that

1 1
102 ag[Vu]2 ||, < ellAoully + ce[[Vul,
for every test function u.

Proof. Again we first suppose that (H2) holds with C, = 0. The estimate (2.7) for the
case [’ = ( shows that

/ UP~HulP~2ag[Vu] de < ¢ (| Agull, + [[Vull,)?.
{uz0}
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Let u. = /|u|? + ¢ for € > 0 and denote by K the support of u. Holder’s inequality with
the conjugate exponents % and 2%1) yields

/ UZag[Vu]? de = / (UP~ b ~2a0[Vu]) % (UP uﬁ)%Tp dx
Rd K

< (/KUP_IUZE)_2CLQ[VU] dx)g </KUpufdx)1_g.

Using the theorem of dominated convergence, we obtain

P P 1 —9 % 1_%
Uzay[Vu)z dz < ( UP™ ul|P~2ag[Vu] dx) ( UP |ul? dx) .
R4 {u#0} R4

Combining the above estimates with (H2) and Young’s inequality, we deduce
1 1 D 1-2 D D 1-2
1U2ao[Vul2|l, < c([[Aoull, + [Vull,)2 [Vullp * < ([[Aoully + [[Vulls) [[Vullp 2
< e [[Aoully + e [[Vull,

If C, # 0, we add a large constant A > 0 such that U + A and V + X satisfy (H2) with
C, = 0. Then the first part of the proof implies that

1 1 1 1
1U2a0[Vul2|l, < [[(U+A)2ao[Vul> ||, < e[| Aoullp +ce [[(A+V)ull, < & || Agull, +c [[Vull,
due to (H2). O

Proposition 2.7. Let 1 < p < 2. Assume that the hypotheses (H1)-(H5) are satisfied
and that (2.4) holds. Then there are constants C,C" > 0 depending only on p, « in (2.4),
and the constants in (H2)-(H4) such that

[ullp + [ Aoull, + [Vull, < Cllu — Aully < " ([Jull, + | Aoull, + [Vullp)
for every u € D,,.

Proof. Let w € D,. Due to Theorem 2.5 there are test functions u, such that u, — u,
Vu, — Vu, and Agu, — Aou in LP(R?); thus we may suppose that Vu, — Vu a.e..
Lemma 2.6 and (H3) then imply that F - Vu, — F - Vu in LP(R?). So it suffices to show
the proposition for a test function u. The second asserted estimate follows directly from
Lemma 2.6 and (H3). To prove the other one, we first suppose that C, = 0 in (H2).
We denote by ¢ a generic constant only depending on p, a in (2.4), and the constants
in (H2)-(H4). We have ||Vul|, < ¢||Au||, due to (2.7) and (H2). Moreover, assumption
(H3) and Lemma 2.6 yield

IF - Vully < k(e [Agullp + ¢ [[Vully) < re ([Aullp + [[F- Vullp + [Vullp) + cl[Vull, -
where € := (2x)7!. As a consequence, we have
1 Vull, < e ([[Aull, + [[Vull,) < cl|Aull, .
These inequalities further imply that
[Aoullp = [[Au = F- Vu + Vul|, < ¢ Aull,,
9



so that || Agu|| + ||Vull, < C ||Aul|, in this case. Finally, in the general case we find again
A > 0 such that U + A+ 1 and V + X + 1 satisfy (H2) with C, = 0. Then we obtain

leally + I Aoull + [Vall, < llull, + € 11+ A — Aull, < (1 4+ AC)|ully + € u — Aull,
< C llu— Aull,

by the dissipativity of A. O

Theorem 2.8. Let 1 < p < 2. Assume that the hypotheses (H1)-(H5) are satisfied and
that (2.4) holds. Then A with domain D, generates a positive, analytic Cy-semigroup
T(-) in LP(RY) such that |T(2)|| < 1 for |argz| < ¢, and some ¢, > 0. Test functions
are a core of A.

