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Abstract

Under suitable conditions on the functions a € C*(RY, RNQ), FeC'®RY,RY), and V : RY —
[0,00), we show that the operator Au = V(aVu) + F - Vu — Vu with domain WP (RY) = {u €
W2P(RY) . Vu € LP(RY)} generates a positive analytic semigroup on LP(RY), 1 < p < oc.
Analogous results are also established in the spaces L'(R™) and Co(R™). As an application we
show that the generalized Ornstein—Uhlenbeck operator Ae,cu = Au — V® - Vu + G - Vu with
domain W?P(R™, 1) generates an analytic semigroup on the weighted space LP(R™, 1), where
1< p<ooand p(de) = e *@dz.

1 Introduction

In recent years there has been an increasing interest in differential operators with unbounded coef-
ficients on RV arising in the analytic treatment of stochastic differential equations; see [6], [7], [10],
[11], [12], [13], [14], [21], [23], [24], [25], [27], and the references therein. An important example of
such operators is the generalized Ornstein—Uhlenbeck operator

Ascu=Au—-VP® -Vu+ G- Vu.

This operator has good properties in the space LP(RY, 1) with weighted measure p(dz) = e~ ®®)dz.
We show in Theorem 7.4 that Ag ¢ with the natural domain W2P(RY, ;1) generates an analytic Co—
semigroup on LP(RY, ) if 1 < p < oo, where in the simpler case G = 0 we only require that e~
is integrable and that |D?®| is small compared to |[V®|? (Corollary 7.8). Our theorem extends and
simplifies recent results by Da Prato and Vespri [13] (for G = 0) and the authors [27] (for quadratic
® and linear G); see also [7], [11], [12], [21], and in particular [10] (where a description of the domain
is given if G = 0 and ® is convex).

Via the transformation v = e~®/Py, the operator Agp g on LP(RY p) is similar to an operator of
the form

Av=Av+ F-Vv—Vu, or more generally, Av=V(aVv)+ F -Vv—Vv

in the unweighted space LP(R™), cf. [13]. In fact, most of our paper deals with the operator A aiming
at a precise description of the domain on which A generates an analytic semigroup. We make the
following assumptions on the coefficients of A, where p € [1,00) is given.

(H1) apx € CHRY) are real-valued functions with apy, = ayp, and
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for all z, ¢ € RV and some constant v > 0.

(H2) U € CY(RV) is a function such that U > ¢y > 0 and |VU| < 4U? + C., for some constants
co,v > 0and Cy > 0.

(H3) V: RY — R is measurable and U <V < ¢;U for some constant ¢; > 1.
(H4) The function F € C'(RY,RN) satisfies |F| < kU2 for some constant x > 0.
(H5) There is a constant 6 < p such that U + div F > 0.

We will also require below that v > 0 is sufficiently small. The auxiliary potential U is mostly
used to simplify the resulting hypotheses on the coefficients of Ag . In addition, it allows to avoid
assumptions on the oscillation of V itself.

There are several approaches to construct semigroups whose generator extends the closure of A
defined on test functions; see also the references in [6], [11], [13], [23], [25], [33]. Assuming essentially
(H1) and (H5), one can imitate the arguments in [25, §4] yielding a contractive Ch—semigroup on
LP(RY) for p > 1, cf. Remark 2.7. If one adds hypothesis (H4), then the quadratic form corresponding
to A on the natural form domain is closed, positive, and sectorial, see Section 6. Due to [33] the
resulting analytic Co—semigroup on L?(RY) induces contractive Cp—semigroups on LP(RY) for p > 1,
which are analytic for p > 1; see also [15]. It is further possible to solve first a related stochastic
equation assuming only a dissipativity condition and use this solution to define a semigroup acting
on, say, bounded Borel functions. This approach is exposed in, e.g., [6] for operators such as the
generalized Ornstein—Uhlenbeck operator As . One can then extend the semigroup to weighted LP—
spaces under suitable hypotheses as it is done in [11]. In sup—norm context the semigroup can also
be constructed using apriori estimates of Schauder type and an approximation procedure, [23]. The
assumptions in [6], [11], [23] differ from ours.

However, we point out that the approaches mentioned in the above paragraph do not (directly)
allow to compute the domain of A (or Ag ) on LP. (In [11] the case p = 2 is treated by additional
arguments.)

In our main results Theorems 3.4, 4.4, and 5.2 we establish that A with the natural domain D(A)N
D(V) generates an analytic and contractive Cp-semigroup on LP(RY), 1 < p < oo, and Co(RY)
(where apg = dpi if p = 1,00). The precise description of the domain corresponds to good apriori
estimates for the elliptic problem Au — Au = f stated in Corollaries 4.5 and 4.6. This semigroup then
solves the parabolic partial differential equation corresponding to the elliptic operator A. Here we
improve results due to Okazawa [28], who studied Schrédinger operators where F' = 0 in LP(RY) with
1 < p < o0, and results due to Cannarsa and Vespri [4], [5], who replaced our condition (H5) by an
additional bound on the constant x in (H4). We note that the results in [13] on Ag ¢ rely on [5] and
that the additional restriction on & in [5] leads to difficulties in [13] (cf. Example 2.4 and Theorem 2.7
in [13]).

Cannarsa and Vespri first show generation in L?(R”), then in Morrey—Campanato spaces, then in
Co(RY) and L*(RY), and finally in LP(RY). Our approach is much more direct. In Propositions 3.1
and 3.2 we prove the crucial apriori estimates in LP employing only integration by parts and related
elementary techniques (besides standard regularity properties of the diffusion part, cf. (2.6)). We
combine these apriori estimates with known results and methods in semigroup theory to obtain the
semigroups on LP(RY), 1 < p < oo, which are analytic for p > 1. The Stewart-Masuda technique
then gives the generation result in Co(RY). A duality argument yields analyticity for p = 1 (if also
div F < eoU).

As can be seen from the proofs of Propositions 2.3 and 3.2, hypothesis (H2) is the essential ingredient
to determine the domain. In fact, in Example 3.7 we present a Schrodinger operator A = A —V on



L?(R3) such that (H2) holds with a too large constant v and D(A) ¢ D(V). Condition (H4) combined
with (H2) and (H3) allows to control the drift term by the diffusion term and the potential, employing
Proposition 2.3. Assumptions (H4) and (H5) further lead to the sectoriality of A, while (H5) already
guarantees that A is dissipative; see Proposition 3.2 and Lemma 2.6.

In the next section we give some preliminary results. The following three sections deal with gen-
eration in LP, Cy, and L', respectively. In Section 6 we show additional qualitative properties of the
semigroups, such as positivity, compactness, and maximal regularity of type L? for the inhomogeneous
parabolic problem. Section 7 is devoted to the Ornstein-Uhlenbeck operator As .

Notation. C§°(RY) means the space of C*°-functions with compact support and Cy,(RY) (Co(RY))
the space of bounded continuous functions (vanishing at infinity). For 1 < p < oo and k € N,
WHP(RY) denotes the usual Sobolev space. B(z,r) designates the open ball in RY with center x and
radius r. The norm of LP(R") is denoted by || - ||, and that of LP(B(z,7)) by || - ||p.», thus without
indicating the center of the ball. We set Agu = EhN,k:1 Dy (apkDyu) and a(€,n) = ZhN,kzl ank()EnMK
for &, n € RN.

2 Preliminary results

First of all, let us observe that if a function U satisfies assumption (H2), then U + X satisfies (H2)
with C, = 0 for X large enough. In this case, (H2) is equivalent to the inequality VU~ z| < /2.
From the mean value theorem it follows that
o7y 1 1 1
(1= 5)U(2)% < Ulwo)? < (1+ 5)U(2)* (2.1)
if | — 29| <7 and r = 6U(xz¢)~ 2. Some of the following results are valid assuming only (2.1) but we
prefer to keep (H2) in order to simplify the exposition.

If N=1 (or N > 1 and U is rotational symmetric), (H2) holds whenever U does not oscillate too
fast. For example, it is satisfied by all polynomials and functions like e, with P a polynomial. The
picture is more complicated in several variables, if U is not rotational symmetric. For example, the
function 1+ x2y? fails (H2). However, (H2) is valid if U is a polynomial whose homogeneous part of
maximal degree is positive definite or if, more generally, U is hypoelliptic, see [19, Chapter 11].

The interpolation result stated in Proposition 2.3 below will be crucial throughout the paper.
To establish this result, we need the following well known fact; its proof is given for the sake of
completeness.

Lemma 2.1 For every u € C§°(RY) and 1 < p < oo, we have
1 1
IVull, < Cl|Aullg [ullp (2.2)
with a constant C > 0 depending only on N.

PrOOF. For A >0 and u € C°(RY) we set f = Au — Au. Then

_lz—y)?

u(z) = / G ) (@) i, where (G(8)f)(x) = (4mt)~ ¥ / T () dy
0 RN
for t > 0 and € RY. Differentiating under the integral sign and using Young’s inequality, we obtain

IVG @) fll, < \—ﬁ 1£1lp



with ¢ = ¢(N), whence
C/

C/
IVelly < =17l < = (Al + | Aull)

for each X > 0. The assertion follows if we take A = ||Aull, [lul|;*. 0

We next show a variant of Besicovitch’ Covering Theorem, needed in the proof of Proposition 2.3.