Proof. For t € [0,1] and u € D, we set Lyu := Agu + tF - Vu — Vu. Note that these
operators satisfy (H1)-(H5) with the same constants. Proposition 2.7 thus shows that

[ullp, < C'llu— Lyull,

for every w € D, with C independent of ¢t € [0, 1]. We have 1 € p(Ly) due to Theorem 2.5.
Therefore 1 € p(L1) = p(A) by a continuity argument, see e.g. [16, Theorem 5.2]. As in
the proof of Proposition 2.7 we extend Proposition 2.3 to the operator A with domain
D,. Thus the Lumer-Phillips theorem implies that the operators A and e**» A generate
contractive Cy—semigroups for some ¢, > 0. So the semigroup generated by A is analytic
by [15, Theorem I1.4.9]. The last assertion follows from Theorem 2.5. The positivity of
T(t) can be seen as in Theorem 2.5. O

3. THE CASE p > 2

In the case p > 2 the elementary proof of Lemma 2.6 does not work anymore. Thus we
need a different approach to control the drift term by the diffusion part and the potential.
As in [4], [5], [24], we employ localization techniques. To that purpose we change our
hypothesis (H2) to the stronger assumption (H2’).

The following version of the Besicovitch covering theorem follows from the proof of
Lemma 2.2 in [24].

Lemma 3.1. Let k > 1 and {B(z,r(z)) : € R} be a collection of balls such that the
radii v(x) are uniformly bounded and or(y) < r(z) < Lr(y) for a constant o > 0 if two
balls B(x,r(x)) and B(y,r(y)) overlap. Then there exists a natural number N (depending
only on d, k, o) and a countable covering { B(xy, z 7(x,))} of R such that each y € R

is contained in at most N of the balls B(x,,(x,)).

From the proof of Proposition 3.3 we separate a lemma dealing with local perturbations
of the Calderén-Zygmund estimate. We denote the norm of LP(B(x,r)) by || - |l -

Lemma 3.2. Let v € RY, 7 > 0, 1 < p < oo and assume that ¢ € CY(B(x,r), R™>?),

q(y) = q(y)T > 0 fory € B(x,r), and 0 < vI < q(x) < AI for some numbers A,v > 0.
10



Set w = sup{|q(y) —q(x)|; y € B(x,r)}. Then there are constants c¢,n > 0 only depending
on d and p such that if £ <n and u € C3°(R?) then

c 1 w A
10l < < (Wir@D?llr + + gVl + 2 [Tl + 5 ).

Proof. Throughout the proof, z € R? is fixed and we write ¢ for a generic constant only
depending on d and p. Let v < A2 < --- < A2 < A be the eigenvalues of ¢(z), where A\, > 0.
By the Calderén—Zygmund estimate, see [16, Theorem 9.9], we have || D?vl, < c||Av]|,
for every test function v. Using the change of variables y — v' = (A y1, -+, A, ya), we
deduce

V|03 vllp < Aidj (1035 0l < ¢ H >, A G

p

for 4,57 € {1,---,d}. There is a orthogonal matrix J such that J™'q(z)J = diag (\}).
Thus another change of variables implies

v[|D*vll, < ¢l tr(q(z)D*0)], -

We fix u € C§°(R?) and a smooth cut off function y supported in B(x,r) such that y = 1
on B(z,r/2), |Vx| < ¢/r, and |D?x| < ¢/r?. Then the above estimate (with v = yu)
yields

1D ullpg < 1D*Cxu)llp < v | tr(g(2) D (xu))ll,

r
2

c 1 ()|
< = (Iltrg@ D)l + ~ lla() Vullp + L5 full, )

c 1 w A
< = (16Dl + @l D?ullyr + - 4Vl + = IV ullyy + 5 ). (3)

To get rid of || D?ul|,, on the right hand side of (3.1), we shall derive an analogous estimate
in the whole space and then use a covering argument.

Observe that |q(y)| < |g(x)| + w < A(1 + w/v) and (q(y)El§) > v — w for y € B(x,r)
and [{] = 1. So if w < v/2, we have 1 < q(y) < 2AI for y € B(z,r). We extend ¢ to
R? setting q(y) = q(z +r(y — x)/|y — z|) if |y — 2| > r so that ¥T < ¢(2) < 2AT and
lq(y) — q(2')| < 2w for all y, 2’ € RY. As a result (3.1) holds for all centers 2’ € RY. By
Lemma 3.1 there exists a countable covering {B(z,,7/2)} of R? such that at each point
y € R? at most N of the balls B(z,,r) overlap. We then raise the estimates (3.1) with
r = x, to the pth power and sum over n. Taking the pth root, we arrive at

/

C 1 w A
10%ull, < < (WD)l + wllD%ull, + - laVull,+ £ 1 9ull, + 5 )

for a constant €’ > 0 only depending on d and p. If w/v < := (2C")~!, we can eliminate
the term || D?ul|, on the right hand side thus obtaining

!

2C
1D%ull, <

1 w A
(Iex(aD?)l + gVl + < [Vl + 5 ),

Now the assertion follows as in (3.1) using the same cut—off function. O
11



Proposition 3.3. Assume that (H1) and (H2’) hold and that 1 < p < co. Then, for each
e > 0, there exists a constant c. only depending on p and the constants in (H2’) such that

1U% ao[Vl2lp < el| Agully + 2| Vul,
for every test function u.
Proof. (1) We recall that p(z) = |a(x)|z U(z)"2. For z € R? and r > 0 we set
w(z,r) = supfla(y) — a(z)[; y € Blx,r)}.
Let § € (0,1). Assumption (H2’) implies that

w(z,0p(z)) _
iy Sel (3.2)

for all . So we can fix a number é; € (0, 1) such that

ol dpla)) _ |
v(x)

for 0 < 0 < 8, * € RY, and the constant 1 from Lemma 3.2. Moreover, the radii

r = r(x) := dp(r) and the quotients w(x,r)/v(z) are uniformly bounded for z € R? and

0 <0 <07 by (H2") and (3.2). Replacing U and V by u+ U and p + V for sufficiently

large 1o = p(7y, Cy) > 0, we can assume that (H2’) holds with C., = 0. This implies that

(3.3)

N

VU (@) < Jla(@)| 3. weR”

For y € B(z,dp(z)), * € RY, and a suitable point z on the line segment between x and v,
we thus obtain

_1 (57 ’a X ’ 2 1
Ula) ™ < 2 <|a(x)| —w(z,r)) Utw)™

(1- e )t < L

In the last step we have used (3.2) and we take § € (0, 5] for a sufficiently small d5 € (0, d1].
This estimate yields

LUy) <U@)<2U(y), yeBla,r), zeR? (3.5)

=
IS

< -U(z). (3.4)

Inequality (3.2) further implies that

w(z,r)

((a(o) — O] < wlor) < S ()6l < 5 ale)l) 39
for [€] =1, 0 € (0, 3], and some 3 € (0, J5]. From (3.5) and (3.6) we infer

51 U(y)a<y) < U(IL’)CL(.%) < BZ U(y)a(y)v y e B($7 T)a T € Rd? (37)

in the sense of quadratic forms, for some constants 0 < 8; < 2. Now fix § = d3/2 and

the corresponding radii r = r(x) = dp(x). Due to (3.4) and (3.6), there are constants

0 < By < B such that Bir(y) < r(x) < pir(y) whenever the balls B(x,r(x)) and
12




B(y,r(y)) overlap. Thus we can apply Lemma 3.1 to the balls B(x,r(x)). We finally
observe that

IVa(y)é]® < e2 Ula)v(z) €7 < 2B Uy) (aly)€l€) (3-8)
for y € B(x,r) and ¢ € R? due to (H2’) and (3.7).
(2) In the remainder of the proof, ¢ denotes a generic constant only depending on p and
the constants in (H2). Fix z € R% Let v(x) = A2 < -+ < A2 = |a(w)| be the eigenvalues
of a(x), where \; > 0. Recall that