Lemma 2.2 There exists a natural number K(N) with the following property. Let {B(x,r;) : © €
RN} be a collection of balls such that 0 < r, < C and |ry — ry| < S|z — y| for every x,y € RV,
Then there exists a countable subcovering {B(z,, “5>=)} of RY such that at most K(N) among the
balls B(xy,ry, ) overlap.

PROOF. Due to the Besicovitch Covering Theorem, [36, Theorem 1.3.5], there exists a countable
subcovering {B(z,, )} of RY such that at most £(N) among the balls B(z,, %) overlap. Here
we write r,, for r, and remark that the number £(INV) depends only on the dimension N. We now
have to estimate the number of overlapping doubled balls B(zy,, ), where we follow the proof of [36,
Theorem 1.3.4]. Fix # = zj, for some k and assume that B(x,r;) and B(z;,r;) overlap for j € J.
Then |z — z;| < ry 4+ rj, hence |r, —r;j| < 3(r, + ;) by the assumption. This yields r, < 3r; and
rj < 3r,. Thus the balls B(z;, %), j € J, are contained in B(z,5r,). Since at most £(NN) of the balls

B(zj, %) overlap, we obtain
6Nl <> 27NN < g(N)sN Y
jeJ
and hence |J| < 30Y¢(N). This yields K(N) < 1+ 30N¢(N). O

Proposition 2.3 Let U be a function satisfying (H2). Then there are two constants a,eq > 0 (de-
pending only on v, C., co) such that for all 0 < e < ey, 1 < p < o0, and v € C§°(RY), we have

1 «
U=Vl < el Avlly + (U], (2.3)

PrOOF.  We replace U by U + A for A > 0 such that (H2) holds for U + A with C; = 0. Since
U > ¢g > 0, estimate (2.3) for U + A implies (2.3) for U (with a different o). So we may assume that
C, =0 in (H2). Fix 9 € RY and choose n € C§°(RY) such that 0 < n < 1, n =1 in B(zo,7/2),
supp  C B(zo,r), |Vn(z)| < ¢/r, and |D?n(x)| < ¢/r? for a constant ¢ independent of zo and r.
Using (2.2) for nv and Young’s inequality, we estimate

U (20)2Vollp,s < U (o) 2V (), < ClAG)|IE U (o)l

1 C
lpr) + =T @0)ollpr (24)
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for a constant Cy and each £ > 0. We fix r = 6U(xo)"2 and § = 1/v. Then (2.1) shows that
LU(x)? <U(xo)? < 3U(2)% if |& — 20| <. Thus (2.4) yields

1,1 1 C
S0 Vol s < el Avllyy +eCal[UR Vol + =2 [Un

(2.5)

for a constant Cy > 0. Let us first deal with the simpler situation where p = co. In this case, varying
zo in RY | equation (2.5) implies

1 C.
SN0 Vollo < et + Coe[UF Voo + —> [ U] oo -



Thus the asserted estimate holds with ey = (4C3)~!. Suppose now that 1 < p < co. Applying Lemma

2.2, we find a countable covering {B(z,, )} of RY with r, = 6U(2,,)"2 such that at most K(N)

among the balls B(z,,,7,) overlap. Taking the p-th power of (2.5) relative to each ball B(z,, %) and
summing up, we arrive at

L, 1 il 1 1 &
STl < 37 KN (<ol + CoellUF Toll, + 20wl ),
where 1/p’ + 1/p = 1. The asserted estimate follows with g9 = (12C2K (N)) 1. O

Remark 2.4 Let 1 < p < co. Thanks to the elliptic estimate
[ollw2r@ry < Cp ([ Aovllp + [lv]lp) (2.6)

for v € LP(RYN), see e.g. [18, Chapter 9], for uniformly elliptic operators (and U > ¢y > 0) one can
substitute Av by Agv in Proposition 2.3. This will be used systematically in the next section. If
1 < p < oo, there is also a simpler proof of Proposition 2.3 with D?v instead of Av involving Taylor’s
formula.

We now introduce the spaces

Dy ={ve L} RY): Ave L'RY), Uv e L*(RY)}.
D, = WiPRY) = {v e W?P(RN) : Uv € LP(RY)},  1<p< oo,
Do = {v € Co(RN) : v € W2LURN) for all ¢ < 0o, Av € Co(RY), Uv € Co(RV)}.

loc

Here A is understood in the sense of distributions. These spaces are Banach spaces endowed with the
norms

[llp, = lwllwz2r@y) + 1Uv]|Le@y), 1 <p<oo,

HUHD,, = HU”LP(]RN) + ||AU||LP(JRN) + HUU”LP(RN)a p=1,00.

C§°(RYN) is a dense subspace of D, as we show in the next lemma. Therefore (2.2) and (2.3) also hold
for v € Dp. In particular

U%|Vv| € LP(RY) forveD,, 1 <p<oo, and U%|Vv| € Co(RY)  for v € Do
Lemma 2.5 The space C§°(RY) is dense in D, for 1 < p < oo.

PROOF. Let 1 be a cutoff function such that 0 <n <1, n=1in B(0,1), supp n C B(0,2). Define
nn(x) = n(z/n). For f € D, it is easy to see that n,f — f as n — oo in D,. This shows that the set
of all functions in D, having compact support is dense. On the other hand, if f € D, has compact
support, a standard convolution argument shows the existence of a sequence of smooth functions with
compact support converging to f in D,,. ]

In the following lemma we establish the dissipativity of A under rather weak assumptions.

Lemma 2.6 Assume that assumption (H1) is satisfied.
a) IfF e C*(RY,RV), Ve L (RN), and V + %divF >0 for some 1 < p < oo, then (A, C(RY))

loc
is dissipative in LP(RY).
b) If F € CRY,RY), Ve C(RY,R), and V > 0, then (A,C5°(RY)) is dissipative in Co(RY).



PROOF. (a) Let 1 <p < oo and u € C§°(RY). It is known that A is dissipative in LP(RY), that is,

Re (/ (Agu)a|ulP~2 da:) <0.
RN

Moreover, from (Vu)u|u|P~2 = 1(V|ulP) + iIm(uVu)|u|P~2 it follows that

1
P
1
Re (/ F - (Vu)u|ulP~2 daz) = —7/ |u|Pdiv F dzx.
RN P Jry

1
Re (/ (Au)u|up_2da:> < —/ (V + Ldiv F)ul? dz < 0.
RN RN p

(b) The dissipativity of A in C(R") is a standard consequence of the maximum principle. ]

As a result,

Remark 2.7 Suppose that the assumptions of Lemma 2.6 hold for some p € [1,00) and that V is
locally Holder continuous. Then there exists a contractive Co—semigroup on LP(RY) whose generator
extends (the closure of) A defined on test functions. This semigroup can be constructed as the limit
of the contraction semigroups on LP(B(0,n)) which are generated by the operator on L?(B(0,n))
induced by A with Dirichlet boundary conditions, compare [25, §4].

3 Generation of analytic semigroups on LP(R"), 1 < p < oo.

In this section we establish that, under the assumptions (H1)—(H5), the operator A with domain
D, = Wé” (RN) generates an analytic semigroup on LP(RY) if 1 < p < co. We start by showing
that A is regularly dissipative, that is, for some ¢ € (0,7/2) the operator e*? A is dissipative. This
property is clearly equivalent to the estimate (3.4) below (with § = cot ¢).

Proposition 3.1 Let 1 < p < oo and assume that (H1), (H4), and (H5) are satisfied with U replaced
by Ve LY (RN). Then the operator A defined on C§°(RYN) is regularly dissipative in LP(RN) with

loc

angle ¢, > 0 only depending on p and the constants in (H1), (H4), and (HS5).

PrOOF. We first assume that p > 2. Let u € C§°(RY) and set u* := w|u[P~2. Integrating by parts,
one computes

—Re </]RN (Au)u™ d:v) =(p-1) /RN |u|P~*a(Re(uVu), Re(uVu)) dx (3.1)
+ /RN lulP~*a(Im(@Vu), Im(@Vu)) dr + /RN (V + ;divF> lu|P da.

If we put B? := [,y [u[P~*a(Re(uVu), Re(uVu))dz, C? = [on [u[P~*a(Im(uVu), Im(uVu)) dz,
and D? := [oy V|ulP dz, then we deduce from (H5)

—Re (/RN(Au)u* dx) > (p—1)B*+C? + D*(1 — %) > 0.