IVl < cllvll, A,

for each test function v. As in the proof of Lemma 3.1 we deduce by two changes of

Zk )\z 6’kkv

variables that
1A 05012 < ellvll,

p
Changing variables again, we obtain

U (z)2a(z)2Vo|? < c||U(z)v]], || tr(a(z) D?)|l, - (3.9)

We now take a smooth function x supported in B(z,r/2) and satisfying x = 1 on
B(z,r/4), |[Vx| < ¢/r, and |D*x| < ¢/r?. Then (3.9) for v = yu, the definition of r,
and standard manipulations with positive-definite matrices imply that

|U(z)2a(x)2 Vull2: < [|U(x)2a(z)?V(xu)l

2
P,5
la(z)]

r2

1
< cllU(x)ullp.g [H tr(a(@)Du)llp; + — la(z) Vullp; +

el
< cU@uly s [Iltx(a(e) D)l 5 + U(@)? lla(@)* Full, s + U() lull,s ]

Next we employ (3.7) and (3.5) to estimate
|02 a0Vl 1
1 1
< el g [l (@Dl + ) 1Dl + |0F a0V + Ul

At this point, because of (3.3), we can apply Lemma 3.2 to the restriction of a to B(x,r/2).
Consequently,

1 1 1 1
U2 ao[Vul2 | = < cl|Uully,g [H tr(aDu) |y + [IU2a0[Vul2 5 + HUUHp,g]

2

cw(z,r) 1 w(z,r)
oy 10l [Iex(@D%0) e Nl + =20 [Vl
a\xr
2,
Observe that the definition of r and (3.3) yield
wia,r) _ W(Iﬂ“z U(2)} < 57]% U(x) < onu(z) Ux)?.
r la(z)]2 |a(x)|2

Using these facts and again (3.7), (3.5), we arrive at

1 1 1 1
U2 ao[Vul2 |} - < cllUully |[| tr(aD*u) [, + [U2ao[ V||, + HUqu,r].
13



So (3.8) yields
1 1 1 1
1Tz ao[Vul2 |5 - < cl|Uullp,s [IIAUIIW + Uz ao[Vu]?[|pr + [[Unllp,r |-
By a standard application of Young’s inequality, we deduce
1 1 1 1
1U2ao[Vul2 [} . < & [|Aull}, + & [|U2ao[Vu]2 [}, + cor [|Uul]f, (3.10)

for ¢ > 0. Due to Lemma 3.1 there is a countable covering B(z,,7(z,)/4) such that
at each point y € R? at most N of the balls B(z,,7(r,)) overlap. We now sum the
inequalities (3.10) for = x,, over n. This yields

U2 ao[Vul2 |2 < ce’ || AullZ + ce | UZao [Vl 2|5 + L || Uul?.
We conclude the proof by choosing a small ¢’ > 0 and then taking the pth root. 0

We can now establish the following two results exactly as Proposition 2.7 and Theo-
rem 2.8 employing Proposition 3.3 instead of Lemma 2.6.

Proposition 3.4. Let 2 < p < co. Assume that the hypotheses (H1), (H2’), (H3), (H4),
and (H5) are satisfied and that (2.4) holds. Then there are constants C,C" > 0 depending
only on p, o in (2.4), and the constants in (H2’), (H3), (H4) such that

Jull, + [ Aoully + [[Vull, < Cllu— Aull, < C"(lull, + (| Aoully + [[Vull,)
for every u € D,,.

Theorem 3.5. Let 2 < p < oo. Assume that the hypotheses (H1), (H2’), (H3), (H4),
and (H5) are satisfied and that (2.4) holds. Then A with D(A) = D,, generates a positive,
analytic Co—semigroup T(-) in LP(R?) such that |T(z)|| < 1 for |argz| < ¢, and some
¢p > 0. Test functions are a core of A.