On the other hand, proceeding in a similar way for the imaginary part, we have

‘Im / (Au)u* dz| < [p—2| / (uP~a(Re(@Vu), Im(TVu)) dz-+ / P[P~ Im(@V )| de. (3.2)
RN RN RN



Conditions (H1) and (H4) imply

[ PP @V do < [ VA Im@V)ljuljulF do
RN RN

K (/RN V|u”da:) : (/RN |u|p4|1m(uvu)|2>é (3.3)

\% ( o Vlul”d:c>é (/RN |u|p_4a(lm(uVu),Im(uVu))dx) ’

IN

2

IN

Therefore,

Im/ Auu*dm)‘gpQBCwLKCD
o ([ a0 poABOT

. _92|2 2
Taking &, = ¢ such that 62 = Jfgpf'l) + Tizayp): We see that

‘Im < /R (Awp dm>‘ <5 {—Re ( /R (Aup dxﬂ . (3.4)

This shows the assertion for p > 2. If p € (1,2), we replace |u| by ue = /|u[?+¢ for ¢ > 0 in
the calculations involving Aj. Passing to the limit ¢ — 0, one then establishes (3.1) and (3.2) (in
particular, all integrands are integrable). Thus estimate (3.3) is also valid and one can deduce (3.4)
as above. (

Next we prove the closedness of the operator (A, Wé’p(RN)) for 1 < p < oo.

Proposition 3.2 Let 1 < p < oo. Assume that the assumptions (H1), (H3), (H4), and (H5) are
satisfied. If (H2) holds with ~y satisfying

0 k My

where M? := sup, gy max¢—1 a(§, €), then (A, Wé’p(RN)) is closed. Moreover, there exist constants
C,C" > 0 depending only on M, p, on the constants in (H1)-(H5), and on C, from (2.6) such that

2,
lullwsgany < C llu— Aully < C fullygzogr, — for ue WEPERY).
PROOF.  We assume preliminarily that (H2) is satisfied with C, = 0. Proposition 2.3, (H3), and
(H4) imply that A : WP (RY) — LP(RV) is continuous. Since C§°(RN) is dense in W;*(RY) and A
is dissipative, it remains to show the estimates
1Uullp, D?ull, < CllAull,  for u € C5°(RY).

We consider first the case p > 2. For a fixed real u € C§°(RY) we set

f=—Au=—-Apu—F -Vu+Vu. (3.6)



Integrating by parts, one deduces

/ UPTLF - (Vu)ululP~2de = 1/ UPTLF - V(|ulP) dz
RN D JrN
1 1
- 1] (divF)Up_1|u|pda:—(1—> [ vt VU de,
P JrN p RN
N
[ v g = = 30 [ an@)DruDy (07 udul ) de
RN hok=1RY

N
—-(p—-1) / Z ank(2)UP ™ u[P~2 DypuDyu da
RN} =1

N
—(p-1) / > ank(@)UP?ulul’? DyuDyU da. (3.7)
RN =1

If we multiply (3.6) by UP~u|u[P~2 and integrate, we thus obtain

N
/ VUp71|u\pdas = —(pfl)/ Z ahk(x)Up71|u|p72DhuDkudx
R RY pk=1
N
—(p— 1)/ Z ang(z)uluP~2UP~2DyuDyU
RY pk=1

—1/ (div F)UP™|ulP do — (1—1>/ UP=2|ulPF - VU dx
P JrN b/ JrN

+/ FUP u|ulP~2 da.
RN
Conditions (H3) and (H5) yield

1
V 4+ —divF > (1—9) U,
p p

so that
0
/ <1 — ) UP|ulP dz + (p — 1)/ lu[P~2UP" a(Vu, Vu) dx
RN p RN
1
<(p— 1)/ UP=2|uP~ a(Vu, VU) dx + <1 - > / UP=2|ulP |F||VU| dx
RN b/ Jry
—|—/ fUP P~ da.
RN

Using (H2) and (H4), we estimate

/ UP 2l |F| VU |de < m/ UP|ul? da.
RN RN



Moreover, (H2) implies that

/ Up_Q\u|p_1|a(Vu,VU)|da:§/ UP=2|uP~ a(Vu, Vu)2a(VU,VU)? dx
RN

RN

< 'y\/M/ Up_%|u|p_1a(Vu7Vu)%dx
RN

= 'y\/M/ Up2;1|u|prZa(Vu,Vu)%|u\%Ug dx
RN

< W/ (/RN luP207 " a(Vu, Vo) dx) ’ (/RN PP dx)g. (3.8)

From Hélder’s and Young’s inequalities it follows that for each € > 0 there is ¢. > 0 such that

0 1
1——-—ry(1- )] / UPlul? dz + (p — 1)/ |u|P~2UP " a(Vu, Vu) dz
p p RN RN

< (p—1yWM (/ lu[P~2UP a(Vu, Vu) da:) (/ UP|ul? dx)
RN RN

+e’:‘/ Up|u|pdx—|—c8/ |f|P dx.
RN RN

Setting B? := [on UP|ufP dz and D? := [ [u[P~2UP " a(Vu, Vu) dz, we arrive at

0 1
1= = D) e B4 (0= 1D < (0~ )9VATED + < I

Thanks to (3.5) we may choose a small € to deduce
1Tully < ClI -
Then (H4), (H2), Proposition 2.3, (2.6), and (H3) imply that

N

(6%
IF-Vull, < s(elduly+ 2 [Uuly) < wCyell Aoull, + colUul,
wCye (1flly + IF - V) + L[ Ul

IN

for € < gg. Thus, for sufficiently small e, we have
1F - Vull, < CUIUully + 1 £1lp) < ClLflp-
Finally,
ID?ully < Cp(l[Aoully + llully) < Co(Ilfllp + I1F - Vallp + [Vully + llully) < Ol flp-

If p < 2, then one can verify as in the proof of Proposition 3.1 that (3.7) holds and, in particular,
that D? is a finite number. Thus estimate (3.8) is also valid and one can conclude the proof as above.

In order to remove the assumption C, = 0 we fix a large A such that U + A satisfies (H2) with
C, = 0 and apply the previous estimates to the operator A — A. Then

ullyzr @y < ClIA+Du— Aull, < C (Ju— Aull, + Aullp) < C(1+X) [lu— Aul,,

by the dissipativity of A. O



Remark 3.3 If F' = 0 and apr = Opg, then condition (3.5) becomes V2 < —4_ which was already

p—17
used by N. Okazawa in [28, Theorem 2.5].

We now come to the main result of this section.

Theorem 3.4 Assume that the assumptions (H1), (H3), (H4), and (H5) are satisfied. If (H2) holds
with v satisfying

0 Kk M~y

-+ p—17{+} <1,

PR Al e
where M? := sup,cpny max|e—1 a(§,§), then (A, Wé’p(RN)) generates an analytic Co—semigroup Tp(-)
in LP(RN), 1 < p < oo, such that | T,(2)|| < 1 for |arg z| < ¢, and some ¢, > 0.

PRrROOF. It suffices to show that 1 belongs to the resolvent set p(A) of A. In fact, Propositions 3.1,
3.2 and the Lumer-Phillips theorem then imply that the operators e**®» A generate contractive Cp—
semigroups for some ¢, > 0. This yields the assertion by [17, Theorem II.4.9].

To verify 1 € p(A), we employ the continuity method, cf. [18, Theorem 5.2]. For ¢ € [0, 1] and
u € Wé’p(RN) we set Lyu := Agu + tF - Vu — Vu. Note that these operators satisfy the assertions of
Propositions 3.1 and 3.2 with uniform constants. In particular

lullyyzr gy < Cllu = Leull,p

for every u € WP(RY), with C' independent of ¢ € [0,1]. Then 1 € p(Lo) if and only if 1 € p(L;) =

p(A). To establish that 1 € p(Lg), we use as in [28] the approximating potentials U, := H_% and
Ve = 1—5-%’ where € > 0. Then we have
Co Cc1 3
<U <V, <eU. < — and  |VU| <HUZ +C,,. (3.9)
1+ eco €

Let f € LP(RY). Observe that Ayg — V. with domain D(Ag — V.) = W2P(RY) generates a positive
contraction Cp-semigroup on LP(RY). Thus the equation

u—Agu+Veu=f
has a unique solution u. € W2P(RY) satisfying
luelly < [Ifll, and  |[Ucucllp, < Cllf]lp,

where the last inequality follows from the Proposition 3.2. We remark that the constant C' does not
depend on ¢ due to (3.9). From (2.6) we thus deduce

[uellw2r@y) < Cpll[Aouellp + [[ucllp) < Ol fllp-

Therefore, there exists a sequence (u, ) converging weakly to a function u in W2P(RY) as e, — 0.
The Rellich-Kondrachov theorem implies that a subsequence of (u., ) tends strongly to u in Wllo’f (RM)
and therefore we may assume that u., () — u(z) a.e. in RY. This shows that ||Uull, < C| f|,, and
hence u € W;P(RY). Passing to the limit in L _(RN) in the equality u., — Aoue, + Vi, ue, = f, we
derive

u— Aou+ Vu=f.
This concludes the proof. ]
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Remark 3.5 Let ¢’ be a positive constant. By considering V + ¢’ instead of V', Theorem 3.4 shows
that (A,D,) generates an analytic semigroup on LP(RY), 1 < p < oo, if we replace (H3) by U <
V+4+d<cdU.

Remark 3.6 As already pointed out in the introduction, condition (H4) is crucial to treat the drift
term F'-V as a perturbation of the Laplacian and of the multiplication operator u +— Vu. This is done
through Proposition 2.3. We remark, however, that the operator F' -V is not a small perturbation of
the Schrodinger operator A — V. If this were true, the generated semigroup 7'(-) would be analytic of
angle 7/2 and the same would hold for the Ornstein-Uhlenbeck semigroups in LP(RY, 1), treated in
Section 7 (see the proof of Theorem 7.4). However, this is false even for p = 2, see [24].

It is clear that (H4) is, in general, necessary for the domain characterization given in Theorem 3.4.
In the following example we show that the closedness of (A, W52) may fail even if ' = 0 and U fulfills
(H2) with a (too) large constant 7.

Example 3.7 We consider the Schrédinger operator B = A — V with V(z) = 2|z|72 in L?(R3).
Since 0 <V € L, _(R3), B can be defined by the quadratic from

loc
b(u) = / (|IVu]® + V|ul?) dz
R3

for u € D(b) = {u € WY2(R?) : V|u|? € L*(R*)}. Observe that the function w(x) = |z|'/? satisfies
Aw —Vw =0 on R?\ {0}. Let u = nw, where n € C§°(R?) is equal to 1 near the origin. It is easy
to see that u € D(b) N W21(R3) and that Au — Vu = f € Cg°(R?). It follows that v € D(B) and
Bu = f. Observe, however, that neither Au nor Vu belong to L?(R3).

Since |VV (z)| = vV (2)?/? with vy = 4/+/3, it is not difficult to construct bounded positive potentials
V,, € CYRYN) such that 0 < V;, < Viy1, Vi(z) — V(x) as n — oo, and |VV,(z)] < yV,(2)3/2
(it is sufficient to regularize =2 for r < 1/n). Since V,, converges monotonically to V, we have
1-A+V,)tg— (1-A+V)Lgfor every g € L?(R?), see [32, Theorem S. 14]. Taking g = u — f
and possibly considering a subsequence (ng), we obtain from Fatou’s lemma

00 = [Vl < lminf [V, (1= A+ Vo)™ (u = )2

and therefore 2¢; 1= ||V, (1 — A +V,,, ) 71| — oo as k — oco. Since C§°(R3) is a core for A —V,,, , we
find uy, € C§°(B(0, Ri)), Ri, > 1, such that

Vinuklle > cklluk + Aug — Vi, uk|2- (3.10)

Take now points z; € R® and define Wy (z) = V,,, (z — x1), vi(z) = up(z — 21), ni(z) = n((z —
z;) R, '), where 7 is a cutoff function such that n(z) = 1 for |z| < 1 and 5(z) = 0 for |z| > 2. One
can choose the points z; with large distances |z — 25| in such a way that the balls B(xy, 2Ry) do not
overlap. Hence, the positive potential W = >", ny W, € C*(RY) satisfies [VIW| < AW3/2 4. On the
other hand, (3.10) yields

[Worllz = cillve + Avi = Wl

for every k. The operator W(1 — A + W)~! is thus unbounded in L?(R?), and W22(R3) N D(W) is
not the domain of A — W.

We remark that the constant ¢ = 3/4 in the definition of V' (hence v = 4//3) is the best possible
constant for such a counterexample. In fact A — c|z|=2 is closed on W22(R3) N D(|x|~2) for every
¢ > 3/4, see [29, Theorem 3.6] where a very detailed analysis of the potential |z|~2 is carried out in
LP(RY). However, the hypotheses of Theorem 3.4 hold for v < 2 for Schrédinger operators in L?(R™Y).

11



4 Generation of an analytic semigroup on Cy(RY)
In this section we use the Stewart—Masuda localization technique to prove that the operator A with
the domain

Doo = {v € Co(RY) : v € WEP(RN) for all p < 0o, Av € Co(RY), Uv € Co(RN)}

generates an analytic semigroup in Co(RY). For simplicity, we assume that the principal part of A
is the Laplacian and that (H2) holds for all v > 0. We first show in two steps that A generates a
contraction semigroup in Cp(RY).

Proposition 4.1 Assume that (H2) holds for all v > 0 and that (H}) is satisfied, where U = V.
Then A=A+ F -V —V with D(A) = Dy is closed in Co(RY). Moreover,

[ulloo + [Aullo + [Vulloo < C'llu — Aulloe < C' (Jlulloo + [[Aulloo + [Vt
for every u € Do, where C' and C" only depend on v, Cy, co, K.

PrROOF.  Proposition 2.3 shows the second estimate in the assertion. Considering V + X instead
of V for a sufficiently large A\ = A(y) > 0, and using the dissipativity of A, we may assume that
[VV] < ’yV%, as in the proof of Proposition 3.2. The parameter v will be fixed below.

Let u € CP(RY), f = Au, and fix zg € RY. We take a smooth cutoff function n such that
0<n<1,n=1in B(zg,7/2), supp n C B(zo,7), |Vn(z)| < ¢/r, and |D?*n(z)| < ¢/r* for some
constant ¢ > 0. Observe that

Alnqu) + F - V(nu) — V(xzo)nu = nf + ulAn+2Vu - Vn+uF - Vi + (V = V(zg))nu.
Since V(o) > 0, the dissipativity of A + F -V on C§°(RY) yields
c c CK -1
IV (zo)mulloo,r < Ml £lloo,r + —llulloo,r + I Vatlloo,r + =V E2uflo,r + IV = V(zo))ulloo,r ,

where we have also used (H4). Let v < 1. We choose now 7 = (37) "'V (z0) "2 so that (2.1) yields
%V(:C)% < V(zg)z < %V(m)% for |# — xo| < r. Hence, |V (z) — V(o) < 32V () for |z — x| < r and

25 1 13

3gIVulloos < Mlflloo +7C1(1 + m)[Vulloo,r +7C1IVEVuloor + 2 lVttllos,r
where C := 13c. Letting zo vary in RY and then taking v < min{1, (6(1 + x)C;) ™!}, we obtain

[Vallse < 61 £llse + 6vC1 [V 2 V.
Now the equation Au = f and (H4) imply
1
[Aulloo < C2 ([ flloc + [V Vo)

for Cy := max{7,k + 6C1}. At this point we use Proposition 2.3 for 0 < € < ¢y and estimate

6aC1y
€

1 o 1
IV Vullo < elldulloe + SVallo < cellflloo + (€2 + =) [VEVul |

Setting € := v2 and choosing v small enough, we arrive at ||V%VuHOo < C|fllec and, by the previous
inequalities, ||Aulloo, |V t]oo < C||flloo, with C independent of f. These facts show that
ullp.. < CllAulloe < 2C|u — Auflo,

for u € C§°(RY), using the dissipativity of A. Since C§°(RY) is dense in Do, the proof is complete.
O
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Proposition 4.2 Assume that (H3) and (H4) hold, that V is continuous, and that (H2) is satisfied
forally > 0. Then A=A+ F-V —V with D(A) = Ds generates a contraction semigroup Too(-) on
Co(RYN).

PROOF. First we assume that U = V and we show that the operator I — (A —V): Dy, — Co(RY)
has dense range. Therefore A — V' generates a contraction semigroup by Lemma 2.6, Proposition 4.1,
and the Lumer—Phillips theorem. The result for F' # 0 is then deduced applying the continuity
method to the operators A +tF -V — V, cf. [18, Theorem 5.2], using that the apriori estimate from
Proposition 4.1 is independent of ¢ € [0, 1].

Let p > N and v be so small such that the assumptions of Theorem 3.4 and Proposition 4.1 are
satisfied. We may assume that C, = 0 replacing V by V + A\. We define V; = H% € Cy(RY) for
e € (0,1] and fix f € C°(RY). Note that A — V. with D(A — V.) = D(A) generates a contraction
semigroup on LP(R™) and Cp(RY). Thus there exists u. € W2P(RY) — Co(R") such that

U — Aug + Voue = f (4.1)

and |jucll, < ||f]l» for r = p,00. Moreover, Au. € Co(RY). Since V. fulfills (H2) and (H4) with
uniform constants, Propositions 3.2 and 4.1 yield

Au|lr, [[Veuellr < Co |l £l

for r = p,00. (Here and below the constants do not depend on £.) Lemma 2.1 then gives ||Vug|oo <
Cs]| fllo- For a suitable sequence (g,), ue, thus converges uniformly on compact sets to a continuous
function u. Combined with Lemma 2.1, this fact yields that u € C1(RY). Due to (4.1), also Au,,
converges uniformly on compact sets. Local elliptic regularity (see e.g. Theorem 8.8 and Lemma 9.16
of [18]) now implies that u € W24(RN) for every ¢ < oco. Moreover,

loc
u—Au+Vu=f

and ||Vully, |Aull» < C1||fll; for 7 = p,00. Therefore u € W2P(RY), and hence u, Vu € Co(RY) by
Sobolev’s embedding theorem. We next show that Vu belongs to Co(RY). Take n € C=(R") such
that 0 <n <1,n=1in B(xo, R), n =0 outside B(zo,2R), |[Vn| < ¢/R, and |D?p| < ¢/R?. Then

nu— A(nu) + Vyu = nf —2Vn - Vu — ulny
and Proposition 4.1 (applied on nu € D) shows that

1 1
[V (@o)u(zo)| < IVnulls < Cs | Inflloe + 11 Velloo + 5 ullo |-

Since u, f € Co(RY), the above inequality implies that Vu € Co(RY). Thus Au = v+ Vu — f €
Co(RY) and u € D.,. This proves that I — A has dense range and concludes the proof in the case
where U = V.