The above approach also shows that the graph norm of A is stronger than the norm of
W2P(R?) for 1 < p < oo, provided that a is strictly elliptic.

Corollary 3.6. Let 1 < p < oo and assume that the hypotheses (H1), (H2’), (H3), (H4),
and (H5) are satisfied and that (2.4) holds. We further suppose that a is strictly elliptic,
i.e. vI < a for a constant v > 0. Then D, is continuously embedded in W?P(R?).

Proof. We keep the notation introduced in the proof of Proposition 3.3 retaining the same
choices of § and r(z) = dp(x). Let u € C°(R?). Employing Lemma 3.2 and proceeding
as in the proof of Proposition 3.3, we obtain

c 1 w(a,7) a(a)
1D%ully; < = (@Dl + ~ lla Vullyy + =222 [ Vully, + 255 full, )
C 1 1
< <[ 1Aullr + 10 a0 Vel I + [Tl ]

The covering argument then yields
1 1
1D%ull, < e[| Aull, + U ao[ Vel [, + 1Uully) < e[l Aully + flully .

where we use Propositions 3.3 and 3.4 in the second inequality. 0
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We further want to show that A has maximal regularity of type L?—LP. For that purpose
we suppose that the assumptions of Theorem 2.8 hold for p = 2 and the assumptions of
Theorem 2.8 or 3.5 hold for some p = r < 2 or p = r > 2, respectively. Then the
same assumptions are valid for some p € (1,p) or p € (p, 00), respectively. Observe that
the semigroups generated by A on L?(R?), L"(R%), and L*(RY) are consistent, i.e., they
coincide on the intersection of these spaces. (In fact, since test functions are a core for A
on each space, the resolvents of A are consistent, which implies that the semigroups are
consistent.)

By rescaling, we may assume that the spectrum of A is contained in the open left half
plane. It is known that the operator A has maximal regularity of type L4 on L"(RY) if its
imaginary powers satisfy ||(—A)%|, < Me! for some a € [0,7/2) and all s € R thanks
to the Dore-Venni theorem, see e.g. [2, Theorem 11.4.10.7]. If an operator B is maximal
dissipative and invertible on a Hilbert space, then ||(—B)*|| < Me™*l/2 by a result due to
Kato, [19, Theorem 5. Hence, ||(—A)*||y < Me*! for a = 7/2 — ¢ and some ¢ € (0, 7/2],
since A is regularly dissipative. Moreover, A generates a positive contraction semigroup
on LP(RY), so that [|(—A)*||, < M. exp((e + 7/2)|s|) for each € > 0 and s € R because
of the Coifman—Weiss transference principle, see [6, Theorem 5.8]. If we combine these
facts with the Riesz-Thorin interpolation theorem, we obtain the following result.

Theorem 3.7. Let the assumptions of Theorem 2.8 hold for p = 2 and let the assumptions
of Theorem 2.8 or 3.5 hold for some p = r < 2 orp = r > 2, respectively. Let f €
L([0,T), L"(RY)) and ¢ = 0, for some q € (1,00) and T > 0. Then the solution u of
(1.3) belongs W14([0,T], L"(R?)) and Agu, Vu € LI([0,T], L™ (R%)).

The same conclusion holds in the setting of Theorem 2.5 if either v < 2 and 1 <r < 2
orif v <4/(r —1) and r > 2.

4. INTERIOR SINGULARITIES

We now consider singularities of the lower order coefficients, again assuming that (H1)
and (H5) hold and that 1 < p < co. For simplicity we suppose that F,V, and U satisfy
(H2), (H3), and (H4) on R?\ {0} and that (2.4) is true. Then D, = D(As) N D(V) is still
dense in LP(RY) since D, contains C§°(R?\ {0}). In addition, we require that

U(x) = o0 as = — 0. (4.1)

As before, we may assume without loss of generality that (H2) holds with C., = 0. Since
a is uniformly elliptic in a neighborhood of 0, we can rewrite (H2) as [VU 2| < 4, in a
neighborhood of the origin and for a suitable v; > 0. Then (4.1) yields