Finally, we deal with the general case U <V < cU. Let V,; =U+t(V -U), A=A+ F-V -V,
D(A;) = Do, 0 < t < 1, and observe that A, = Ag + (V; — U). Since ||[U(1 — 4p)7!|| < C by
Proposition 4.1, we have ||(V; — U)(1 — Ag) || < t(e; — 1)C. Thus standard perturbation theory for
contraction semigroups shows that A; generates a contraction semigroup Co(RY) if t(c; —1)C < 1.

Due to V; > U, the maximum principle [22, Proposition 3.1.10] yields 0 < (1 — A;)™! < (1 — Ag) !
whenever (1 — A;)~! exists. Then

0< (Vs = V(1= A)™ < (e = (s —)U(1 — Ag) ™"

if s > t, and hence ||(Vy — V;)(1 — A;) 7| < (s —t)(c1 — 1)C. The same argument as before applies
and proves that A; generates a contraction semigroup in Co(RY) for t(c; — 1)C < 2. Iterating this
procedure a finite number of times, the proof is complete. O
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In the following theorem we show that the semigroup is analytic in Co(R”) if one more condition
holds. In the proof we need the next lemma, which is of interest in itself.

Lemma 4.3 Letl <p<oo,1<qg<o0, A, =(A,Dp), Ay = (A, Dy) and assume that the hypotheses
of Theorem 3.4 hold for A, if 1 < p < oo and that those of Theorem 3.4, resp. Proposition 4.2, hold for
A, ifq < oo, resp. ¢ =o0. Ifg < oo and f € LP(RV)NLYRY) orif ¢ = 0o and f € LP(RV)NCo(RY),
then (A — A,) 7 f = (X — Ay) 7' f for Re A > 0, and hence Tp(t) = Ty(t).

PRrROOF. First let ¢ < oco. Then the proof of Theorem 3.4 applies and shows that the operator A — A,
Re A > 0, with domain W57 (RN) N W29 (RY) is invertible in LP(RYN) N L4(RY). Hence the equation
\u — Au = f with f € LP(RY) N LY(RY) has a unique solution u € Wg’p(]RN) N WE’Q(RN) and the
assertions easily follow. If ¢ = oo, the proof is similar using Theorem 3.4 and Proposition 4.2. O

Theorem 4.4 Assume that (H3) and (H4) hold, that V is continuous, and that (H2) is satisfied for
ally>0. If U +divF > 0 for some 6§ >0 then A=A+ F -V —V with D(A) = D, generates a
bounded analytic Co—semigroup Tno(-) on Co(RY).

PROOF. Again we assume that C., = 0, replacing A by A — w for some w = w(y) > 0, where we fix
~ > 0 such that the hypotheses of Theorem 3.4 and Proposition 4.2 hold. We fix p € (N, 00) withp > 6
such that Theorem 3.4 is valid. Thus (A4, Wg’p (RY)) generates an analytic semigroup in LP(RY). Let
f € C(RY) have compact support and Re X > 0. Due to Proposition 4.2 there exists u € Dy, such
that A\u — Au = f. The above lemma shows that u € W*(RY) and hence || [[ull, + || Aull, < C||f]l,
by Theorem 3.4. Proposition 3.2 further yields ||D?ul|, + |[|[Uul|, < C||f||,- Using these estimates as
well as Holder’s and the Gagliardo-Nirenberg inequalities, we conclude that |A|2 [|U %u”p < C|fllp

and |2 ||Vul|, < C||f|l,- Taking into account Proposition 2.3, we have shown that
1 1 Li,,d
ID*ullp + 1Uully + U=Vl + X2 [Vl + N2 [T 2ull, + A [ull, < Cllfllp. (4.2)
(Here and below C'is a generic constant independent of A and f.) Fix 2o € RY and a smooth function
n such that 0 <7 <1, n =1 in B(zo,7/2), supp n C B(zo,7), |Vn(z)| < ¢/r, and |D?*n(z)| < c¢/r%

Observe that A(nu) — A(nu) =nf — ulAn —2Vu-Vn —uF - Vn. Applying (4.2) to nu and employing
(H4), we obtain

1 1 1 1
1Dl 5 + [Tl 5 + 103 Vully 5+ INE[Vuly,s + MU ullyg + Al 5
1
< O(Ifllpr + 5l

1 1 1 1
< OV (1o + g lullcir + +[Fulloos + 1030l ).

1 1, 1
=1Vl + <10 Bl )

From the compactness of the embedding W' (B;) — C(Bj) and a rescaling argument it follows that
for every € > 0 there is C. > 0 such that

[ollo.s < Cor=/7 (=r[Fulp s + Colvly )

||Vv||oo’% < Cyr NP <€r||D2v

pg +CellVollys )

for v belonging to the respective spaces, where Cy does not depend on ¢, r. Hypothesis (H2) further
yields ) )
IVWU=u)llp,5 < [U>Vullp,z + Co||[Uullp,3

2
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so that

U %t og,5 < clr—N/p(erU%vu ps + Coer|[Uullp z +c€||U%u||p,%).
Using the above inequalities, one deduces
N2V ulloo,s + A2 U2 ulloo, 5 + A fee]loo, 5
< (@serAF +C) (1 floe + glulloo + [ Vedloo + T3 ull)-
We set 7 = M|A|~2 and let o vary in RY. Then we have

1 1 1
A2 [IVulloo + A2 U2 ulloo + [Al [l oo
A2

1
A2

A
< (@M + ) (I + Dokllulloe + 2 9uloe + A 0w ).
Taking first a small € and then a large M, we arrive at
A2 [ Vulloo + A2 U2 tfloo + [Al ulloo < €| floc- (4.3)

In view of the rescaling made at the beginning, this establishes the theorem for A —w by density, that
is, with f = Au+wu — Au in (4.3). Since V' > ¢y > 0, the operator A 4 ¢y/2 satisfies the assumptions
of Proposition 4.2 and thus generates a contraction semigroup on Co(R™). It is then easy to verify
(4.3) also for A, that is, with f = Au — Au. ]

We state two useful consequence of the above proof refining our previous apriori estimates.

Corollary 4.5 Under the hypotheses of Theorem 4.4, if Re A > 0 and Au — Au = f, then
1AUoo + U3 Vaulloo + [Tulloo + A2 [ Vulloo + A2 U2 ulloo + Al ulloo < Cll llc-

PROOF. Since V > ¢ > 0, the operator A is invertible on Co(R™) and the closedness of (A4, D)
yields
1Au]loo + [Uullo < CllAulloe < C([IAu = Aulloo + [Al ulloc)-

It now suffices to combine (4.3) for A with Proposition 2.3 to conclude the proof. U
Corollary 4.6 Under the hypotheses of Theorem 3.4, if Re A > 0 and Au — Au = f, then
1 1 1001
[Aullp + U= Vully + [|Uully + [A2[[Vullp + A Z[UZull, + A Jullp < ClF -

PrOOF. In (4.2) we have proved the statement for A — w, continuous f with compact support and

p > N. The proof given in Theorem 4.4 extends to all p > 1 and all f € LP(R™). Moreover, as above

the initial rescaling does not matter since A + % is dissipative. O

5 Generation of an analytic semigroup on L'(RY)

Also in this section we assume that Ay = A. We observe that Proposition 2.3 shows that A =
A+ F -V —V with domain

Dy ={ve L} RY): Ave L'RY), Uv € L}(RN)}

is well defined in L'(RY). Recall that C$°(RY) is dense in D; by Lemma 2.5. It is known that D
embeds continuously into WP(RY) for every p < 2+, see e.g. [34, Theorem 5.8].
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Proposition 5.1 Assume that (H2)-(H5) hold for some v > 0 and 6 < 1. Then (A, D1) generates a
contraction semigroup Ty (t) in L*(RN). If also the assumptions of Theorem 8.4 for some p € (1, 00),
resp. of Proposition 4.2 if p = oo, are satisfied, then T1(t)f = Ty(t)f for f € LY(RN) N LP(RYN), resp.
f € LYRY) N Co(RY).

PrOOF. Let u € C$°(RY) be real and set f = —Au — F - Vu + Vu. If we multiply this equation by
sign u, integrate by parts, and use the dissipativity of the Laplacian on L!(R¥), we estimate

/ (V +divF)|u|dx < —/ (Au) signu dx + / (Vu— F - Vu)signudz
RN RN RN

::/” f signude < |||l
RN

and therefore ||(1 — 0)Uul|; < ||f]|1. Taking into account Proposition 2.3 and proceeding as in the
proof of Proposition 3.2, we obtain the closedness of (A,D;). Moreover, (A,D;) is dissipative by
Lemmas 2.5 and 2.6.

As before we may assume that Cy = 0 to show the surjectivity of I — A. We first assume that
F = 0. The general case is then deduced by means of the continuity method, cf. [18, Theorem 5.2].
We keep the notation introduced in the proof of Theorem 3.4. For f € L(RY) there is u. € L*(RY)

such that ue — Aue + Voue = f. Then
uelly < ([ fllx,  Ueuells < Cll 1, (5.1)

with C' independent of ¢ since V, and U, satisfy the assumptions with uniform constants. It follows
that |Auly < (24 C)|f|li. We fix 1 < p < &5. Then luellwir@yy < Chllf][1 and so there is a
sequence (g,,) converging to 0 such that u, := u., tends weakly in WP(RY) to a function u. By
the Rellich-Kondrachov theorem, a subsequence (u,, ) converges to u in L}, .(RY) and after relabeling
we have u, — u almost everywhere. We infer from (5.1) that ||u|; < [|f]1 and ||[Uul; < C|f|:-
Moreover, Au, — Au in LL (RY) and therefore u — Au + Vu = f and u € D;. The last assertion
can be shown as in Lemma 4.3. ([

In order to establish the analyticity of T'(-) on L'(R™) we employ a duality argument taken from
[31, Theorem 7.3.10], see also [1]. Under the assumptions of the previous proposition, we define the
formal adjoint of A by

Av=Av—F -Vv—(V+divF)v.
This operator has the same structure as A with the new drift F = —F and the new potential
V =V +divF. Set U = (1 — A)U. Hypotheses (H2)-(H5) yield V > U and that F and U satisfy
(H2) and (H4). In addition, we suppose that divF < coU for some constant co; > 0 and that V is
continuous. Then (H3) holds for U and V and

L2 G dvE 2V +divF =V 20,

We can therefore apply Theorem 4.4 and thus A’ induces as in a generator AZ_ of a bounded analytic
semigroup on Co(RY). Observe further that

/RN (Au)vdx = /RN uw(A'v) dz

for u € C§°(RN) and v € W2} (RY). Due to [31, Lem.7.3.8] we have

lully = sup{/N wpdz: o € CERY), [|¢]loo < 1} for u e L'(RY). (5.2)
R
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Theorem 5.2 Assume that (H2)—-(H5) hold for all v > 0 and some 0 < 1, that V is continuous, and
that divF < coU for some constant ca > 0. Then (A, Dy) generates a bounded analytic semigroup on
LY(RY).

PrOOF.  Let u € C°(RY) and ReX > 0. As observed above, the formal adjoint A’ induces a

generator A’ of a bounded analytic semigroup on Co(R™) by Theorem 4.4. In (5.2) we replace ¢ by
o= (A—A"v with v € D(A.) and ||¢|s < 1. Since |[v]|oc < M/|A|, we obtain

M
fulls <sup{ [ wlr— Apdesve D), ol < 5}
RN A

M
= A—Audr : D(A! o < —
sup{ [ v~ Apude o € DAL, ol < 75}
M

<
Al

(A = Aull .

This inequality implies the assertion because of Proposition 5.1 and an approximation argument. []

6 Consequences

In this section we establish several regularity properties of the semigroups obtained above. In order
to treat the scale of LP-spaces simultaneously, and for the sake of simplicity, we assume here that

Au=Au+ F -Vu—Vu,

that (H2)—(H5) are satisfied for every v > 0 and some 6 < 1, and that V is continuous. When we need
the analyticity in L' (R”Y), we also have to suppose that divF < cyU for some ¢ > 0. Theorem 3.4 and
Proposition 5.1 show that A with domain D(A,) = D, generates a contraction semigroup (7} (t)):>0 on
LP(RN) for 1 < p < oo and on Cp(RY) for p = co. Moreover, T,(t)f = T,(t)f if f € LP(RY)NLI(RY),
by Lemma 4.3 and Proposition 5.1. Therefore we drop the index p and write simply T'().

Observe that the analyticity estimate ||AT(¢)f|, < Ct~!||f|l, for t > 0 and the domain char-
acterization of the previous sections yield |AT(¢)f|, < Ct='||f|l,- Hence the gradient estimate
IVT(@)fll, < Ct~'/2||f||, holds which is well-known for uniformly elliptic operators and is also sat-
isfied by certain operators with unbounded coefficients, see e.g. [23].

We next associate a sesquilinear form a in L?(RY) with the operator (A, Ds) setting

a(u,v) = / (Vu -V + Vut —TF - Vu) dx (6.1)
RN

for u,v € D(a) = {f € WE2(RN) : Uzf € L2(RM)}. The form is well defined thanks to (H4).
Moreover, as in Lemma 2.5 it can be verified that C§°(R”) is dense in D(a). Integrating by parts
and using (H5), with p = 2, we deduce

Re a(u, u) = / (|Vu|2 +Vuf? + LdivF |u|2) dz > |Vull2+ (1 - ) [|U2ul3. (6.2)
RN
This shows that a is a closed positive form. Since a(u,v) = (—Au,v) for u € Dy and v € D(a), a is

sectorial by Proposition 3.1 and the m—sectorial operator induced by a coincides with —A, since we
know that Dy C D(a). If divF < ¢oU, the adjoint form

a'(u,v) = a(v,u) = / (Vu - Vo + (V 4+ divF)ut + F - Vu) dz,
RN
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with D(a’) = D(a) has the same properties as a and defines the adjoint operator (A’, D3), where
Av=~Av—F-Vo— (V+divF)v.

We point out that this approach yields the analyticity of our semigroup 7'(-) in LP(RY) for 1 <
p < oo (see [33, Theorem 1.1]) but not the description of the domain of the generator. We refer
to [15], [33], and the references therein for recent developments of these methods using rather weak
assumptions.

In the proof of Proposition 4.2 we have already proved the positivity of T'(-), employing the maximum
principle for functions in Du, [22, Proposition 3.1.10], to show the positivity of the resolvent on
Co(RY). Here we give an alternative proof, based on form methods.

Proposition 6.1 The semigroup T(-) is positive, i.e., f > 0 implies T(t)f > 0.

Proor. It suffices to treat the case p = 2, due to Lemma 4.3 and Proposition 5.1. Observe that the
form a defined in (6.1) is real and if u € D(a) is real-valued, then u™,u~ € D(a) and a(ut,u™) = 0.
The positivity of T'(t) on L#(RY) thus follows from the non-symmetric first Beurling-Deny criterion,
see [30, Theorem 2.4], since its generator (A, Ds) is the operator associated to a. O

The semigroup further improves the integrability of the initial datum.

Proposition 6.2 For everyt > 0 and 1 < p < oo, T(t) maps LP(RY) into Co(RN) and thus also
into LY(RY) for q € (p,0).

PrOOF. It suffices to show that T'(t) maps LP(RY) into Co(RY). Let p > 1 and f € LP(RY). Since
T(-) is analytic, T(t)f € WZP(RN) ¢ W*P(RN). If p > N/2 we are done due to Sobolev’s embedding
theorem. If p < N/2 we use Sobolev’s embedding theorem (and the semigroup law) finitely many
times to deduce that T'(t)f € L"(R"Y) for some r > N/2 and conclude as above. O

In order to deal with the case p = 1 and to give an estimate of the operator norm of T'(t) acting
from L°°(RY) into L'(RY), we use form methods as in the proof of Proposition 6.1. The operator
norm of T(t) : LP(RN) — L4(R¥Y) can then easily be estimated by interpolation.

Proposition 6.3 There is a positive constant M such that |T(t)f|la < Mt=%|/f|y for t > 0 and
f e LYRN). IfdivF < coU, then || T(t)f]loe < Mt~ % ||f||1 fort >0 and f € L*(RY).

PROOF. Let us first show that
T () fll2 < MtV £, (6.3)

without assuming that divF < coU. To this aim we employ the sesquilinear form a introduced in
(6.1) and observe that Re a(u,u) > ||Vu||3 for every u € W2*(RY) due to (6.2). Therefore, Sobolev’s
inequality yields

24+4/N 4/N
ull37Y < Calu,w)l|ully/

for every u € W5’2 (RM). Now (6.3) follows as in [15, Theorem 2.4.6] since T'(-) is analytic in L*(RY).
Next we assume that divF < ¢oU and consider the adjoint A'v = Av — F - Vv — (V 4+ divF)v with

domain D,. It is associated with the adjoint form a’ and therefore it is the generator of the adjoint

semigroup (T'(t)")¢>0. Therefore (6.3) holds with T'(¢)" instead of T'(¢) and yields, by duality,

IT() flloo < MENA f]lo-

By the semigroup law, the proof is complete. ]
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It is well-known that the estimate | T(t)f|loc < Ct~N/2||f||l1 implies the existence of a bounded
kernel k;(x,y) such that

(W)@ = [ ko) fw)dy
R
and, moreover, sup, ,cgn k¢(7,y) < Ct~N/2. This kernel is positive by Proposition 6.1.