U(x) > x| ™2 as z — 0. (4.2)

So our methods only apply to strongly singular potentials. Of course, some weaker singu-
larities can easily be handled by perturbation arguments based on Sobolev embeddings.
However, the whole picture seems to be quite complicated even for Schrédinger operators
in L2(RY), see [11], [12]. We further note that for sufficiently small v, in (4.2) and a;; = d;;

the space Cg°(R4\ {0}) is a core for Ag—V = A —V due to Theorem 4.1 in [26]. Since the
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resulting upper bound for 7 differs from our smallness condition (2.4), we do not invoke
the results from [26]. Therefore, C5°(R?\ {0}) could be not a core of the operators studied
below, in general.

As in the proof of Theorem 2.5 we introduce the approximating potentials V. = H%
U. = H%’ where € € (0, 1]. Observe that both functions can be extended continuously
by setting V(0) = U(0) = 1/e. Moreover, U. belongs to C*(R?¢) with VU.(0) = 0 due to
(4.2). One can check as in (2.9) that (H2) holds for U. and V. with constants independent
of ¢ € (0,1]. We further define F, = (14 eU)~%2F and F.(0) = 0. Because of

and

[NIES

Fo-€l = (L+2U) 2 |F €] < h(1+2U) 2 Ub ap[€]? < £ UZ aolg]

for £ € R, F. and U, satisfy hypothesis (H3) with the same constant. This estimate also
shows that the function F. belongs to C'(R¢,R?). Then we obtain

divF. = (1+eU) 3 divF — % (14+eU)?VU - F
> —0U(1+eU)™" = 3ryelU?(14+eU) 7 = —(0 + 3ky)U. .
Hence F. and U, fulfill (H4) with a uniform constant if in addition
0+ 3ky < p. (4.3)

In view of (2.4) this condition holds automatically if p > 5/2.
As a consequence, Lemmas 2.4 and 2.6 and Propositions 2.3 and 2.7 hold for the
operators
A® = Ay+ F.-V -V, 0<e<l,

with uniform constants. Observe that in this case D, = D(A) since V is bounded.

We first consider the Schrodinger case F' = F. = 0. By approximation, Proposition 2.3
is true for Ay — V. defined on D(A4y). Let u € D(Ay) N D(V). Then V.u — Vu in LP(R?)
as ¢ — 0 by monotone convergence, and thus Proposition 2.3 holds for Ag — V' defined
on D(Ap) N D(V). Arguing as in Theorem 2.5, we then establish the following result. (In
(2.10) one has to use ¢ € C*(R?\ {0}).)

Theorem 4.1. Let 1 < p < oo. Assume that (H1) and (H5) hold and that U and V
satisfy (H2) with v* < 4(p — 1)~ on R?\ {0}. Moreover, let (4.1) and (4.3) be true.
Then Ay — V' with domain D, generates an analytic Co-semigroup T(-) in LP(R?) such
that |T'(2)|| <1 for|argz| < ¢, and some ¢, > 0.

In a second step we treat the full operator A for the case 1 < p < 2. For u € D(A)
there are u,, € C5°(R?) such that u,, — u and Agu,, — Agu in LP(R?). Using Lemma 2.6
and (H3) for U. and F., we see that F. - Vu, — F. - Vu in LP(R?) as n — oo. Thus
Proposition 2.3 holds for A defined on D(Ap). Next, we take u € D(Ag) N D(V). Then
Vou — Vuin LP(R?) as ¢ — 0. Further, F. - Vu converges to F' - Vu pointwise for x # 0,
and |F; - Vu| < |F - Vul. Fatou’s Lemma, (H3), and Lemma 2.6 show that

|F' - Vul|, <liminf || F; - Vul[, = liminf lim [|F, - Vu,||,
e—0 e—0 n—oo
< c liminf lim (| Agtnll, + Vo) = ¢ (L Agull, + [Vall)
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As a consequence, F. - Vu — F - Vu in LP(RY) by dominated convergence. Combining
these facts, we see that the conclusions of Propositions 2.3 and 2.7 are valid for A defined
on D(Ag)ND(V). Now one can proceed as in the proof of Theorem 2.8 to derive the next
result.

Theorem 4.2. Let 1 < p < 2. Assume that (H1) and (H5) hold and that U, V, and F
satisfy (H2), (H3), and (Hj) with (2.4) on R®\ {0}. Moreover, let (4.1) and (4.3) be
true. Then A with D(A) = D,, generates an analytic Co—semigroup T(-) in LP(RY) such
that | T(2)|| <1 for |argz| < ¢, and some ¢, > 0.

Finally we deal with the complete operator A for p > 2, now assuming (H2’) on R%\ {0}
instead of (H2). Again (1.1) (and thus (H2)) are satisfied by U., V., and ay; with uniform
constants. But (1.2) is false for U, if the diffusion coefficients are unbounded. So it is
not clear a priori whether we can extend Proposition 3.3 to U. with uniform constants.
However, we can almost prove this fact by additional arguments, see (4.5). We write ¢
(¢,) for a generic constant only depending on p, a in (2.4), and the constants in (H2’),
(H3), and (H4) (and on i > 0). Take u € D(Ap) N D(V) and a smooth function y with
support in B(0,2) such that 0 <y <1 and y =1 on B(0,1). Then we have

102 ao[Vul2 [, = 12 {ao[V (xu)] + ao V(1 = x))] + 2a0(V (xu), (1 = x)w) }
< U2 ao[V (xw)F [, + e [UZ a0 V(1 = x)u)J# )
< el|UZ gV (xw)F [, + ¢ [0 3ao[V (1~ x)u)]2 ],

To estimate the first summand in the last line, we extend the diffusion coefficients ay,
from B(0,2) to ay € CL(R?) such that ay = ay, are strictly elliptic. Now we can apply
Proposition 2.3 of [24] and obtain, for each n > 0,

1U a0V (xu)]2 I, < 7 [l Ao(xw)llp + ¢y [|U=Oxu) 1

(In fact, Proposition 2.3 of [24] is stated for test functions, but by approximation it
also holds for xu since U is bounded.) For the second summand, we extend U from
R\ B(0,1) to U € C*(R?) such that U is strictly positive. Then we are in a position

to use Proposition 3.3 (which can be extended to D(Ay) N D(U) by approximation, using
Theorem 2.5), and obtain

1 1
1U2ao[ V(1 = x)u)l>[lp < 7| Ao((1 = x)u)llp + e (UL = x)u)llp
for each n > 0. Thus we deduce
i 1
102 ao[Vul2|l, < enlAoully + llao(x, Vu)llp + llao(l = x, Vu) ]
+ellully + ey [Uaxully + ey [IUL = X)ull,

1 1
< en [[Agully + en [UZ ao[Vul2 [, + e [|Usxully + ¢ UL = x)ull,,
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where we have used that U, is uniformly bounded from below for £ € (0, 1]. So we arrive
at the desired estimate

1 1
|US ag[Vu]z ||, < en || Aoullp, + ¢, IUL = x)ull, + ey [[Usxull, (4.4)
<cn ||AOUHP + oy HUUHP (4.5)

for sufficiently small n > 0 and all 0 < & < 1 and u € D(Ay) N D(V). (Note that we have
U, and not U, on the right hand side.) Combined with (H3), this inequality yields

1 1
[Fe - Vull, < 6 [|U2ao[Vu]2 ||, < chn || Aoull, + e [Unll, (4.6)
for u € D(Ag) N D(V), 0 <e <1, and small n > 0. We further define
fei=u—Apu— F.-Vu—+Vu.