In the following proposition we show the compactness of T'(-) assuming that the potential V' tends
to infinity as |z| — co.

Proposition 6.4 Assume that lim|,_,o V() = 0o. Then D, is compactly embedded in LP(RN) if
1 <p < oo andin Co(RN) if p= co. The spectrum of (A, D,) is independent of p € [1,00]. Moreover,
T(t), t >0, is compact in LP(RY) for 1 < p < 0o and in Co(RN). T(t), t > 0, is compact in L*(RY)
Zf divF S CQU.

Proor. Let F be a bounded set in D, and assume that 1 < p < oo. By the assumption, given
e >0, we can find R > 0 such that
[ if@prdr<e
|lz|>R

for every f € F. At this point the compactness of F in LP(RY) easily follows from the compactness of
the embedding of W2P(Bg) into LP(Bg). A similar argument works for p = co. The p-independence
of the spectrum is now a consequence of e.g. [3, Proposition 2.6]. Since T'(+) is analytic, its compactness
is equivalent to the compactness of the embedding of D, into LP(RY), resp. Co(RY). O

An analytic semigroup S(-) on a Banach space X with generator B has maxzimal regularity of type
L7 (1 < g < o0) if for each f € L9([0,T], X) the function t — u(t) = fot S(t — s)f(s)ds belongs to
wha([0,T], X) N L4([0,T], D(B)). This means that the mild solution of the evolution equation

u'(t) = Bu(t) + f(t), t>0, u(0) = 0,

is in fact a strong solution and has the best regularity one can expect. It is known that this property
does not depend on 1 < ¢ < oo and T' > 0. In recent years this concept has thoroughly been
studied and applied in various directions, see e.g. [2], [16], [35], and the references therein. For our
purposes we only need the following facts. Let X = LP(RY) for some 1 < p < co. Then the operator
B has maximal regularity of type L9 if its imaginary powers satisfy ||(—B)*| < Me*l for some
a € [0,7/2) and all s € R thanks to the Dore-Venni theorem, see e.g. [2, Theorem 11.4.10.7]. If
p = 2 and B is maximal dissipative and invertible, then ||(—B)*| < Me™*I/2 by a result due to
Kato, [20, Theorem 5]. Hence, if p = 2 and B is regularly dissipative, then |(—B)*|| < Me*! for
a = 7/2 — ¢ and some ¢ € (0,7/2]. Moreover, if B generates a positive contraction semigroup on
LP(RYN), then ||(—B)®*|| < M. exp((e + 7/2)|s|) for each € > 0 and s € R because of the transference
principle [9, §4], see [8, Theorem 5.8]. If we combine these facts with the Riesz-Thorin interpolation
theorem, Proposition 3.1, Theorem 3.4, and Proposition 6.1, we obtain the following result. (See also
[5, Theorem 7.1].)

Proposition 6.5 A has mazimal regularity of type L1 on LP(RN) for all 1 < p,q < co.

7 Generalized Ornstein—Uhlenbeck operators
In this section we investigate the operator

Asgu=Au—-V® -Vu+G-Vu
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on LP(RY u), 1 < p < oo, where pu(dz) = e~®dx. Under the following assumptions on ® : RV —
[0,00) and G : RV — RY we show that Ag ¢ with domain W?2P(RY 1) generates a positive analytic
semigroup T'(-) on LP(R¥, 1) employing our previous results.

(A1) ® € C*(RV,R), G € CHRN,RY), and [px e *@dz < 0.
(A2) For each € > 0 there is ¢, > 0 with

|div G| + |D?*®| < £| VD[ + c..

(A3) There is a constant w € R such that G- V® — divG < w.
(A3’) divG =G - V.
(A4) There is a constant d > 0 such that |G| < d(|V®| + 1).

Below we will see that (Al) and (A3’) say that the finite measure u(dx) is, up to a multiplicative
constant, the unique invariant measure of 7'(+). In fact, (A3’) is only needed for this purpose. Moreover,
(A2) with € = 1 and (A3) imply that

VO - (—VP+G)<w+cp =,

i.e., ® is a Liapunov function for the ODE corresponding to the shifted vector field —V® + G — w'.
Lemma 7.3 also shows that (A3) implies the dissipativity of Ap,c— 7. We can omit (A3) if the constant
d in (A4) is small enough, see Remark 7.5. The growth assumptions (A2) and (A4) allow us to use
Theorem 3.4 and to compute the domain. Notice that the above hypotheses simplify considerably if
G =0, i.e., for the (symmetric) operator Ag := Ag, see Corollary 7.8. It can be proved that the
analyticity of the semigroup fails in some cases where (A4) is not satisfied, see [26].

We need some properties of the weighted Sobolev spaces

loc

WhP(RN | 1) = {u € WEP(RY) : D € LP(RY, ) if |a| < k}.

First of all, we observe that C5°(RY) is dense in W*P?(RY ). This can be seen as in Lemma 2.5. In
the following lemma we do not need the full strength of hypothesis (H2) but only a weaker, one—sided
estimate.

Lemma 7.1 Let 1 < p < 0o, assume that (A1) holds, and that
AD 4 (p—2)(1 + |VE[2)"H(D?OVD, VD) < |V +c.
for some € < 1. Then the map u — |V®|u is bounded from WHP(RN pu) to LP(RN, 1) and the map
u — |V®||Vu| is bounded from W2P(RN 1) to LP(RN, ). In particular, As g : WHP(RYN, u) —
LP(RN 1) is bounded in view of (A4).
ProOF. Fix p € (1,00). Since C§°(RY) is dense in W2P(RY 1), it suffices to prove that
IV®ullpy < c(Vaullpg + llullzy)

for u € C§°(RY) and some constant ¢ > 0. Observe that there are two constants a, b > 0 such that

IVO[P < a(l+ |[VP|?)2 VP[> + b,
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so that we only have to estimate [y (1 + [V®|2)2 1 V®|?|u|Pe~®dz. An integration by parts yields
/RN(1 + V325 V| |u|PePdr = */RN lulP(1 4 [V®[2) 271V - V(e ®) da
= /RN [ulP(1+ V@[22 AD p(dz) + (p — 2) /RN luP(1+|V®[?)2~2(D?*OVD, VP) pu(da)
+p/RN ulu|P72(1 4 |[VO|?) 2 'V - Vu p(dx)
< [ DO E VORI ulda) + cc [ (14 [TOPR)E P ()
0 [ 4905Vl [Vl ).
Using the inequality (14t2)2~1 < n(1+12)5 142 + ¢ with n = 12%: and Hoélder’s inequality, we obtain

4
P’

1—¢
2

[0+ 98P VP < p</ <1+|vq>|2>p’<51>|v<1>|p’|u|pu<dx>)
RN RN

. ( /. |vu|pu<dx>); 0 [ 1l n(aa

(p' is the conjugate of p). Now, since (1 + ¢2)P' (5=D" < ¢1(1 4+ 2)5 142 + ¢, for certain constants
c1, co > 0, the conclusion follows from Young’s inequality. ]

The following lemma can be proved supposing only the one-sided estimate
AD+2(p— 1)1+ |VO]?)™H (D?*®VP, VD) < |V + c..

for some € < 1. This can be done imitating the proof of Lemma 7.1. Since we need hypothesis (A2)
in the sequel, we prefer to assume it to shorten the proof.

Lemma 7.2 Suppose that 1 < p < oo and that hypotheses (A1) and (A2) hold. Then the map
u — |V®|2u is bounded from W2P(RN u) to LP(RYN, ).

PrROOF. We apply Lemma 7.1 to the (vector) function uV® and we obtain

IN

[V < Cluv@lys < C (JuV@]py + D@l + [ Vu- VO 1y)

A

< C (lulyzr +llul TPl ag + cclullzg)
In the second inequality we have used Lemma 7.1 twice and (A2). Taking a small €, we establish the
assertion. ]

Lemma 7.3 Assume that (A1) and (A3) hold. For u € C§°(RY) and v € Wlicl (RN) we have

/]R (aguon(dn) =~ [ Vu-Tou(de)+ /

(G-V®—divQG) uvu(dm)—/ uG-Vo p(de). (7.1)
RN

RN RN

In particular, Ae.c — 3 (defined on Cs°(RY)) is dissipative in LP(RN, u) for 1 < p < co. Moreover
Ag is symmetric in L2(RY, p).
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PROOF. The first assertion is straightforward to check and implies the last one. Let p > 2. Take a
real u € C°(RY) and set u* = u |u[P~2. Then Vu* = (p — 1)|u|P~2 Vu and therefore

/ (Ag cuu® p(dz) = —(p— 1) / P[] pu(d) + / (G- Y — divG) |ul? u(dr)
RN RN RN
—(p— 1)/ u* G - Vup(dz). (7.2)
]RN
This equality and (A3) imply that

p [ (acu nlde) < wul,
RN

as claimed. If p € (1,2), we replace |u| by (1 + |u|?)'/2. By similar calculations and letting n — 0,

one also obtains (7.2), and thus the dissipativity of As ¢ — w/p. L]

We now come to the main result of this section. We say that a finite Borel measure v on RY is an
invariant measure for a semigroup T(-) on Cy(RY) if

/RN T@t)fv(dz) = " fv(dx) for f e Cy(RY), t >0. (7.3)

Theorem 7.4 Assume that assumptions (A1), (A2), (A8), and (A4) are satisfied. Then the operator
Ao =A-Vd V+G-V

with domain D(Ag g) = W2P(RN, 1) generates a positive analytic Co—semigroup T(-) on LP (RN, u),
1 < p < oo, such that |T(t)||, < et/P, where p(dr) = e~ *@dx. Further, i is an invariant measure
of T(-) if and only if (A3') holds in addition. Moreover, T(t) is symmetric if p = 2 and G = 0.
Finally, if [V®(z)| — oo as |z| — oo, then T(t), t > 0, is compact in LP(RYN 1) and the spectrum of
Ag ¢ is independent of p for 1 < p < oo.