Let 0 < ¢’ < e < 1. Because of U > U,, the coefficients ay;, U, Vo, and F. satisfy (H1),
(H2), (H3), (H4), and (H5) with uniform constants. Lemma 2.4 now yields

|Voull, < c|lu—Aju — Fr - Vu+ Voul|, (4.7)

for test functions u and a constant not depending on € and &’. Let u € D(Ag) such that
V(1—x)u € LP(R?) (where y and U are chosen as above). By Theorem 2.5 applied to U,
there are test functions u, such that Agu,, — Agu, U(1 — x)u, — U(1 — x)u, and u,, — u
in LP(RY). Estimate (4.4) and (H3) thus show (4.7) for such u. Letting ¢/ — 0, we then
derive [|[Vu|l, < c||fell, for u € D(Ap) N D(V). So we conclude that

[Aoully < llfellp + Nully + 17 - Vully + [[Vull, < ell £l + 5 | Aoull,
taking a sufficiently small n in (4.6). As a consequence,
[ullp + [ Aoull, + IVull, < Cllfell, < C (lully + [ Aoully + [[Vully) (4.8)

for constants independent of € € (0,1] and u € D(Ay) N D(V). Since F. - Vu — F - Vu
pointwise, Fatou’s lemma and (4.6) imply

1 - Vaull, < lim |[Ez - Vull, < ern || Aoull, + ey [Unl], - (4.9)

Hence, F. - Vu — F - Vu in LP(R?) as ¢ — 0 by the theorem of dominated convergence.
Thus we can let ¢ — 0 in (4.8) and obtain the assertion of Proposition 2.7 in the present
situation. We can extend Proposition 2.3 for A®) to u € D(Ag) N D(V) as we extended
(4.7). Since F.-Vu — F-Vu and Vou — Vu in LP(R?) as e — 0, Proposition 2.3 is then
also valid for A defined on D(Ag) N D(V') Now the next theorem can be shown exactly as
Theorem 2.8.

Theorem 4.3. Let p > 2. Assume that (H1) and (H5) hold and that U, V', and F satisfy
(H2’), (H3), and (Hj) with (2.4) on R\ {0}. Moreover, let (4.1) and (4.3) be true.
Then A with D(A) = D, generates an analytic Co-semigroup T(-) in LP(R?) such that

|T,(2)|| <1 for |arg z| < ¢, and some ¢, > 0.
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In order to extend Theorem 3.7, let the assumptions of Theorem 4.2 hold for p =
2 and let the assumptions of Theorem 4.2 or 4.3 hold for some p = r < 2 or p =
r > 2, respectively. In view of the proof of Theorem 3.7, we have to show that A
generates positive and consistent semigroups on L*(RY) and LP(R?). This is true for
r < 2, since then the theory of Section 2 applies to A®) and A®u — Au as ¢ — 0
for u € D(Ap) N D(V). Thus positivity and consistency follows from the Trotter-Kato
theorem, [15, Theorem II1.4.8]. The same argument works in the case F' = 0 for all
r € (1,00). If r > 2, we still have T'(t) > 0 on L?*(R%), so that it remains to verify that
the semigroups on L"(R?) and L*(R?) coincide for f € L*(R?) N L"(R%). Consider again
the operator Lyu = Agu—Vu+tF-Vu, 0 <t < 1. Note that the resolvent of Ag—V = Ly
is consistent. For small ¢t > 0 and large A € p(Ly), we have

R(\, L) = R(\, L) N [tF - VR(\, Ly)"

k=0

Due to (4.9), this expansion implies that the resolvent of L; is consistent. By finitely
many iterations of this argument, we derive the consistency of the resolvent of L; = A,
whence the consistency of the semigroups follows.

Theorem 4.4. Let the assumptions of Theorem 4.2 hold for p = 2 and let the assumptions
of Theorem 4.2 or 4.3 hold for some p =r < 2 orp = r > 2, respectively. Then the
semigroups T(t) are positive. Let f € L([0,T], L"(R%)) and ¢ = 0, for some q € (1,00)
and T > 0. Then the solution u of (1.3) belongs WH([0,T], L"(RY)) and Agu,Vu €
Le([0, T, L"(R%)).
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