PRrooFr. Fix p € (1,00). We make a change of variable in order to work with an operator on
LP(RY dx) instead of LP(RY, u). Namely we define the isometry

P

J:LPRY p) — LP(RY), Ju=e ru.

A straightforward computation shows that Ag gu = J~tAJu for u € C§°(RY), where
2 1 1
Av=dv+[(2-1)ve+6] V- —[(1-)|ve) - a0 -G Voo
p p b

We define F'= (2 —1)V® 4 G and

2
P

V:%[(k%)\v@%mbfc;-vq)}. (7.4)

We now want to show that A satisfies assumptions (H2)-(H5) for a suitable function U. Taking
e =11- %) in (A2) and using (A3), we see that

1 1 1
> —(1- =) VD2 - =(co . :
1% 2p( p)|v = e+ w) (7.5)

22



We set therefore U = ¢ + ﬁ(l - %)\V@P for a number ¢o > 0 to be determined below. Assumption
(A2) implies that (H2) holds for every v > 0. Set ¢/ = ¢o + %(Cg/ + w). Due to (A2) and (A4), there
is a positive number ¢; > 0 such that 0 < ¢ < U <V 4+ ¢ < U, i.e., (H3) holds for V + . Tt is
clear that (H4) follows from (A4). It remains to choose cg so that (H5) is satisfied. Using (A2) with

n _ p—1 .
e =, we obtain

2 2 2
—divF = —divG — (7 ~1)Ad < e”(1+ ‘7 - 1‘)|v¢)|2 +ce,,(1+ ‘f . 1‘)
p p p

< 26" |[VO|? + 20 < %’U

if we set ¢y = %. Theorem 3.4 (and Remark 3.5) thus shows that (A4, Wé’p(RN)) generates an
analytic Co—semigroup S(-) on LP(RY) for 1 < p < oo, which is positive and compact (if |[V®(z)| — oo
as |x| — oo) due to Propositions 6.1 and 6.4, respectively. As a result,

Apg=J 'AJ  with domain D(Ag ) := {u € LP(RY, 1) : Ju € WZP(RV)}
generates a positive analytic Cp-semigroup on LP(RY, i), 1 < p < oo, which is compact if [V®(z)| —
o0 as |z| — oo. The independence of the spectrum of 1 < p < oo is a consequence of the compactness

of T'(-) as in Proposition 6.4.
Suppose that u € D(Ag ). Then v := Ju € W2P(RY) and |V®|?v € LP(RY). Hence

1
e v Dju = SuDi®+ Djv LP(RN),
since [V®| < 1+ |V®|2. Moreover, from (A2) and Proposition 2.3 we deduce
e 1 1 1 1 N
e P Diju = *UDij(I) + Dij'U + *Dj”UDi(I) + *Dﬂ)Dj(I) + fQ’Uqu)Dj(I) S LP(R ),
p p p p
ie., u € W2P(RN, 1), Conversely, take u € W2P(RYN, 1) and set v := Ju. Then, by Lemma 7.1,
; 1
Djv=c% (—puDj@ - Dju) € LP(RY).
Lemma 7.2 further implies that |V®|?v € LP(RY). Using Lemma 7.1 and (A2), we obtain
_® 1 1 1 1 N
DijU =€ P (Dzju - ];qu‘I) + E’UJD]@D,L@ - ];D]’LLD,@ - EDzuD](I)) € LP(R )

Thus u € D(As, ) and we have established D(Ag,c) = W2P(RY, ).

In particular, C§°(RY) is a core of As . Therefore Lemma 7.3 yields the asserted estimate and, if
G = 0, the symmetry of T'(t). Moreover, y is an invariant measure of T'(-) if and only if [~ Ae qudy =
0 for each u € C§°(RY). This property is equivalent to (A3’) by (7.1). O

Remark 7.5 In the above proof we have used (A3) only to deduce (7.5) and to obtain the asserted
estimate. Therefore Ag ¢ with domain W?2P(RM ) also generates a positive analytic Co—semigroup
on LP(RN 1) if we assume that (A1) and (A2) hold and that |G| < d|V®| + ¢ for some constants
0<d<1—andé>0.
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Remark 7.6 Observe that in the above theorem the domains of generators Ag ¢ become smaller if
we increase p € (1,00). Thus the semigroups 7'(-) generated by Ag ¢ on LP(RY, ) and LI(RYN, 1)
coincide on LP(RY, 1) if p > q. As in Remark 2.7 one further sees that these semigroups also extend
the semigroup on Cy,(RY) constructed in [25, §4]. Corollary 4.7 in [25] thus shows that the semigroups
T'(-) in Theorem 7.4 are irreducible and have the strong Feller property, As a result, p is the (up to a
multiplicative constant) unique invariant measure of 7'(+) if (A3’) holds due to [14, Theorem 4.2.1].

Remark 7.7 Observe that the change of variable used in the proof of Theorem 7.4 and the resulting
operator A and the auxiliary potential U depend on p. Moreover, in the limiting cases p = 1,00
hypotheses (H2)—(H5) may fail. This is not only a technical problem, but some of the conclusions of
Theorem 7.4 can in fact be wrong for p = 1,00. For example, T'() is, in general, not analytic and
even the inclusion D(Ag g) C WHLHRY, 1) may be false, see e.g. [24].

Corollary 7.8 Let ® : RN — R be a C?function satisfying f]RN e~ ®@dy < co. Assume that for
each € > 0 there is c. > 0 such that |D?*®| < ¢|V®|? + c.. Then the operator Agu = Au — V- Vu
with domain D(Ag) = W2P(RN, 1) generates an analytic semigroup in LP(RN, u) for 1 < p < oco.

Corollary 7.8 improves Theorems 2.2 and 2.7 in [13]. These results require condition (H2) for all v > 0

for the potential V (with G' = 0) defined in (7.4) and additional growth assumptions on V® and D?®.

See also [11] for further developments in the case p = 2. Observe that if ®(x) = ¢(|z|) for |z]| > ro > 0

and G = 0, then (H2) says that |¢”| < e|¢’|? + C. on [rg,00). This holds e.g. if o(r) =%, a > 0.
As a particular case of the Theorem 7.4 we consider the Ornstein—Uhlenbeck operator

Lu(z) = Tr(QD*u(x)) + (Bz, Vu(z)), xRN ue CPRY),

where @ is a real, symmetric, positive definite N x N—matrix and B is a real N x N—matrix whose
eigenvalues are contained in the open left half plane. The Ornstein—Uhlenbeck semigroup is given by

(T(t)p)(x) = (47r)_%(det Qt)_% /RN p(etPa — y)e‘ﬂQ:ly’y)dy, reRN >0, ¢ € Cy(RY),

where @ := fot e*BQe*B" ds, t > 0. We know from [27] that, by a change of variables, L is similar to
the operator
Asgu=Au—-V® - Vu+ G- Vu,

2
where ®(x) := Z;\Ll 4% and G(z) := Byz for € RY. Here By is a real N x N-matrix satisfying

BiDy = —D\B;, (7.6)

where D) := diag(A1,...,An) and Aq,..., Ay > 0. Condition (7.6) implies that divG = G- V® = 0.
It is easy to see that ® and G satisfy the assumptions (A1), (A2), and (A4). Thus we obtain the
following result, which was proved in [27, Theorem 3.4] using completely different arguments. We
also refer to [21], where the case p = 2 was treated, and to [7], where the symmetric case B; = 0 was
studied with RY replaced by an separable Hilbert space.

Corollary 7.9 Suppose that Q is a real, symmetric, positive definite N X N—matriz and that B is a
real N X N—matriz with eigenvalues in the open left half plane. Then the Ornstein-Uhlenbeck operator
L with domain W>P(RN, 1), where p(dr) = e~ ®®dx, generates the Ornstein-Uhlenbeck semigroup
T(-) on LP(RY ) for 1 < p < co. Moreover, pu is the invariant measure of T'(-).
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